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Lk L) k=0;1;2
V() ;W (t) 2 My (Cltg;+1)); V(t) = VT (1);
8t 2 [to;+1);
Ly L(t) k =
0,12 V() ;W(t)2Mm (Clto;+1)); W (L) =
WT(1); 8t 2 [to;+1):

L(t);V (t);W (1)

V()= VT (1) Lk

W (t)= WT (1) Lk



A(t);B (1)
Lk V(1) =
VT (1) W (1) = WT(t) k=0;1;2

Lk
L (t)

2 LOLT@®) L@L @) +A@L@LT@) LEOLT{)AT@®)=0:

E@LT(®) L@ET@)+ A@)LM)LT (1)

LOLT AT M)+ B@L@LT (@) L@®OLT@®)BT(t)=0:
K (t); S(1);

LLT = L@LT ()= K@)+S(); K{)= KT(): S@{t)=S"():

L (1) Lk k=0;12 K (t) S(1)
Mm(Clto;+1)):
d

ot L)LT(t) = L@LT(®)+ L)L (t)=2S(t);

7t
LMLT()=2 S()d +Sp; L(to)LT (to)= So=Sj > O

to

R R
4K ()+ A(t) 2 S()d +So 2°S()d +Sg AT(1)=0
t

0 to
2K () + A)(SH+ K () (S(t) K@E)AT(t)+

R R
+B ()  2S()d + So 2S()d +So BT(t)=0

to to

K@)  S()
Ly L (1)



[to;+1) L (t)

K (t);S(t) Mm (C[to;+1))
7t
2 Tr(S())d +Tr(Sp) 2:8t 2 [to;+1);
to
7t
det 2 S()d + Sy 2:8t 2 [to;+1)
to
> 0 >0
So2 Mp (R):
L (t)
Mm Cl[t0;+1)
KL (t)ke ;o 8t2[tg;+1) ;
jdet(L (t))j ; 8t2][te;+1);
> 0 > O K (1);S(1)
Mm (Clto;+1));
K (t);S(t) 2 Mm(Clto;+1)); K() = K T(1);
S(t) = ST(t) >
0 >0 So:
L =L(t) 8t 2 [to;+1)

L (to) = Lo; LoL{ = So;

[to; T]
T >ty i1 =1;2:0m
So 0< 1 2 it m

X 2
m i = Tr(So) ;

KAk, A; KAk, = P AT



2(m 1)
12 _ 1 m m _ 2.
Ll e=Tr &' = —p—= %

det(L(t)) 6 0; 8t 2 [to;+1 );

P =

F(tL)
L:

b . i R . i
= Lot (1) (L1 Lo)Ly?t (1) (L2 Lo)Ly?t

L=F(tL)=(S@®+K@) L :

F (L)
GtLY2R Mp(R):tg t T; L Lg —0< < 1
E
S(t) K (1)
[to;+1);
P
Li2Mp(R);i=1;2 KLi Lokg —:

Lt L' g= (L1 Lotlo) ' (L2 Lo+lo * =

VLt (L LoLgt+E Y =

Lot (L1 Lo)Lyt+E ;

i=0 i=0 | E

. i i
Lot (1) (L1 Lo)Ly? (L Lo)Ly?

"o E1
oo X

Lot @ KkLi Loki!'klL:i Lokgklz Lok Lot LA =

An

0 1
x @ i i1 10 1
kL, szE kL, LokE kLo L2kE Lo E

x 2
k Ly Lokg 2 i'lz(l )szl Lok

R o
(A+E) = ( 1)'A;, 8A2Mpn(R); kAk< 1;

X _ .
B" = A" "(A B)B' ' 8AB2Mu(R);n=1;2::::
i=1



F(tL) P

max LT = max LY oLgt+Llet,
KL Lokg - E kL Lokg -
2
—~  max kL Loke+ Lyt T
(1 )%k Lokg - ore B @ )
max KF (t;L)k max kK (t)+ S(t)k max LT =F
iy P (ELke  max W)+ SOke hax e
Ih:
[to;N]; h=min T,— : h=T
Fp
h<T
Lh =L (h);
[to; 2h]:
[to;TT: T
[to;+1):
K (t)+ S(t) K(t)= KT (1)
S(t) = ST () [to;+1] Mm (CK[to; +1))
K (t) S(t) [to;+1 )
Mm(C*[to; +1)):
Ly L) k=1:2
K(t);S({) 2 My, Cl[t0;+1)
>0 >0 SoZMm(R);SOZSg>O
d d -
sup =K (t) + sup —=S() <+1;8 20k I
t2[to;+1) Ot t2[to:+1) dt
A(t) 2
Mm Cllte;+1) Ly k = 0;12
V()= VT () S(t) 2
Mm Cllto;+1) ; So 2 Mn(R); So > 0
K (1)
Zt
K ()= (DAT(@) A@®) (B); (=2 S()d + Sy
to

> 0 > 0



d d S
sup =K (t) + sup —S(t) <+1;8120k 1, (k60) :
t2[to;+1) Ot t2[to;+1) Ot

A(t) 2
Mm Cllto;+1) Lo V() =
VT (t):
Lk k =
0,12 W (t) = WT (1)
S(t)2Mpm Cllite;+1) ;So2Mp(R): So> 0
K (t)
2K () + A()K (1) + K (1) AT (1) + A (1) S(t)
SMAT(M)+B(®) (1) ()BT (1)=0;
R
(t)=2 S()d + Sg;
to
K (to)= Ko= K{ 2
Mm (R) K (1)
2NL(t) + A ()N () + N (t) AT (t) =0;
N(t)= K (t)+ KT (t); N(0)=0:
N (t)
[to;+1): N (t) =
0; 8t 2 [to;+1) K(t)= KT(t); 8t2[to;+1):
K (t)
Lo W (t)= WT(t):



A(t) 2

Mm Cllte;+1)  Lg k=0;1;2 V(1) =
VT (1) W ()= WT (1) S(t) 2
Mm Cllto;+1) ;So 2 Mn(R); So > 0

K (t)

(OMT ()= M (t) (t); 8t2][tg;+1);

1d 1 R
M(t)=——A(t)+ZA2(t) B(t); (t=2 S()d + Sy

2dt to
K (t)
L L (1)
L(to) = Lo Lo Mm(R); LoL{ = So:
» + Ax+ Bx=0; A;B2Mp(R);
*+V_+W =0; V;W2Mp(R):
L
0;+1) L (t)
V=L 1(t) 2(t)+ AL (t) ;
W=L 1(t) B(t)+ AL(t)+ BL (t) ; 8t2[0;+1):
L(2t)=exp( At)Cexp(Vt); C2Mn(R):
L (1) [0;+1)
Lk k =0;12 Lk
k=0:1,2
L

[0;+1) [to;+1):



vT L

<
I

wW=w" L
A:B

[A;B]

[A;B]= AB BA:
fA1AL: T Ang

fA1A20=[A1; Azl FALAZ: T ARG =[TALALI AL 10 ARl

[AB;C]=[A;C]B; B8A;B;C 2 Mj(R) :[B;C]=0;
[[A;B];Cl1=[A;[B;C]l; 8A;B;C 2 Mmn(R) :[A;C]=0:
A2 Mn(R)

h i
A=Tadiag 1(A)ECPY+ HPD oy (A)EPD) + HPO T, 4

kK(A)= k(A + i k(A k(A k(A)2R;

k=1;2:::0r A EPO
H (o)
E (P)

H (P Pk K A:
Ta Mm(R)

Ar = Tadiag ((A)EPY + HPD; oo ((A)EP) + HOPOD T, Y
A =Tadiag i 1(A)EPD; i (A)EP) T, %

A=Ar+ A ARA = A/AR:

A2 Mm (R) AR; Al 2 Mm (R):



Ji () m;
i2R;i=1;:::;s:

m;
Jr

L (t)
L(t)=exp( Jrt)Qexp(rt);t O;

Q2 Mn(R): L(t) 0;+1)
Q

2 3
Qi1 Q12 ::: Qus
_ g O21 Q22 i1 Qg é

Os1 Os2 :ii Qss

Q

Qij 2 Mm;m; (R)
h ®) [
det(Qii)60; J;7/;Qi =0
Ojj mi mj; i) =1;2:0s:

s=2;
Jr 15 22R; 1> >
my; O mo O mi+mpa=m

G1=J1(0); G2 = J2(0):

X149 X2 1
exp (Jrt) =diag e i—lt'G'l; et i_ItIGIZ ;
i=0 i=0

exp( Jrt) =(exp(Jrt) *=

#

X‘l( t)i . X‘Z( t)i .
t I. t .
1 TR TR

=diag e



L =exp( Jrt) O 22 expan= [l 120

Q21 Q22 Lor(t) Loo(t)
P [ P i
Li1(t) = (Y6 Qu LGy
i=0 i=0
P i P2
Lip(t)= el 2 0t TPGH Quz  KG,
i=0 i=0
P2 i P,
Loy (t)= el 2 2t TE)GIQ Q21 LGy
i=0 i=0
P2 i P2,
Lo(t)= LG, Qe LG
i=0 i=0
Pi i
LGl j =12
iz =
L (t) [0;1) Q21 = O21
L (t); Laa(t); t;

L11(t) = Q115 Loa(t) = Qo2
det(Qjj) 60; j =1;2

X ( t)i B ¥ (t)i o '
i=0 i=0
9 ] 2 o
J t | J t | . .
Qjj %G} %G} Qj;i=1,2 8t O

i=0 i=0
[Gj;Q;1=0;j =12

Q

_ Qu Qumn
Q= O21 Q22

coent a0 & &0 eoo= G tE0

1 i P2 i
Lz(t)=¢2 Ot~ (DG, Qu 4G



[0;+1):

A; V; C2 Mp(R): L(t);

L(t)=exp( At)Cexp(Vi);t O

[0;+1) A Y,
C12 Mn (R)
Vr = C; 'ARCy:
Al AR
Lt)=exp( At)exp( Art)Cexp(Vrt)exp(Vt):
A, V|
L (t) [0;+1)

Li(t) =exp( Art) Cexp(Vrt)

[0;+1):
c Mm (R)
%Ll(t)z Li(t)VR  AgrL1(1):
[0;+1) AR

AR;VrR 2 My, (R)
Cy
Mm (R):

A;V;C;Z 2 My, (R);
L(t)=exp( At)Cexp(Vt)

[0;+1)
ZLmec t =0;8t o
C12 Mp (R);
Vg = C; 'ARCy;
Cc 'zc=c,'zc,
Li(t)=exp( At)Ciexp (V1)
0;+1)

Z;Li(t)C,t =0;8t O

L ()

L1(t)

L1(t)
VR



A V
Ta;Tv 2 M (R);

A=TaQR+I1A)TAH V=TvQr+ V)TN
la=Tpa'AiTa; Iv = Ty Vi Ty [Brilal = [Jr;Iv]=0;
Jr
L(t)

L(t)= Taexp( (Jr+ Ia)) TR 'CTy exp((r + V)1 Tt =

= Taexp( lat)exp( Jrt) T, CTy exp@rt)exp(lvt) T,

T,'CTv = Q Q2 Mn(R)

T, 'L(t)C Ta =exp( lat)
diagexp( Ji( 1)t);::exp( Is( s)D]Q

diag[exp(J1( 1)t);:::;exp@s( s)t)]exp(lvt) Q
TA'L()C Ta=exp( 1at)Qoexp(lvt)Q *+ 1(t)= o()+ 1(t);
Qp = diag[Q11;:::;Qss]:

TAZTA T IL(C Ta = T, 12ZTa; o)+ 1(t) =0; 8t O

o(t)
sin(t) cos(t); ; 2R:
1 (1)
tPe! (cos(t) sin(t)); ; 2R; < 0
pZNSfOQ;p<m:
o+ 1(D) Tp'ZTa
t O
o(t) 1(t)
ty O 0(t1);T,'ZTa 6 O:



1(t1); T, 'ZTA 60:
o(t); 1(t);

0(t); T, 1ZTA 60; 1(1);T,1ZTs 60; 82ty ;ti+ 1
0(t);ToZTaA

1(1);TA1ZTA

o)+ 1(1);TAZTa = o(t);To'ZTa +  1(1);T,'ZTa 60

t2 1ty t1+ ]
o(t);T,'ZTa =0;8t O

QpQ LT, 'ZTa =0:

Ci12 My (R); det(Cy) 6 0

C 1ZC=C Ma T,'ZTa T 'C=Ty T,'C Ta T,'ZTa
T,'CTy T,'=TyQ ! T,%2Ta QT,'=
=TvQp' QbQ ' T,'ZTa QQp' QpTy'=

= TvQp! To'ZTa QpTyl= TvQu'TAt Z TaQpT, ' :

Cy
C1=TaQpTy'2 My (R):
1
C,'ARC1= TaQpTyt' = TaJrTa! TaQpT,'=

= TvQp!Tat TadrTyt TaQoTyt= TVIrT, = Vk:

L1(t) [0;+1):



Li(t)=exp( At)Ciexp(Vt) =

=exp( Ajt)exp( Agrt)Crexp(Vrt)exp(Wt) =

=exp( At)CiC, texp( Art)Ciexp(Vrt)exp(Vit) =

=exp( At)Ciexp C;*ARCit exp(Vrt)exp(Vit) =

zexp( At)Ciexp( Vrt)exp(Vrt)exp(Vit) =

=exp( At)Ciexp(Vit):
exp( Ait)Crexp(\it)

[0;+1):

TolL1()C  Ta=Tot exp( Ait) TaQpT, ! exp(Uit)

TAQoT,: Ta=exp( 1at)Qoexp(ivt)Q QQ,

z;Ll(tr)]cl1 = T\ 1ZTa; T L) Cy T =
|

= TaA'ZTai o) Q(Qo) * =0;
t O
Xn
n )
ZAMX =0:k=0:1::::n;
Z, A2 Mp(R) X
m:

0 (t) QQDl



S
n2N fOg

Xn = Xn+1;

n o hhn o i i
0= zAMMDx ., = ZAM A X, =
hn 0 i n 0

= ZAM™ S[AX] = ZAMIA; X,

Xn

[A; Xp] X q:
n o hhn o i [
zZAMAX, = zA™MD A X, =
hn o] i n o]
= zZAMD A X = ZAMD (A X,] =0;

Xn X n+2: Xn
Xn X ner X pi2:

Xn = Xns1 = Xps2!

S
n2N fOg;
m2;

n 0
ZAMX =0:n=0:1:::;m? 1

X 2 Mm (R)
X
zAMX =0;n=m%m?+1;::1;
n=0:
a)
fZAXog=0; 8 2 R; k=1;:::;po;
:0;
X 2 Xo;
b)
fZAXog =0
& 2 R; k =
12,500 po: m?2>po 2 po=1

Po = m? Xo=E Z=aE;a2R



C; k=1;2:::;po:

ri O0<ri<po
X1
P1= Po ri: P1 <Po;
a) n 0
ZAPX, =0:8c 2 R; k=1;::::p1;
b) n 0
ZA@Xx, =0
& 2 R, k =
1,200 pe m2>py p1+l 3
m?2
O k=1;2:000p1
X2 P2 <Ppi1;

p0<m2
AV;Z,C 2 My (R) det(C) 6 O:

z.L@wc t =0; 8 o

L(2t)=exp( At)Cexp(Vt)
n (0]
zAM cvct! A =0:n=0:1::::
L ()

ALMopc t=ALOM@mc T LM@)Cc A=

ALM@®c 1 LMrpyve t+LtM@rpyve ! LM@rpc A=

= 2D p)c t+LM@)c T cvcl A =

dn
LMD () C t2LM@mC LW ©C f LM () = ol (1)



S
8n2 N fOg

h i
1
| (n+1) (t)C 1 () (t)C L@ (0)C 1 5 A LM (t)c 1.

n 0
ZAM L@wc t =0; 8 0 8n2NJ[f 0g:

nN n=0 n=1

h i h i
0= zL®wc = zLwcCc L®@Oc

1z AL()C ! = }[Z'A]'L(t)C =
2 7 o2 T -

1 1
5 ZA L()C

n=1:
n=k 2 n=k+1:

0= zA®W - LOwc = zA® ;L@)c LD @OcC?
(K) - A- 1 - 1 K) -p - 1 —
ZAK - AL (1) C = 5 Al AL @me =
1 k+1 1
= 3 ZAKD L (1)C

n2N[f Og:
n2 N[f Og

h i
Zzzcvect A =2 zL®©OcC ! =o0:

h h ii
0= [Z;A]; cvCc !t A =2 z ALY @OC ! =

h [ 5

= 4zL@@©OC?!+4 z LO@OC ! =
h i

( 22 z;L@@©cC *:



h i
zLMoc ! =0;n=1;2::::k

k 2

n o hhn o i i
0= zA®W cvct A = zaAk D A :cvcl A =
hn o] i hn 0 h ii
= zA®K D - aAcvect A =2 zA®KD - ALD@OC t =
hn o] [ n o] 2
4 zA® D L@ @cCc t +4 za® D ;1 W@cCc !t =
hh o] i hhn o i
4 zAK D L@@cCct = 4 zAK2 ;A ;L@ @C?
hn o h ii hn 0 i
4 zAK 2 A LO@c t =8 zak 2 L@ @cC ?
hn o] i
g zAk 2 L1@@oc L®@oc ! =
h i h h i
= (X [ZZALL®©OcCc = (2% z AL®M@OCc T =

h i
- ( 2)k+l Z;L(k+l) (O)C 1 :

n2N[f Og:

tn
L(m (0)C 1z
n!
n=0

* kak+ cvct " tn
~ 2 _-exp kAk+ cvc'? t

n=0

L@wc & o)

A:B:V:W 2
Mm (R):

x()+ Ax(t)+ Bx(t)=0;

M+ V )+ W (1)=0



L C 2 Mn (R)

Vg = C 'ARC;
AW =VZ2+C 1 48 A?2C
n (0]
48 A2 AM cvc! A =0:n=0:1::::m? 1

C 2 Mn (R)

L@2t)=exp( At)Cexp(Vt)=exp( At)Cexp(Vt)
[0;+1): L (1)

L I(t) 2()+ AL (t) =L Y(t)( AL (t)+ L)V + AL (1)) = V:

4L T(t) P (t)+ AL(t)+ BL (t)
=L 1(t) 4B A% L(t)+ V2=4W:

48 A%L@M)C ! =0; 8 O

[0;+1) L (1)
L

L [0;+1)
L(t);

L 1(t) 2L(t)+ AL (t) = V;

L 1(t) BE(t)+ AL(t)+ BL(t) = W; 8t2[0;+1):

L@2t)=exp( At)Cexp(V1);

C2Mp(R); det(C) 6 0:
t=0;

[0;+1):



A;V;C2 Mp(R) det(C) 6 0:
n 2 N[f Og Zn= 4B A2 A
Zn

B:cvCc ! A =o0;

A;cvc ! =o0:
n Zn
T: T 12,7
Tlcve! A T=dag[ 1:::; m]l; i2R;i2Tm:

0= [Zn;Al:CVC 1 A = Z,; A,CcVvC ! A

TlAacvec?!r AT=TIATT ' Ccvc?! AT

Tlcvec?! A TT AT = TAT diag[ 1;:::; m]
diag[ 1;:::; m]TAT t=diag[ ;:::; ml; i2R;i27Im:
[TAT Ydiag[ 1;:::5 mll 0:

[TAT Ydiag[ 1;:::5 mll
0 A,CVC 1 A =0
Zn =

4B A%z A n
L



A;B;V;W 2 Mp (R):
L
C2Mn(R);
CVR = ARC;

C 4W V2 = 48 AZ C;

n n

0 (0]
48 A2 AM (cv AC)=(CV AC) 4w vz v®™ .

n=0;12:::m?% 1

4B A2 cvcl! A =cvc! AcCcaw vZc'tl=
= CvC !l A 4B A?

>
I
<
@

C
[C 14 A2 cCV]=[4wW VZ:;v]=C ! 4 A?Z ;A C:
n=1;

4B A2 A Ccvcl A =
= cvcl! AC aw Vv2v cl=
= cvcl A 4B A%V

n=1: C
C

cl 48 A2ACV VC?! 48 A2AC =
n (0]
=Cc ! 48 AZ AO@ c:

(0] n (0]
4w VvZv@ =cl 48 AZ A@

1

1



0 (0]
4w vz v =c 1 48 AZ AW C

n = k;

n (0]
4B A% AW cvyc !
n

n

A =
(0]

cvc! Ac gaw vZvk c 1=

(0]
cvcl A 48 A% v®

n=Kk;:
c! C
n (0] n (0]
cl! 4 A2AW cv vcl a8 aA?2aA0 c =
n 0
=c ! 4 A? AlD C
n (0] n (0]
aw  vZ2 vk = c 1 o4 A2 AKTD
k+1
k+1 n=0:;1:::;k
¢ +(D+G)x+(P+) x=0;
JD;G;P; 2Mp(R);J=J3"T>0D=D"T; = T;G=
PT:
A=J 2(D+G)J z; B=J z2(P+) J 7
V 2 Mn (R)

C2Mnp(R)

A:cvc ! =aAacvec !t cvcec la=o0;

B:A cvcl=B A cvc!t
CVr = ARC:

A cvc ! B=o0;



L

*+V_+W =0; V;W2Mn(R);
1 1
W==:>v?+Cc ! B ZA? C;
2 C A2 G
(V=vT)

V;C2 M (R); det(C) 6 0

v2 v2Ti+clzc c'zTct'=0

1
Z= B Z=A?
4
L
(W =
wT:
V 2 Mm (R)
C 2 Mn (R)
clzc c'zT ct'=o:
L
(W=WT:Vv=VT):
n
n (0]
Z,= 4B A2 A
V;C 2 Mp (R); det(C) 6 0;
V+VT>0

CVR:ARC;
0
48 A2 AM cvc! A =0;n=0:1::::m? 1

n
v v2Tic 148 A2Cc cTa A2T ctT=op:

1 1
W=2>->Vv2+Cc 1 B =A% C
4 4



A = diag[A1;A2]; B = bsE @ B, ’
Al=T S LA=T BT K
a a " a3
b b 1 5 !
By=T T 4 B=T e T
. by by ’ S b
. 1 1 10
_ A an — @ =
J=diag[1;1;,11]; T 0 1 E 0 1

D = diag[D1;D2]; G = diag[Gy;G2];

a s
Dl: alaz & 2 ;DZ: a3a4a4 2 ,
> aQta > at as
Gq = 3az 8(2) G, = 3a4 8(2) 8(2) - 0 1
1= " ' 2= ' -1 0
_ 1 BE@ _ hsbg (2) . 3aghy (2)i-
= LE® , P= diag =zS\¥9;=3228¥
n #
] a a a;
2 b2+ bl 23T1 : aig *
P D
D

V = diag[V1;V2]; C = diag[T;T];

Vi= E@ @ 2 S@; V= aE@ a2 SO



wW,E@  bE®@

W= LE® WwE®
_apby b+ afhy  _ ajasby b5+ albs
1 1
w
wp;> 0, wy> 0:
ap> 0az3>0
V
Lk
d x _ X _ O E
a ox AL AU gy A
d O E
— =V -V =
o O _ VO wey v
X _ . _ Laa(t) Lz2(t) . ) )
= L (t L) = 12 [to;+1);
X () - () Lor(t) Loa(t) [to )

Lij ()2 Mm Clltg;+1] :
Laa(t) La2()W () L2a(t)=0;

L2 (t) Lia2()V () + L1a(t) Loa2(t)=0;
BMLu()+ A(M)Laa(t)= Laa()W (1) Loa(t);

B(M)L2(t)+ A(t)La2(t)= Lar(t)+ La2(t)V () Lo2(t)
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D(A) = fv(y) 2 H?(0;1) : v(0)= v(1)=0g;
Av = vRy)8v2 D(A);

@uxy)  @uxy) _.
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u(x; 0) = u(x;1) =0:

u(O;y) =0;

‘1 : 1+2
u(1;0) + sin( s )u(s;y)ds =sinh( ) > sin(y):
0

u(x;y) =sinh( x )sin(y):
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x=0:5y=0:5

n
N
4 || 0:869502080695972]
8 || 0:351883285832682]  0:351901023526236257
16 || 0:017266161343386| 0:017307693141547764 0:0173076931433691542
32 || 0:000071497193928  0:000038004847747042 0:0000380048260057791
64 || 0:000033550806875| 6:2833535266435186 10 ° | 4:738853014104683 10 °
128 1:5442654065186853 10 ° | 3:847741101629530 10 %

3:806256157045269 10 3
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