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YOK: 517.9
0. llonoTko, KaHA. i3.-maT. HayK,
HauioHanbHuI nicoTexHiYHMM yHiBepcuTeT YKpaiHu, JibBiB
e-mail: Lopotko13@gmail.com

IHTEFPAJIbHI 306PAXXEHHA ®YHKLIA KNACIB X, K, ;.

Odep)xaHo HeOb6XxiOHi i docmamHi ymMoeu 0OHO3Ha4YHO20 MPOOOBKEHHST NapHUX yHkKUilt k(x) € K

n,a’

abo K,  (-a<x,a) 3iH-
mepearny Ha 8Clo 8icb.

BCTYI. Mpobnema nNpofoBXeHHst AOAATHO BU3HAYEHUX (OYHKLiA k(x) 3 CKIHYEHHOrO iHTepBany Ha BCHO BiCb pO3rfsi-
aanacsa y npausax M. . KpeinHa [3]. 3any4datoum Teopito NpocTopis 3 NO3NTUBHOLO | HeraTnesHow Hopmamu KO. M. bepesaHcb-

d
kuii B [1, 2] BMBYaB U0 Npobnemy anst doyHKUin, k(x) wWo noe'ssaHi 3 onepatopom L = id— . Y paHin cTtaTTi, BUKOPUCTOBY-
X

oYM mMeToauky [2], ogepXaHo HeoOXiaHy i AOCTaTHIO YMOBM OL4HO3HAYHOrO NPOAOBXEHHS MapHUX AOAAaTHO BM3HAYEHMWX
2

yHKUiN k(x), Wo noe'a3aHi 3 onepatopom L = -—-
dx

O3HAYEHHSA. ®dyHkuis k(x)(—2a < x <2a,a <o) HanexuTb knacy K, , SIKLWO BOHa AilicHa, HenepepBsHa, napHa i no-

POLKYE NapHe Mo KOXHIN 3MiHHI AoAaTHO BM3Ha4eHe S4p0

K(x,y) =%[k(x+y)+k(x—y)] (—a<x,y<a).

JopaTtHio BU3HaYeHICTb aapa K, )=l <x,y<l,l<a) po3yMiemo B CEHCi yMOBU

I I
(Ku,u))= [ [ K(x, »)u(x)u(y)dxdy >0, pe u € L, [~1,1] — napra dynkuis, u — Ku = [ K(x, y)u(y)dy .
Z1 o
Bigomo, wo dyHkuis k(x) € KM Jonyckae 306paxeHHs

k(x) = Tcosﬁxdp(x), (1)

fde dp()\) — ckiH4yeHa Mipa, sika BUSHAYaETbCSl HEOAHO3HAYHO.
Teopema 1. fkwo napHa HenepepsHa Ha cermenTi [-2/,2/], ne I <a, dyHkuia k(x) € K, , iHTerposaHa 3 ksafparTom
i Taka, WO onepaTop

1
(Kf )(x) = I%[k(xﬂ)%(x—f)]f(f)dt ()
-1

cTporo gopatHui y npoctopi L, = L,[—1,1],VI < a, To pns ogHosHauHocTi Mipn dp(L) y 3o06paxeHHi (1) HeobxigHo, 06
ansa 6yab-sKoro ysiBHOro z i AOCTaTHbO AN OESKOro YsIBHOro z Mano Micue ChiBBigHOLIEHHS

0 !
> xl | [ cosvzxw, (x)dx = oo, 3)

R
1
Ae w;(x) — BnacHi dyHkuii onepatopa K: u — Ku = j K(x,y)u(y)dy, L; — BnacHi 3HaueHHs onepartopa K.

-1
HoBepeHHA. HeobxigHictb. 3a  dyHkuieo k(x)eKn’a, iHTerpoBaHolo 3 KBagpaToMm, nobyayemo s4po

K(x,y)= %[k(x + )+ k(x=p)(-I £x,y <1l < a) i BBeAemMo ckanspHuii JOOYTOK, NOKNaBLM

11 _
(f.g)=[ [ K@x») f(egx)dxdy, (f,g€L,) )

—1-1
3aBasKkn BMacTUBOCTI iHTerpyBaHHs k(x) 3 KBagpaTom npocTip L, MOXHa MOMOBHWTM BiAHOCHO CKansipHOro Aob6yTKy
(4). OpepxxaHun npocTip H; MOXHa po3rnsAaTM sK HeraTWBHWIA MpocTip BidHOcCHO Hy =L,. Tenep no naHLOXKY
H, o H, = L, moxHa nobyaysaTh NaHLIOXOK
H.oHy=L,oH,, (5)
Ae H. , 6ynyetbcs sik 3amukanHs R(K) BigHOCHO MeTpuku (u,v), , = (K_lu,v)o, a K >0 —onepatop B L, skiin Bu3Ha-
YaEeTbCA 3 PIBHOCTI

(Kf’g)0:<f’g> (f’gelﬁ)’ (6)
13 (4) i (6) 3Haxogunmo, LWo
l
(KN)(x) = [ K(x, ) f()dy (f €Ly), )
-1

© INonoTko O., 2015
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Towmy i3 (7) i HenepepeHocTi K(x,y) sunnueae wo R(K) < C[-1,1] (I < a).
3ayBaxumo, wo 3rigHo 3 Teopemotro 1.1 [3, m.l] npocTip H+,k cnisnagae 3 (D), pe D= ! , TobTOo
H, .= ‘R(xﬁ) . Ockinbkn [ = K, To Maemo

H,; =RGK) (8)

1—1

D

——
HyoHy=1L, 2 H,
|

)

I
Nema. MosHaunmo w; (x), w, (x) ,... MOBHWI Habip OPTOHOPMOBaHUX BMACHWX OYHKLIN i3 L, agpa K(x,y) ki Bionosi-

[JaloTb BMAcHUM 3HaAYEeHHAM Xl,Kz,...(kj >0;j=12,...). PyHKUiA u € L, HanexuTb H+,k ToAi i TiNbKW TOAI, KON
ol = 25 Iw | <= ©

HDoBeaeHHA. HeobxigHicTb. 3rigHo 3 (8) u € H+’k TO4i i TiNbKW TOAi, KON U = \/Ef ne f €L, npudomy, 3rigHo [3,
( u,w; )O

N il = |<u wol -

, thopmyna (1.13)] ||u||+k—||Du||0—||f||0 Ockinbku f = VK 'u, 1o (f,w )0—

3Bigku BUNNMBae TBEPOXKEHHS NEeMU.
2

d -
Beenewmo Tenep y npoctopi /, onepatop Cu = —d—g ue®D(C)=Cy[-,/]( <a)). 3Hangemo aAnsa HObro crpshxe-
X

HWUIA onepartop C'. Hexait [ onepatop H, — H, , Topi
)", (10)
npuyomy, ’D(C*) CKNaJaeTbes i3 TUX i TiNbkn TUX o€ H,, ana akux fo e C? (L1 (Jo)"eH, .

JiticHo, Hexan o € H, Take WO (—u",oc) = (u,B) (ue C[-1,1]) npu peskomy P = C'o. Topi (—u",Ia)y =, 1B),,
npudomy IBe H, , < C[-1,1]. Skwo Bpaxysatn 3ayBaxeHHs Ha c. 498 [3], To opepxumo —/o € CH-1,11i (-Io)"= 1B,
T06TO 3 = Cc' = I’l(—la)". .

Po3mipkoByloUM y 3BOPOTHHOMY CEHCi Maemo: Lo C' = I’l(—loc)" =B skwo oeH,. Togi IB=(—La)" i
Toe C*[-1,1]. Omxe (—u",Ia)y = (u,IB)y i (—u",a)=(u,B), swwo (—lo) e H, iueCy[-11].

Tenep nosHaunmo C 3amukaHHs onepatopa C B H « - PosrnsiHemo nignpocTip ‘R(E—ZE) npoctopy H i opToroHans-

He AoMNoBHeHH N, A0 Hboro, To6To AedekTHui nignpocTip. 13 (10) BUnnmMBae HacTynHUI akT: iHaeKcn fedeKTHoro onepa-

Topa C matotb Bua (0,0) abo (1,1). B octaHHbOMY BUNaaKy AedekTHUn nianpoctip N, CKNagaeTbes i3 cKanspHUX KpaTHWUX

BEKTOpIB 7! COS\/;x € H, . ficHo, y onepaTtopa C pedekTHI yicna piBHIi, 3aBAAKW AIACHOCTI oro BiAHOCHO iHBosouii 0.

Axwo C He camocnpspkeHuid, To N, cniBnagae 3 nianpocTopoM PO3B'A3KIB PIBHAHHSA C*go=;go. BignosigHo 3 (10) ans
.- \/= sinx/?x C e -1 \/:
e[-LI]-(Up)"=zI[p, T06T0 ([Q), =acosNzx; ([p),=a a-—rnéaeyo, abo @ =al cosvzx;

Jz
lsm\fx

@y =al” \/, . Ane (pzeH « Tak sik H, posrnsipaeTbest Ha napHux yHKUisX. Takum YMHOM iHaekcu fedpekTta onepartopa

C <(0,0) abo (1,1)i Ce CaMOCTPSPKEHUM SIKLLO COS x/;x € H, ; nns 6yab-aKoro ysIBHOTO z. A Lie 03HAYae, 3rifHo 3 Nemoto, Wo

>

J=1

I cos~/zx- w; (xX)dx

-1

=00

ne w; (x) — BnacHi dyHkuii onepaTopa K, Xj — BfacHi 3Ha4eHHs onepatopa K.
Togi, 3rinHo 3 Teopemoto 3.7 [3, €.659] maemo 306paxeHHst (1), ae mipa dp(A) BU3HAYAETHLCS OQHO3HAYHO.
OocratHictb. Hexalt Mmaemo f(x) € Kn,a siKa iHTerpoBaHa 3 KBagpaToM i 3a40BOrbHAE (2), (3) Nnpu AesKkoMy YABHOMY Z.
JoBegemo, Wwo BoHa Mae 306paxeHHs (1), ae dp(A) — ckiHyeHa Mipa, sika BU3HaYaeTbCH OAHO3Ha4HO. [ificHO, Tak

ak f(x)e K, ., iiHTerposaHa 3 keagpatoMm, TO BoHa Mae 306paxeHHs (1). I3 ymos (2), (3), npu Aesikomy ysBHOMY z = g,
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cnigye wo (C—-&)(D(C)) winbHey H, ,, a3Hauntbis H; . Lie osHayae wo C camocnpskeHe B /, . Tomy ogepxuvmo,

3rigHo 3 Teopemoto 3.1 [3, ¢.651], Mmae Micue 306paxeHHs (1), Ae Mipa dp(A) BU3HaYaeTLCH OAHO3HAYHO.
Teopemy 1 goBegeHo.
O3HauyeHHA. OyHkuia k(x)(—2a < x < 2a,a <©) HanexwuTb Krnacy Kz',a AKWO BOHA filicHa, HenepepBHa, NapHa,

k(0) =0 i nopomxye HenapHe No KOXHiii 3MiHHIN OJATHO BU3HAYeHe SApO

K(x,y)= %[k(x+ W —k(x— )] (~a<x,y<a).

11 .
HopatHio Bu3HaveHictb agpa K(x,y) (- <x,y<ll<a) posymiemo sk (Ku,u)= I IK(x,y)u(x)u(y)dxdy >0, ons
-1l

!
HenapHoi u € Ly[—1,1], ne Ku= [ K(x,y)u(y)dy .
-1
Bigomo, wo dyHkuis k(x) € Ki’a aonyckae 3006pakeHHs

k(x) = jMd ) (11)

Ade dp(A\) — ckiH4eHa Mipa, sika BU3HAYaETbCS HEOAHO3HAYHO.
AHanoriyHo goBecTn TeopeMi 1 4OBOAUTBLCS HACTYMHE TBEPOXKEHHS.
Teopema 2. Akwo napHa HenepepsHa Ha cermeHTi [—21,2/](V] < a) dyHkuia k(x) € K; , iHTerpoBaHa 3 kBagpaToMm i

Taka, o onepaTtop

l
KN = | %[k(x+t)+k(x—t)]f(t)dt (12)

cTporo godatHuin y npoctopi L, = L,[-1,1],(V/ <a), To ansa ogHosHa4HocTi Mipn dp()) y 306paxenHi (11) HeobxigHo,
o6 Ans 6yab-AKOro ysIBHOIO Z i OCTaTHLO AJ1S AESIKOrO YSBHOMO Z Maro Micue CMiBBiOHOLLIEHHS

smx/7x
Jz‘ll}“/ J.l \/;

ne w; (x) — BnacHi dyHkuii onepatopa K, Kj - BNacHi 3HayeHHs onepaTopa K.

o0

(x)dx =, (13)

BUCHOBKMW. OpepxaHi HeobxigHi i JocTaTHi yMOBM OQHO3HAYHOIO NPOAOBXKEHHS NapHUX YHKUIN k(x)(—a<x<a) 3

iHTepeany Ha ycto nnowmHy (R' x R') ansi siux sigpo K (x, y) = %[k(x + y)t k(x—y)]. BopaTHO BU3HAYEHO.
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CraTTtAa Hapginwna ao peakonerii 21.01.15

TNonoTko O. B., kaHA. douns.-maT. Hayk
HaumoHanbHbIN necoTexHM4Yeckui yHmuBepcuTeT YKpanHu, JlbBoB
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THE INTEGRAL REPRESENTATIONS OF FUNCTIONS OF THE CLASSES X, ,,K

e,a>™une,a *

(—a < x,a) from the interval on the whole axis are ob-

um a

The necessary and sufficient conditions for simple continuation of even functions k(x) € K, ,

tained.
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®PAKTANBbHA ANMPOKCUMALIA EPMITOBUMM CIIJTAMHAMM

3anponoHosaHo ¢hpakmanbHy npouedypy Onii ompuMaHHsi ciMT iHmepnonsuyiliHux eidobpaxeHb rMoe'ssaHux 3 epmimosumu
cnnaliHamMu napHo20 ma HernapHo20 ropsidkie 3a doeinbHUM po36ummsm. [pu nesHUX O6MEXEHHSIX, 8UKOPUCMOBYHYU MEXHIKY
HabnuXeHHs1 MHO2024/1eHaMU OMPUMaHO OUYiHKY ¢hpakmasibHO20 HabwxeHHs1 epmimosumu crnnaliHamu.

BCTYI. ®pakrtanbHa iHTeponnsuis HacborogHi € eeKTMBHMM METOAOM MpU PO3B'A3aHHi 3a4adq anpoKcumMauinHoro
xapakTepy, (ams. Hanpuknag [8, 10]). Y npauax BapcHni ([5, 6]) 3anponoHoBaHO BUKOPUCTaHHSA hpakTanbHUX yHKUIn Ans
HaOMMKEHHS MHOXMHWM BUXiOHWMX OaHHMX. Teopema bBapHcni i XappiHrtoHa ([7]) rapaHTye iCHyBaHHA Ta €OMHICTb
andepeHUinoBHOT dpakTanbHOT iIHTEPNONAUINHOT dYHKLIT.

Lls cTtaTTs npucBsiveHa onucy 3aranbHOro cnocoby nobyaoBu rmagkoi dpakTanbHOT OYHKLUIT 32 JOMOMOro epMiTOBUX
iHTepnonAuinHMx noniHomis. NponoHyeTbes pakTanbHa npoueaypa Ans OTPUMaHHA CiM'i IHTepnonauinHUX dpakTansbHUX
BifoOpaXeHb NOB'A3aHMX 3 €pMITOBMMMK ChnaviHamy MapHOro i HemapHoro nopsakie. [OCnimkeHO piBHOMIpHY 36iKHICTb
3anpornoHOBaHOro MeToay A0 BUXIQHOI hyHKLIT, Konu giameTp po3butTa npsiMye [0 Hynsi.

NOBYOOBA CUCTEMWU ITEPAUIMHUX ®YHKLIA 3A [OMOMOrol EPMITOBUX CHMNAUHIB. Hexail

fg <t <..<ty — ANCHI uncna, I:[to,tN]cR — BiOpi30K, L0 BKMOYaE Ui TOYKW, DYHKLIA g HanexuTb Knacy

HenepepBHUX Ha Biapiaky [ dyHkuin C(1) . MosHaummo vepes A: ¢, <t <...<ty po3buTTsa Bigpiska [ = [to,tN] cR.

Hexan I, = [tn_l’tn], L,:1—1,,ne{l,2,.,N} —romeomopdiam Takui, o
Ln (tO) = tnfl H Ln (tN) = tn, (1)
|L,,(c1)—Ln(c2)|Sl|cl—cz|,V{cl,cz}C1, (2)

ana 0</<1. Posrnavemo anga scix n=0,1,...,N i F=IxR, |oc,,| <1, N HenepepBHux BigobpaxeHb F, : FF — R, AKi
3a[10BOJbHATL YMOBU

£, (tg,%0) = %4, B, (ty, xy) = x, n=0,1,..,N, ®)
|F(t.2) = F, ()| <o, |[x =yt e L {x. ) < R (@)

BusHaunmo gyHkuii
wn(t,x):(Ln(t),Fn(t,x)),n:0,1,...,N. (5)

Topai mae micue HacTynHa Teopema:

Teopema 1.(bapHeni [8, 10]) Cucmema imepauitiHux ¢yHkuit {F,w, :n=1,2,...,N} (3)—(5), eusHavae ampakmop G,
wo € epaghoM HeriepepeHoi pyHKUii [ 11 — R , Aka 3adosornbHsie ymosu f(t;) =x; 0na i=0,1,..,N .

®yHKLUiA f Ha3MBaeTbCs hpakTanbHOW IHTePnonsUiiHOW (YHKUIE MO BiQHOLIEHH [0 {(Ln ), F, (t,x)},]lv:l. BoHa €

€4VHOI0, AKa 3a40BOSbHAE (DYHKLIOHaNbHE PIBHSAHHS
S, @) =F,( f(1),n=0,1,...N,tel,
abo

f@O)=F, (L (0, f oL (1), n=01,..,N,tel, =[t, .t,]
Hexalh 3 —MHOXMHa HenepepBHUX yHKUIN f :[1,,ty ] —> R Takmx, wo f(#,) =x, i f(ty) = xy . PosrmsaHemo meTpuky Ha 3
d(f,g)=|f —gll, =max{f)-gW)|:tto.ty ]} V{f.g} = 3.
3asHaunMo, o npocTip (I,d) € MeTpuyHUM i NOBHUM. BusHaunmo BinobpaxeHHs1 7 : I — I HacTYMHUM YUHOM:
(IF)t) = F,(L, (), f o L, () Ve €[t 1.1, ], n =12,..,N.
(T )(¢) € HenepepBHOLO PyHKLiEO Ha Biapi3ky[f,_;,¢,] ons n=1,2,...,N.BigpobpaxeHHa T e ctuckytouum (J,d), 60
77 - 7el, <] f gl (6)
ne |(x| = max{|a,,| :n=0,1,....,N}. Ockinbku |oc| <1, 10 BigoGpaxeHHs1 T BM3HA4Yae eauHy dhikcoBaHy TOYKy Ha I, To6TO
icHye f €3 Taka, wo (If)(#) = f(¢) ana t €[t,,ty]. L5 dyHKUiS € dpakTanbHOW iHTeprnonsLiiHo0 dyHKUIE AN w),.
PosrnsHemo cuctemy itepauiiHux yHKLIN:
{Ln (t)=a,t+b,,
F (t,x)=a,x+q,(1),

(tn _tn—l) b = (tNtn—l _totn)
R , =

(ty —1) (ty =ty

Y sunagky, konm o, =0,n=12,...,N, maemo F,(t,x)=q,(t) i f(t)=q, oL (1),tel,.

n

Mo3Haunmo yepes CP[t,,ty] MHOXVHY p pasiB HenepepBHO-AUMEPEHUINOBHY Ha (£, ] QYHKLIN.

© HazapeHko M. O., Bpsiskano T. A., 2015
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[nsa Bu3HadyeHHA yMOB NoGyAoBU dopakTanbHOI iHTepnonaAuinHoi dyHKLii, Ska 6yae andepeHUinoBHOK, BUKOPUCTAEMO
HacCTyMHy Teopemy.
Teopema 2 (bapHcri—XappiHemoHa [7]). Hexal t, <t <..<ty, eisbmemo L (t), n=12,...,N maki wo

' t, —t
L,(t)=a,t+b, 3adosonbHsomb cniggiOHoweHHs1 (1)—(2); a, =L, (t) = ol F(tx)y=a,x+q,), n=L2,.,N .

N~
Mpunycmumo, dnsi desikozo uinozo p =0, |a,|<al ig, € CPliy,ty],n=1,2,..,N . Hexat
(k) (k) (k)
%X +q, (1) 4 (&) ay (ty)
Fnk(tax):%a xo,k :lk—,xN,k :liV—N’ k=1,2,...,p.
n 4~ dy —Oy

N

Akwo F, ;(ty,Xy ) =Fo ity X0, ), n=2,3,.. N, k=1,2,...,p, mo modi {(Ln (1).F, (t,x))} | BU3Havae cpakma-

, , , , ne
NbHY iHmepnonsuitHy gyHkuito f e CPlty,ty] i f (%) € ¢hpakmarsbHOH IHMepnonsayiliHoW QyHKUiED, WO 8U3Ha4yaembscs
N
{(Ln (¢).F s (t,x))}n=1 Lk=12,..,p.
Beaxatumemo pani, Wwo q, = % BukopucToBytoun Teopemy BapHcni i XappiHrToHa, nogamo g, y Takomy BUrmaLi:
9 (t) =ge Ln (t) - anb(t) s

ne g - HenepepsHa yHkuis, g(4)=x;,i=0,1,..,N, a b(tf) — Taka AiiicHa HenepepsHa yHKuis, b+ g, WO
b(ty) =x0. b(ty) = xy-

Hexan o = (al,ocz,...,an ) MosHaunmo uepes g% pakTanbHy iHTEPNONAUIHY (YHKUiO, Ky iHOAI Ha3MBaloTb

o -dpakTanbHOK YHKLUE Ana g BiAHOCHO po3buTTs A Ta dyHKUii b .
Bignosigb Npo ouiHKy NOXMOKM BEMUYUHM “g“ —g“ [ae HacTynHa Teopema.

Teopema 3. [9] o -bpakmansHa pyHKUis g% Ons ¢yHKuii g 6idHOCHO A i b 3a0080/bHSE HepigHICMb:
a
e el =12l = masc ol o
Mpu usomy, ans Vn =0,1,...,N mae micue g* @) =g(@,),

3'sacyemo gonaTkoBi 06MeXeHHs Ha OYHKL b(t) Ans Toro, Wwob BUKOHyBanunchk yMoBu TeopeMu BapHcni-XappiHrToHa
i 3abe3snevyBanocb icCHyBaHHs  dpakTanbHOi  iHTepronAuiiHoi  dyHkuii.  PoarnaHemo p >0, |ocn| <—p i
N

q, €C?[ty,ty], n=1,2,..,N. ObossizkoBa ymosa ansi n=2,3,..,N, k=12,...p
ok (tzv»xzv,k ) =Fu (t()nxo,k ) 8)
(otnx—i-q,(lk) (t))

k

a,

1

Ockinbkn F (7,x) = , L, (t):%+bn, L (t):ﬁza T0

n’

1
a1 =—g" (L, ) -ab® (1), Vk=0,1,2,.... p,

N

CniBBigHoLleHHS (8) nepennieMo HaCTYNHUM YUHOM:
k k k
g (ty)-N 0‘Nb( )(tN)
1-N*ay

Akwo B3ATM o, =0a, n=1,...,N, TO OOepXnmo

£® (1) -6 (1) = 2% (1)) ().

g (to)_Nkalb(k) (1)

Nfa T
I-N"a,

_a‘n—lNkb(k) (tN ) = Nka _a‘nNkb(k) (IO)

n—1 n

3Biaku,

ne k=0,1,2,....p. (9)
k k
b (ty) = g“(ty).
Ons Toro, wWo6 BMKOHyBanucb ymoBM (9) y sSiKOCTi b MOXHA B3STM €pMITOBUIA IHTepnonsuiiHuin noniHoM 3 By3namu
ty,ty 1 p noxigHUmun

{b(k) (t)) = g(k) (%)

b(0)=H, (1)= 2 £ (1) s (0)+ 3 &% (1) L3 1),

Ae dyHkuis L, BU3HA4aeTbCca HAaCTynHUM YnHom ana i =0, N,0<k < p,
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o (1) = M(ﬂjpﬂ (1) = M[ﬂ}pﬂ ,

KU \1o—ty Kty —1
Loy (1) =loi (1), Ly (1) =1y (1), k= p-1.p=2....,0,

L0 (1) =he (0= 3 ) (0o (0). Ly ()= )= 32 43010} 1)

v=k+1

BinobpaxeHHs L, 3a40BOMNbHAOTL YMOBY:
() l,i=j,k=($,
L (tj): 0.5 ddo d
, 1 aéo d.
3Biacu BMNNMBae, Wo B poni yHKuii b(t) Tpeba B3sTVM epMITOBUIA iHTEpnonsAUiiHAIA noniHoM cTteneHs 2p +1, a dyHk-
uieto g Moxe 6yTn Byab-aka dyHKuia 3 knacy C? .

Cuctema iTepauiiiHix yHKUiA 3 k pasiB andepeHUiioBHUMM (paKkTanbHUMK IHTEpnonsALiNnHUMU DYHKLISMU 3anucy-
€TbCH HACTYNHUM YUHOM:

1
L (t)y=—t+b,,
n( ) N n
F, (t,x) = N*ax+ N*¢® (1), k= 0,1,2,..., p,
1
0 (0 =—7g" (L) -tV (). k=012....p,
Togpi:
1
L ({t)=—t+b,,
}'l( ) N n
_ sk k k 1k -
Fa,x)=Nax+g oL, (t)-N"ab"(¢t),k=0,1,2,..., p.
10670, ¢, (1) = g"* o L, (1)~ N*ab* (1), k= 0,1,2,..., p, i (g = (g“”)jjﬁ;l, k=0,1,2,..., p.
3rigHo 3 Teopemolto 3, BENM4UnHa H(g,? )(k) —g(k)“ OLIiHIOETLCS TaKUM YMHOM:
N
<

< (k) —b(")” )
o 1-N"of Hg

00

k
| ® -g®) = H(g(" s =g

Hexat A = {0 =1, <1 <..<ty =1} - poinbHe pos6utTs sipiska [0,1], A =1;—#;, i |A|=max /. Moctasumo y sig-

i b
I<i<n

MOBIAHICTb KOXHIN yHKUiT f € CP dyHkuii &, € C?i 8p1 € C?, p >0, ki 3210BONbHAOTb HACTYMHI YMOBM:
a) Ha koxHomy npOMime[tl.fl,ti] yHKLiSA 8p-1 € anrebpaiyHum mHorouneHom 2p —1 nopsigka, a 8>, MOXHa 3a-
nucaTtun y Burnsai

[ K i — — k
&2y (¥) = X (1=t + ) (=700 T =t /2, 25 =[max(0,2)]' s
b &) (fit,)=rV(4,). k=01 =0 ..p,n=0,L...,N.

Bigomo, wo ansa feC” dyHKUIT gzp_k,k:O,l iCHYOTb | eauHi [3]. ®yHKuiT &p i &>p-1 HasnBaoTb €epMiTOBUMM
cnnanHamu NnapHoro i HemapHOro NOpsAKiB BiANOBIQHO.

[ns Toro, wo6 ouiHNTN BENNYNHY ”f —ggp,k b‘

, CKOPMCTAaeEMOCb METOLO0M NMPOMIDKHOrO HabnNmXeHHs, a came:
00

“f_ggp—k,b “w < ||f_g2p—k "O0 +“g2p—k ~&p kb “w
[ns ouiHkn NepLuoro AgodaHka NpaBoi YaCTMHM CKOPUCTAEMOCh pesynbTaTamu npaup [1], [2], [4].
Ons dyHkuii f e Czp, ‘fz‘” (t)‘ <1 maixe cKpisb Ha [0,1] Ta epMIiTOBMX CNnanHiB HeNapHoOro NopsaKy 8>p-1 CnpaBef-
NMBa oLiHKa
A
||f_g2p—1 "Oo < Qe
Onst pymkuii f € C2PH, ‘fZP (t)‘ <1 maitxe ckpisb Ha [0,1] Ta epMiTOBUX CnnaitHiB NapHOro Nopsiaky g,, cnpaseanu-

Ba OLiHKa
2p+l1

I -g], s—
(2p+1)[2p!!] 2Pt
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3 iHworo 60Ky, BUKOPUCTOBYOUM TEOpeMy 3, 3HAXOANMO
a
. o
&2p-k ~&2p-k b“ s ”gz —k _b"
“ p Pkl = 1o 1827 5

Omxe, ana dyHkuii f € Cz”, ‘sz (t)‘ <1 manxe ckpisb Ha [0,1] Ta epMiTOBUX CMMamnHiB HeEMapHOro nopsaky &2p-1

cnpaBeanvBa oLjiHKa

A

@p)12** 1+IOLI

”f_ggp—l,bu ||g2p 1 b”w-

Onst ymkuii f € C2PH, ‘fZP (t)‘ <1 maitxe ckpisb Ha [0,1] Ta epMiTOBMX CriNaitHiB NapHOTO NOPSiAKY g,, cnpaseanu-
Ba OLiHKa
2p+1
A o
Qp +1)[2pu] 92p+l 1+|a|

o
”f—gzp,bu < ||g2p ||oo

3ayBaxumo, Lo Konu |a| < %\72 , Mo iCHye s = s(N) make, wjo 0 <s<1 i |a| < %\72” . Todi,

of (1
I+]of = NZ -1

1
— npu x>0, 10 ichye s=s(N) Take, wo 0<s<lI i

. 1 .
LiicHO 3a MpunyLeHHaM |(X|<—2.OCKIJ'IbKVI, i
N N N

Y BUNaaky piBHOMIpHOrO posbuTTs A ={0=1, < <..<ty =1} sigpiska I =[t,,7]=[0,1] 3 kpokom 1/N mae wmicue
HacTynHa Teopema.
Teopema 4. Hexali s =s(N) make, wo 0<s<1 i |a| < %\/2”' Ons dyHkuii f € C*7, ‘fzf’ (t)‘ <1 maixe ckpisb Ha
[0,1] Ta epMiTOBMX CManHiB HeNnapHoro NopsiaKky 8>p-1 CNpaBeanvea OLiHKa
1 (o}
< 5t
2 @p(aN)” T+

“f_ggp—l,b “ ||g2p—1 _b”m-

Ons dyHkuii f e c?r,

NMBa oLiHKa

12 (t)‘ <1 maike ckpisb Ha [0,1] Ta epMiTOBMX CrinaiiHis HeMapHOTO MOPSAKY g, ; Crpases-

< 1
= 2p+D)[2p!] (2N)" N2+v -

BUCHOBKMW. Y craTTi 3anponoHoBaHO MeToA dhpakTanbHOi iHTeprnonauii 3a 4ONOMOrow epMiTOBMX CManHiB Ans an-
pokcumaldii BUxigHux yHkuin. OTpMMaHo Noxubky HabnmkeHHs, Npy NEBHUX OOMEXEHHSIX LWOAO BMXIQHOI AndepeHLUinoB-
HOI (pyHKLUii. AK pe3ynbTaT, OTpUMaHO PIBHOMIpPHY 36GiXHICTb (pakTanbHOi yHKUIT O BUXIQHOT, Konv diameTp po3outTs
npsiMye 4,0 Hyns.

Lli pesynbTaTtv rapaHTytoTb 36iKHICTb iHTEpnonsaHTa Ao Oyab-sKoi rnaakoi pyHKLii, Konu Kpok iHTepnonsuii npsmye go
Hyns. Ak HacnigoK, CTae MOXINMBUM anpokcuMyBaTh 6yab-sky PyHKLilo 3a 4OMOMOroto dppakTanbHUX epMiTOBMX CaHiB 3
[OBINbHOI TOYHICTIO.

Moxnbka, Wo oTpMmaHa, € NOPIBHAHOK 3 iHLWMMW aHanoriYHumy npoueaypamu. Moxnuea BTpata TOYHOCTI BPIBHOBaXY-
€TbCS 3 y3aranbHEeHHSM MEeTOAa, OCKINbKW, iHTeprnonaAuiiHi dpakTanbHi yHKUii cniBnagalnTe 3 epMiTOBMMM ChnavHam, y
OKpeMOoMy BUNagKy, Konu koedilieHT o, JopiBHIOE Hymi. Lle y3aranbHeHHs 36epiraeTbes npy 36epeXeHHi rmaakocTi oyHKLUIi.

“f_ggp,bu "gz!’ ||oo
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®PAKTAINbHAS ANPOKCUMALIUA 3PMUTOBbLIMWU CMNAWHAMMU

OrnpedeneHo ghpakmarbHyro npoyedypy 0715 MoMyYeHUs1 CeMbU UHMEPOMAUUOHHbIX 0mobpaxeHul, KOmopble Ce8si3aHbl C 3pMUMOo8bIMU crinatiHamu. C rnomMowbro
HeKomopbIX MPedrono)eHul, UCNonb3ys MEXHUKY MPUBILXXeHUST nonuHoMamu, Obi1o Mosy4eHO OUEHKY MPUBIILXKeHUS 3pMUMOo8sbIMU crinatiHamu.

Nazarenko M. O., PhD., Briazkalo T. A., PhD graduate
Taras Shevchenko National university of Kyiv, Kyiv

HERMITE SPLINE FRACTAL INTERPOLATION

A family of interpolating mappings associated to a hermite spline are defined. Under some hyposeses, and using Hermite polynomials techniques, bounds of
interpolation error for function are obtained.

YOK 517.9
®. AcpopoB, kaHA. i3.-maT. HaykK, HayK. cniBpo6.
KHY imeHi Tapaca LLleB4YeHka, KuiB

®YHKLIA FrPIHA-CAMOMIJIEHKA TA ICHYBAHHSA IHTErPANIbHUX MHOXXWH
NIHIAHUX PO3WUPEHb AU®EPEHLIAJIbHUX PIBHAHb 3 IMNYJIbCHUM BNJIMBOM

Ans cucmem dugpeperyianbHuUX pieHsIHb 3 iMMY/ILCHUM 8MIUOM MobydoeaHo iHMezpanbHy iHeapiaHMHy MHOXUHY 3 eUKopuc-
maHHaM gpyHKuii piHa-CamolineHka.

BCTYIN. Barato eBontouiiHux npoueciB y ¢isuLli, TexHiui, Gionorii, ekOHOMILi NPOTAroM CBOro PO3BUTKY MiaAalTLCS KO-
poTkoyacHum Bnnueam. Npyn matemaTtuyHOMy ONUCi TaKUX NPOLLECIB YaCTO TPMBAnICTIO 30ypEHHS 3pyYHO 3HEXTYBATU i BBa-
XaTu, Wo Ui 30ypeHHs1 HocATb "MUTTEBUIA" xapakTep. Taka igeanisalis npu3BoanTb A0 HEOOXiAHOCTI AocnioXKyBaTW AMHAMI-
YHi CMCTEMU 3 PO3PUBHMMM TPAEKTOPIAMM abo sK iX LWe HasuBalTb, AudepeHuianbHi PIBHAHHS 3 iMNynbCHO Aieto. 3poc-
TaHHA iHTepecy A0 TakMxX CUCTEM OCTaHHIM 4acoM MOB'A3aHO Hacamnepes i3 3anuTamm HOBITHbOI TEXHIKM, Ae iMMynbCHi
CUCTEMW aBTOMAaTUYHOIO perynioBaHHS, iMNynbCHI 0B4YnCnoBanbHi CUCTEMW 3aHANM OyXXe NOMiTHe Micue i iHTEHCMBHO
PO3BMBAOTLCS, PO3LUMPIOOYN KOMO CBOIX JOAATKIB B Pi3HOPIAHMX 3a (Di3VMYHOI0 MPUPOAOHO | (PYHKLIOHANbHUM MPU3HaYeH-
HSIM TEXHIYHUX 3aBAaHb. MaTemaTV4HOK MOAENI0 €BONMIOLIHNX MPOLECIB 3 KOPOTKOYACHUMM 30YPEHHSMU MOXKE CIYXUTU
cuctema agudepeHuianbHuX piBHSAHb 3 iIMNYNbCHOLO Aieto [2, 4, 8].

TemaTuka poboTK TiCHO NoB'A3aHa 3 ABOMa HanpsMKaMu Teopii AndepeHuianbHMX PiBHAHb — TEOPIED BaraTo4acToTHIX
KonuBaHb [1, 3, 7] Ta AMdepeHLianbHNX PiBHSAHb 3 iMNYNbCHUMK 30ypeHHsMu [2, 4, 6, 8].

Y paHin cTatTi oCnioKytoTbCs MiHiiHI po3WwmnpeHHs aAndepeHLianbHMX PiBHAHb 3 iMNYNbCHOK Aieto. poboTi Anst AKMx
BCTaHOBIMIOTLCA YMOBM, AKi 3a6e3nevytoTb iCHyBaHHSA iHTerpanbHOi MHOXMHKU. OfHi€lo 3 4OCTaTHIX YMOB iCHYBaHHSA iHTer-
panbHOi MHOXMHM € iCHYBaHHsI dhyHKLUiT MpiHa—CamMonneHka.

OCHOBHA YACTUHA. PosrnsiHeMo cucteMy andepeHuianbHNX piBHAHb 3 iMMYNbCHO Aieto

do dx

— =a(t,0), — = P(t,p)x+ f(t,0), t+1;,

& a(t, ) 7 (t@)x+ f(t.9) T )
Ax|_ = Bi(o)x+1(p),

t=1;
pe teR, xeR", ¢e3J", T" —m— mipaun top; a(t,¢), f(t,¢), P(t,¢).— HenepepsHi (KYCKOBO-HENepepBHi 3 pos3-
puBamu nepLioro pogy npu ¢=7t;) MO ¢ BIANOBIAHO BEKTOPHI i MaTpuUuHi OYHKUl, HenpepsHi i 2m-nepioanyHi no

@y, V :I,_m, oBmexeHi Npu Beix 1€ R, @ e I". OyHkuii B;(¢) i 1;(¢p)— piBHOMIPHO 0BMexeHi No i € Z maTpuui i Bek-
Topu, det(E + B;(¢)) #0 ana 6yab-sikoro @ € 3" . MocnigoBHICTL MOMEHTIB IMMYbCHOTO 36YpeHHs {‘Ci} 3aHymepoBaHa
LiNnMMKM Ynucnamm Tak, Wo T; —> —o0 NpPU [ —> —o0 i T, —> +00 MpK T; —> +o0. BBaXKaTMMEMO, L0 PIBHOMIPHO MO f € R icHye
CKIHYEHHa rpaHuus

lim i(t,t+T)

= . 2
T—o0 T p <% ( )

dyHKuiA a(t, @) 3agoBonbHsie ymoBy JTinwmus no ¢, piBHOMIPHO BiAHOCHO f € R, To6TO
latt. o) - a(t.02)]| < ] — 05 - (3)

MpunycTmo Takox, Wwo dyHkuUii f(¢,¢) i 1;(¢) 3aA0BOMNBHAITL PIBHICTb
sup max ||f(t, (p)" + sup max "11' ((p)" =m.
teR PESn ieZ P€5n
Buxopsauu 3 [1, 3, 4, 8], BBoAMMO noHATTA dyHKUiT [piHa—CamorineHka 3agadi npo iHTerpanbHi MHOXWHKN AudepeHuia-
JNIbHUX PIBHSIHb ANST iIMMAYIIbCHUX CUCTEM | BKaXKEMO AOCTaTHIi YMOBM iCHYBaHHS iHTErparnibHOI MHOXWHMN.
Po3rnsHemMo HeaBTOHOMHY cMCTeMy AndepeHLUianbHUX PiBHSAHL, BUSHAYeHUX Ha Topi 3™

% — at,0) )

i No3Haumo Yepes @, (T,() PO3B'A30K Li€i cucTemu, SKMIA 3aA0BOJTHAE NOYaTKOBY YMOBY ¢, (T,®) = ¢@. B cuny komnakTHo-
CTi a3oBOro NpPocTopy cuUCTeMU piBHSHb (4) i 3pobneHunx npunylieHb BiAHOCHO MYHKUii a(f, @), KOXHWA pO3B'A30K

o~m

0, (1,0), ¢.(t,0) =0, npn Obyab-aknx 1€ R, ¢ € I" icHye i NPOAOBXMMO VAOr0 Ha BCIO BiCb R .

© AcpopoB ®., 2015
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PosrnsHemo cuctemy andpepeHuianbHbIX piBHAHb 3 iMNYNbCHUM BNIIMBOM

d
7x =P, 0,(t,0)x+ f(1,9,(T,9), #71;,
t (9)

A, = Bi(@, (1.9)x + (9, (,0)).

3anvwemo BianoBigHy (5) ogHOPIAHY cUCTEMy PiBHSAHb

@ = P(ta (Pt (T’ (p))x’ t# ‘ci’
dt (6)

AY_, = B;(0, (n@)x
i No3HaYMmMo 4Yepes Qi(r, () MaTpuuaHT uiei cuctemn. B cuny HenepepBHOi 3anexHocTi @, (T, @) Bia napameTpiB T€ R u
@ e 3" matpuuaHT Qé(r, () B4 UMX NapameTpiB 3anexuTb HENepepBHNUM YMHOM.

Nemma. ns 6yab-skux ,5,7,6 € R i o € 3" cnpaseanmeo Q' (1,9, (c,0)) = Q. (c,0).

HoBepneHHsi. Ockinbkn Q’S (T,) maTpuuaHT cucteMu piBHsHbL (6), TO

d
592 (1,0) = P(1,9,(1,0))Q. (1, 9),

A (%,0)| -, = B, (0, (1.9)) Q5 (5,0).
3amiHumo ¢ Ha ¢ (o,¢) i, BpaxoByloun Bnactusictb ¢,(T,¢.(c,9))=¢,(c,p), po3saskis ¢,(t,p) cucremm (3),

oAepXXnmo

d
EQZ (1,9.(0,9)) = P(t,0,(0,0)Q (1,9.(5,9)), 1#7T;,

AL (5,0:(0,0))] 1=, = B (9, (0,9)) Q7 (1,9,(5,0)).

OcTaHH4 piBHICTb 03Havae, LWo Q’S (1,90.(0,9)) € dbyHaameHTanbHOW MaTPULIEIO CUCTEMM PiBHSAHB (6), Aka npu ¢ =5 €
OOMHWYHOK MaTpuuelo. Ane Lo XX BNacTuBICTb Mae i MmaTpuus Qi (0,0) . Lle MmoxnuBo Tinbkv y BUNAaAKy, KOnmu maTpuui
Q! (1,0.(c,9)) i Q.L(c,0) cnisnagaoTs. Mlemy goseseHo.

Hexait C(f,¢) — HenepepBHa 27— nepiognMyHa Mo KOXHIlA KOMMOHEHTI @, V =1,_m, KyCKOBO-HernepepBHa no t€ R, 3

po3pvBamMu NepLLOro poay B TOUYKax {r[} MaTpuyHa dyHkuis. MNoknagemo

Gsgy—| DEOCEO @) st i
- ~Q(LQ)[E-C(s,0,(1,9))], s>1,

i HasBemo G(t,s,() dyHkuieto MpiHa-CamMONNEHKO CUCTEMU PIBHSIHb
do dx
—=a(t,p), —=Pt)x, t#1,
7 (.9) i (t.9)

Ax|l=‘ci = Bi ((\D)xs

AKLWO ANs BCiX £,s € R, @ € I i geskux, sup Y. e ") maemo
teR t;<t

Jl6@.s.olds+ 3 |67 +0.9)| <K (8)

—o i=c0—

Bkaxemo HamnpocrTiwi BnactueocTi dyHkuii MpiHa—Camoiinernka G(¢,s,@) . 3 BU3HAYEHHs Liel yHKUiT BUNnuBae, Lo

yHKuisi MpiHa—CamotineHka HenepepBHa Ans BCix 1,s € R, ¢ # s, @ € I", 21— nepiognyHa no o@,,, v =1,m, npuyomy
G(s+0,s,0)—G(s—0,s,0) = E.
Bepyuu oo ysaru nemy 1, maemo

G(t,s,9,(1,9)) = { Q: (t,0)C (s, 0, (T, 9)), s<t, o)
~QL(t,Q)[E-C(5,0,(1,9))], s>t
QL(1,9)C(x, ), <t

Mpu s =T ogepxumo G(t,7,9,(t,9)) =
_ch(ta(P)[E_C(T’(p)]’ T>1

Ak 6aummo, matpuua G(7,7,9,(T,9)) cknagaeTbca 3 Po3B'A3KIB OAHOPIAHOI cMCTeMM PiBHSHL (6), WO po3rnsgaeTbes

npu ¢t =71 i ¢t <1t BigNoBigHO.
MpunycTnmo, L0 MOMEHTM iMNYNbCHOrO BMNMBY T; Taki, WO ANS BCIX i € Z. BUKOHYETHCA OLIIHKa
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T —T;>0>0. (10)
PosrnaHemo Bupas

[ Glt5,0)f (5,0, (L.O)ds + Y. Glt,T, +0,0)1,(0, (,9)).

—0 i=—0

BpaxoBytoum (10) i (8), ogepxumo

e = 2K 2K
[ Gt.5.0)f (5.0,(t.0)ds + Y, G(t,7, +0,9)], (9. (1,9))| < —supmax| f(t, )]+ ——supmax | ,(q]
e = ' Y teR 93, 1—e™ iez 03,
[Noknagemo
+00 +00
le(t, (\D) = I G(t,S, (P)f(sa Py (tt (\D))ds + z G(ts T + 09 (\D)It ((\D‘r‘. (to (\D)) (1 1)

PyHKUIS u(Z, Q) — 27 — NepioandHa Mo @, v =1,m HenepepeHa Mo ¢ I" i KyCKOBO-HenepepBHa Mo ¢ € R 3 poapu-
BaMM MepLLIOro pofly B TouKax {T;} .

MokaxeMmo, o MHOXMHA X =u(f,), t€ R, e I" € iHTerpanbHO MHOXMHOK cucTeMu piBHsHL (1). Ons uboro pos-

rnsHeMo dyHKUilo X, (T,9) = u(f, ¢, (1,9)), Ae ¢,(T,9), ©.(T,9)=@— PO3B'A30K NEPLLOro 3 PiBHAHL cucTemu (1).
3rigHo (9), (11) maemo

% (T,0) = ult,¢,(t,9)) = IOOG(I,Sa@,(T,(P))f (5,0, (2,9, (T, 9)))ds + +Zw 66,7+ 0,0, (. @) (9, (7. ) =

—0 i=—00

[ QL (1.0) % Cls5. 9, (1. 9) /5,0, (1.0)ds + T QL (1. 0)IC(1, by, (T, ON, (g, (1,0)) +

o 1<t

+ [ Q) [Cls0, (5 0)— E] £(5, 0, (n.0)ds + X O (x, o) C(x,0,, (1.0) ~ E | 1(9, (%,0)).

o T, >t

[OundbepeHLitoloun ocTaHHE CRIBBIAHOWEHHSA MO ¢ NpU ¢ # T, 3HaxoanUMo

d t
w - %ua,cpt(r, ) = P, (1)) | QL (1.0)x Cl5. 04 (1, 0) %

[ (5,9, (T,0))ds + C(t,0,(7,9)) f (1,0, (T, 0)) + P(1,9, (T, 9)) X
x [ Q1. 0)[C(s, 0, (T, 9) = E] f (5,9, (1. 0))ds ~ [ C(2,,(1,9)) ~ E]x

xf(t,0,(t,9)) = P(t,9,(t,0)u(t,9,(t,0)) + [ (£, 0,(T, 9)) =
=P(t,0,(t,0)x, (1, 9) + [(£,0,(1,0))
ans 6yab-sakoro e R, oe 3. Anpu ¢ = T; Maemo

x‘tj+0 (Ta (P) _xrj. (‘L', (P) = J. (G(Tj + O,S, (PI/H) (Ta (P)) - G(TJ,S, (p‘/ (Ta (P)) B f(S, Py (Tj,(pﬁ' (Ta (P)))dS +

3 (G 0,500, 1o (1.0) - G(E;. 71005 (1.0) 1,0, (5.1, (1.0) = B, (0 (1.0, (1,,0)+ (0 (2.0))

j=—00
ans 6yab-akoro te R, g e I”.
OcTaHHi fABi piBHOCTI f0BOAATbL, WO yHKUIA u(f,,(T,)) € PO3B'A3KOM CUCTEMU PiBHAHL (5), SKa 3anexuTb Big

te R, € 3" sk Big napameTpis. Lle 03Hauae, Wo MHOXUHA X = u(f, () € IHTErpanbHOK MHOXUHOI CUCTEMM PIBHSHL (1).

Takum YMHOM [OBEIEHO HACTYMHY TEOPEMY.
Teopema 1. Hexai B cuctemi piBHsHb (1) doyHkuii a(?, @), f(¢,¢), P(t,)— HenepepBHi 3a ¢ BIONOBIAHO BEKTOPHI i MaT-

PUYHI OYHKLT, HenepepsHi i 2w - nepiognyHi no @,,, v :L_m, obmexeHi npu BCix € R, o € I". ®dyHkuia a(z,¢) 3apoBonb-
Hse ymoBy Jlinwmus no ¢ piBHOMIpHO BigHOCHO ¢ € R. ®yHkuii B;(¢) i I;(¢)— piBHOMIpHO 0BMexeHi Mo i maTpuLi i BEKTO-
pu, det(E + B;(9)) = 0 ansa 6yab-sikoro ¢ € I". [Ans nocnigoBHOCTi MOMEHTIB iMNymNbCHUX 36ypeHb {ri} BMKOHYETBCS OLjiHKa
(10). Hexawt Takox icHye doyHkuisi piHa—Camoiinerka G(t,s,®). Toai cuctema piBHsiHb (1) Mae iHTerpanbHy MHOXUHY

+o +0
X = u(ta(P) = _[ G(tasa(P)f(Sa(Ps(t7(P))dS+ Z G(tari +07(p)1i((p‘ri (ta(P))a te R’ Pe Sma

npuyomy
2K

1-e

2K
sup max [u(z, @)|| < = sup max | / (z,¢)| + sup max||7, (¢ (12)
teR PS5 Y teR PE3n ieZ P,
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Mpunyctumo Tenep, WO MaTpuLaHT Qg(t, () cuctemu piBHsIHb (6) Aonyckae OLUiHKY
| (z.0)] < e (13)

ans Gyab-akmx t>seR,1e R, ¢ J" ipeaknx K >1,y>0.

B ubomy Bunagky, icHye dyHkuisa piHa-CamonneHka HacTynHoro Burnsagy

t
G(t’s»q)):{ QS(t’(P)’ s <t, "

0, s>1.
Bnactusictb (14) Bunnueae 3 (7). Akwo B (7) noknactn G(s, 9, (1,9)) = E , TO iHTerpanbHy MHOXWHY CUCTEMM PIBHSHbL
(1) nogamo y Burnagi

t
x=u(t,@)= [ G(t,5,0)f (5,0,(t,0)ds + X G(1,7, +0,0)[; (9, (1,9)), t€R, ¢peT". (15)

—00 Tict
[Moka)keMo, WO U MHOXWHA aCUMMTOTUYHO CTiMKa.
B cuctemi piBHsIHb (6) 3pobumo 3aMiHy: x = u(f,®)+z. Togi
dc du oudo dz

= EJF% b P(t, ¢, (v, @)u(t, 9, (t,9)) + P(Z,0,(1,0))2 + [ (£,0,(1,0)),

dx Ou Ou dz
- = _+_a(t,(P) t+t—= P(ta(\ot (T,(P))u(t,(Pt(T,(P))+ P(ts(pt(Ta(P))Z+f(ta(\Dt ('L',(P)),
dt ot O dt
Aoy, = A g+ 22| = P(5,0, (10)u(T, 0, (5.0) + 1 (@, (1.0) +Az,_, .
3Bigku % =P(t,¢,(1,0))z. (16)

MosHaunmo yvepes z = z(f,¢,z,) = Qf)(r,(p)zo 3aranbHu po3B'A30K cucTemu piBHAHL (16). BukopucToBytoun BnacTmeo-
CTi MaTpuLaHTa Qf) (T,9) AnNs UbOro pPo3B'sA3KY OAEPXKYEMO OLIHKY
26 ,20)] = [ (020 | = |2 (7. 0) % (v, 024 | =
= “Qi‘“‘f (T, (P)Z(ta P, 2y )“ < ‘ Q::_T (T’ ?; (T, ([)))H”Z(t, P, 29 )" < Ke—Y(t_T) "Z(ta P,z )

o~m

sika cnpaBegnuea Ans BCiX f€ R, @€ 3". Ane B cuny niHIMHOCTI cuctemn piBHAHb (5), pisHuuUs Oyab-siKOro po3B'asky

>

x(t, @, (T,0),xy) iii po3s'asky x =u(t,p,(T,9)), AKUA NEXUTb Ha iHTErpanbHin MHOXWHI, € PO3B'A3KOM PiBHAHDL (6), TO6TO
ans uiei pisHnUi cnpaBeanvea ouiHka
et 9, (2, 0), x0) —ut, 0, (v, 0))| = |21, 9. 2)| < Ke 77 z(1,0, 7))
A ue o3Hauvae, LWwo
"X([, (pt (T’ (P)axo)_”(ta (pt (T’ (P))" - 0’ npu t— oo

Taknum YNHOM, HamMKN BCTAHOBIEHE HACTYNHE TBEPAXEHHS.
Teopema 2. lNpunyctumo, Wwo cuctema piBHAHb (1) 3agoBonbHAE ymoBam Teopemu 1. Hexal Takox matpuuaHT

Qi,(r, (¢) cuctemm piBHsiHb (6) 3agoBonbHsIE HepiBHOCTI (13). Toai cucTema piBHsIHB (1) Mae acMMNTOTUYHO CTilKy iHTerpa-
NbHY MHOXWHY (15) i LA MHOXWHA 3a40BOSBHAE OLiHKY

sup max ||u(t, (p)|| <K, [sup max ||f(t, (p)|| +sup max ||11- ((p||} , 17)
teR P<5n teR P35, ieZ P€5n
ne K, = LS Ksup Y e 107,
Y teR t;<t

—y(1-7;)

BigmiTumo, Lo B NpunyLLEeHHi iCHyBaHHSA KiHLLEBOI rpaHuui (3) Benu4ynHa sup Z e obmexeHa.

teR v, <t

HacnpaBgi, 3 icHyBaHHs rpaHuui (3) BUNNMBae, L0 MOXHO BKka3aTu Taku uucna [, > 0 i HaTypanbHe yucno ¢, Lo 6yab-

SIKMIA BiAPI3oK YacoBol BICi AOBXMHU [, MICTUTb HalbinbLLe ¢ 4neHiB NOCniAOBHOCTI {r[} . Tomy

-v(t-71;) < q

sup Y. e e

teR t;<t

1
3BiAcK, B oUiHUI (17) B akocTn K|, MOXHO B3ATU Yncno K, = K(—+ q ” j
Y 1-e '

3okpema, AKLLIO MOMEHTH iMMYNbCHOMO BNNMBY T; Taki, Wo T,,; —7T; = 60> 0 Ans Bcix i € Z, To B LbOMY BUNaAKy B SIKO-

. . . 1 1
cTi I, Moxe crnyxuTn 0, a B AKOCTi ¢ — OAMHULA, TaK LLO B AKOCTi KOHCTaHT K, Moxe 6yTv umcno K, = K(—+ 5 |
Yy l-e
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BUCHOBKMW. [ins cuctem audepeHuianbHUX piBHAHL 3 iMAYNbCHUM BNAMBOM NoGydoBaHa iHTerpanbHa iHBapiaHTHa
MHOXWHa 3 BUKOPUCTaHHAM doyHKLii MpiHa—CamorineHrka. [JocnigkeHo NUTaHHA aCUMMITOTUYHOI CTIMKOCTI LIUX MHOXWHW.
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CJIABKO HEJNIHIMHA KPAUOBA 3AAYA HA MIBOCI
3 CUHIYNAPHICTIO NEPLWIOro pOOy

Po3ansiHymo cuHa2ynsipHy Kpaliogy 3adavy Ha 0oOamHili nieoci Ons cnabko HeniHiliHOI cucmemu AugbepeHyiasibHUX PieHSIHL Yy
Kpumuy4HOMYy eurnaodKy, KoJlu po3e's3ku He36ypeHoi 3adayi ymeoproromb CiM'to, 3anexHy eid Kinbkox napamempie. CuHa2ynsipHicms
3adayi obymoesieHa HasieHICMIO MoJIFoCca Nepwo20 MopsioKy 8 KoeghiyieHmax cucmemu ma yMOOHo MpacHeHHs1 Po38'a3Ky 00 HyJisl Ha
HeckiHYeHHocmi. [JoeedeHO meopemy npo nPodo8XKeHHs1 3a MasluM napamempomMm 36ypeHHSI mux po3e’a3Kie He36ypeHoi 3adadi,
napaMempu sikux 3a0080JIbHSIIOMb 8U3HaYaslbHe Pi8HSIHHSI.

BCTYI. Po3rnagaetbca crnabko HeniHiiHa kpanosa 3agava
A
y'= (—+ B(X)]y+£+f(X) +eF(x,y), xeR, =[0;+0), (1)
X x
y(O0)=2, y(+0)=0. )
Tyr Ae Hom(R"), acR", B()e C(R+|—>Hom(R")) , fO)e C(R+HR”) , F(,)e C(R+ x R”H]R”) . 3agaua MicTUTL
napametp 36ypeHHst € € R Ta napameTp kepyBanHsi A € R” . Mpu £ =0 mMaemo He3BypeHy niHiiHy 3agady
, A a
y'= (—+B(x)jy+—+f(x), @)
X X
YO)=2, y(+x)=0. (4)
MpunycTumo, Wo Ana geskoro A=A, € R" us HeabypeHa 3ajaya Mae pPO3B'A30K yo() e CI(R+|—>R”). 3 nornagy
Teopii 30ypeHb BUHWMKAE NMPUPOAHE MUTAHHS: UM 3HANOeTbca Take gopatHe €, > 0, Wo Ansa koxHoro € € (—¢,,&,) ICHye
napa A=%1.eR", y=y.()e c! (R+|—>R”), sika 3a80BOSbHAE (1)—(2), i Npu UboMy
limsup |y, (x) =y (x)] = 0 ®)
£>0 x>0
(aomke, limA, =L, ). Akwo BiANOBiAb Ha Lie NMUTAHHS NO3UTUBHA, TO KaxyTb, L0 CiM'S dYHKLIA . (-) € npodoexeHHsIM 3a
e—0

manum rnapamempom € € (—¢,,€,) po3B'A3Ky ¥,(-) 3apadi (3)-(4) 3 A =2, . BogHoyac BaxnMBO onucaTi MHOXWUHY TUX
napameTpiB KepyBaHHs He30ypeHoi 3aaadi, AN SKUX iCHYe NPOAOBXEHHS 32 ManuM napaMmeTpom.
© Nyuko A., Npouak J., 2015
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3apava (1)-(2) HanexuTb OO knacy ABOCTOPOHHLO CUHIYMSIPHUX, OCKINbKM Meplia KpawoBa ymoBa CTaBUTbLCHA B
ocobnuein Touui x =0, a Apyra — Ha HeckiH4eHHocTi. [Mpobnemn Takoro pody BUHMKAKTL NMpW NoGyaoBi Ta AOCHIOKEHHI
OKpeMUX TUMiB PO3B'A3KIB Pi3HOMAHITHMX PIBHAHb MaTeMaTUYHOI (i3UKM, 30KpeMa piBHSHb HEemiHiNHOI Teopii nons.
MocTaHoBKM BiANOBIAHMX 3a4a4, a TakoX BaXnuBi pe3ynbTaTu 3 IXHbOro PO3B'A3aHHA HaBedeHo, Hanpwuknag, B [7, 11, 13,
15, 16]. Y uMx npausx MoXxHa 3HanTu o6LmMpHY Gibniorpadito, NoB'A3aHy i3 3a3Ha4YeHO TeMaTukow. MpoTe y HeniHiNHiIn
NoCTaHOBLIi OCHOBHa Maca pobiT cTocyBanacs CUHIyNApHUX KpanoBux 3aAay Ha niBoCi ANs PiIBHSAHb APYroro nopsiaky.

Onsa niHinHMX cucTem Ta PiBHSIHb BULLOMO MOPSAKY 3 HEeiHTErpOBHUMU KoedilieHTaMn 3MICTOBHY TEOpit0 CUHIYMSAPHUX
KpanoBux 3ajay Ha CKIHYEeHHOMY BiApisKy po3pobrnieHo B [6, 14]. B [12] 6yno pocnigxeHo 3apavy (3)-(4) i 3HangeHo
OOCTaTHi yMOBW iCHyBaHHs1 ii po3B'a3kiB. Ceped TakMx YMOB, 30KpeMa, pirypye npunyleHHa npo eKCMOHeHUianbHy
AMXOTOMIYHICTb Ha niBoci [1,00) niHiiHOI ogHOPIAHOT cucTeMu, acouiioBaHoi 3 HeofHopiaHo cuctemoto (3). HasBHicTb
LbOro NpUMyLLEHHS1 CTae 3pO3yMirnot, SIKLLO 3BEPHYTUCS A0 Teopii 0OMexXeHMX pPOo3B'A3KIB NiHINHMX CUCTEM 3 OOMEXEHO
HeoAHOopIAHICTI0 Ha niBoci abo Ha Bcin oci [1, 4, 17].

Bukopuctanuin Hamu nigxia Ao poss'asaHHa 3agadi (1)-(2) inenHo 6nm3bkuin 4O po3BuHYTOro B npausx [5, 8, 10], ae
BMBYanacsi npobnema icHyBaHHs 06MexeHMX Ha BCili OCi po3B's3kiB criabko HeniHilnHMX cuctem B ayci Teopii Ppegronbma —
HeTtepa. Baxnueo Bia3HaunTK, WO, SK i B UMX CTATTAX, MU HE BUKITIOYAEMO TaK 3BaHUA PE30HAHCHWUIA (KPUTUYHWUIA) BUNAZOK,
Konu BignoBigHa He3bypeHa niHiiHa ogHopiAHa 3ajava Mae HeTpuBianbHi PO3B'sA3KW, | CYTTEBO BUKOPUCTOBYEMO
y3aranbHeHy yHkuito piHa ona 3BefeHHs BUXIAHOI 3ajadi OO CUCTEMW iHTerpanbHUX PiBHSHb Ta 3HAXOMXKEHHS Tak
3BaHOr0 BM3HAYarbHOMO PIiBHSHHA (PIBHSHHA MOPOAXYyBanbHUX aMnniTya). PaHiwe iHWwi nigxin 0o po3B'A3aHHa OeLo
3aranbHiWmx y nopiBHsAHHI 3 (1)—(2) 3agay, sk He BMKOPUCTOBYE SIBHO (OyHKUii piHa, Oyno 3anponoHoBaHo B [2, 3].
OpHak B unx poboTtax po3rnsganucs nue Hepe3oHaHCHI (HEKPUTWYHI) BUNagKu.

3BEAEHHSA BUXIOHOI 3AAAUYI A0 IHTEFPAJIBHOIO PIBHAHHSA. Ak i B [12], cTocoBHO MiHilHOT cuctemu (3) ycroan
Hagani BUMaraemo BYKOHaHHS TakMX YMOB:

(A): xapakTep1CTU4YHMIA NoMniHOM onepatopa 4 He Mae KOPEHIB 3 AINCHOK YaCTUHO PIBHOKW oauHULi i a € Im 4 ;

(B): niHilHa ogHopigHa cuctema  y' = B(x)y  eKCMOHeHUjanbHO  AMXOTOMiYHA Ha  [1,00), npuyomy
M = supxeR+||B(x)||<oo;

(C): HeopHopiaHicTE f(+) 3HMKAE HA HECKIHYEHHOCTI: [im y_so0 ||f(x)|| =0.

CchopmMyntoemMo Takox ABi AOAATKOBI BUMOTM WoAO0 HeniHiHocTi F(+,-) :

(D): lim oo | F (x,0)[ = 0 ;

(E): ans Bcix (x,y) € R™ icHye HenepepBHa YacTMHHa noxiaHa J(x,y) = F}j (x,y) , npuuomy

sup ||J(x, 0)|| <o, limsup ||J(x, z)—J(x, y)|| =0 VyeR".
xeR+ z=y x>0

3ayBaxeHHs 1. 3 ymosu (E) ma HepieHocmi

sup”J(x, y)" —sup ||J(x, z)" < sup"J(x, y)=J(x, z)" Vy,zeR"
x20 x>0 x>0

sunnueae, Wo QyHKUis supx20||J(x,~)|| HeriepepsHa, a moO0i ¢hyHKUis ||J(',-)|| obmexeHa Ha R, xD 0na dosinbHol
obmexeHoi o6rnacmi D < R” .
Mo3HaumMmo Yepe3 Y (x) HOpMOBaHMIA B TouUi x =1 eBontoLiiHWIA onepaTop MiHIMHOT 0gHOPIAHOT cucTemm

y= [§+B(x>jy. ©®)
BigsHaumMmo, WO Konmn BMKOHYETbCA YyMoBa (B), TO Usi cucTeMa Tex eKCnoHeHLUianbHO AMXOTOMiYHA (OMB., Hanpuknag,
[1, c. 267]).
Sk BXe 3a3HaYanocst BULLE, MM He BUKIKOYAEMO 3 PO3ITISAY KPUTUMYHWIA BUMaAOoK, korm icHye nignpoctip I < R” 3 uncriom
BumipiB / := dim L Takui, wo ans koxHoro v € I pose'sizok Y (x)v cuctemu (6) HanexuTb c' (R +HR") i 3HMKaE Mpn x — +00 .
3po3ymino, wo Togai
Cy = supmax {||Y(x)v|| ve ]L,"v" = 1} < o0, (7)
>
3 pesynbTaTiB poboTu [12] BUNNuBaoThb Taki ;gKTM CTOCOBHO He3bypeHoi 3aaavi:
(a): posB's3ok 3agadyi (3)—(4) B knaci CI(R+|—>R”) icHye Togi M nuwe Todi, KONN CNpaBOXYETbCA PIiBHICTL (ymoBa
OpTOroHanbHOCTI)

[ PY )+ Bomdr =0, ®)
0

ne eekTop 1 € ImA" 0AHO3HAYHO BM3HAYAETLCS 3 MiHIHOT cucTemMm pisHsHL An+a=0,a P:R" = M — ue opTonpoekTop

Ha nignpoctip M c R"”, m:=dimM, skuit € OpTOroHarnbHUM [OMOBHEHHSIM (BiOHOCHO BiAMOBIAHUM YMHOM YBEOEeHOro
ckansipHoro fobyTKy) 4O MigNpOCTOPY MOYaTKOBMX 3Ha4yeHb nNpu x =1 Tux po3e's3kiB cuctemum (6), siki abo HenepepBHO
AvndbepeHuinoBHi Ha R, , a6o MatoTb HyNbOBY rpaHNLI0 Npu x —> +oo (y [12] P nosHaveHo vepes F; ); Npu LbOMy

Cp:= T”PY_I(x)”dx < oo; 9)
0
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(b): skwo (8) BUKOHYETbCHA, TO PO3B'sA3kM 3agadi (3)—(4) B knaci CI(R+|—>R”) YTBOPIOKOTb 3arnexHy Big napameTpa

vel ciM'o yo(-, V), sika Ma€ iHTerparnbHe 306paxeHHs!
Y (x5v) = Y(x)v+n+ [ G(x,9)(f (s)+ B(s)n)ds, (10)
0

3 gekum sapom G(-,-): Ri — HomR", ctpykTypa sikoro onucaHa B [12];
(c): agpo G(-,-) MOxHa 3anucaTtu y BUrnsgi
-1 _15 x < Oa
G(x,8)=Gy(x,8)+3(x=s)Y(x)PY ' (5), 9(x):=
0, x>0,
ae Gy(x,s)=G(x,s)Y(s)(E —P)Y!(s) , i sixwo noknactu

Hix,5) = Gy S)+{[1+9(x—s)]Y(x)PYl(s), xe[0,1],
) . 0 )

3(x = )Y (x)PY ' (s), x>1,
TO ANs AOBINbHOI pyHKUii g(+), sika 3a40BOSbHSE YMOBM
() e C(RﬁR" ) lim g =0, [PY'(x)g(x)dx =0, (11)
X—>0 0

crnpaBOXyeTbCs  PiBHICTb j'G(x,s)g(s)ds:IH(x,s)g(s)ds; NPy UbOMY BWKOHYKTbLCS YMOBW PIiBHOMIPHOT 3GiXKHOCTI
0 0
HeBnacHoro iHTerpana

Cy = supT”H(x,S)"dS <o, lim sup T"H(x,s)"ds =0 Vb>0;
x20 0 é*wxe[o,b]é

(d): MHOXMHa [JomycTUMMX napameTpiB KepyBaHHs sBRsie cobotwo adinHuin nignpoctip Ay R”, yTBOpeHuit
enemeHTamu Burnagy A =n+C,+¢, ne {,eker4 — peskwit chikcoBaHwit Bektop, a { npobirae nignpocTip ycix TUx

BekTopiB 3 ker 4, ANsi KOXHOrO 3 sIKMX ICHYE PO3B'A30K Ve (-) ogHopigHoT cuctemu (6) Takui, WO

e (x)= [E +x(E— A" B0)+ o(x)] g x40, lim [y ()] =0.

Bubepemo diHiTHY dyHKUio () € C(R PR +) 3 KOMNaKTHUM Hociem supp@ < (0,00) Tak, o6 I ¢(x)dx =1, noknagemo
0

Co = sup ()Y ()]
i BU3HAYMMO AP0 =
K(x,s)=H(x,s)— ﬁ o(H)H (x, t)Y(t)dt} PY 7' (s).
Ha niacragi cakTis (a) Ta (c) ansa Bcix x >0 maemo HeopiBHiCTb
Ojj"K(x,s)"ds <Cy+ Dj||H(x,t)||||(p(t)Y(t)||dt}:[:“PYl(s)”ds <(1+C,Cp)Cy,
3 5IKOI BUNNIMBAE piBHOMipHa 36iHICTb HEBMACHOrO iHTerpana

Cy = sup_f ||K(x,s)||ds <o, lim sup j"K(x,s)"ds =0 Vb>0. (12)
x20 0 i—”oxe[O,b]{:‘
TBepaxeHHs 2. Hexall BukoHyembcsi ymoea opmoeoHansHocmi (8). Todi dns dosinbHol hyHKUT g() € C(R +|—>IR{")
makoi, Wo lim, %w"g(x)" =0, i KoxxHoeo v € L. ¢byHKuis
yO) =y () + [ K(,5)g(s)ds
0
€ po3s'sizkom knacy C' (]R +|—>R”) cucmemu
A R
y'= (_+ B(x)jy + L4 F )+ g(0) - @)Y (x) [ PY ! (5)g(s)ds, (13)
x X 0

Nt K020 [im x—o0 | ()] = 0 -

JoBeneHHs. Bubip dyHkUii ¢(-) rapaHTye nparHeHHs HOpMW HeopaHOpiAHOro yneHa cuctemu (13) go Hyns npwu
Xx —> oo . KpiMm TOro, BUKOHaHa ymoBa OpTOroHanbHoCTi

TPY’I (x){g(x) - (p(x)Y(x)T py~! (s)g(s)ds} dx=0.
0 0



ISSN 1684-1565 MATEMATUKA. MEXAHIKA. 1(33)/2015 ~19 ~

Tomy Ha nigcTasi dakTy (¢) maemo

| G(X»S){g(S) —p()Y(s)[ PY™! (f)g(f)dt}ds = [H(x, S){g(S) —@()Y(5)[ PY™'()g()dr |ds = [ K(x,5)g(s)ds,
0 0 0 0 0

3BigKN 3 paxyBaHHAM ¢akTy (b) BUNnvMBae NoTpiGHUI BUCHOBOK.
Hacnipok 3. Skwo cyHkuia g(-) 3adosonssHae ymosu (11), mo ona ecix xe R, crpasdxyembcs pieHicmb

[ G(x,9)g(s)ds = [ K(x,5)g(s)ds .
0 0

TBepaxeHHsi 4. Hexali eukoHaHa ymosa opmozoHarbHocmi (8). PieHomipHo obmexeHa Ha R
{y ()eC (R SR” )} 3 elacmusicmio

€ +

ge(—¢g,,8,)

4 CiM'a yHKuit

lim "yg (x)" =0 Vee (_8*’8*)
X—>00

€ NPoOOBKeHHAM 3a Manum napamempom & po3easky y,(-) = yO (5vy) 3adayi (3) — (4) modi 4 nuwe modi, konu Ons
KOXHO20 € € (—¢,,¢€,) icHye sekmop v, € IL makull, wo crpasdxyomscs pigHocmi

7o (0) = (5 v) + e[ K(x,5)F (5,7, (s))ds VxeR,, (14)
0
[ Y ()F (x, 7, (x)dx =0, (15)
0
a 8eKkmop v, = limg_s¢V, 3a0080JIbHSE 8U3HAYaIIbHE PiBHSIHHA
D)= [ PY ' (X)F(x,° (x,v))dx = 0. (16)
0
[oBegeHHs. Hexan cim'a {ye (e C(R+HR" )} € MpodOBXEHHAM  po3B'asky (). Ockinbku
ee(—g,,e,)

1
F(x,y)=F(x,0)+ {j'](x,sy)ds}y , TO yHacnigok (5), ymosu (D) Ta 3ayBaxkeHHs1 1 maemo
0

limF (v, (1)) =0, Timsup||[F(x. v, () = F(x, v (x))] = . (17)

X0 £>0 x>0
3 ypaxyBaHHAM NepLuoi rpaHuui y Ui dopmyni y, (-) MOXHa po3rnagaTh Sk Aeskuii po3B'a3oK MiHINHOT 3adavi Burnsgy
(3)—(4), y kit samicte f(x) dirypye f,(x):= f(x)+eF(x,y.(x)). Y ubOMy BUNagKy ymoBa OPTOroHanbHOCTI 3BOANTLCS
Ao (15). Togi 3 ornagy Ha onuc cim'i BCix po3'askiB popmynoto (10), y skin f(x) = f.(x), Ta 3 ypaxyBaHHsiM Hacnigky 3
cnpaBgxyeTbes (14), ae
ve =y () =n— [ K(1,5)(f,(s)+ B(s)n)ds e L.
0

3BigcK BuNMMBaE, WO limg_,gv, = Vo - B3sBWKM fo yBaru (9) i apyry pisHicTb (17), 34iACHUMO rpaHUYHU Nepexia nig
3HaKkoM iHTerpanay (15) npu € = 0 i gictanemo ®(v,)=0.

HaBnakn, skwo cim's {yg(-) eC(Rg—)R” )} , MPO SIKy MAEeTbCA B YMOBI TBEpAXEHHS, 3a0BOSbHAE PiBHOCTI

ee(—€,.8,)
(14), (15), To 3 ypaxyBaHHSIM TBeEpIKEeHHA 2 ANsi KOXHOro € € (—¢,,€,) MYyHKUiA y. () € po3B'A3KOM NiHiMHOI 3agaui
BurnsAny (3)-(4) 3 HeopHopigHicTio f, (x) 3amicTb f(x) . | ocKiNbKW limg_,gV, = V, , TO, B3sABLUM 0 yBaru (7), AictaHemo (5).
3 ypaxyBaHHAM [OBEOEHOro TBEPKEHHS 3a YMOBM ICHYBaHHA pO3B'ASKY 1V, BW3Ha4YanbHOro piBHAHHA (16)
NPOMOHYETBLCA Takui Niaxia 4o po3B'asaHHsA 3agavdi (1)—(2). Po3rnsiHemMo iHTerpansHe piBHAHHA 3 NapameTpamu v, €

y(x,v,8) =" (x,v)+ s]? K(x,8)F (s, y(s;v,€))ds. (18)
0

Hexan BCTaHOBMEHO, O Le PiBHSHHA Mae PO3B'S30K y*(~,v,a), 3anexHun Bi BEKTOPHOro napameTpa v 3 OesKoro
oKkony Toukn v, y L Ta napametpa € € (—¢,,&,) (g, — AeAKe goaaTHe YMCNO), | TakniA, Wo 1imx_,m“y*(x, v, s)” =0. Toni,

AKLLIO ANs KOXHOIO € € (—€,,8,) , Ae &, € (0,€,) —AOCTaTHLO Marne, iCHye PO3B'A30K V =V, PIBHAHHS WOAO V

Y(v,6) = TPY‘1 (X)F(x,y*(x;v,€))dx =0, (19)
0

Takui, Wo v, = v,, konn € — 0, To noknagemo y,(-) = y*(~,vg,a). 3posymino, wo Toai y.(-) Ta v, 3aA0BONbHATUMYTb
cniegigHoweHHs (14)—(15), a y,(-) i Oyae wWykaHMM NPOAOBXKEHHSAM PO3B'asky V,(¢) .

TEOPEMA ICHYBAHHA PO3B'A3KY 3BYPEHOI 3A0AYIl. Teopemoto, cdhopMyMbOBAHOK HWXYe, BCTaHOBEHO
[OCTaTHi YMOBM iCHYBaHHs ciM'i po3B'si3kiB 30ypeHoi 3agaui.
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Teopema 5. [punycmumo, wo sukoHaHi ymosu (A)—(E) U icHye po38'A30K Vv, eu3HayarbHo20 pieHAHHSA (16) makud, wo
D'(vy): L > M - crop'ekuis. Todi icHyromb dodamHi yucna p ma €, maki, wo Ons KoxHoeo ¢ € (—¢,,€,) 3adaya (1)-(2)
mae (I —m )-napamempuyHy HenepepsHo AughbepeHuitiosHy cim'to pose'askie v.(5q), q=(qis---»91_m) ||q|| <p, fKa €

MPOOOBXEeHHAM 3a Maum napamempom € cim' pose'askie y,(;q) HesbypeHoi 3adadi. [pu ysomy y,(-,0) = y° ¢v) -
[losenenHs. Hexan r, R Ta g, —podaTtHi uucna. MNoknagemo

Telyol={(r0) e R xR" o[y =3y S R}, Uy, =R, xB,(v)x(~€,50),
ne B,(vy) — kyns B L papgiycom r Ta 3 UeHTpOM B Touli V,, i MO3HauMMoO Yepe3 ./\/l,,’R’SO [¥o] MHOXUHY TuX
y('s E) ) € C(ur,so '_)Rn ) , WO
(x, J’(Xa v, 8)) € TR [yO] V(xa V78) € ur,so >
lim ||y(x,v,s)|| =0 V(v,e)eB,(vy)x(—gg,&)-
X—>0

MpaBa yacTuHa piBHOCTI (18) BM3HAYae Ha Uil MHOXWHI onepaTtop, Sk My no3Ha4mmMo Yepes F-].
MopanbLui MipkyBaHHS po3i6'eMo Ha Kifnbka eTanis.
1. JoBenemo icHyBaHHSA Hepyxomol Touku onepaTtopa F[-]. Hacamnepesa nokaxemo, wo Bubopom r,R,g, MOXHa

po3nopsaanTucs Tak, Wwob ]-"[/\/l,,’R’so [yo]} c ./\/l,,’R’so [vo]. 3 ypaxysaHHsimM 3ayBaxeHHs 1 MaTMMeMo

C;(R= sup [J(xp)<e,
(x:Y)ETR[y()
Cr(R)==" sup  |F(x,»)| <sup|F(x,yo(x)+C,(R)R <.
(T[] x20

Tenep 3 (12) BUNNMBae HeEPIBHICTb
|71 v ) =y O < [Y ()0 =vo)|+ e[ |[K . [ (s, p(s. v, )| ds < Cyr+20C Cr(R)S R V(x,v,e) €U,
0

AIK TiNbKK Yncna r, R, e, 3a00BONBbHATUMYTb HEPIBHOCTI
Cyr<R, 0<g <[R—CYr]/[CKCF(R)]. (20)
Omxe, nNpyM BUKOHAHHI LUMX HepiBHoCTen rpadik dyHkuii  F[y](,v,e) Hanexatume Ty[y,] A4Ana Beix
(v,e) € B, (vy)x(—€y,€y) . Kpim Toro, 3 TeepaxeHnHs 2 npu g(-) = eF (-, y(-,v,€)) BUNNMBAE, LLO 1imx_m||.7-"[y](x, v, s)|| =0.

Tenep posenemo HenepepsHicTe  F[y](,,-,-) Ha U, 6 a came, NoKaXxemo, LLIo

FIx,v,e) > FIyIx.v.e), U, 3 (xve) > (X.v.8) V(X v.e)el,, .

7,E

[n§a uboro, o4eBMaHO, AOCTaTHLO ANA b > X 0BrpyHTYBaTW rpaHuLi

TK(x, S)F (s, y(s,v,€))ds :{b TK(x,s)F(s,y(s,V,E))ds, v,e) > (v,¢),
0 xe[0,6]

[ K(x,8)F(s,3(5,v,8))ds = [ K(X,8)F (s, 5(s,7,8))ds, x—>X.
0 0
Opyra rpanvua sunnueae 3 pAudepeduiioHocTi  F[y](,v,e) Ha R, , rapaHToBaHii TBepmxeHHAM 2 mpu

g()=¢eF(,y(,v,8)), Ta dakty (b). Ans obrpyHTyBaHHS NepLUOi rpaHULi 3annwemMo HepiBHICTb

TK(x, s) [F(s, y(s,v,€))— F(s,y(S,V,E))] ds
0

sup

E_.
s{ sup | ||K(x,s)||ds} sup || (s, y(s,v,€)) = F (s, y(s, 7, E)| +
xe[0,b] [0,0] s€[0,€]

x€[0,b]0

+2| sup [||K(x,5)||ds | sup  [[F(s,p(s,v,8))| < Cx sup |F(s,y(s,v,€)) = F(s,y(s,7,8))|+2Cr(R) sup [[K(x,s)|ds.
xel0,b]g X,V,€)E ey s€[0,&] xe[0,b]g

B ocTaHHbOMY psiiky ApYrui [OAAHOK MOXHa 3poGWMTM MeHWMM 3a Gyab-sike Hanepep 3agaHe & >0 3a paxyHok
BUOOPY [OCTAaTHLO Benukoro uvcna &=E&s, a neplunii JOAAHOK Npu TakoMy 3HaueHHi &g npsiMye A0 Hyns, Komu
(v,e) > (v,€), 3a Teopemoto KaHTopa npo piBHOMiIpHY HeNepepBHICTb HeNepepBHOI (OYHKLi Ha KOMMaKTi.

YBiBLWW Tenep y /\/L,R,SO [vo] cTaHpapTHy MeTpuKy

p(yl’yZ): sup ||yl(x:vv38)_y2(x,v38)

()c,v,e)eZ/{r’E

> Vi) e Mr,R,EO [»l,i=1,2,

JicTaHeMo NOBHMWIA METPUYHUIA NPOCTIp (/\/l, R, [vol,pC, -)) . 3 ypaxyBaHHSIM OTPUMaHUX BULLE OL{IHOK NErko nokasati, Lo
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P(j:[yl]sf[J/z]) <g CxC, (R)P(J’b}’z ),
a ToMy, AKLWOo nopsd 3 (20) BUKOHYETLCA HEPIBHICTb
ggCx C,(R) <1, (21)

To F[] ctuckae /\/L,R,SO [vo] | 3a Teopemoto BaHaxa onepatop JF[-] mMae Hepyxomy TOuKY y*(-,-,~)e./\/l,’R,80 [yo]. Us
YHKUiA € pO3B'A3KOM iHTerpanbHOro piBHAHHSA (18) i nparHe pgo 0O, konm x —>oo. Kpim TOro, o4eBuMgHo, LWO
¥ (x,v,0) = yo (x,v).

2. NoBegemo, Wo y*(~,~, -) Mae HenepepBHi YacTMHHI NoXigHi 3a 3aMiHHUMK v Ta €. [MpUPOAHO NPUNYCTUTK, LLO KOMK
iCHye noxigHa 3a HanpsiIMKOM

* 1 * *
D,y (x,v,€) =limW, (t, X, v,€), W, (t,X,v,€) = —[y (x,v+rte,e)—y (x,v, 8)] s
t—0 t

peecl, ||e|| =1, To BOHa 36iraeTbcs 3 PO3B'A3KOM iHTErPanbHOro PiBHSAHHS
o0
2(x,v,8) = Y(x)e+e[ K(x,5)J (s, 5" (5,v,€))2(s,v,€)ds,
0

ofepxaHoro opmMarnbHUM AudepeHLiloBaHHSM 3a HarnpsMKoM e 060X 4YacTWH piBHsHHS (18). MpaBa 4acTuHa LbOro
PIBHSIHHS BM3Ha4a€e Ha MOBHOMY METPUYHOMY MPOCTOPI (./\/l,,w,so [0],p(-,-)), ae Mr’w’go [0]:= UR>0M,R,50 [0], onepaTop

J[-]. Ti cami mipkyBaHHs, WO 1 Ha eTani 1, AaloTb NiACTaBM CTBEPAXYBATH, L0 HEPIBHICTb (21) rapaHTye iCHyBaHHS Yy LbOro

onepartopa eanHol HeEpPYXoMoi ToYkM z, (:,-,+) € 0]. Mpu uboMy Ha niacTasi BXe BiJOMMX HaM OLJHOK AicTaemMo
e ,00,50

P(2e,0) < Cy +89Cx C; (R)P(2,0) = p(2,,0) < Cy /[1-8,Cx C; (R)]. (22)

Ierko 6auntu, wo npun 0 < |t| <3 <1 cnpaBmKyeTbCs PiBHICTb

W, (t,x,v,€) =Y(x)e+ sj K(x,s)I (s, VY (s,v+te,e),y (s,v, 8)) w,(,s,v,€)ds,
0

1
e 1(s,y,y,) = fJ(s,Gy1 +(1-0)y,)d0, 3 aKoi, B cBOIO Yepry, AICTAEMO OLIiHKY
0

p(w,,0) < Cy /[1—80CKCJ(R)].
Ti Hacnigkom, 3okpema, € piBHOMIpHa 36bKHICTb
y*(x,v+te,8)—y*(x,v,8) = O,[—)O V(V:S)EBr(VO)X(_80780)' (23)
xeR+

Pisnnus u, (t,x,v,€) = w,(t,x,v,€) — z,(x,v,€) cnpaBOXye PiBHICTb

u(t,x,v,€) =

= s(f) K(x,s) [[(S,y (s,v+te,e),y (s,v, 8))we (t,s,v, 8)—J(s,y (s,v, 8))2e (s,v, S)st =

=g K(x,s)](s,y* (s,v+1e,€), " (s,v, s))ue (t,s,v,€)ds +
0

+&[ K(x,s) [I(s,y*(s,v +1e,€), v (s, v, 8)) —J(s,y*(s,v, 8)):| Ze(s,v,€)ds.
0
YHacnigok BukoHaHHs ymosw (E) Ta (23) ans 6yab-skoi Toukn (v,€) € B, (vy)x(—¢€g,€,) i ANa gosinbHoro ¢ >0 icHye
6> 0 Take, WO

sup
520

Tomy sup ||ue (t,x,v, 8)" <gyCrC;(R)sup ||ue (t,x,v, a)" +&,Crop(z,,0),
x>0 x20

I(s,y* (s,v+te,€), ¥y (s,v, 8))—J(s,y*(s,v, a))” <o Vte(-5,9).

3BifKN 3 ypaxyBaHHsM (22) gicTaemo
0gyCr Cy

[1 —gyCxCy (R)]2

sup | (¢, x,v,8)|| < vt e (-8,8).
x>0

Lle osHauae, wo lim;_,oW, (f,X,v,€) = z.(x,V,€), a OTxke, Dey*(x,v, €)= z,(x,v,€).

AHanoriyHo, 3 He3Ha4YHUMK 3MiHaMK AoBOAMMO ICHYBaHHA Ta HenepepBHICTb YaCTUHHOI MNOXIAHOI a—y(, ‘Y ) .
€
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3. PosrnaHemo piBHsHHA (19). Ha niacTasi (9) MoxxHa cTBEepaXKyBaTH, LLO
W(,) € C' (B, (v) % (~&9, 80 oM.

Kpim Toro, ¥(v,0)=®(v). 3 ymoB Teopemu sunnueae, wo ¥(v,,0)=0 i wo opToHopmoBaHWii Gasnc {ei}jz1
m

npoctopy I MoxHa BUGpaTV Tak, o6 BekTopw {De‘CD(vO)} yTBOptoBanu 6asuc npoctopy M . Topi 3a Teopemoto npo
i i=1

HesBHy dyHKuito B okoni Toukm  (vy,0) MHOXWMHa piBHSA {(v, g) e B, (vy)x(—¢g,&p) : ¥(v,€) = 0} yTBOpPIOE
AndepeHLinoBHUIA nokanbHuidi ([ —m +1) -BuMipHuiA MHoroBua. Mpu UbOMY iCHYIOTb AOcCTaTHbO Mani yucna p>0 Ta
€, €(0,gy) Taki, LLO Len MHOroBMA MOXHa 3a4aTh NapaMeTPUYHO PiBHAHHAM v = y(q,¢€), ae y(0,0) =v,,

1—
y(,)e c! ({q eR™ "q” < p} X (_SO:SO)HL):
a 3a napameTpu ¢ = (q;,...,q;_,,) MOXHa B3SITU, HANPUKNaA, q; = (v—vq,€,.; )-

4. [Ins 3aBepLUEHHs [OBEAEHHS AOCTaTHLO BU3HAYNUTY LUYKaHy CiM'to PO3B'AI3KiB Y Takuii croci6: v, (x,q) = ¥ (x,w(g,€),€) .
Hacnigok 6. s koxxHoe2o € € (—€,,€,) MHOXUHa O0rycmumMux KepysaHb 36ypeHol 3a0adqi Micmums ciM'to, 3adaHy pigHSIHHSIM

%= ko (@)= Y(+0)y(q,8) +n+Co +&[ G(+0,5)F (s, v, (s,9))ds, a] <p.
0

BUCHOBKMW. [Ina cuHrynapHOi KparoBOi 3afadi y KpMTUYHOMY BUMNaAKy, Konu BignosigHa niHinHa 3apada (3)—(4) mae
HeeaUHUIA po3B'A30K, JOBEAEHO TeopeMy, sika € aHanoromM pesynbTaTiB KnacuyHoi Teopii 30ypeHb nepioanyHUX po3B'AskiB
HeniHiHUX cnctem, 3anoyaTtkoBaHoi A. NyaHkape, Ta Teopii 30ypeHb LUMPOKMX KNaciB Kpanosmx 3agad, po3pobneHoi B [9].

ICHyBaHHS iHTErpanbLHOro 306paxxeHHs A pO3B'A3KiB BiANOBIAHOI NiHIMHOI 3a4avi 4ano 3mory 3Bectu 36ypeHy 3agady Ao
napy piBHAHb — iHTErpanbHOrO Ta BM3HaAYanbHOro (PIBHSHHA MOPOMKyBanbHWUX amnnityn). Ak i cnig 6yno odikyBaTty,
BMSIBUMOCH, LLIO 32 HasABHOCTI y He30ypeHoi 3agaui Cim'i po3B'a3kiB NPOAOBXEHHSA 3a ManvM napameTpom AonyckaroTb, y3arani
KaXkyum, He BCi pO3B'A3KM CiM'l, @ NnLue Ti, IKi BUOKPEMITIOTLCS 3@ AOMOMOrO0 3a3Ha4€HOro BU3HAYarbHOIO PIBHAHHS.

MuTaHHS Npo 3acTOCyBaHHA OTPMMaHUX Pe3ynbTaTiB 40 KOHKPETHUX MPUKNaaHMX 3agad 6yae posrnisHyTO OKpeMo.
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HauuoHanbHbIM Nnegarormyeckuii yhusepcurtet umenu M. . AparomaHoBa, Kues

CNABO HENIMHEAHAS KPAEBAS 3AIAYA HA NONYOCU
C CUHI'YNAPHOCTBLIO NMEPBOIo POOA

PaccmompeHra cuHeynsipHas Kkpaeeas 3adaya Ha ronoxxumesibHouU nosyocu Ons criabo HenuHelHoU cucmeMb OUpepeHyUanbHbIX ypasHeHUU 8 KpUMmUYecKoM
criyyae, Ko20a pelieHusi He8O3MYUWEHHOU 3adaqu 0bpasyrom Cembko, 3aBUCSILLYH0 OM HECKOMbKUX napamempos. CuHeyrnspHocms 3adadqu obycriosrneHa Hanuqduem
rosoca repeozo nopsidka 8 KoaghghuyueHmax cucmeMsbl U yCriogueM CMpeMIIeHUs peweHust K Hymio Ha 6eckoHedHocmu. [JokazaHa meopema o npodormKkeHuU o
marsomy napamempy 803MyLEHUST MeX PeweHul He8o3MyWeHHoU 3adayu, napamempbl KOMOPbIX y008Iemeopsitom ornpedernsouemMy ypPasHeHUH.

Luchko A., BA,

Taras Shevchenko National university of Kyiv
Protsak L., PhD

National Pedagogical Dragomanov University, Kyiv

WEAKLY NONLINEAR BOUNDARY-VALUE PROBLEM ON THE HALF-LINE
WITH SINGULARITY OF THE FIRST KIND

A singular boundary-value problem on the half-line for weakly nonlinear system of differential equations is considered in the critical case where solutions of the corre-
sponding unperturbed problem form a family depending on several parameters. The singularity of the problem is caused by the presence of the first-order pole in system's
coefficients as well as by the condition that the solution vanishes at infinity. A theorem is proved on the continuation by small parameter of those solutions of the unper-
turbed system parameters of which satisfy the determining equation.
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HYPERBOLIC BOUNDARY-VALUE PROBLEM OF MATHEMATICAL PHYSICS IN
SEMIBOUNDED PIECEWISE-HOMOGENEOUS SPATIAL ENVIRONMENT

By means of method of integral transforms in combination with the method of main solutions (influence matrices and Green matri-
ces) the exact analytical solution of algorithmic nature of hyperbolic boundary value problem of mathematical physics in semibounded
piecewise-homogeneous spatial environment is constructed.

INTRODUCTION. It is known that the actual problems of thermophysics, thermodynamics, theory of elasticity, theory of
electrical circuits, theory of vibrations lead to boundary value problems of mathematical physics not only in homogeneous
domains if the coefficients of the equations are continuous but also in inhomogeneous and piece-homogeneous domains if
the coefficients of the equations are piece-continuous or in particular piece-constant.

Some classes of such boundary value problems were considered in the papers of B. Boley, J. Weiner [1], V. Deineka,
I. Sergienko, V. Skopetskiy [4, 13], Yu. Kolyano [5], Ya. Pidstryhach, V. Lomakin, Yu. Kolyano [12], G. Shilin [15], ets., in
which there were investigated a number of important mathematical models of mechanics of continuum environment, me-
chanics of deformable solids, thermomechanics and so on. There are often used methods of numerical analysis, or method
of reduction of problems in piecewise-homogeneous environments to the corresponding problems for differential equations
with singular coefficients in the form of generalized functions (Dirac & -function and its derivatives) in homogeneous envi-
ronment exact solution of which is practically impossible to construct.

However for a rather wide class of problems in piecewise-homogeneous environments it is shown to be effective the
method of hybrid integral transforms generated by hybrid differential operators if in each connected component of piece-
wise-homogeneous environment there are considered different differential operators or differential operators of the same
kind but with different sets of coefficients [3, 7-9, 11]. This method makes it possible to construct in analytical form solutions
of certain linear boundary value problems of mathematical physics in piecewise-homogeneous environments due to their
integral images.

We propose in this paper constructed by means of method of integral and hybrid integral transforms exact analytical so-
lution of hyperbolic boundary value problem in semibounded spatial environment that is described by the Cartesian coordi-
nate system.

FORMULATION OF THE PROBLEM. Let's consider the problem of construction the solution which is bounded in the

n+1 n+l1
set D; :{(t,x,y,z):t >0;(%,Y) € Q, = (0;+0)x (0;0);ze 17 = U 1 = U 511y 20,1 <l p,104 :+oo} of separate
j=1 j=1
system of partial differential equations of hyperbolic type [14]
i 2 2 2 2 . .
s —{ Xj¥+ayjy+azjaz—2 uj+xjuj = fitxy,2); zely; j=Ln+l 1)

with initial conditions

=9j(x.Y,2); zelj; j=Ln+1; )

o ~ou;
UjLZO—gj(X,Y»Z), EH)

ox )

boundary conditions
k

0"u;
=0;(t,y,2); aTkJ =0; k=0,1; j=1,n+1; 3)

X=+0

x=0

0 0 .
[—E+hljuj = 0j(t,X,2); (5+hzjuj =] (t,X2); j=Ln+1; (4)
y=0 y=b
k

(a?lﬁw?l]ul gty el g k=01 5)

oz 2] oz

=lo Z=+00
and conjugate conditions
k 0 ok k O ok o Ck_Tw

|:[QJIE+BJ1 Uk— OLJZE"'BJZ uk+1 . :0, J:1,2, k=1,n, (6)

'k

k k : :
ay &, Aj» b h, k, ajs, Pjs are some non-negative constants;

here 8yj, ayj

A =a§jﬁi(j —Oﬂij;j #0; CyCy >0; af) <0, B, 20; ‘a?l‘+‘ﬁ?l‘¢0;
ft,xy,2)={f(t,x,y,2), f,(t, X, ¥, 2),..., f (X, ¥,2)} ;
0'(%,¥,2) = {91 (X, ¥,2), 03 (%, ¥, 2),.1, O (%, Y, 2}

07 (%.¥.2) = {07 (6. ,2). 03 (X, ¥ 2)oevrs Gt (X, Y:2

© Gromyk A., Konet I., 2015



~24 ~ B 1 C HU K KuiBcbkoro HauioHanbHoro yHisepcurerty imeHi Tapaca LlleBueHka ISSN 1684-1565

e(t’ y’ Z) = {61 (t3 y3 Z)’ 62 (t3 y3 Z)’- . '96n+1 (t3 y3 Z)} 1
0! (t,%,2) = {0} (t,X,2),05 (1 X,2),..., 0, (4 X,2

o’ (t,X,2) = {mf(t,x, 2),3(t, X, 2),..., 0%, (t, x,z} :

0o (t,X,y) are given bounded continuous functions;

u(t,x, y,2) = {u,(t, X, ¥,2),uy (t, X, ¥, 2),...,Up, (£, X, Y, 2)} is the unknown function.

Be noted that: 1) in the case of xi =0 equations (1) are classic three-dimensional nonhomogeneous wave equations

(oscillation equations) for orthotropic spatial environment; 2) in the case of afl =0, Bfl =1 0€12 =0, [312 =1; a21 E1 ,

Bgl =0; 0(52 = E;, B;z =0, here Elk , E; are Young modulus, k =1,n, conjugate conditions (6) coincide with the terms
of the ideal mechanical contact.

Therefore, in these cases, the problem which is considered is a mathematical model of forced oscillatory processes in
semibounded piecewise-homogeneous spatial environment Q; = {(x, Y,2):(X,Y)eQ,;Z€ I;’} .

THE MAIN PART. Let's suppose that the solution of hyperbolic initial boundary value problem of conjugation (1)—(6)
exists and given and unknown functions satisfy the conditions of applicability of involved integral transforms [10, 11].

Let's apply the integral Fourier transform on the Cartesian semiaxis (0;+) relative to the variable x [10] to the problem (1)—(6):

' [900]= [ 90K, (x,0)dx = §(o), @)
0

F1[3(0)]= | 6(0)K, (x,0)do = g(x). @)
0

, ©)

x=0

d? B d
F., {Kg} - —o%§(c) + KX(O,G)(—d—3+ ng

here the kernel of transform is
2 ccos(csx) +p sm(cx)

Jo? + p?

The integral operator F,, due to the rule (7) because of identity (9) for nitial boundary value problem (1)—(6) assigns to

K, (X,0) =

the problem of constructing of bounded solution on the set D; = {(t, y,2);t>0;y € (0;b);z e Irf} of separate system of

differential equations

oa, e e
i |29 20 S
? {ayj ayz +ta— az2 (axjcs +X,) (t G,Y,2); ; J=Ln+l1 (10)
with initial conditions
0|, = 9i(c.v.2), =g}(c.y.2); z€lj; j=Ln+L; (11)
t=0
boundary conditions
0 _ 1 0 - 2 A
——+h |0 =oj(t,0,2); | —+h, [0 =o0jt,0,2); zelj; j=Ln+] (12)
oy y=0 oy y=b
0 @ a0 o“a
(a115+[3“j61 =§,(t,0,Y); ”“ =0; k=0,1; (13)
z=l, Z=+w
and conjugate conditions
k 0 ok |+ k 0 ok )« . —
[(ajla"'f’jljuk_[aj2§+ﬁj2juk+li| =0; j=12; k=1Ln, (14)
7=l

here
Fi(t,0,y.2) = f;(t,0,y,2)+ 25K, (0,0)0;(t,y,2); j=1n+1

Let's apply to the problem (10)-(14) a finite integral Fourier transform on Cartesian segment [O;b] relative to the vari-
able y [10]:

b
Ay [g(y)]=Ig(y)vk(y)dyE k> (15)

A o] = i YW _ gy, (16)

=
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d? d
Ay {Vg} = —7h 0k + Vi (0)(—d—3+ hlg]

here the kernel of transform is

, (17)
y=b

d
+vum(a%+mg]

y=0

Yk cos(yy Y) + hy sin(y, y) "Vk" _ J'Vk(y)dy _ b (hl +h )(Yk +hhy)
Ve +h? 27202 e+

vi(y) =

v —hh

(h1 hy)’

{yk }k 4 is monotonically increasing sequence of real various positive roots of transcendental equation ctg(yb) =

which form the discrete spectrum.
The integral operator Ayk due to the rule (15) because of identity (17) for initial boundary value problem (10)—(14)

assigns to the problem of constructing of bounded solution on the set D; = {(t, y,2);t>0;y €(0;b);z e I,T} of separate
system of differential equations

o’ay,  , 0%

2 Y Yk 2 . R
?—azj e (a o) +ay,Yk+XJ) ij(t,G,Z), Z€|j, J=Ln+1 (18)
with initial conditions
B ou; ik s o
U,kLO Oji (o, 2); _6t =0i(c,2); zely; j=1n+1; (19)
t=0
boundary conditions
o oka
(0‘?1 8_+ B?ljalk = Gok (t,0); Cnetk =0; s=0,1; (20)
z z=ly 7=+

and conjugate conditions

=0; s=1,n, 1)

0 _ 0 _
Hasn g+l3511jusk —(Oﬁiz §+B§2jus+l,k:|

Jk('[ 0,2)= ij(t c, z)+a vk(())co t,o, z)+a vk(b)(o (t,0,2); j=Ln+1l

z=l
here

Let's apply to the problem (18)—(21) the integral Fourier transform on the Cartesian semiaxis (I0;+oo) whith n points of
conjugation relative to the variable z [11]:

Foi [9@)]= [ 92V (z,B)o(2)dz = §(B), (22)
IO

Fl [0 =2 [ 9BV 2 912 (B)dP = 0(2), 3)
0

(24)

n+1 J'

L2 d’g d*g
I:n,+ Zaqe( _I ) (IJ_Z)d?""az,nHe(z_ln)dT —_B g(B) G zl(all) Vl(z IO)X
-2 | 9@V (z.p)o;dz

d
(0‘11 +3119j
z=l, =Ly

In formulas (22)-(24) there are values and functions:

V(z,p)= an:_le (Z.B)0(z =B =2) +V, 1 (2,B)0(z - 1);  o(2) = ki_ldke(z — )0 =) +0,,,0(z-1,);

p
Q = V (z, c G, (z,B); m=
n(B) bn+1(B)0~)n(B) m( B) H 2j z ]+1 j+l (B) m( B)
b,..2 | byz noCj-a Cp-a 1
Vn+1(ZaB):mn2(B)COS[ = J_mnl(ﬁ)ﬁn( = J; o =11 - Z’gﬂ > Op = - > O =
az,n+1 az,n+1 j=k Czj 'azj Con @y az,n+l

Gk(z,[S):wk_l’z(B)cos(%]—mk_l’l(ﬁ)sin[wj; k=1n; bj(ﬁ)z(BZJrkf)%; j=Ln+l;
Ak Az

@ (B) = 0y (B)+ @y (B): 001 (A1) =—vi1 (@lg): @2 (Gylg) = —vi7 ());
0jn(B) = wj—l,Z(B)\Vljm @305l —oj, (B)\V%m(qjlj sl
Wi}m(qklk;qkﬂlk) = VH (qklk)vlgrzn(qkﬂlk)_ngl(qklk)vlkg](qkﬂlk);
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¢ d .
(qslm) ( o +BIJJCOS(qSZ) ——ocﬁ-qs sm(qSIm)+B=§ cos(Qly); Vi'JSZ(qslm)z( ”d +B”jsm(qsz)

z=l, z=|

= ouf s cos(Cly ) + By sin(ggl,); m=1,2;

0(X) is the Heaviside step function [16].
Let's write the system of differential equations (18) and the initial conditions (19) in matrix form:

m

L - . _
o 1?+Q1 (o,7k) |t (t,0,2) Gy (t,0,2)
? ., 0, _ .
[E_azz 62_2+qz (0,7) |Ux (t,0,2) Gy (t,0,2) , (25)
82 2 62 G~ t z
a5 U (07 [T to ) | L n1k (£,0,2) |
_( atz Z,n+1 aZ n+l k n+Lk |
Uy (t,0,2) Qik(0,2) 0, (t,0,2) di\ (0,2)
UZk (t, G, Z) _ g;k (G, Z) . ﬁ L"I"Zk (t’G’ Z) _ G§k (G’ Z) (26)
........................ TOBt| eeeeeeeeees T
Unix (6,0,2) t=0 Grl1+1,k (0,2) Un1 (8, 0,2) t=0 gr21+l,k (0,2)
here qj (G Yy) = axjc +ayJ’Yk +XJ, j=1Ln+1
The integral operator Fn,+ which operates by the formula (22) let's represent as an operator matrix-row
Fos[]= {j V(z, B)cldzj V,(z,B)c,dz... j ...Vn+1(z,[3)cn+1dz} (27)
and apply to the problem (25), (26) due to matrices multlpllcatlon rule.
As a result of the identity (24), we get a Cauchy problem
n+1 d2 ) ) 5 = n+l ~ 2 0 -1 ~
Y| B )+ 0B = X Cu oo () Vile B (t.0) (28)
j=1 j=1
n+1 ~ n+1 ~ d n+1 ~ n+1 ~1
20| =2 kB 20| =2 di(s.p), (29)
[ N dtia ", 9

. Iy P o R

Ij,1 Ijl

G (o.B) = j §i (0, 2V (z.B)o ;dz; i=Ln+l; G (o.B) = j 5 (0, 2V (z.B)odz; j=Ln+1; Iy, =+,

Jl ]l

Let's suppose, without reducing of generality that max {qf,q%,..., CIn+1} = ql2 and we put everywhere ka = Q12 - qJ2 (j =1,n+ l) .
Cauchy problem (28), (29) takes the form

d’d
at 5 +A2(G,YK,B)UK —Gk (t,o.p)-oa 1((111) IVI(IO’B)gok (t,0), (30)
- - di -
|y = GkoBr = =GP (31)
t=0

- n+l _
here ljk (t,G, B) = Z ujk (tyG, B)’ Az (G, ykaB) ﬁ + a 16 + a'yl’Yk +X1 5
j=1

n+l ~

~ n+l _ o n+l _
G (t.0.B) = z Gy (t.o.B);  Gc(0.p) =Y Gi(o.p);  Gk(0.B) = X Gik(0.P)-
=l j=1

Directly is checked that the only solutlon to the problem (30), (31) is the function
= sin(A(o, 7, B)Y) =2 d sin(A(o, v, B)Y) =
0 (t,0,p)=——————Gi(o.p)+ ——————— 0k (o, p) +
‘ A(G,7¢-B) a AGreB) /

x| Gu(.0.B) =015 @) Vi 1By (.0) | dr

sm(A(G Y B)(t— T))
A( aYK’B)

(32)
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A superposition of operators Fnj+ and Fn_,i is the identity operator so we represent the operator Fn_’i as the operator
matrix-column

[ Vi@, @B
0

T V@0, @)
% { »(2,B)2, (B)dP (33)

[ Vo (2.)2, (B)IB
L 0 -

Let's apply operator matrix-column (33) to matrix-element [ﬁk (t,o, B)} due to matrices multiplication rule, if the function

ﬁk (t,0,pB) is defined by formula (32). We get the only analytical solution of initial-boundary value problem (18)—(21):

Uy (6,0,2) =2 i {Wéﬁ(oﬁ)%“ﬁf—wﬁk(c,ﬁ)}vju,ﬁ)ﬂn(s)dm (34)
0 s ko s Ik

+j _T’ sin(A(o, vy, B)(t— 1)
0T o A(o,v,B)

To the functions L]jk(t,cs,z) which are defined by formulas (34), we apply the inverse operators A;& due to the rule

(0B -0k (@) Vily:B)Gu (0) [V, @B (Bdpdss =L+l

(16) and ijl due to the rule (8). As a result of simple transformations, we get functions

b I
J.J. Ejk(t_‘caxaéayanaZ’C)fk(Taéanag)ckdédndgdt—‘r
0

l-i

+1 1+

t
Uj(t,X,y,Z): Z,(‘;

k=1

>

oct—oT <O*—/g

0 n+1+ Iy )
+E J. J. EJk (t7 X,E_,, yana Z:C)gk(EJ’n:C)deEJdndC-i_
k=10 0l
n+l+oob I 5 t+ob
+2 [ ] ] Ex®x6y,m,2,00i (E:n,0)cdedndC + [ [ [W;(t—1,%,&,y,1,2)gy(7,&,mdEdnd T+
k=1 ¢ 0l 000
2n+1tb|k 2n+lt+00|k | )
+axj Z J.J. J. ijk (t_‘C, X: y:na Zac_))ek (TansC)dendCdT"‘ayJ ZJ. J. J. [ijk (t_Ta X:vE_n y, Z,ka (T,E_,,C)'i‘
k=1001,_, k=10 0 I,
W3 (t—T,%,E, Y, 2, 0)op (1.6, 0)]o dEddd T j=1n+1, (35)

which define the unique solution of hyperbolic initial boundary value problem of conjugation (1)—(6).
In formulas (35) the components
2 277 sin(A(o, v, BN, v, (Y)V, (1) T
Ep X8 Yn20==3 [ | YDy 2 B (€ B, (BIK (%, 00K, (6,0) D g k=T nt
Tisio o AGYP) vl

of influence matrix (influence function) and components
Wit x5 yn,2) =08l (af) ) EjitxE vz ly),
Wik (1, X, ¥,1,2,0) = E (£, X,0,y,1,2,C) ,
Wiy (6,%,€,Y,2,8) = E 4 (,%,€,Y,0,2,0),

W)(?k (t, X3 E_” y3 Z:C) = E Jk (t3 X7 E_n y, bs Zs C)
of Green matrices take part of the problem under consideration.
Using the properties of influence functions E (t,X,§,y,n,z,§) and Green functions W;(t,x,& y,n,2),

ijk(t, X,Y,n,2,0), Wysjk t,%x,&,y,2,0), (s=1,2) can be verified directly that functions uj(t, X,Y,z) defined by formulas

(35) satisfy the equation (1), the initial conditions (2), the boundary conditions (3), (4), (5) and conjugate conditions (6) in
terms of the theory of generalized functions [16].

The uniqueness of the solution (35) follows from its structure (integral image) and uniqueness of the main solutions
(influence matrices and Green matrices) of initial boundary value problem of conjugation (1)—(6).

By methods from [2, 6] it can be proved that under appropriate conditions of initial data of problem, formulas (35) define
a limited classical solution of the considered hyperbolic initial boundary value problem of conjugation.

Remark 1. In the case of aij = aij = afj = ajZ > (0 formulas (35) define the structure of solution of hyperbolic boundary

value problem (1)—(6) in isotropic (n+1) -layer semibounded spatial environment.
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Remark 2. Parameters p,hj (j=1,2) make it possible to allocate from formulas (35) solutions of initial boundary value

problems (1)—(6) in the case of setting on the surfaces x=0;y =0,y =b the boundary conditions of the 1st, 2nd and 3rd
kind and their possible combinations.

Remark 3. Parameters a?l,Blol make it possible to allocate from formulas (35) solutions of boundary value problems in
the case of setting on the surface z=1I, the boundary condition of the 1st kind (o, =0,p%, =1), 2nd kind
(o), =—1,B7, =0) and 3rd kind (o), = —1,B", =h > 0).

Remark 4. The analysis of the solution (35) according to the analytical expression of functions f(t,X,Y,2),
g}(x, Y, 2), gjz(x, Y,2), 9o(t, X, y), 6,(t,y,2), colj t,x,2), oﬁ (t,%,2), j:m is carried out directly from the general

structures.

CONCLUSIONS. By means of method of integral and hybrid integral transforms of Fourier type in combination with
method of main solutions (influence matrices and Green matrices) the integral image of exact analytical solution of hy-
perbolic boundary value problem of mathematical physics at semibounded piecewise-homogeneous spatial environment
that is described by Cartesian coordinate system is obtained. The resulting solution is of algorithmic nature, continuously
depends on the parameters and data of the problem and can be used in further theoretical studies and practice of engi-
neering calculations of real processes that are modeled by hyperbolic boundary-value problems of mathematical physics
of inhomogeneous environments.
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NUMERICAL SOLUTION OF A BOUNDARY VALUE PROBLEM
FOR THE POISSON EQUATION IN A CIRCULAR DOMAIN WITH CUTS

A problem of a stationary liquid filtration using fan-shaped drainage in a circular domain is considered. A mathematical model is
formulated as a boundary value problem for the Poisson equation in domains of a circular shape with a given number of radial cuts and
mixed boundary value conditions. The problem is solved by the finite difference method using the convergent Seidel method for sys-
tems of difference equations. Numerical calculations for different values of parameters of the problem are given.

INTRODUCTION. Stationary filtration problems arise for homogeneous and multilayer media in the design and
construction of hydraulic structures such as water intakes, wells, drainage canals. A solution of the problem of stabilized
fluid flow to a single imperfect well even in homogeneous soils is associated with considerable mathematical
difficulties [5; 6]. In [1; 2] it was considered a spatial problem of pressure stabilized-fluid flow of heavy incompressible fluid
to fan-shaped drainage systems located in the multilayer infinite layer of finite thickness under the bottom of a reservoir. It is
interesting to solve the problem of the stationary liquid filtration using the fan-shaped drainage in circular domains.

This paper deals with the boundary value problem for the Poisson equation in circular domain with a given number of
radial cuts that simulate drainage ditches.

FORMULATION OF THE PROBLEM. We study the stationary filtration problem using the fan-shaped drainage. We
consider a horizontal slice of the soil layer where the filtration occurs by means of ditches emanating from the center of
symmetry of the domain. We assume that conditions of the problem are not depend on the depth of the slice. Since the domain
of fluid motion has a central symmetry we can confine ourselves by solving the problem on the plane in the first quarter of the
Cartesian coordinate system XOY. We place the origin of coordinates at the center of symmetry of the domain (Fig. 1).

0 aG, R a
Fig. 1. The domain of fluid filtration
Let t — time, a — radius of the considered domain G, v;, i :I,_n, n > 2 — drainage ditches, each having the same length
R (Fig. 1) or different lengths, 6G,, i = 1,3 — the domain boundaries, y = Lnjyi, G=G f)a@i.

i=1 i=1
Since the filtration is stationary, for each fixed time t we consider the boundary value problem for the Poisson equation

Au=-f(xy), (x,y)eGly (1)
with mixed boundary conditions
u|aG2 =0, @)
8_u =0, 8_u =0. (3)
on oGy vy, on 9G; \p

Here formulas (3) are the conditions of symmetry.
On the drainage ditches v;,i=1,n,n>2, itis given the value of hydraulic head , i.e. the function u(x, y):

ul, =w(xy) )

Taking into account the structure of the considered domain the problem (1)-(4) can be conveniently formulated in polar

coordinates(r,(p), 0<r<a0<¢o Sg. Since the solution is limited at r =0, we can write the boundary value problem to

determine the function u(r,¢):

1o( ou) 1 &%
L r=|+—=====f(r,0), (r, Gy, 5
rar(r ar]+r2 a(PZ (r (P) (I’ (p)e Y ()

© Dovgiy B., Vakal E., Vakal Y., 2015
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dha:0,¢e[Qg} (®)
u =0, re(R,a), @)
a(P Gy \y
u =0, re(R,a), 8)
99l26,y,
o, << @
uhi:\y(r,@), i=Ln, (10)
where 6GMQ:Kn@yR<r<&¢=®,a@wnzﬁn@yR<r<&@:§}

Y ={(I’,(p):OSrSR,(p=O}, Yi :{(r,(p):OSrSR,(p:(pi,O<(pi <§},i:2,n—l,

Yn :{(r,(p):OSrS R,(ng}, n>2.
NUMERICAL SOLUTION OF THE PROBLEM. The boundary value problem for the equation (5) with the conditions (6)-

(10) is solved by the finite differences method. The domain G:[o,a]{o,ﬂ is covered by a difference grid

Opp, =0y X® ,  Where h,h, are grid steps in direcions r and ¢ respectively, the grid

_ a N Lo T o= .
O, ={rk =kh,,k =0,N;,h :N_}’ the grid @y, ={(pj =jh,, j=0,N,,h, :W} The grid @, is chosen so that its

1 2

nodes cover inner drains.
A difference scheme for the equation (5) is constructed using the integro-interpolation method [3]

1

1 _
E[rklyr,kjj +r_2(y¢,kj )w,j =—fy, (r,9) € oy Xy VY. (11)
2 rk K

In (11) y and f are difference analogues of the functions uand f . The approximation error of the difference
h' hy
scheme (11) is O(hl2 ++ =2
rr

The boundary conditions (6)—(10) are approximated with the second order in space:

YN =0, peop, (12)
1 2 z
_[rk 1 yr,ko] +ﬁ(yk1 ~Yko)=—Teo» T€ O, N(R,a), (13)
e k3 e hy
1 -
a(rk—%yf,ko)r’k —W(Ysz = Yk, -1 ) =—f,-1> re o, N(R,a), (14)
Yoj = Voj> (P€6h2a (15)
Yo =Wko Y /(n-1) = Vi, /(n-1) » 2 Yk(n-2)Ny/(n-1) = Vi(n-2)Ny/(n-1) > Yien, = Wk, o T € O, N(0.R]. (16)

An estimate of the solution of the difference problem is obtained. This estimate expresses the stability of the solution by
boundary conditions and the right part of the equation. We have established convergence of the solution of the difference
problem to the solution of the original differential problem.

By adding to the equation (11) difference approximations of the boundary conditions (12)-(16), we obtain a system of
linear difference equations. This system is solved using the point Seidel method [4].

This method belongs to single-step methods. According to the mentioned method the system of difference equations
(11)—(16) is written in the form

Ay =f, (17)

where Y =(Y,,Ys,...Yn) is vector of unknowns.
According to the Seidel method a matrix A is represented as
A=D-L-U, (18)
where D is a diagonal matrix, L is a strictly lower triangular matrix, U — a strictly upper triangular matrix (diagonal elements
of the matrices L and U are equal to zero). Then for solving the system (17) the Seidel method is written in the form

(D_ L)yS+1 _UyS — f
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or y*'=(D-L)" (Uys + f) , (19)

where y0 is an initial approximation to the solution of the system (17).

Taking into account the structure of the considered problem, calculation formulas of the Seidel method, for example, for
the internal nodes of the grid have the form

I h2 .
ylfj+1 = % hir Yot ¥1 yii},- +—1( ylijtll + Ykl )+ rhhy fig |5 (20)
Z(rk hy +h; ) ke k=3 T

S+l

where i — the value of an approximate solution on s+1-st iteration at a point(rk,(p j) . The iterative process is terminated

S+l

Yii — y;j

RESULTS OF NUMERICAL CALCULATIONS. Developed numerical algorithms are used for solving the problems of
the stationary filtration in the domain G with a different number of drainage ditches. We have considered such variants:

1. The number of drainage ditches n =2, all of them have the same length R=0.5, so y, = {(r,(p) :0<r<05,0= 0},

when the condition max < ¢ is fulfilled, where ¢ >0 — a required accuracy for convergence of iterations.
k.

Y, = {(r,(p) :0<r<05,¢= g}, radius of the domaina =2, f (r,9)=0, the function y(r,)=-0.25.
2. The number of drainage ditches n =3, all of them have the same length R=1,so0 v, = {(r,(p) :0<r<1.0,0= O},

Y, :{(r,(p):OSrSI.O,(p:%}, Y3 :{(r,(p):OSrSI.O,(ng}, radius of the domain a=2, f(r,¢)=0, the function

\V(r,(p) =-0.25.

3. The number of drainage ditches n=4, they have different lengths R, so that y, = {(r,(p) :0<5r<05,90= 0},
Y, = {(r,(p) :0<r<0.7.0, ¢ :g}, V5 = {(r,(p) 0<r<12,¢ :g}, Y4 = {(r,(p) :0<r<0.5,0 :g}, radius of the domain
a=2, f(r,¢)=0, the function y(r,p)=-0.25.

We chose the programming system MATLAB 7.6.0 for the implementation of a numerical algorithm for solving the problem.
The calculation results are shown in Fig. 2-7 in the form of solution values of the problem (5)-(10) and isolines of
solution for specified variants of the problem parameters.

L I L I
] 02 04 0B 08 1 12 14 16 18 2

Fig. 2. Values of hydraulic head for n=2

005 e 19k
TS : o, 1
0.5 08
o 06
-0.2= e,
.1/2 04
-0.25 15
0 05 1 02

1T o
e 09 | IRAEAEE
2 u] 02 04 s 08 1 12 14 18 18 2

Fig. 4. Values of hydraulic head for n=3 Fig. 5. Isolines of hydraulic head for n=3
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Fig. 6. Values of hydraulic head for n=4 Fig. 7. Isolines of hydraulic head for n=4

CONCLUSIONS. The results of the conducted researches show the effectiveness and validity of the proposed approach
for solving the problem of the stationary filtration using the fan-shaped drainage with ditches of equal or different length.

These calculations allow to estimate the hydrodynamic state of soil in a case of the stationary fluid filtration to the
system of fan-shaped drainages in circular domains.

The obtained results correspond to the characteristic behavior of the solution of the differential problem. This
methodology can be used for solving other problems of this class.
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nMPO 3AAAMY OIPIXNE AN ANOEPEHLUIANBHOIO PIBHAHHA
3 KOMYTYIOUUMMUN MATPUYHUMMU KOEPILIEHTAMU

OmpumaHo Kpumepili 0OHO3Ha4YHOI po3e'si3Hocmi 0OHopiOHOIT 3ada4i Lipixne y kpy3i Ansa 6eamunoeozo dughepeHyiaribHO20 pie-
HSIHHSI 3 YaCMUHHUMU NoxiGHUMU Opy2020 nopsidKy, koegiyicHmamu siko2o € Komymyrodi keadpamHi mampuyi. Heob6xidHy i docmam-
HIO yMO8Y nopyuieHHs1 EOUHOCMI PO38's3Ky 3anucaHo y euasisdi pieHOCMIi HysMO0 8U3HaYHUKa, W0 3asexxumsb 8i0 KoediyieHmie Hada-
HO20 Pi8HSIHHSI.

BCTYI. MNoyaTkOM CMCTEMATUYHOIO AOCHIIKEHHST BNACTUBOCTI HBOTEPOBOCTI KparoBMX 3afad Ang enintuiHux gude-
peHUianbHuX piBHAHb BBaXaeTbest cTatTa A. b. JlonatnHebkoro [12] 1953 poky, e aBTOpOM BKa3aHO YMOBY 3BEEHHS 3a-
ranbHoOi KpanoBoi 3afadi B 0OMeXeHin 06nacTi 4O eKBiBaneHTHOI CUCTeMM iHTerpanbHUX piBHsAHb. MMi3Hiwe 6yno BCTaHOB-
NeHOo HeobXxigHicTb uiel ymosu [1; 15; 9], AKy Ha3uBaloTb Yy AaHUI Yac YMOBOK [OOATKOBOCTI, yMOBOIK HaKpUBaHHS abo npo-
CTO yMOBOIO JlonaTUHCBLKOrO.

© Necina €., 2015
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Y cratTi [2] A. B. Biuagse nobyayBaB npuknag enintMyHoi cuctemmn AndepeHLuianbHUX PiBHSHb, A8 SKOi ogHopiaHa
3apava [ipixne B kpy3i Mae HECKIHYEHHUI Halip NiHIMHO He3aneXHUX NoniHoOMianbHNX PO3B'A3kiB. Bneplue 6yno BMSBNEHO
edeKT HecKiH4eHHOBUMIpHOCTI siapa 3adadi Oipixne. 3rogom BiH 3HOBY HaBiB NpWKNazg CUCTEMW 3 TaKOK CaMoto BriacTuBic-
THO | 3anpoBaanB NOHSTTs crabo 3B'sI3aHOI CUCTEMM B JOBIMbHI 06nacTi 3 NANYHOBCLKOK MEXet, NPOCTip pO3B'A3KiB 3a4a-
yi [ipixne sikoi B AaHin obnacti Mmae ckiHyeHHy BUMIpHICTb [3]. MpoTe ymoBy cnaboi 3B'A3aHOCTi BaXKO NepeBipuUTh HaBiTb y
BMNaZKy Kpyra Ansi CKansipHoro piBHSHHS.

Cnig BigsHaunTn, WO nogibHi npuknagm 3yctpivarTecs y pobotax B. C. BiHorpapgosa [7], €. M. Ky3sbmiHa [11],
B. I. leByeHka [14]. OcTaHHi 3 HUX HaBiB NpuKNazg eninTUYHOI CUCTEMMU TPbOX PIBHAHL OPYroro MOPSAKY, ANSA KO Mae
MicLie NopyLLeHHA HbOTePOBOCTI 3agadi [ipixne y YOTUPMBUMIPHIN Kyri.

Kpim TOro, BMBYEHHIO HbBOTEPOBOCTI KpamoBWX 3aday Ans KBAaTEPHIOHO3HAYHUX pPIiBHSHb MPUCBAYEHO CTaTTIO
B. C. BiHorpagoBa [8], y SIkii oTpumMaHO HeOOXiAHY i JOCTaTHIO YMOBY Ha 3MiHHI KoedilieHTw, Wwo 3abe3neyye CKkiH4eHHOBM-
MipHICTb 4pa onepaTtopa 3agaui.

3ayBaxumo, Lo, sk nokasaHo B. . Bypcbkum y cTaTTi [5], Ana eanHOCTI PO3B'A3KY NepLLOT KparoBOol 3adadi TUN PiBHSAH-
HS HEe Ma€e NPUHLMNOBOro 3HayeHHs. BiH oTpymaB kputepii HeTpuBianbHOI PO3B'A3HOCTI ogHOpIAHOI 3adadi Lipixne B ogu-
HWUYHOMY Kpy3i AN PiBHAHb APYroro nopsgky i3 ctanMMu KOMMNeKCHUMK koedilieHTamMy Ta OOHOPIAHUM HEBUPOOXKEHUM
CUMBOJSIOM Y BUMMAAI T -pauioHanbHOCTI KyTa MiXX Pi3HUMW KOMMIEKCHUMW XapakTepuctmukamu. B iHWin noro ctatTi [6] pos-
rMsSHYTO oaHOpigHY 3agady [ipixne B oAMHUYHOMY Kpy3i Anst 6€3TMnoBoro AudepeHuiansHoro piBHSHHS OpYroro nopsiaky

au"y, +bu", +cu", , =0,

n
ne a,b,c — komnnekcHi ksagpatHi matpuui nxn, ue H>"(K), H>" (K)= [H 2 (K)] — coBONEBCLKMIA MPOCTIp BEKTOp-

OYHKUIR, | OTPUMAHO KpUTepi NopyLUeHHs €OUHOCTI PO3B'A3Ky 3agadvi B AOCTaTHbO CKMNagHii dopMi, WO He nigaaeTbes
nepesipui. TOMy BMHWKNO MUTaHHsI Binbl NPOCTOr0 OMNWUCY CUCTEM i3 MOPYLUEHHSM €OUHOCTI, SIkMi Byno peanisoBaHo 3a
O0MOMOro A0AaTKOBOT YMOBU Ha MaTpuLi-koedilieHTu, LWo nonsrana y KoMyTaTUBHOCTI.

OTxe, y nogaHin cTaTTi, i3 BUKOPUCTAHHAM A04ATKOBOI YMOBM KOMYTaTUBHOCTI KOeiLieHTIB PiBHAHHS i MmeToay OBOIC-
TOCTi "piBHAHHA-06NacTh" (amB.. [4]), OTPMMaHO KpUTEpPI NOPYLLUEHHA EAVHOCTI po3B'asky 3agadi [ipixne B kpy3i Ana 6e3tu-
NOBOro AudepeHLianbHOro PiBHAHHA APYroro Nopsiaky 3 KOMMAAEKCHUMW MaTPUYHUMKM KoedoilieHTaMn y NpocTin popmi, Lo
fossonse 6yaysaTv Npuknagmn cuctem, onepartop 3apadi [ipixne skmx mae HeTpusianbHe S4po.

HeobxigHy i AocTaTHIO YMOBY HETPUBIanbHOI PO3B'A3HOCTI 3aNMCaHo Y BUMMSAAI PIBHOCTI HYMIO BU3HAYHMKA, ENEMEHTU SIKOTO
BMPaXarTbCs Yepes koedilieHTM HaaHoro PiBHSAHHA. 3a YMOBW BUKOHaHHS PIBHOCTI, Y IBHOMY BUMMSAi nobyaoBaHO HETpMBia-
NbHUI BEKTOPHO-MNOMiIHOMIanbHUN po3B'a3ok 3agavi (1), (2). Ha gogatok HaBoaUTLCA NpuWKNag cucteMy aAvdepeHuiansHuX pis-
HsiHb APYroro NopsiaKy, sika 3agoBorbHAE yMoBy (3) | aapo 3adavi fipixne skoi € HeTpuBianbHUM i HECKIHYEHHOBUMIPHUM.

NMOCTAHOBKA 3ABOAHHSA. [Ins andepeHuiansHOro piBHAHHS 3 MaTpuyYHMMK koedilieHTamy Ta 3 OOHOPIgHMM 3a
nopsiakom avdpepeHLitoBaHHS cuMBOOM (6e3 MOMOALLNX YNEeHIB)

Lu= sin(p1i+cosq>1i sin(\ozi+coscpzi u=0 (1)
X OX, X, 0%,
posrnaHemo 3agady [ipixne

Ul =0 )
B cobonescbkomy npoctopi H " (K)= [H 2 (K)Jn BekTop-dyHKUin, ae K = {X eR? :|X| < 1} — OVHUYHNIA KPYT 3 MEXEI0
OK . Mpunyctumo, Wwo ¢, i @, — KOMyTyloui KOMMMeKCHi NxNn-matpuui, ¢, =@, —¢, #0 — ix pisHuus. Yepes

I(&):(a1 ~§)(a2 -ﬁ) Oyoemo 3a3Buyan no3HavaTh HEBUMPOMXKEHWA MaTpuyHUA cumBon AudepeHuianbHOro onepaTopa

L)@ v)(ev).

3ayBaxunmo, Lo piBHSHHA au "Xl Xl+bu +cu =0 (3 KOMYTYIOYUMWU KOMMIEKCHUMU HEBUPOIKEHUMU MaTpuULs-

n "
XX XXy

MM Y SKOCTi koediLieHTiB) MOXHa NpMBECTU A0 BUINAAY: (a1 ~V)(a2 -V)u =0, ge all, aé, alz, a§ — Taki KOMyTYyloui Ma-
. i\2 i\2 - 1 .
TpUUi, WO MaTpuus (alj) +(a21) , J=12, mae obepHeHy. 3okpema, B HaloMy Bunagkya = (sm ®;,C08 (pl),

a’ =(sing,,cos g, ).
PoarnsiHemMo opToroHasnbHi NO Bi4HOLLEHHIO 00 al BEKTOPU al = (—azJ ,all ) = (—cos ?; ,sin Q; ) , j=12. Cnia siasHauu-

TN, WO, BiANOBIAHO A0 NPUAHSATUX NO3HAYEHD,
. =1 i
tgp;=a/-(al) . j=12.
(1)

. . . . 2 —
Lle osHauag, Wwo matpuui @ i ¢, iCHYIOTb nuLe ToAi, KON )KOAHE 3 XapaKTepPUCTUYHNX Yncen A’ Ta kf( ) , k=1n,

71 71 - .
MaTpuLb al1 ~(a§) i 312 ~(a22) He [opiBHIOE BiANoBiAHO =i . Llew dakT nos'a3aHnii i3 TMM, WO y CKanspHOMY BUMagKy
piBHSIHHA tgd = +i He mMae po3B'A3kiB.

Hawa meTa — gocnignuTn NuTaHHSa NopyLeHHs eanHOCTi 3agavi (1), (2) i nobyayBaTtu npuknag 3agadi 3 HeCKiHYeHHOBU-
MipHUM Ta HeTpUBIanNbHUM S4POM.
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OOBEOEHHSA HETPUBIANBHOI PO3B'A3HOCTI 3A0AUYI OIPIXIE. Y npoueci AocnimkeHHs nepLuUoi kpaiosoi 3aga-
i y Kpysi Ons piBHAHHA OPYroro nopsiaky 3 KOMyTYHUYUMU MaTPUYHUMKM KoedilieHTamMn OTPUMaHO HaCTYMHUIA KPUTEPIN.

Teopema. 3adava Lipixne (1), (2) mae HempusianbHul po3e'si3ok y npocmopi H Zn (K) modi i minbku modi, Konu ic-
Hye makul HamypanbHul Homep N > 2, npu sskoMy 8UKOHYeEMbCS PigHICMb!
det[sin N (¢, —¢,)]=0. (3)
SAkwo ymosa (3) crnpasednueoro Mae Micuye, Mo ICHYe 3fiYeHa KiflbKiCmb JiHIUHO He3anexHUxX 6eKmOopHO-
roniHomianbHUX PO38's3Kie.
CnoyaTky AOBEAEMO AOMNOMIKHE TBEPAXKEHHS, ke ChOpMYHOEMO Y BUMMSAAI neMu.
INema. Hexal 0ns desikoeo roniHoma Q 6UKOHYEMbLCS MOMOXHICMb:
Q(cost,sinT,c0821....,cosMt,sinmt) =0 VrteR. (4)
Todi momoxkHicmb (4) cripagednueoto 8UKOHYeMbCS i Orisi 008iNbHOT Mampuui T .
HoBegeHHs nemu. AKWO T — filicHe Yucno, To Nicns po3knagaHHsa aaHoro noniHoMmy Q y psia Tennopa 3a CTyneHsimu
T OAEpPXUMO:

o0

> gt =0, 5)

k=0
3Biaku GesnocepeHbO BUNIMBAE, Lo Yci koediuieHtn ¢, =0, k=0,1,2,....
3 iHworo 60Ky, AKWO T — AO0BIfIbHA MaTPULA, TO LUMAXOM MHOXEHHS (, Ha i nincymoByBaHHs 3a K, oTpumaemo

Bupa3s surnagy (5), Big skoro 3aificHOETLCA nepexig Ao 3anucy (4). JoBeaeHHA neMu 3aBepLUEHO.
[HoBeaeHHs TeopeMu.

Heo6xiaHicTb. Hexant Ue H>" (K) — 6ynb-sikuit HeTpuBianbHWi pose'sizok 3apadi (1), (2), Ue H2n (Rz) — Jesike
MPOAOBXEHHS (PYHKLi U Ha MnowmHy. Yepes 6 = 0(X) nosHauMMo xapakTepucTuuHy dyHkuito kpyra K :
1, xg K,
0(x)=
0,xekK,
Moaiemo onepaTtopom L i3 ymoBUM piBHSIHHS (1) Ha byHKUito V=U-0:
LV:—I(V)G'V 85K' (6)

TyT V — OOMHUYHWIA BEKTOP 30BHilWHLOT HOpMani, 8, — Mipa, 3ocepeaxeHa Ha mexi OK kpyra K : (SaK,(p) = .f ¢ds .

K
MomHOXMBLUM 0BMABI YaCTUHKW PiBHOCTI (6) Ha MoniHoOM x> =1, sikui BU3HaYaE Mexy obnacTi, OTpMMaeMo Hyfb Y Npas.in
YacTuHi:

(xz—l)-Lv:O- (7)

Tenep Ao piBHSHHS (7) 3acCTOCyeMO NepeTBopeHHs dyp'e: —(A, +1){(al -g)(a2 ~<‘,)~\7} =0.

Bracnigok Teopemu lNeni-Binepa, 3rigHo Akoi nepeTBopeHHs Pyp'e pyHKUIT 3 KOMNAKTHUM HOCIEM € Linow (byHKLUi€to,
TO6TO gonyckae posknag y psa Tennopa, Ans MOMOALWOI OAHOPIAHOT YacTUHKU V,, Po3Krnady CTeneHlo OAHOPIAHOCTI M

Ag{(a1 ~§)~(a2~<§)~vm}=0.

PosB's3ok W piBHAHHSA Jlannaca Aéw = (0 MoXHa 3anucaTv HaCTyNHUM YMHOM:

o epP>XXNMO:

w=const+ > r" (cy cosNt+dy sin Nt) (8)
N=I

3 AESKUMW BEKTOPHUMM KoedilieHTamn Cy , dy . Ockirnbki y nonsipHux koopauHatax (I, 1)
m
Vy =1y (AB cosPt+Bg sinB‘c) :
B=0

TO, BBaxaruu Wz(aloé’;)~(a2~§)-vm y piBHOCTi (8) i Gepyun go yBaru, Wwo &z(rcosr, rsinr), npu N=m+2
OTPUMAEMO:

(a‘ -E)~(a2 -%)-Vm (t)=cos(m+2)tl -Cp,, +sin(m+2)1l-dy,,. 9)
Tyt E= (cost,sint), | —oanHuiHa MaTpuLs nopsigky N . Ockinbku

(al -E)~(a2 é) =(sin@, costl +cos@; sintl )-(sin @, costl +cos @, sintl ) = sin (¢, +tl )sin (¢, + 1l ),

TO nomivaemo, Lo niBa YacTuHa piBHOCTI (9) fAopiBHIOE Hynto, konu Tl = -+ knl, j=12, k=12, ....

OueBnaHO, NpY TaKOMy 3HAYEHHI T AN NpaBoi YacTuHK (9) Gyaemo MaTu OQHOPIAHY CUCTEMY OBOX PIiBHSHb:
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{cos[(m+2)~(knl —(pl)]~cm+2 +sin[(m+2)-(kn| —(pl)]dm+2 =0, (10)

cos[(m+2)~(knl—(pz)lcmﬂ+sin[(m+2)-(knl—(pz)]dmﬂ=O.
MoMHOXMMO neplue piBHAHHA cucTemu (10) 3niBa Ha MaTpuuo cos[(m+2)(knl—(p2)], apyre — Ha marpu-

Lo —cos [(m + 2)(k7t| - )] i cknagemMo ogepxaHi piBHOCTi. PesynbTaToM gofgaBaHHsi 6yae HacTynHe PiBHAHHS:

sin[ (M+2)(@, —¢;) ]-dy., =0. (11)

Ockinbkn cuctema (10) Mae HeTpuBianbHUI PO3B'A30K (cm+2,dm+2) (uen cbakT BMNNMBAE 3 HALLOIO MPUMYLLEHHS LWOAO
iCHyBaHHsi HeTpwBianbHoro po3e'asky 3agadi (1), (2) Ta i3 MipkyBaHb ABoicTocTi), TO 3 (11) BMNNMBae, WO MaTpuus
sin[(m-er)((p2 ) )J BUpOIKEHa, TOBTO det{sin[(m +2) (9, -9 )]} =0, i, TaKUM YnHoM, icHye Homep N =m+2, sikuid

3abe3neyvye BUKOHAHHSA ymoBM (3).
JInwaeTbes obrpyHTyBaTV TOTOXHICTD

(a1 -E)(az é)um (t)—Cpan -cos(M+2)1—dp,, -sin(m+21)=0
ansi 6yab-siKoi maTpuui T, ane uen akT cnpaseanuBMA BHAcnigok nemu, siky 6yno gosefeHo Bulle Ansi noniHoma
Q(cost,sinT,....,cosMT,sin M) = (a1 . %)(a2 'E)Vm (t)—Cpaz -cos(M+2)t—d ., -sin(m+2)r.

HeobxigHicTb JoBEAEHO.
DocTtaTtHicTb. Hexaii icHye Takuii HaTypanbHuii Homep N > 2, wo BMKOHYeTbCS ymoBa (3). Toai 3HanaeTbes OesKui

HEeHynboBMIA BEKTOp V , sikuir aHymioe matpuuio sin N (@, — @, ); 706710 sin N (¢, —¢;)-V = 0.
Mokaxemo, Wwo Ansa gosinbHoro HatypaneHoro N poss'askom 3agadi dipixne (1), (2) € BekTop
Oy = (TZN (-8 x)-Top (-2 -x))-v,
ne T,y — noniHom Yebuiesa nepuoro pogy, T,y (cosa) = cos(2Na).
PisHaHHA (1) nicns nigctaHoBku BekTopa Uy B NiBY YacTuHy Byae 3a[0BONbHATACS TPUBIANbHO. TakMM YMHOM, NULLIaE-

TbCA NepPeBipUTH cnpaeeanuBiCTb rpaHNYHoOl yMoBHK (2) ana Uy Maemo
K= (TZN (—él ~X)—T2N (—512 -X))-V|5K = |:T2N (cos((p1 +1l ))_TZN (cos((\o2 +1l ))JV

=[cosZN (@) +11)—cos2N (¢, +1l )}\7: -2sinN ((p1 +@, +1l )sin N (¢, - )-V=0.

Uy

TeopeMy AoBeOEHO.

3ayBaxeHHSA. Jfleako nokazamu, Ymo nodibHa 3adaya Lipixne & obnacmi, obmexeHil enincom, 3a 0rNOMo20t0 fiHitIHOI
3aMiHu 3800umbcs 0o 3adaui y Kpy3i, i MipKyeaHHs, siki auknadeHo suuje, 00Ci8HO NepeHocsImMbcs Ha ueli unadok.

[incHo, 3agava

Lu =| sin i+cos 2] sin £+cos 9 u(x,y)=0
= ¢ ox ¢ oy N) ox \) oy ) )

u(xy)[o=0
S g2 2 n Xy oy ;
y npocTopi H* (Q):[H (Q)J B Q=1(xy) 1 +=5<lt, daQ=3(xy) : —+=5=1, p2q>0; - eninc,
P~ q p= q

@, i ¢y — KOMYTYIOYi KOMMIEKCHI N X N -MaTpuLi, BBOAUMO 3aMiHy 3MiHHUX X = P&, Y = (n, 3BOAMTLCA A0 3aAadi:
[isin o i+lcosq)1 ij (lsin(\o2 i+lcosq)2 ijﬁ(é,n) =0,
P % q on) (p % q on
U(éaﬂ)|aK: 0,

e K = {(g,n) C e ant< 1} — OMHNYHWIA Kpyr 3 Mexeto OK .

NPUKNAL CUCTEMU PIBHAHb 3 HETPUBIAIIbHUAM PO3B'A3KOM 3A0AUI OIPIXIE Y KPY3I. Mobyoyemo npu-
Knag cmctemMu avdepeHuianbHuX piBHAHb, ANs SKOi ogHopiaHa 3adada [ipixne y kpysi Mae HeTpuBianbHUIN Po3B'A30K. [MNpu
ubomy 6ygemo BBaxatu, Wwo N =2.

MosHauymnmo N ((p2 ) ) =N, = Ai posrnsHeMo y sikocTi MaTpuLi A HaCTyMHY CUMETPUYHY MaTPULLIO:

[b aj
A= ,
a b

de b e C, a BusHauyaeTbes 3a gonomoroto b . Ham noTpi6Ho, Wo6 BUKOHYBanack yMoBa det[sin A] =0. Maewmo [10]:
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HeBaxko nokasaTtu, Lo CTyniHb MaTpuui A MoXXHa 06UMCNUTK 3a DOPMYIIOHD:
2kl | A2 p2k-1.2 2k a2k 1 2k 3 2k-2.3 2k+1
A2kl _ b= +Cj b a” +...+C5, ba™  Cy b a+C5 b A’ +.. . +a
Cék+1b2ka+ C23k+1b2k_2a3 F.radkel pely C22k+1b2k_la2 +..+ szl'fﬂbaz'(
BPaxO0BYIOUU 5Ky, NiCMs eNeMeHTapHMUX NepeTBopeHb, 3anvLlemo LykaHy MaTpuuto sin Ay Burnsaj:
) cosasinb cosbsina
sin A= .

}, ne k=0,1,2, ...,

. . (12)
cosbsina cosasinb

Tenep ymoBa det[sin A] =( 3BOAMTBLCS 4O TPUTOHOMETPUYHOTO PIBHSIHHS:
cos’asin’b—cos*bsin’a=0,
3BiOkM 3Haxoaumo a=tb+mn, meZ.

b N b N m
o AN b +b+mr) N "N N
TKe, = = , 3BIOKA = — =
(0 b+ mm b 0 Py =P = +£+mn R
"N N N
0o F2 M by
" o , B N N N
atpuui @, i @, obMpaeMo HaCTyNMHUM YNHOM: ¢ = b m o Py = b
f———x 0 0 —
N N N

BeanocepeaHbOIO NEPEBIPKOI0 BCTAHOBIMIOETLCS, LLIO MATPUL @, | ¢, KOMYTYIOTb.

Dani, 6epyuu [0 yBary BNPOBafXeHi BULLE NO3HAYEHHs, 0BUNCIIMMO KOMMOHeHTH BekTopie a', j=1,2, 3 ymoBM BuXia-

HOro piBHAHHSA (1). [ifcHO,
. b m b m
0 F——— F——— 0
s1n[+ N N n] cos(+ NN nj

b m R b m
sin| F———m 0 0 COS| F———m
(+N N j (+N N j

3ayBaxuMo, Lo Y NpoLeci NowyKy sin@; i cos@, Mu Bukopuctanu dopmyny (12), a Takox TPUrOHOMETPUYHY TOTOX-

sing, =

HiCTb sin’ N +cos? ¢, = | , AKa BUKOHYETbLCA ANA AO0BINLHOI HEBUPOMKEHOT KBaapaTHoT MaTpuui @, (ams. [10]; [13]).
He obMexytoumn 3aranbHOCTi, NpUnycTuMo, Lo M e kpaTHUM no BigHoweHHo Ao N . Toai BUpasu ans matpuub Sin @,
Ta cos@, HabysaloTb BinbLU NpocToi hopmMu, a came

0 isin% —cosE 0
sing, = , cosQ = b
+sin— 0 0 —Ccos—
N N
BiJLLUYKAEMO aHanoriyHo 3Haxo0AMMO KOMMOHEHTW BEKTOpA a% . Maewmo:
. b b
sin— 0 cos— 0
sing, = b | cosQ, =
0 sin— 0 cos—
N N
. b
0 +sin— —CcosS— 0
TaKkuM YUHOM: al = (sing;,cos ;)= N , ;
. b b
+sin— 0 0 —Ccos—
N N
. b
smﬁ 0 COSW 0
a’ =(sing,,cos 9, )= :
. b b
0 sin— 0 cos—
N N
LlykaHe piBHAHHA MOXHa 3anucaTtu y BUrnsai:
. b . b b . b b
0 +sin® — —C0s—sin— Fcos—sin— —cos® — 0
N " N N N " N "

, b "M X b “HX X, + 'uxzx2 =0,
tsin® — 0 tcos—sin— COS—SIm— 0 —COoS —
N N N N



ISSN 1684-1565 MATEMATUKA. MEXAHIKA 1(33)/2015 ~ 37~

abo y ekBiBaneHTHOMY BUMMSAi

o, b (0 1Y) . b b(1 F) . b(l 0) .
+sin? — Uy, — SIn—cCoS— " Uy o —cos® — ‘U, =0. (13)
N{l O e N N{Fl 1 2 N{O 1 22
Mepenuwemo piBHAHHA (13) y BUrnAAi cuctemmn ABOX CKanApHUX PiBHSHb, MO3HaYMBLWLK U = ( f, g) :
b b b .. b b b .«
.2 . . 2
+sin W~gxlxl —cosﬁsmﬁ~ fyx J_rcosﬁsmﬁ-gxlx2 —cos N frx, =0,
(14)
.2 b b . " ) " , b .
*sin N fex, icosﬁsmﬁ- fyx, ~cos-sin-or Uy x, —COS ﬁ'gxzxz =0

Takum 4mHoMm, cuctema (14) — ue cuctema amdepeHLianbHUX piBHAHb OPYroro Nopsaky, Ans skoi SApo nepLuoi Kpawo-
BOi 3a4adyi y Kpy3i € HEeTpMBianbHUM i HECKIHYEHHOBUMIPHUM.

BUCHOBKW. [JocnigxeHo NuTaHHst HETpUBianbHOI po3B'A3HOCTI ogHopigHoI 3apadvi [ipixne B kpysi gns 6e3TmMnoBoro
AndepeHUianbHOro PiBHSAHHSA 3 YaCTUHHUMY NOXIAHMMUW APYroro nopsaky 6e3 MonoALmMX YreHiB i3 KOMYTYHOUYUMN KOMMeK-
CHUMW MaTPUYHMMM KoedilieHTaMn. YMoBa KOMYTaTMBHOCTI, AKiN BiANoBiAalnTb KOemiliEHTN PIBHSAHHS, A03BONSE ofepxa-
TW KpUTEpIil iCHYBaHHSA HETPUBIaNbHOIO PO3B'A3KY Y MEHLU cknagHi dopMi, sika nigaaetsca nepesipui. OTpuMaHo HeobXxia-
HY | JOCTaTHIO YMOBY NOPYLUEHHS €EOUHOCTI PO3B'A3KY Y BUIMNSAAI PIBHOCTI HYMO BU3HAYHMKA, WO 3anexuTb Big KoedilieHTiB
OaHOro PiBHAHHSA. PO3rnsaHyTo npukniag cucteMu amdepeHuianbHuxX piBHSHb, ANa SO 3agada [ipixne y kpysi Mae HeTpuBI-
anbHe i HeCKIHYEHHOBMMIpHE A4p0.
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O 3AOAYE OUPUXNE AnA OU®PEPEHLUMANBHOIO YPABHEHUA
C KOMMYTUPYIOLLUMU MATPUYHBLIMU KOS PPULIMEHTAMU
B pabome nornyyeH kpumeputi 00Ho3Ha4YHoU paspewumMocmu 0OHOPodHoU 3adaqu Jupuxrie 8 Kpyae Onsi 6ecmunHozo oughghepeHyuaribHo20 ypaBHEHUs 8 Yacm-

HbIX MPOU3BOOHbIX 8MOPOO MOPsiOKa, KO3GhehUUUEHMaMU KOMOopOoe2o S8IsIHomCcsi KOMMymupytowjue keadpamHbie Mampuybl. Heobxodumoe u docmamoyHoe ycriogue
HapyweHus e€OUHCMBEHHOCMU PEeLUEHUST 3arucaHo 8 8ude paseHcmea Hyiiio orpedenumerns, 3asUcsILUE20 OM KO3GhhUUUEHMO8 PaccMampuUeaemMoz0 YPagHEeHUS.

Lesina Ye., PhD
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ON THE DIRICHLET PROBLEM FOR DIFFERENTIAL EQUATION WITH COMMUTING MATRIX COEFFICIENTS

The unique solvability criterion of the homogeneous Dirichlet problem in a disk for untyped second order partial differential equation with commuting matrix coeffi-
cients is obtained. The necessary and sufficient condition of the uniqueness violation is formulated as equality to zero of the determinant depending on the coefficients of
given equation.
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NPO PO3WMUPEHHA OCHOBHUX CUMETPIA
ABOBUMIPHOIO PIBHAHHSA PEAKLII-KOHBEKLLII-AU®Y3I1i

OmpumaHoO HerepepesHi nepemeopeHHs1 eKgieasieHMHOCMi 0808UMIPHO20 Pi8HSIHHSI peaKuii-koHeeKyii-Ougy3ii. BcmaHoeneHo He-
06XxiOHi yMO8U po3wupeHHs1 OCHOBHOT anzebpu iHeapiaHMHOCMi 0aHO20 PieHSTHHSI.

BCTYI. JocnigxeHHs 6aratbox pisnyHMX, BiOXiMiYHMX, €KOMOriYHMX, EKOHOMIYHMX Ta iHLWKWX npoueciB noTpebye noby-
OOBM MaTeMaTu4yHuMX mogenen. Y 6aratbox BUNagkax TakMmm MoaensiMvm € gudpepeHuianbHi piBHSHHA. HayacTiwe maTte-
MaTW4YHI Mogeni € HacmniAKoM 3aranbHUX 3aKoHiB abo cneundivHMX BNacTUBOCTEN, L0 NpUTaMaHHi JaHOMY MpoLiecy.

OundbepeHuianbHi piBHAHHS YCMILWHO 3aCTOCOBYBASMCA B SKOCTI MareMaTuyHUX mogenen (isuyHuX sBuLL, NoB's3aHuX 3
Pi3HUMK I3UYHMMM NONAMM | XBUITbOBUMU (DYHKLISAMW B €neKTpoAMHaMiLi, akycTuui, Teopii Npy>HOCTI, rigpo- i aepoanHa-
Mili i pagy iHWWX HanpsaMiB JOCRIAXEHHSA (PisMYHMX SBULL B CyLiNbHUX cepefoBullax. MatemaTnyHi Mogeni Lboro Knacy
ABMLL, HaWYacTille OMUCYIOTLCHA 3a AOMOMOrol AudepeHLUianbHUX PiBHAHb 3 YaCTUHHUMK NOXigHMMU. [1O0 Takux pPiBHSAHb
BiHOCATb PIBHAHHSA peakLii-koHBeKUii-andysil.

HocnigkeHHs piBHsHb Andy3ii Ta pisHMX X Moaudikauin 3 Jo4aTKOBMMU YrleHaMu, WO BignosigaTb peaklii abo KoH-
BeKL|ii, € aKTyanbHOK 3aJayeto MaTemaTu4HoI i3nKK1, OCKINBbKM L PIBHAHHSA YacTO BUKOPWCTOBYIOTb Y AKOCTI MaTtemMaTtuy-
HUX MOAENeNn Pi3HOMaHITHMX MPOLECIB Y NpupoAi Ta cycninbCTBi. Hanpuknag, y Gionorii po3rnsggaTb KniTuHu, 6akTepii,
XiMiYHi pEYOBUHM, TBAPMH TOLLO SIK YACTUHKU, KOXKHA 3 SIKUX PYXaETbCA XaoTU4HO. ToAi cuctemaTuyHuiA pyx ix rpynu BBaxa-
€TbCA npouecomM andyasii, i 3a3Buyan Le He npocTta Audysis, OCKiNbkn 6epeTbca 40 yBarM B3aemogis Mk YacTuHkaMmu. [ns
NpOCTOTU Gionorn BUKOPUCTOBYHOTL (1+1)-BUMipHE HenepepBHE MOAENbHE PIBHSAHHA AN onucy rnobanbHoi noBeiHku B
TEepMiHax ryCTMHU Yu KOHUeHTpauii YacTuHok. Ockinbkun mogeni andysii 4acto hopmyniolTLCH B TEPMIHAX HEMiHIMHUX aun-
depeHUianbHMX PiBHSAHb, SKi, SK MPaBUIO, HE € IHTErPOBHUMU Ta HE MOXYTb OYTW MiHeapizoBaHNMU, TO CUMETPIVHI MeToaMu,
B CUNY CBOEi YHIBEPCaNbHOCTI, € BaXNMBUMK ANA X AOCHiAXeHHS. TOMy HEBMNAAKOBO, LLUO Cy4acHUA PO3BMTOK rPynoBOro
aHanisy posnovascs 3 rpynosoi knacudikadii J1. B. OBcaHHikoBum [4] knacy (1+1)-BUMIpHUX HENIHIMHMX PiBHAHb AUYS3ii.
PesynbTtatom knacudikauii niilBCbknx abo HeKnacuyHMX CUMETPI (YMOBHMX, MOTEeHUianbHWUX, y3aranbHeHWX) € BUOKpeM-
NEHHs1 MOAENbHMX PIBHSHb 3 HETPUBIANBHUMY CUMETPIAHUMU BNACTUBOCTSIMU.

Po3srnsaHemo ABOBMMIpHE PiBHSAHHA peakuii-koHBeKLUiT-audysii

Wy =0, (f(Ww,) +g“ (whw, + H(w), (1)
ae w=w(xy,X,X,), X, — 4acoBa 3MiHHa, X;, X, — NPOCTOPOBI 3MiHHi, f(w), g“(w), H(w) — koedilieHTn Andysii,
KOHBEKLi Ta peakuii BignoBiaHo. IHaekc 6ins yHKUii BHM3Y 03Ha4vae AndepeHLitoBaHHs 3a BignoBiAHOKW 3MiHHOMO, 3a iHae-
KCamu, siki MOBTOPIOIOTHLCH, PO3YMIETbCSI CyMyBaHHs, « € {1,2} . B ogHOBUMiIpHOMY BMNaAKy CUMETPUYHI BNacTUBOCTI piB-
HSAHHSA (1) gocnigpkeHo B [9].

PiBHsIHHS (1) BMKOPUCTOBYETLCS AJ1 MOAENOBAHHSA NMEPEHOCY eHeprii B nNnasmi, po3noginy po3yuHiB Y I'PyHTI, pyxy pi-

OVH B MOPWCTOMY CEepPefoBULLI, MPOLIECIB XeMOTaKCUCy Ta iHWMX didnyHuX i BioximiyHmx npouecis. [lo knacy piBHSAHb (1)
BXOAATb Taki BiAOMi PiBHAHHSA, SIK PiIBHAHHA TENNonpoBiaHocTi, broprepca Ta iHwi. 3amiHa

u= jf(w)dw ,
ne u =u(xy,x,x,) —HOBa HeBioMa (PYHKLis, 3BOANTb PiBHAHHS (1) 4o BUrNAAY
Au = fO(uyuy + £ (u)u, +h(u), 2)

ske My | Byaemo AocnigpKysaTu, npudomy Beaxkatumemo, wo f“(u) # 0, Tak sk eunagok f“(u) =0 pocnigkeHo B [1].

CUCTEMA BU3HAYAIIbHUX PIBHAHb. OCHOBHA ANFEBPA IHBAPIAHTHOCTI.
O3HayeHHsi. OCHOBHOI anrebpoto iHBapiaHTHOCTI PiBHSAHHSA (2) Ha3BeMo anredpy, BiAHOCHO AKOI PiBHSAHHSA (2) iHBapiaH-

THe Npu AOBINbHUX BUMMsAAAX HemMiHikHocTen fO A

CnpaBeanvee HacTynHe TBEPOXEHHS.
Jlema 1. OcHoBHoto anre6poto iHBapiaHTHOCTI piBHSIHHSA (2) € anrebpa

Abas :<60:i381:i’62:£>_ (3)
0ox, ox, 0Ox,

HoBeaeHHs. [HiHITe3nManbHUn onepatop anrebpu iHBapiaHTHOCTI piBHAHHSA (2) 6yaemo wykaTtu y Burnagi
X =8&"(x,u)0, +n(x,u)d, , )
ae x=(xp,x,x%), U =0,2, E%, M — wykaHi dyHKUT.
3acTocyBaBLlum o piBHAHHA (2) anropuTtm C. Ni (av.., Hanpuknaga, [3], [5]) ogepxumo cucTemy BU3HaYanbHUX PiBHAHb
BiJHOCHO HeriHinHocTen fo, f%, h TaxoopamHat E", 1 onepatopa (4) :

g =¢)=m,, =0, &=, §+& =0, (5)
nf? = (&g -28) 1",
N =EG 0+ (<18, +ETe) ST+ 2y (6)

nh=m, —26Dh-ngf° +n, /" +An,
© CepoBa M., MNpucrtaska 0., 2015
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10 0-1
ne (8,)= (O 1] — cumeon KpoHekepa, (g,,) = (1 0] — aHTUCMMETPUYHNIA TEH30P.

Ons Toro, Wwo6 3HaTN OCHOBHY anrebpy iHBapiaHTHOCTI PiIBHAHHS (2) Npunyckaemo, Lo f0 , f“ , h — goBinbHi rmagki
dyHkuii. Lle aae moxnmeicTb "posyennTtn” cuctemy (6) 3a ummm yHKUiSMKU Ta iX NOXigHUMK. Y pe3ynbTaTi po3yvensieHHs
OAEePXMMO CUCTEMY BU3HAYAmNbHIX PiBHSAHb BIAHOCHO yHKuin £ Ta n:

g =& =m, =0, &§=8), §+&=0, ()
3aranbHUM po3B'a3KOM cucTemMu (7) € yHKUIT

g =c,.,m=0, (8)
Ae ¢, — poBinbHi ctani, L =0,1,2. Onepatop (4) 3 dyHKuUiamHK (8) nopoaxye anrebpy (3). lema 1 noBegeHa.

HEMEPEPBHI MEPETBOPEHHA EKBIBAJIEHTHOCTI. Tak sk piBHAHHA (2) MICTUTb AOBIMbHI YHKLT f0 . Y,

TO BOHO OMUCYE AesKUIN Knac piBHSAHb. [pyn JocnigXeHHi CUMeTpPIHMX BNAacTUBOCTEN NEBHOrO Knacy pPiBHAHb BaXnuBe 3Ha-
YEeHHs1 Ma€ 3HaHHSA NepeTBOPEHb E€KBIBANEeHTHOCTI AaHOro knacy. 3a JOMOMOrol NepeTBOpPEeHb €KBIBAaNeHTHOCTI Knac pis-
HSHb MOXXHa MOAINUTU Ha HeekBiBaNeHTHI Nigknacu, BUAINUBLLM NPY LbOMY B KOXXHOMY 3 MigKaciB KaHOHIYHI piBHAHHS. [o-
CTaTHbO AOCNIANTY TifbKW KAHOHIYHI NPEACTaBHUKU 3 KOXHOTO nigknacy, wob 3pobuTn BUCHOBOK NPO CUMETPINHI BNacTuBO-
CTi BCiX piBHAHb JaHOro Knacy.

3HaiiieMo NepeTBOPEHHST EKBIBANEHTHOCTI PiBHAHHS (2), Aki 6yaemMo BMKOPUCTOBYBATM MPU MPOBEAEHHI MOBHOI rpymno-
BOI knacudikauii Lboro piBHSHHS.

Jlema 2. MakcMmMarnbHOK rpyno HenepepBHUX NEPETBOPEHb EKBIBANIEHTHOCTI PIBHSIHHA (2) € rpyna nepeTBOpeHb, Cy-
nepnosuLisa sKnx Mae BUrnsg

xp = e%xy +my,
X! =0,x, +e" (8, cos0, +&,,sin0,)x, +m,,
u' =eu+m, fO’:eeﬂu+m, 9)
F¥ =0, +e (5, cos0, +¢,sin0,) 7,
B =20y,
ae 0, 0,, 0, my, m,, m — poBiNbLHI rpynosi napameTpu.

[oBeaeHHs. 3acTocyeMo MeTop, 3anpornoHoBaHun y [2; 8].
IHiHITE3MManNbHWI onepaTop rpynu NEpPeTBOPEHb EKBIBANEHTHOCTI GyAeMo LykaTu y BArNsAi

E=8"9,+n9, +¢"0 4 +6"0 ., +6°0;, (10)
pe & =&"(xvu), n=nxu), ¢ =¢"Cou O, 11 20,
¢ =¢" G SO S, S =G £, f1 7 h) — wyKawi dyKuii
I3 BUrnaay piBHAHHSA (2) BUNNMBaE HacTynHa cuctema obMexeHb AN HeniHinHoCTen fo . SO h

fx(i =0, fu?‘ =0, fx‘: =0, fu‘: =0,h, =0,k =0, sy no3HAMMO S, .

=0, ESI =0, oTpuMaemo cucteMy Bu3HavasbHUX piB-

3acTocyBaBLUM KPUTEPI eKBIBANEHTHOCTI ES|
5=0,8,= 5=0,5,=0

0
HSIHb ANS 3HaXOAXEHHs1 koopanHaT Ef), £ m, go, ¢, g3 onepaTtopa (10)
F?S = (22 = My =0’
M, =0, 6 =6i=6, =6, =¢ =G =0,
1_ g2 2, ¢l
é(l):E.Q(»)gl +1§2:0’ (11)
¢ = —28)f",
¢ =g5 S0 28 +E
C.y3 = (nu _2};} )h
Posg'askom cuctemu (11) € pyHkuii:
£ = kX, +d,

a
" =wyx, + g, X +cepX,y +d,,

nN=xu+d, gO:(KO—ZKl)fO, (12)
ga :gafo _Klfa +c£abfb’
S = (k= 2% )h.

ne ¥, Ky, g&,, dy, d;, d — poBinbHI cTani.
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Onepatop (10) 3 doyHKUiaMM (12) nopofxye rpyny nepeteopeHsb (9). Jlemy 2 noseaeHo.
HEOBXIAHI YMOBU PO3LLWUPEHHA OCHOBHOI ANMEBPU IHBAPIAHTHOCTI. Buwe BcTaHoBReHo, WO Npu AOBI-

NbHUX YHKLIAX fo, %, h piBHsHHS (2) iHBapiaHTHe BigHOCHO anreGpw (3). 3Hanmaemo HeobXigHi YMOBM POBLUMPEHHS
OCHOBHOI anredpu iHBapiaHTHOCTi ABOBUMIPHOro PiBHAHHS peakuii-koHBeKUii-andyasii (2). To6To, npoaHanisyBaBLn cucTe-
My BM3Ha4anbHUX PiBHAHBL (5)—(6), BKaXKeMO BUIMAA HENIHINHOCTEN fo . [, h, npu sKkuMx piBHsAHHA (2) Moxe ByTU iHBapi-

aHTHe BigHOCHO anrebpwu, WwupLoi, Hix anrebpa (3).
Teopema 1. [ins Toro, wob piBHAHHSA (2) AonycKkano po3LWMpPEeHHss OCHOBHOI anrebpu iHBapiaHTHocTi (3) HeobXxiaHo, Wwo6

HeniHinHoCTI fo , f%, h, 3 TOYHICTIO OO NepeTBOPEHb eKBIBANEHTHOCTI (9), Manu BUrNAA, HaBeAeHWit y Tabnuui.

Tabnuys
Heo6XxiaHi yMOBM po3luMpeHHs CUMETPi AIBOBMMiPHOIo pPiBHAHHA peakuii-koHBeKUii-andysii
Ne n/n 70 7 h
1 eku xhemuKab (H) x362mu
2 e A e+,
3 u” Ae™ K, (Inu) A"
4 u A, ?»3uk+1 +Au
5 u A ue" Aye™ et
6 u* kauk Inu k3u2k” +7»4uk+1
7 1 A, Inu (g In® w0+ A, Inu +hg)u
8 1 A u Au+,
9 1 Agu Att® +hgu

Y tabmuui K, (1) =93, cos pu+¢€,, sin pu, k, m, p, A, Ay, A3, Ay, A5 — 0OBIMbHI cTani.

JoBeneHHs. BuaHavanbHy cuctemy (6) 6yaemo po3s'asyBaTi METOAOM BBELAEHHS CTPYKTYPHUX cTanux (aus. [6; 7]). Ctpy-
KTYPHi 3B'A3KM MK KoediljieHTaMn cucTemm (6) 3anexats Big BUrMagy dyHKuin /¢ . MoXnuBi 4Ba CyTTEBO PidHi BUNaaKu:

I) f* #const. ) f* =N\, —const .

Po3rnsHemo KoxeH BUNagokK OKpeMmo.

1) ¢ # const . Y UbOMY BUNAOKY CTPYKTYPHI 3B'A3KM MaloTb BUIMIAL;

0 1 1 2
a= kl(P» b= kZ(Pa éO —2§1 = k(Ps &8 =740, _E.:l =mao, _E.:l = po, (13)
—ay = 4,9, —by =19, —a, =a,9, =b, =P,9, Aa =q,0, Ab =10,
ne k,m, p, k,, q,,7,,a,,B,, ¥, — AOBINbHI cTani, ki HA3BeMO CTPYKTYPHNMM KOHCTaHTamun, ¢ = @(x) — AoBinbHa rmag-
Ka doyHKLUis.
NigcraBueLimn ymoBw (13) B cuctemy (6) B cuny AOBINbHOCTI pyHKUIT ©(x) oaepxumo
(ke +ky) f° = kf°,
(u+ky) [ =y, 1 +(md,y + pe ) f* —2a,, (14)
(klu+k2)fz =(k +2m)h+(q1u+r1)f0 +(au+B,) S +qu+r,.
Cuctema (14) Ha3MBaeTbCS CTPYKTYPHO ANs PYHKLiA fo A
[nsi cnpoLueHHst CTpyKTypHOI cuctemu (14) 3acTocyemMo NnepeTBOPEHHS EKBIBANEHTHOCTI BUTMSAY
X =%, X, =x, +0,x0, u' =u, fO =f0, " =f"+0,/° h=h. (15)
MepenucaBwm cuctemy (14) B LUTPMXOBAHMX 3MIHHUX Ta nigcTaBuBLLK (15), Nicna HeckNagHWX NepeTBOPEHb O4EPKUMO
(ku+ky) [0 =k, (ku+ky) f@ = T f0 +(md,, + pey) f° =20,
(hyu + ey Y = (hey +2m)h +(Quu+ R) [ + (i +B) f* +qau+7, .
ae Fa :[(m_k)sab +p8ab]eb +Ya ) Ql = eaa’a +ql’ Rl = eaBa +}"1 .
AKwo
(m—k)?+p* =0 (16)
To napameTpu 0, moxwHa nigibpatu Tak, wob /7, =0. Tomy y Bunagky (16) 3 ToyHicTio Ao nepeTBopeHb (15) MoxHa
Beaxatn y, =0.
Po3sB'asok cuctemu (14) sanexwuTb Bia ctanoi k; . MaoTb micLie ABa CYTTEBO pi3Hi BUNAOKM:
1)k =0,2)k #0.
[oBeneHHs npoBeAeMo Ha Npuknagi Bunagky 1.
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1)k =0, k, #0 (He BTpavatoum 3aranbHOCTI MoxHa BBaxatn k, =1). 3 ymosu (11) npu k; =0 Bunnmusae, wo
a=0,b=¢, Wo, y CBOK Yepry, HaKnagae ymosu

a,=q,=0 (17)
Ta
mb+& =0, phb—& =0. (18)
13 piBHAHb (18) Maemo
PEI +mEf =0, (19)
Baaswm audepeHuianbHi Hacnigkn piBHAHHA (19) 3a aMiHHAUMKM X, Ta X, , BUKOpUCTaBLm (6), OTPMMaEMO cuctemy
1 1
-m&;, =0,
]9§111 &12 (20)
m&; + p&j, =0.

Tak K ronoBHUIA BU3HAYHKK cuctemun (20) A = p2 +m? BiAMIHHMI Bif HyNsA(B NPOTUINEXHOMY BUNaaky i3 (14) fo =0,

Lo NPOTMPIUNTL YMOBI [ # const ), TO AaHa cuctema Mae nuLLe HyNbOBUIM PO3B'A30K

&1 =&, =0. (21)
3 piBHsHb (6), (21) oTpumaemo
&p =0, (22)
ne a,b,c :l,_2 . 13 (18), (22) BunnuBae, Wwo b —const, ToMy
r,=B,=0. (23)
BpaxoBytoum (17) Ta (23) 3anuiLiemo CTPYKTYpHY CUcTemy
=k
[ =8y, + pegy) [ (24)
h=2mh .

3aranbHuUM po3B'a3koM cuctemu (24) € pyHkuii
£ =o€, [ =0ye™ (B, cOs pu+ g, sin pu), h=re™™.

ae Ay, A, Ay, Ay — AOBINbHI cTani. 3 TOYHICTIO 10 NepeTBOPeHb eKBiBANeHTHOCTI (9) MoxHa BBaXaTh, Wwo A, =1. TobTo
Mae Micue nepwuii Bunagok 1 i3 Tabnuui.

Skuwo (m—k)* +p* =0, 710 I',#0.

Poss'asok cuctemu (14) sanexuTs Big ctanux k Ta k; . MatoTb MicLe YOTpKM CYTTEBO Pi3Hi BUNaaKu:

1) k#0, =0,2) k#0, k,#20,3) k=0, k,=0,4) k=0, k #0.

[oBeaeHHs npoBeaemMo Ha nNpuknagi Bunagky 1.

1) k#0, k,=0, m=k, p=0. He BTpayaloun 3aranbHOCTi MOXHa BBaxaTu, Wo k, =k .

3 ymos (13) BunnuBae, wo a =0, b=ke. Lle Haknagae ymosu

o, =9, =0. (25)
Ta
h=-&). (26)
Baasm audepeHuiansbHi Hacnigkn piBHAHHA (26) 3a x, , OTPUMAEMO
b, =0. (27)
13 (27) maemo
B,=r=0. (28)
BpaxyBaBLuu (25), (28) 3anuiuemo CTpyKTYpHy cuctemy
FO=f0 i =k 4y, f°, kh=2kh+rf°. (29)

' . . . P ’ ’
3aranbHUM PO3B'A3KOM cUCTeMU (29) i3 TOYHICTIO A0 NEPETBOPEHb EKBIBANEHTHOCTI X = X,, X, =X, +0,x,, u' =u € dy-
HKLiT fo =e", [ =kue", h= k3e2” +A4€", Be Ay, Ay, Ay, A, —OOBINbHI cTani. To6To Mae micLie BUNaaok 5 is Tabnuu.

Il. Posrnsivemo Bunagok ¢ =X, . 3ayBaxuMo, WO Y LbOMY BUMAAKY fo # COnst , TaK 5K npu fo =\ —const nepeTBo-
peHHsiMM (15) piBHSAHHS (2) 3BOAMTLCA A0 BUrNSAy
Au = Auy +h(u). (30)
CwmeTpinHi BnacTmeocTi piBHsHHA (30) npoknacudikoBaHo B [1]. Y Bunagky ctanux dyHkuin ¢, poadenuslum apyre
PIiBHSIHHA cncTeMu (6) 3a 3MiHHOK 1, OAEPXMMO
€5 =0, (=&18 +&8a )y +2a, =0. (31)

ToMy HaMm 3anuLIaeTbCs BUBYUTU CTPYKTYPY TiMbKM MEPLUOro Ta OCTAHHBOrO PiBHSAHb AAHOI cUCTEMU. Y LbOMY BUNAAKY
CTPYKTYPHIi 3B'A3KM 3a4al0TbCA iHaKLLE:
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a =k, b=k, & ~28) = ko, 28} =59, =4 = 49, 32)
—by =1, —A,a, +aa = q;Q, —A,b, +ab = 1.
BpaxoBytoum (32) 3anuiemo CTPYKTYpHY CUCTEMY
(u+ky) fO =kf°,  (kyu+ky)h= (kg + )b+ (qu+n)f0 +qsu+r,.
PosrnsHemo Bunagok & =0. Lle npusoguts Ao ymosu a =0, WO, B CBOW 4epry, NpuBoauTbL AO YMOB

q, = g5 =0. 13 gpyroro piBHsAHHA cucTemu (6) Byaemo matu &% = &12 =0, a, oTxe,

s=0. (33)
Topai, npoandepeHLitoBaBLIN PIBHSAHHS &8 = kb 3a 3MiHHMMKM X, OOEPXVMO
b, =0, (34)

k#0,Tak sk f° # const .
BpaxyBasLuu (33), (34) 3annuemo CTPyKTYpHY cuctemy
o=k h=nft. (35)
3aranbHUM po3B'siskom cuctemun (35) € cpyHkuii 1O = koek“, fi=n,, h= h3ek” +A4,88 Ao, Ay Ay, Ay — OOBIMbHI
cTani. 13 ToYHiCTIo 4O NepeTBOPeHb eKBiBaneHTHOCTI (9), He BTpayatoun 3aranbHoCTi, MaeMo k =L, =1. TobTo cnpasen-

NUBUI BUNaaok 2 i3 Tabnuui 1.
Hexait &, # 0. 13 TouHicTio Jo nepeTBOpeHb ekBiBaneHTHocTi (9) & =1, k, = 0. 3anuwemo CTPyKTYpHY cuctemy

uf® =", (36)
uﬁ:(s+l)h+q1uf0+q3u. (37)

3aranbHVUM po3B'A3KOM PiBHAHHS (36) € dyHKUiA
O =gt (38)

npudomy k=0, Ay %0, Tak sk fo # const (3 TOYHICTIO JO NEPeTBOPEHb EKBIBANIEHTHOCTI MOXHa BBaXaTn Ay =1).
BpaxyBaBLuu (38) piBHsiHHA (37) Habyae Burnagy

h:S—Hh+qluk+q3. (39)
u

BukopucTasium 3aminy 4 = u**!

-z i3 (39) oTpumaemo

2= qu ™ g (40)
MpoaxanizysaBwu (40), OTPUMaAEMO HACTYMHI CyTTEBO pi3Hi BUNagku: 1)s =k ,2)s =0, 3)s =0,k .
MpoaHanisyemo cTpyKkTypHi 3B'a3ku (32). Maemo:

¢o=a#0,b=0,
ka =& —2&;, sa=-2E|, (41)
ag+qa=0, Aa=A,a, +q;a (42)
I3 piBHSIHL (41) ogepXnmo
(k—s)a= §8 . (43)
Moxnusi fBa CyTTEBO Pi3Hi BUNagKu:
1)s # k . Y upbomy Bunagky i3 (43) ta (31) maemo
a,=& =& =0,
Togi i3 (41), (42) BunnuBae, Wo s = g3 = 0. PiBHAHHSA (37) Mae Burnag
(k—s)a= &8 . (44)
Po3B's3aBLUM PiBHSAHHS (44), OTPUMYEMO h= Muk“ +Aqu.
2)s =k . I3 piBHsiHHS (32) Byaemo matu
28l =ka. (45)
MpoaundepeHuitoasLumn (45) 3a 3MIHHOIO X, OAEPXUMO
a,=0. (46)

BpaxyBasLuu (46) i3 CTpyKTYpHUX 3B'A3kiB (32) Maemo ¢, =0.
PiBHsIHHS (46) onsa gaHoro Bunaaky Habyae surnagy

uh = (k+1)h+qyu . (47)
3aranbHUM po3B'A3KOM PIBHSIHHA (47) € yHKLiA & = X3uk+1 + A4

Hexan s =0 . 13 (32) bynemo matu Ej =0 Ta
&) =ka . (48)
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BasBsmn audepeHuiansHuin Hacnigok (48) 3a 3MiHHUMKM X, , OTPUMAEMO

a, =0. (49)
BpaxysasLuu (49) i3 cuctemu (32) maemo g5 = 0. PiBHAHHS (38) Ans gaHoro Bunagky Habyne surnsagy
uh = h+qu**". (50)

3aranbHUM po3B'sA3KOM PiBHSIHHA (50) € dyHKLia & = X3uk+1 +A4u . To6TO Mae Micue BUNaaok 4 i3 Tabnuui.

Po3B'a3ytoun CTPYKTYpHi cucTemMu, My BpaxyBanu yMOBM, SKi BUHMKAIOTb MPU BUKOPUCTAHHI 3B'A3KIB MK CTPYKTYPHUMM
KOHCTaHTamu. Taki 3B'A3KM MOXHa BMKOPUCTOBYBaTW MMLLE Y MPUMYLUEHHI, O KOXHOMY PIBHSHHIO BU3HaYarnbHOI cuctemm
(6) BignoBigae ogHe CTPYKTYPHE PIBHSAHHSA. AKLLO X XO4 OAHOMY BM3Ha4YanbHOMY PiBHSHHIO cucTemm (6) Bignosigae GinbLue,
HiXX OOHEe CTPYKTYpPHE PIBHSHHS, TO 3B'A3KN MiXK CTPYKTYPHUMW KOHCTaHTaMM BUKOPUCTOBYBATU HE MOXHA.

Tomy uen Bunagok posrnsgHemMo okpemo. [ocnigmmo BUNagoK, KOnu piBHAHHAM BU3HavanbHoi cuctemu (6) Bignosiga-
I0Tb [1Ba PIBHSAHHA CTPYKTYPHOI cuctemn. 3a3HayumnmMo, Wo AN AaHOi 3afadi ABa PiBHAHHA — Lie MakCMmarbHa KinbKicTb piB-
HSIHb CTPYKTYPHOI CUCTEMM, KON BOHA MOXe ByTu cymicHa.

PosrnaHemo nepLue piBHAHHS cucTemu (6). Hexan nomy Bignosigae ABa pPiBHSAHHSA CTPYKTYPHOI cMCTEMUN

(ke +1,) fO =k =0, (mu+ny)f°—nf®=0. (51)
Tak 5K 3rigHO YMOBW NocTaBneHoi 3agaui fo #0, To cuctema (6) Moxe MaTn HeTpUBianbHUI PO3B'A30K NULLE

y BUNaaky
ku+k, —k

mu+n, —n

=0. (52)

. . kK k, k .
Po3yenvBLUM PiBHSIHHS (52) 3a Pi3HUMM CTeneHsaMU doyHKLIT 1 , OfePXUMO —- = —= = — . To6TO piBHSHHS cucTemn (51) npo-
n ny, n
1 2
nopuinHi. Lie osHavae, Lo nepLuomMy piBHSHHIO (6) He MOXYTb BigMoBiAaTh ABa HENPOMOPLMHI PIBHAHHA CTPYKTYPHOI CUCTEMM.
CyTTEBO Pi3HMMUK PO3B'A3KaMU MEPLLOro PiBHAHHSA CTPYKTYPHOI CMCTEMW 3 TOYHICTIO 4O NEepeTBOPEHb EKBiBaneHTHOCTI

9) e dynkuii [0 =1, /O =¢", fO=u*.
PosrngHemo cnovatky f0 =1 i npoaHaniayemo MOXNUBICTb ABOX CTPYKTYPHUX PIBHAHb AN APYroro PiBHSIHHSA BU3Ha-
YyanbHoi cuctemm (6):

(e + by ) [ = (mB yy + pe ) f7 = =20,, (hu+1L)f" —(s8,, +te,)f" =20,. (53)
Po3B'azaBwm cuctemy (53) BigHOCHO 3MiHHUX f” Ta /% maemo
f'a _ Rl (”) , (54)
Py (u)
a a
f‘a — Q2 (u) — Ca + Sl (u) , (55)
Py (u) Py (u)

pe S, R, P,(u), O3 (1) — poBinbHi MHOrouneHu ctenexs 1 Ta 2 BianoBigHo, ¢’ — AOBInNbHI cTani.
13 ymoB cymicHoCTi piBHSIHL(54), (55) maemo

Si PSP =R-P. (56)
MpoaHanidyBaBLuM cucTeMy piBHAHbL (56), NPUXOAMMO A0 BMCHOBKY, LLO, 3 TOYHICTIO 40 nepeTBopeHb (9) piBHICTL (56)
A

MOXINMBa nuwe y ABox Bunagkax: f¢ =iu, f9=—%

Hexam fO =1, /= A u . 3Hangemo surnag dyHKuii /. 3anuwemo Bu3HavanbHy cructemy
g = 2&;, (57)
(au+b)h, = &5 +(=E18 4 + &l )hpu +2a, (58)

(au +b)h = (a—28)h—(agu +by) — (a,u +b, )\ u +aau+ab .
Po3yenuBLum piBHsHHSA (58) 3a pisHUMU cTeneHaMN YHKUIT ¥ OTPMMaeMo

xaa = (é{sab + élzgab )7“b ’ (59)
A b=Ey +2a,. (60)
I3 piBHAHHSA (59) Maemo
a=-¢, (61)
& =0. (62)
13 (57), (61) maemo
a:_%a. (63)

MpoandepeHuitoBasiun (63) 3a 3MiHHUMK X, OTPUMAEMO
a,=0. (64)
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Bpaxysasiuu (61), (62), (64) Ta BukopucTasLwmn andepeHuianbHuin Hacnigok (60) 3a 3MiHHUMK X, OAEPXUMO

b,=0. (65)
BpaxyeaBLuu (64), (65) 3anviemo TpeTe piBHAHHSI BU3HA4arnbHOI CUCTEMM
(au+b)h = (a—28)Yh—agu —b, . (66)

Po3rnsHemo BMNagaokK, Konuv piBHsIHHIO (66) BignoBigae ABa PiBHSHHSA CTPYKTYPHOI CUCTEMM.
(ke +k))Yh=3kih = qu+1 . (mu+ny)h=3nh=cu+d,.

Opepxumo
/l:c—‘,— mo , (67)
Wy (u)
n
h=V,(u)+—>—, 68
1 () W (68)

ae W,(u), V,(1) — poBinNbHIi MHOrOuNeHn 1-oro ctenens, my, 1, — AOBIMbHI cTani.
13 ymoB cymicHocrTi (67), (68) Maemo
ZWE —ngy = W +mgW, . (69)
PiBHicTb (69) MoXxnuea nviwe y BUNaaKy, Konm
h=Au+Ay. (70)
3ayBaxumo, o (70) € Bunagkom 8 i3 Tabnuui 1.

AHanoriyHo JOBOANTLCA BUNAA0K fo =1, f“=—+%.
u

Teopema 1 goBefeHa.
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O PACLUMPEHMUN OCHOBHBbIX CAMMETPUI
AOBYMEPHOIO YPABHEHUA PEAKUNN-KOHBEKUUN-AN®DY3NUN

B cmambe rornyyeHo HenpepbieHbIe MpeobpasoeaHuUst IK8USaIeHMHOCMU O8YMEPHO20 ypasHeHUsI peaKuyuLU-KOHBEeKUUU-OUghGhy3uu. YecmaHoeneHo Heobxooumble
yCr108usi pacuupeHUsi OCHOBHOU aneebpbl UHBapUaHMHOCMU 0aHHO20 yPaBHEHUSI.
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ABOUT THE EXPANSION BASIC SYMMETRIES
OF TWO-DIMENSIONAL REACTION-CONVECTION-DIFFUSION EQUATION

In the article continuous transformations of equivalence of two-dimensional equation of reaction-convection-diffusion were obtained. Necessary conditions for the
expansion of basic invariance algebra of this equation were established.
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€AUHICTDb PO3B'A3KY CTOXACTUYHMUX ONOEPEHLUIANIbHUX PIBHAHDb
3 YACTUHHMMM NOXIAHUMMU NAPABONIYHOIO TUNY 3 BUNEPEAXKEHHAM

OmpumaHoO ymoeu €QuHOCmi y3a2allbHEHO20 PO38'A3Ky cmoxacmuyHux OughepeHyianbHUX pieHsIHb 3 YaCMUHHUMU MOXio-
HUMu napa6osliYHo20 muny 3 eunepedXXeHHsIM.

BCTYI. Teopis icHyBaHHA i €EANMHOCTI PO3B'A3KIB CTOXaCTUYHUX AndEepPeHLianbHUX PiBHAHb 3HAXOAUTLCA Ha NMOYaTKO-
BOMY eTarn CBOro po3sutky. Llii npobnematuui npucesyeHo 6araTo npaupb pisHMX aBTOpIB. [1na cToXacTUyHUX andepex-
LianbHWX PiBHAHb 3 YACTUHHUMM NOXiOHUMM MapaboniyHOro TUNy 3 HEBUMAAKOBOK NMOYATKOBOK YMOBOK (hyHOAMeEHTa-
nbHe gocnigxeHHst 6yno BukoHaHo b. J1. Po3oBcbkum B [4]. [Inst 3agay 3 No4aTKOBOK YMOBOLO, 3aNEXHOL0 Bif, BIHEPOBCb-
KOro npoLecy, cutyauisi ckrnagHiwa, ockinbku notpebye po3WMpeHoro CToXacTUYHOrO iHTerpyBaHHs. Y faHin crtatTi 3a-
Jaya npo eOuHICTb pO3B'A3KYy CTOXaCTUYHMX AndepeHLianbHUX PiBHSHb 3BOAUTLCA 4O aHanoriyHoro MUTaHHS Ans au-
depeHuianbHUX pPiBHAHb 3 YAaCTMHHUMM NOXIOHUMU, NPU LUbOMY BOAETLCA BUAIMUTK Krac NpoLUeciB, ANs SKUX PO3B'A30K
eanHui. Lis obctaBmHa Bignosigae cneumadiui napaboniyHnx piBHSHb 3 YACTUHHUMU NOXIOGHUMM i CMPOLLYE NOLUYK PO3B'si-
3Ky. |lHWKA nigxig 3anponoHoBaHo B [6].

MOCTAHOBKA 3A[AMI, NPUNYLLEHHA TA AOMNOMDKHI TBEPOXXEHHA. Hexan ¢ [0, T], T <o ; h—wmipa Ile-
Oera Ha Bigpisky [O, T]; I[H’b]( . )—iHﬂVIKaTOp Bifpi3Kka; Hexalh x € Rd, | . |—Hopma BEKTOpa 3 RY. Yepes G nosHaunmo
o6mexeHy obnacTb (BiAKPUTY 3B'I3HY MHOXWHY B Rd) 3 KyckoBO-rnagkoto mexeto [2], 0G — mexy obnactiG, A,; —Mipy
Ne6era Ha G . Hexalt: G, = { (x,1):xeG, 10, T)} , 0G, = { (x,1):x€0G,t€[0,T] } .

Hagani B uiin cTaTTi N0 Nnapam ofHakoBMX iHAEKCIB 34iMCHIOETLCS MigCYMOBYBaHHS B Mexax Big 1 o d . MNosHauumo,
u, = du/dyx; i=1,...d, u, =dufds, u, = (uxl NN ) Bci noxigHi posrnapatoTbes B y3aranbHeHOMy CeHci [3].

Yepes (-, ), i (- )0’0 no3HaveHo ckansipHi oGyt B L* (G) i [ (G ) signosiaro: |/, = (f,f):)/z, ||f||0ﬂ0 =(f,f)g;.

W?(G)—npoctip Cobonesa dyHkuiit f € L* (G), ki maiots noxigHy f, € L (G); (f.2),=(1.2), +(ka v )0 ,
||f||1 = (f,f)i/2 — ckansipHUit JOBYTOK | HOpMa enemenTis B ;2 (G); w2 (G )—npocTip Co6onesa tyHKuil | € 1? (Gr)

3 noxigHumn f, € I (GT) i ckansApHUM 0OBYTKOM
(£:8)rg =(f-&)oo+ (/8 ), o5 P (Gr) =W (Gr)N| f 211, =0}
W2 (Gy)—npoctip Cobonesa dyhkuiin f € L* (Gy ), Wwo maiots noxipHi f, € L' (G;) 1a f, e L’ (G;), a ckansphuit

poBytoke W3 (Gp): (1.2}, = (3-8, o +(/-8) 0 P2 (Gr) =W (Gr)N{ 1 £, =0}

o
o

Yepes V' nosHaummo GaHaxiB NpoCTip, KU CKNagaeTbCsl 3 TakUX eNeMEHTIB VI/120 (GT), LLO MarTb CKIHYEHHY HOPMY

12
||f||;:esssupnf(.,z)no{ y ];<x,s)|2dxdsj |
0<t<T GT

Hexawn (Q,S,P)— KaHOHIYHMI MMOBIPHOCTHUI NPOCTIp; w(t), te [0, T]— BiHEpIBCbKWIA NpoLec, 3agaHuin Ha HeoMy. Lle
osHavae, wo Q= C, ([0, T]) .3 -3’ (Q), P—siHepiscbka Mipa Ha I, a W (1, o) = w(t); E&—marematnure cnogisah-

HeA BenuunHn & 3a mipoto P ; D, — cTtoxacTuyHa noxigHa [7]; ||F||2 = (E|F|2 )1/2.

o

Yepes SV nosHaummo GaHaxie npocTip, iK1l CKIAAaETbCs 3 TakUX eneMeHTis L [[O,T]XQ;WI2 (G)J L0 MaloTb CKi-

12
12
HYeHy Hopmy: | f||S°V = ess sup (E" (-t )"3) +[Ej' |fx (x,5, @) |2 dxds} , A yepes &(h) — CTOXaCTUUHY EKCTIOHEH-
0<t<T Gr

Ty:&(h) = exp{Ih(s)dw(s) _%"h”iz([o,r])}’ heC” ([O,T]).

© InbyeHko O., LoBkonnsc T., 2015
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t
Mig j'u(s)dw(s), 0<t<T, 6ygemo po3yMiTy HEBM3HAYEHMWI PO3LUMPEHUIA CTOXacTUYHMIA iHTerpan Ckopoxoaa [5, 7];
0

Dom & — obnacTb BU3Ha4YeHHs iHTerpany Ckopoxoga.

Hexain a; (x,1), b; (x.1), (x,1)eGyp,i,j =1,d: o(x, ), (x,0)e GxQ—3apani dyHkuii. Hapani, 3 meTow cnpo-

ij
LLleHHS 3anuciB, apryMeHTU (YHKLiIA MOXYTb OMyckaTuCs, SKWO Le He Mpu3BOAWTb OO0 HEOAHO3HaYHOCTI, Hanpuknag,
a;=a;(x,t), b=b(x1), o=¢(x)=0(x,0), u=u(t)=u(x,t)=u(x,t,0), u, =u,(xt0), i, j=1d,itn
POPMYNIOBAHHA 3AAAUIL. Po3rnsaHeMo piBHSHHS
t t
u(x,t):(p(x)+j(aljuxi )x ds+jbiuxidw(s). (1)
0 i 0
OsHaueHHs. Y3aranbHeHnM po3B'a3KOM NepLUoi KparoBoi 3aaadi Ans pisHAHHA (1) B uuniHapi Gy 3 ymosamu

”|x=o=(P: ”|6GT:0’
Ha3UBAETbLCHA TAKWUI ENEMEHT u € SOV , WO Ans BCiX M € le (G)cniBBi,quuJeHHﬂ
t t
(u (t),n)o =(e.m), _J.(ag,'“x, M, )Ods + ,[(bi“x, ,n)o dw(s) (2)
0 0

BUKOHYETBCS (A x P)— Mmaiike HanesHo Ha [0,T]x Q.
3HaiiieMo yMOBW €4HOCTI pO3B's3Ky NepLUOi KpanoBoi 3agadi Ans piBHAHHSA (1).
MNpunyweHHA. CdhopmynoeMo NpunyLLeHHs, ski 6yayTe BUKOPUCTaHi y NoganbLIoMmy.
A) |al-j (x, t)|+|bi (x, t)| <K <, (x,t)eGy;

B) v|&|2 <ay(x,1)€ €, EeR',v>0,(x,1)eGp;
C) (peL2(G><Q);
D) Mpouec {I[O’,] (s)(bl-uxi (s), n)O,OSsST} eDom & ans seix n €W’ (G) maitxe Beixt € [0,7] .

3ayBaxeHHsl. AKWO BUKOHYyOTbCs ymoBu A), B), C), D), To cniBBigHOLEHHS1 (2) BM3HaA4YeHO KOpeKkTHO. [icHo,

(u(t),n)o icHye B cuny Teopemn PybiHi, ockinbkn u € SV ,a ne le (G) AHanoriyHo Wwoao ((p,n)o. MoTpaekTopHUi iHTE-
rpan BU3Ha4YeHWI, OCKiNbKX A5 AOBINbHOrO ¢ € [O,T] P — maitxe HaneBHO

. , 2 2 \/2

I (aljux anv) ‘ dS S\/T dS <

0 Y

, 1/2 12
OdsJ sﬁKd2||n||l{ j|ux|2dxds] <o

Gr

T

]

0

S K

i, j=1

(ai/ Uy My, )0 U o M,

0

dsS\/FU‘

uxi

T d
SER

CroxacTnyHun iHTerpan B (2) BU3Ha4YeHun cuny 3rigHo ymosu D).
OcHoBHMI pe3ynbTaT. Hexait u(x,7,m) — PO3B'A30K NEPLLOI KPaOBOi 3aavi. Po3rmsiHeMo u” (x,t)=Ee(h)u(x,z).

3asHauyumo, Lo u" (x,t) icCHye maimke Ans BCiX (x,t ) € G . 3rigHO BM3HaYeHHs y3arasibHeHoi NoxigHoi, MOXHa nucatu

i

h h
u? (x,t), ockinbkn 3 j(uhgx, +(ux‘) dex =0 . Orxe, (u"' ) = (uh) =u".
g G 1 1 Xi
Newma. Hexali BukoHytoTeca ymoBu A), B), C), D). Akwo u — y3aranbHeHU po3B'a30K NepLUOi KpaoBoi 3agadi ons pis-
HsHHs (1), To @ € I (G), W" eV

I (uhgxi +(uxi )h C){ayui’i(bxj ~ hbu, ® —uhd)s}dxds = I(ph (x)®(x,0)dx (3)
G

T

ans ecix ® € W7 (G) Taknx, wo @[ _,. =0.

HoBepeHHs. Nokaxemo, Lo (ph el? (G) . Lle BunnuBae 3 ouiHkK
Il
[Ec(h)o]; <E(e(h) Elely <e" 7 0] g

Tenep ooBeagemo, Lo ul ev . [incHo, mawixe npwu BCiX ¢ € [O,T] MaemMo

[ ()]} = J (Be(h)u(x.t) v < J E (6 (1)) B (u(0))" de = B(e(h) Bl () ="0E]u(o) [ < "0 E]u],,
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Omxe, u" eV . Ons Toro, LLo6 A0BECTY (3), NOKAKEMO CTIOYATKY, L0 ANS BCIX new? (G) dyHkuis u" maiixe ans Beix

t€[0, T| 38a0BOMNbHSIE CBBIAHOWIEHHIO

(uh (t),n)o = ((ph,n)o +i{—(aijuf‘_ My, ) (b Uy ,n) (s)} ds . (4)

dopmanbHO (4) MOxHa oTpumaTh 3 (2), AKWwo obunaBi YaCTUHM PIBHOCTI (2) MOMHOXUTK Ha s(h), B3SITU MaTeMaTuyHe

CNoAiBaHHS i NOMIHATY NOPSAAOK iHTerpyBaHHA. OBrpyHTyemo Takvi niaxia.
MoyHemo 3 nisoi yacTnHu. CnpaBeanmBa ouiHka

12
/ ? L, /
Ef |s<h>u<r>n|dxS(E<s<h>>2)lZ[E(J |u<r>n|”’xj J <0 (e o) <
G G
1y, 2 Ly, 2
7HhHL2 T 2 7HhHL2 T
<e Ml (Efu(e) ) < e ] ull,

3 Teopemu ToHenni [1] Bunnusae: Ea(h)(uh (1), n)o = (uh (1), n)o.

. thHiZ 0.7]) 2\V2. . h
AnaroriuHo, E | |s(h) (pn|dxs g2 o] Iml (E" (p||0) i 3a Teopemoro Towenni Eg(4)(o,n), = ((p ’n)o .
G

et o] <o

. 12 - 12 L, e
s (ET(Kdunnl Il dxds] < Tk, 2" [ fluf dxds] ST, 0
Gr

T

Oani

12
dsj <

E| ‘s(h)(ai, Uy My ) (%”x My, ) (ai/”x,» My, )o

Omxe, Maemo

Es(0)f (o, n, ) s = (o m, )

HapeLuTi, 3anuwaeTbca nokasaTiu, LWo
t
Es(h)i( x,n) w(s)= jh( )b xi,n)ods. 5)

Ans usoro sayaxumo, wo D e(h)=¢(s)k(s) i3a o3HauenHsim iHTerpany Ckopoxoaa [7] Mae MicLie piBHICTb:

B (0] (Ao, ) () = Ef(5) () B ) s

BpaxoBytouu Te, Lo yHKLUiS /1 oGMexeHa Ha [O, T] , @aHarnoriyHo nonepeaHLOMy, GyaemMo maTu

Ei‘s(h)h(s)(biuxi,n)o

3a Teopemoto ToHenni otpumaemo (5). CniBsigHoWeEHHS (4) JoBeAEHO.

Ly, 2
ds <\TK,d ||n||l eEHhHLZ([O‘T]) ||u|| s, AN aeskoi cranoi K <co.

MokaxeMmo, sk 3 (4) oTpumatn (3). Hexai {\uk (x)}oO — byHAaMeHTansHa cuctema B 17, (G) Taka, wo ( vh ! ) 0= -

k=1
Toai, ana n = \uk, k=1,M,M <, i maitke ons BCix € [O, T] MaeMo

(uh(t),wk)o_((ph,wk)o::J;{_( e W)+ (bt )O}ds, (6)

Hexan feC” ([O, T]) Taka, Wo f(T) = 0. Ockinbku npaBa yactHa (6) i f abcontoTHO HenepepBHI YHKLIT, To Ans

HUX cnpaseanuea opmMyna iHTerpyBaHHs YactuHamu [1]:

1]'(s){—(ai/uﬁi,w§j) + (bl )} ds :—Ij;(t)

o~

{‘(”g/“is‘l’ﬁ,) (hbux,\y )}dsdt:

T

=1 (] (" (1)), ("), e =
:_ff, (0)(w" (1)ow* ), i+ (9" " )O(f(T)-f(o)):-ff, ()(u" (1).w" ), de=(o"w*), £(0). (7)
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Hexan cyHKLUis gk eC” ( [0, T ), k=1,M, Taxi, wo gk (T) =0 . PosrnaHemo (7) ana f = gk . Mpocymyemo (7) no

]
M
ksin 1go g eC” ([O, T]), 1,M, . MoaHaunmo O (x,1)=3 vk (x)gk (¢). Otpumyemo
k=l

X

[ {aiiuf’ @f —hbl-ui'l oM — oM }dxds = j'(ph (x)@" (x,0)dx. (8)
Gy G

o

dyHkuii (x,1) cknapaTk WiNbHY MHOXMHY CEPesl eNeMeHTIB W1,21 (Gr), sii nopigHioloTe Hyrio npu s =T . YMoBH

o0
Teopemu 3abesnevyroTb MOXIMMBICTb rPaHNYHOro nepexody B (8) no mocnigoBHOCTSAM {CDM} . B pesynbTtarti otpumye-
M=l

Mo (3). Ilemy noeegeHo.
Teopema. NpunycTnmo, wWo BrKoHyoTbCcs ymoBu A), B), C), D). Togi nepLua kparioBa 3agadva Ans piBHAHHSA (1) He Moxe
MaTu ABOX y3aranbHeHWX PO3B'sa3KiB.

HoseneHHs. Mpunyctumo, Wo u; | u,— ABa y3ararbHEHWX PO3B'A3KK MepLuoi kpaiosoi 3agadi anga (1) 3 SV . Togi ulh i

ué’ — po3B'asku 3agavi (3) 3 V' . Ane, sik BcTaHOBNeHO B [2], 3agaya (3) He Moxe MaTu OBOX Pi3HMX po3s'askiB 3 V' . Lle o3Hauae,
wo ans he C” ( [0,T] ) Mae MicLie yMoBa Es(h)(u1 (x,5, - )—uy (x,s, - )) = 0 Ha MHOXWHI G} MOBHOT (g x 1) — mipn Lri-
Hopa Gy . PosrmnsHeMo MHOXUHY /1 € c” ( [O,T]) BCIOAU LWiNbHY B I? ( [0, T] ) Hanpuknag, ue mMoxyTb OyT MHOrouneHu 3

paujoHansHUMK KoediuieHTamu. Togi {s(hi )}j(i1 YTBOPIOE TOTarNbHY MHOXMWHY B I’ (Q) . MosHaummo GT =Ny, Gﬁ" . MHOXUHa

G, < G, mae nosHy (g xX)— mipy umnivapa Gy . [nsi Beix /€ {hi}il 6ynemo mati: Ee(h)(u; —u, )|G =0.
- T
3 uporo 6esnocepedHbO BUMNMBAE, WO u; —u, =0 3a Mipolo A; xAxP. Omxe, u; i u, He BiOPI3HAIOTLCS AK enemMeH-

™™ SV . Teopemy ooBeaeHo.
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THE UNIQUENESS OF THE SOLUTION
OF ANTICIPATING PARTIAL STOCHASTIC DIFFERENTIAL EQUATIONS OF PARABOLIC TYPE

Conditions for the uniqueness of the generalized solution of anticipating partial stochastic differential equations of parabolic type are obtained.
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INVARIANT SUBALGEBRA OF UNIVERSAL ENVELOPING ALGEBRA
FOR ORTHOGONAL MATRIX LIE ALGEBRA

The structure and properties of invariant Gelfand-Zetlin subalgebra of universal enveloping algebra for the orthogonal complex Lie
algebra. This algebra is considered as subalgebra of polynomials on groups of variables, depending on two indices that are invariant
with respect to the action of the Weyl group. The Gelfand-Zetlin algebra is realized as some finite extension of the algebra of symmetric
polynomials on groups of variables.

INTRODUCTION. The aim of this paper is to study the structure of the invariant subalgebra of the universal embedding al-
gebra of complex orthogonal matrix Lie algebra O,. We use Gelfand-Zetlin formal construction for orthogonal Lie algebras
[1-3, 6]. We construct the orthogonal operator algebra associated with Gelfand-Zetlin formulae. The orthogonal Lie algebra

© Golovashchuk N., 2015
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O, is realized as operator Lie algebra on the set of tableau according to parity of #n [3]. Thus sufficient to determine the action

of generators of the Lie algebra O, . The center Z of universal embedding algebra U, [4] is generated by independent invari-
ant operators, which can be determined by the S-theorem Poxa [3], they are Kasimir operators for O, invariant with respect to
the action of the Weyl group. The Gelfand-Zetlin approach interprets the center Z of universal embedding algebra U, of or-

thogonal Lie algebra O, as invariant Gelfand-Zetlin subalgebra I" [4—6], and which is studied in this paper.
DEFINITIONS AND STATEMENT OF THE PROBLEM. Let K denotes the basic field of complex numbers. For
neN,n>1, we will denote by ¢; € Mat,,,(K), 1<i< j<n, the matrix units. We denote by O, the Lie algebra of com-

nxn
plex skew symmetric nxn-matrix and call it the orthogonal matrix Lie algebra. Denote by U, the universal embedding
algebra for O

n?

and by Z, the center of U, . The matrices £, = ¢

1< j <n is a minimal system of generators.

—e;, 1<i< j<n, form a standard generator set for

0, , and the set of matrices £, ;,

We identify O,, 1<m <n, with an orthogonal Lie subalgebra of O, spanned by {eﬂ —e; |1<i<j< m} . So that we
have the following chain of orthogonal Lie algebras O, c O, —...< O,, embedded in the left upper corner. It induces the

embeddings of the universal enveloping algebrasU, c U, c...cU,.
We use the Gelfand-Zetlin formal construction concerning the the orthogonal Lie algebra [1, 6]. The simple finite-

n+1

dimensional modules of the orthogonal Lie algebra O,,, are parametrized by the vectors m = (ml,...,mp), p= [—} ,

n+

2
with complex coefficients, satisfying
mzmz..z2m,  2m,| n=2p,
m2..2m,  2m,20 n=2p+l.
These vectors represent the highest weight of the corresponding simple module. This construction uses the notion of
tableau. By a tableau, [t] , we mean a doubly-indexed complex vector

bpiy o e by, bpj e e by,
0. Lp-21 - lp-2p- 0. Lpn - lpop
2p - 2p+1 -

by b,

The Gelfand-Zetlin formalism provides that O, is realized as an operator Lie algebra on the set of all patterns or on the

n+1

attached polynomial ring. For this, it is sufficient to determine the action of the generators Eﬂ of O,,,. We denote
by, =ty,  +p—j+1/2,
n o J=lewp (1)
by =tp1;+*P=Js

The following lemma summarizes the results [2,3].
Lemma 1. In terms of variables 1, ,,,...,1,, , (1), any element of the Weyl group W, ,,, for O, ., can be represented

as a product of permutation of these variables and of an arbitrary number of inversions of a type:

N by =y
2p,j * A
Lpax P bk # ).

The center Zzp+1 of universal enveloping algebra U2p+1 is generated by the symmetric polynomials of even order

_ & ok P _ 2 R .

z —ZZzp,j,ke2N. Let Zj —<82p’1>><...><<82p’p>, €, ,;=Lj=1..,p be an elementary 2-group. The symmetric
J=1

group Symp acts on Zz” by the permutation of components. Then the Weyl group sz+1 of odd orthogonal Lie algebra

021,7+1 as an abstract group is isomorphic to the semi direct product Symp Ta ZZ”.

Lemma 2. In terms of variables ,,_;;,....5;,_; , (1), any element of the Weyl group W,, for O,, can be represented
as a product of permutation of these variables and of an arbitrary number of inversions of a type:
Loy P =y

€2p-182p-1,; Y hap-1,; P ~hpo s
ZZp—l,k = lzpfl,,(,k #1,J.

The center Zzp of universal enveloping algebra U2p is generated by the product plZp—],l,‘,IZP—l,p and by the symmet-

P
ric polynomials of even order of a type z, = > Zé‘p_l’j,k € 2N.
Jj=1
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Let ¢:Z§ — {il} be a canonical epimorphism. We denote by E,, the sub group Ker¢ of index 2 in Z?ie. o(e)=1
if and only if € contains even number of non unit components. We denote Wz'p the semi direct product of groups Symp
and Zf’ . The Weyl group sz of even orthogonal Lie algebra 02p as an abstract group is isomorphic to the semi direct

product of groups Symp and Ep , itis a sub group of index 2 in Wzyp.

METHODS. We fix some integer positive n and define the action of the Weyl group W =W, on the polynomial ring

+1
A . Forany m, we put p(m) = {HT} and c,, =1if m is even, ¢, =0 for m odd. Let p = p(m), we consider the fol-

lowing numbers:
n-1

Ny = 2 p(m) i Ny = 2 p(m)= Ny +0 -
m=1

m=l

n(n—1)

Then Ny, + Ny = . We denote by J,, =[1; p(m)] an integer interval, and we indicate the following index

sets: Jjy.,) Jion - Then | 1n)|_ [y | |J1n | N

= {mj}me[l;n),./eJW ’ - {mj}ME[l;”],./EJ

Let A, K[{kmj}‘ J } be the polynomial K -algebra in p(m) variables, denote by A the polynomial K -algebra
./E m

A=K[A,,...,A, ] in Ny, variables, where
{qu’j =h, ; +1/2 =ty ;+q+1-j, 2q<n

R = by tq4—J, 2q-1<m
or, equivalently, A, =1, +[%}+1—j , J €[l p(m)].

For any m,q = p(m), let Z% be a 2-group defined above, and let E,, = Z1 for meven, E,, be a sub group of index 2
in Z;’ form odd. Thereafter, we consider the transformation groups acting on the m -th level: the symmetric group S, , and

the groups G, =S, 22 , W, =S, «<E, with c be a semi-direct product. We have the following groups acting on A :

m

S=1] S,.E= 11 E,. G=]] G,=S« [] Z§, W= ]| W, =S« E. Under the construction, Weyl group

me[l;n] me[l;n] me[l;n] me[l;n] me[l;n]
of the orthogonal group O,,, is isomorphicto W .
We determine the action of G and W on A . The group S acts naturally by the permutations on the variables having
7‘;:7 :xmj,
the same first index. The involution € ;€ £, is given by the formulae . . with
My, HE

_ “Apis €y =0,
)\‘m' :Cm_km‘ =
v Y 1-A mis Cm =1

be the conjugate element for Xm/. in A . For modd, any generator ¢,.€,, of E, actson A asa composition.

mj
We establish some useful identities in A . Forany i, j € J,,, there holds A, + kmj =L, + A (=c,,) . Equality
Mg + Mo + Mg + A =+ =1
hold for all m,k €[1;n] provided |m —k| =1.

Forany m<n and any jeJ, , introduce a new variable v, = kmjkmj The action of the group G s transferred to

S
this variables in the natural way while E acts identically. We denote by I, = Sym [{ymj} - }: K[{ymj} - } the K -
jedy, Jed

algebra of symmetric polynomials in g variables {ymj}/ej . Given 0<k <g = p(m) we denote by ng) =€ (YontssVimg)
the k -th elementary polynomial with Gg”) =1.Then I}, = K[{cg")}k o J is an algebra of symmetric polynomials.
ellig
q
Given m=2q -1, we define the product A, ) =As, ;---Ayy 1y € A" Then (7»(251_1))2 =[1v24-1,; €T3 - We set
j=1

= p(
Yg-1) = V2g-11--Y2g-1,4 = qu) el .
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Here are some statements from the theory of symmetric polynomials. For some set of variables {xl,...,x,} consider the

ring of symmetric polynomials Sym, = Sym(x,,...,x,) =K[x,...,x, ]Sr , the symmetric group S, acts naturally by permuta-
tion of variables.
We denote by s, , =s, ,(x,...,x,) -th elementary symmetric polynomial of the first » variables, 1<7<r<gq . We as-

sume s,,=11is,,=0 for t>r. Then Sym, :K[sr,l,...,sr,,]sq . Let Sym,.  Sym, denotes the sub-ring of symmetric

polynomials over K, generated by the elementary polynomials s, ,, 7=1,...,r—1.

!
Lemma 3. Let 1<r<gq. Then for any 0<¢<g the following holds: s, ;, = > (-1 xfsm_k . In particular, there is

equality Y (-1)f xfsr’,_k =0.

k=0
Proof. We prove the first equality by inductionon #>0. Itis true for t =1 and r > ¢, because s,_;; =5, —X,.5,_ . For
SN S RN
t> 1’ we have: Sr—l,t = Sr,t _xrsr—l,t—l = Sr,t — X Z (_l) X Sr,t—k—l = Sr,t +xr2(_l) xrsr,t—l = Z (_1) xrsr,t—l . The
k=0 I=1 1=0

statement of Lemma 3 is obtained by substitution  =r .
RESULTS. We set I',, =I5, 2g<n. For 2q—1<n, we denote by I',,_; the subalgebra in A, ,, generated by

Féq_l and A,y Then Fiq_l cI'y, is asquare extension. The constructed I',, and I',,_, are the polynomial subal-

gebras in g variables.

Lemma 4. For any m €[1;n] the center Z,, ., of universal embedding algebra U,

,1 isasubalgegra I',, c A,
Proof. Let m=2q. For any j we obtain: y,, ; :kzq’szq,j :(lzq’j+1/2)(—12q,j+1/2):1/4—122q,j. Therefore,

q
Z o= 212,“ Z yzq] is a symmetric polynomial on v, ;,...,Y,, , - The proof in this case follows from Lemma 1.

Similarly, for the case m =2g —1, using Lemma 2, we obtain, that the center qu is generated by the symmetric poly-

q
nomials in variables v,, ;,...,Y5,, and by the polynomial L., . Besides, X(qu,l)z(—l)qH Y24-1,; because
J=1 '

q q9 _
H 7\’2(1—1,]' = (=17 H 7‘2(1—1,_;' :
Jj=1 Jj=1

By the definition, the Gelfand-Zetlin subalgebra I' c U, is generated by all centers Z,, ., for m €[1;n] . By the construc-
tion, T is a commutative integral domain, generated by all T',,. Let [ < T" be a subalgebra, generated by all I',, m €[1;n].
Nema 5. Following identities are valid: I" = A" and T =AY .

Proof. Obviously, T < AY . We prove the opposite inclusion by induction on 7 . Let A[l;n) c A be a subring in the variables

Ayi» me[lin),and Iy, < T' be a subalgebra, generated by all I',,,, m €[1; 1) . By assumption of induction, A[Gl;n) =T, -

nj

Itis easy to see that A” Ag;n)[knl,...,knp] =L [As-- oAy, 1 where p = p(n) . Suppose that some a € A° \Lj

depends on the variable 1, . Then there exists a polynomial b(¢) € I';;.,,\[A Mp-i 1[¢] such that a = b(%,;) . According

nlo*
to the assumption, b(k N=a" = =0b(},;) . Note that the polynomial b(k )+b(h,;) is symmetric with respect to two vari-
ables knj,X and thus depends on knjkw Y, and knj +X, =c,€K. Hence, a=b(y,) for some

b() € Ty [1

From the theory of symmetric polynomials, it follows that every polynomial a r[1;n)[Yn1=---=an] can be presented as a

A,,-11[2] - From this we obtain the following inclusion: 5(¢) € Ty, [Y,1s- > Va1 1[1] -

nlosees

polynomial a:b(ym)el"s[ynj] for some je[l; p] of degree less than p, and this presentation is unique. Because

a™" =aq with w . be a transposition, this means that the polynomial b(¢) has at least p roots Yls---

i, contrary to

”an ’
the assertion that the power does not exceed p . With the proven a € T'*, from where we obtain the inclusion AY =T".

Now we assume A[VK,,) =TI, and show that I' = A" 1t is trivial for n even. If n is odd, then T* = A° = A" be-
cause W < G . Note that l"s[ynl,...,ynP]G :l"s[ynl,...,ynp]G =T". Therefore, any element F € A" can be represented

as aeT’[A

nls--s My, ], moreover the degree of any 2, is not more than 1, while for n odd, there is kij =-v,; - Hence,
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if F' has a factor cA,;, then cA, =c'A,, for any i, because a™" =a . From this we obtain a=a'A,; with a'eT*.

The proof is complete.

Consider the orthogonal Lie algebra O,,, and its universal embedding algebra U, ,, . The corresponding polynomial

n+l
K -algebra A and the Gelfand-Tsetlin algebra are defined above. We denote by F' the field of fractions of I", and by L
the field of fractions of A . The action of the group W on F and L is determined by the action of W on A . By the Lem-
mas 3 and 4, we obtain the following theorems.

Theorem 1. The natural monomorphism I' - A can be extended to an embedding of the fields K — L . The subalge-

bra T'=A" is a Galois order in the sense of [5], I =K and G = G(L/K) is a Galois group of the field extension

K < L . Besides, the global dimension of I" equals N, .

Theorem 2. I =AY is a ring of multi symmetric polynomials in groups of variables {ymj |je Jm} 1in)’ and F° isa
me[l;n

n—1

field of fractions of I'*. Then F > F* is an extension of fields of degree 2[ 2 } . Moreover, F = F*[t;,t; ...,t; 1/ J , where

k is a maximal odd integer less or equal n+1, an ideal J is generated by z‘r2 —Gf(’), r=L.3,... k.
CONCLUSIONS. There is considered an invariant subalgebra I" of universal embedding algebra U, of complex or-
thogonal matrix Lie algebra O, . Were introduced new variables, in terms of which I" is a subalgebra of polynomial algebra,

which is invariant under the action of Weyl group W . We describe algebra I" as subalgebra of the algebra of symmetric
polynomials in groups of variables.
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Beldinsi. B pobomi roka3aHo, wio nid aneebpa lenbghaHOa-LlemniHa peanidyembcsi sik 0esike CKiHYeHe PO3WUPEHHST an2ebpu CUMEmpPUYHUX MOmiHOMIg 6i0 epyrn 3MIHHUX.
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UccnedosaHbl cmpykmypa u ceolicmea uHeapuaHmHou nodanzebpsi [ensghaHOa-LlemnuHa yHueepcarbHol obepmbieansHol aneebpbl Orisi Opmo20oHasIbHOU
KomrinexkcHol aneebpbi Jlu. Oma nod anzebpa paccmampusaemcsi Kak o0 anzebpa rnonuHOMO8 om 2pyrin NMepeMeHHbIX, 3asucsuiux om d8yx UHOEKCo8, Komopasi
s18r155IeMCs UH8apuaHmMHol omHocumesbHo delicmeusi 2pynnbl Belins. Aneebpa lenbghaHOa-LiemnuHa peanudyemcsi Kak HEKOmMOPOEe KOHEYHOE pacluupeHue anzebpbl
CUMMEMPUYHBIX MOMUHOMOS OM 2Py NePEeMEHHbIX.
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ANNIHILATOR SUBALGEBRAS IN LIE ALGEBRAS OF DERIVATIONS

Let K be an algebraically closed field of characteristic zero and K(x; , ..., X,) be the field of rational functions. The set Ann(S) of all
K-derivations of K(xs , ..., X,) which annihilate a set S — K(xs, ..., X,) is a subalgebra of the Lie algebra W,(K). The structure of the

subalgebra Ann(S) is connected with centralizers of elements of W,,(K). A characterization of the subalgebra Ann(S) is given, some sets
of generators of Ann(S) are pointed out in the Lie algebra of all K-derivations of the polynomial ring K[xi, ..., Xn].

INTRODUCTION. Let K be an algebraically closed field of characteristic zero and R = K(x,,...,x,) be the field of
rational functions in n variables. The set DeryR of all K -derivations of R, i.e K -linear operators D on the field R

satisfying the Leibniz's rule: D(fg)=D(f)g+ fD(g)forall f,geR is a Lie algebra over K and a vector space over R ina
natural way: if we take f eR,D e DergR, the derivation fD sends any element ge R to fD(g) . The structure of the Lie

© Stepukh V., 2015
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algebra DergR is of great interest because one can consider derivations as vector fields on geometric objects. If we take
any element D e Dergy R then D can be written in the form:

0 0
D=f—+.+f—,f R,
/ 0Ox, % 0ox, fie
and D is a vector field with rational coefficients. Such Lie algebras were studied by many authors (see, for example [1],
[2], [3]). If we take any set S < R=K(x},..,x,), then one can pose a question about the structure of the annihilator

An (S)={DeW,(K)|D(s)=0 forall seS} (here W,(K)=DergR). This subset Ann(S)cW,(K) is obviously a

7, k)
subalgebra of VI7n(K) and a subspace of the R -space Wn(K). We point out explicitly a basis (over R) of A4nn(S) (see
Theorem 1). Note that the annihilator A4nn(S) is contained in a larger subalgebra Nan(K), which consists of all

derivations D of R such that D(K(S))c K(S) where K(S) is the subfield of R generating by the set S and by the
subfield K . We give also the basis of N over R. These results are applied to the Lie algebra W, (K) of all derivations of

the polynomial ring K[x,,...,x,,]. Here we consider systems of generators over K[xi,..,x,] since Anny (x)(S) is a

submodule of the free K[x;,...,x,]-module ,(K) (Theorem 2).

We use standard notations, the ground field is denoted by K and is algebraically closed of characteristic zero. Recall
that a polynomial g is a slice for a derivation D e W, (K) if D(g)=1.

ANNIHILATORS OF SETS OF RATIONAL FUNCTIONS. The next two lemmas contain some preliminary results used
in the sequal.

Lemma 1. Let D;,D, Wn(K) and a,beR . Then
1) [aD,,bD,]=ab|D,,D,]+aD,(b)D, —bD,(a)D;;
2) If in addition a,b € KerD| n KerD, then [aD;,bD,]=ab[D;,D,] .
Lemma 2. Let D be a K -derivation of the field K(x;,..,x,) and F be an algebraic extension of K(xi,...,x,) . Then
there exists a unique extension D of D on F , i.e. such a derivation of F that 5|K(xl,”_,xn)=D
Lemma 3. Let S be a subset of K(x,..,x,) and K(S), the subfield generated by K and S in K(x,...,x,) . If K(S) is
the algebraic closure of K(S) in K(x,...,x,) then:
1) Annu;n (K)(S) = Anan(K) (K(S))= Annu;n (K)(K(S)) ;
2) Anng (K)(S) is a subalgebra of Wn (K) and a vector-space over R of dimension m=n—tr.degg K(S) ;

3) If in addition m >1 then the Lie algebra Anng (K)(S) is simple.

Proof. 1) Every K -derivation DeWn(K) annihilating the set S annihilates obviously the subfield K(S). Since the
subfield K(S) is an algebraic extension of K(S) then every derivation of R annihilating K(S) annihilates also K(S) by

the Lemma 2. Therefore Anng; (K)(K(S))zAnnn; (K)(K(S)). The converse inclusion is obvious, so we have

Annn;" (K)(K(S)) = Anan(K)(K(S)) .
2) Let k=tr.degyg K(S) and yi,...,y; be a transcendence basis for K(S) over K (the elements y,,...,y; can be cho-

sen from the set ). Take a complement of the set {y,,...,y,} to a transcendence basis of the field K(x.,...,x,) consisit-

0
and consider the derivations —,i=1,...,n, of the subfield K(y,...,y,) of

ing of arbitrarily chosen elements y;,,,...,» 5
Vi

N

0

the field R=K(xy,...,x,). Let us extend the derivations a—, i=1,...,n, to the derivations of the field K(x,...,x,) using
Vi

Lemma 2, and save the same notations.

Then o reens
ayk+l ayn

annihilate obviously the subfield K(S) (because aﬁ(yj)zo,izkﬂ,...,n,j=1,...,k). Therefore
Vi

0 0
+..+R—c Anny (K)(S) - Let us show that the latest inclusion is equality. Take any D e Anng; (K)(S) . Then D
Vie+1 Vn " !
can be written in the form:

R

0 0
D=fi—+.+ fr—+in tot o
1 v " g " oy,
for some f; € K(x;,...,x,,) (because the derivations aﬂ,...,aa are linearly independent over K(x;....,x,) ).
M Vn
. 0 0 0 0
Since fi . —+..+f,—¢€ AnnW"(K)(S) , we see that D =fil—+..+f —€Anng K) ().

Vi1 vy a3 Wi W
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The obvious equalites D;(y;)=0,i=1....,k imply f;=0, ie.D;=0 (by the equality ai(yj):ﬁl-/-). Hence
Vi '

0 0
Annz S)=R—+...+R .
W,,(K)( ) iy Wy
3)Let m=n—k>1 . We have by the above proven
0 0
Ann S)=R—+...+R ,
w0 =R o,

i.e. the subalgebra Annj (K)(S) is a vector space of dimension m>1 over R. Let I be a nonzero proper ideal of

A )(S) . Then I contains a nonzero ideal J which is a vector space over R . The latter is impossible because of re-

nan (K
sults of the paper [4].
Let S be a non-empty subset of K(x,...,x,) and {y,...,y;} be a maximal algebraically independent over K subsystem

of S. We can assume without loss of generality that S ={y,,...,;} because Anng (K)(S) = Annj; (K)({yl,...,yk}) by the pre-

vious lemma. Complement the set S to a transcendental basis {xi,...,x,_;,»|,....y;} Of the field K(x,..,x,) over K (itis
possible after renumbering of variables). Denote by Jsx, the jacobian derivation of the subfield K (x,...,x,_;,y1,...y;) de-

fined by the rule: JS,x1 (h) =det J(Xypeees X1, 1, X 4 [ 5eesX s V1 sees Vi sk = 1,...;n =k, where the latter determinant is as following:

1 0 0

o on o on

Ox  Ox Wi (1)
0 0 1 0
0 0 0 1

Extend these derivations on the whole field K(xi,...,x,) (it is possible by Lemma 2) and save the same notations for
them. Denote by A =detJ (x,...,X,_j, V1oeees Vi) -
Lemma 4. The derivations JS,x,. ,i=1,..,k, are linearly independent over K(x,..,x,) and each of them contains the

subfield K(S) in its kernel and the derivation J; -i maps the subfield K(S) into itself.

=0 for some f; eR. Since Jg, (x;)#0 (because this is the jacobian of

Proof. Assume that fiJg . +..+ f, xJs.x, ,

algebraically independent over K rational functions xi,...,x,_, Y1,y ) @nd Jg (x;)=0,i=j, we get f; =0,...,f,_, =0

and therefore Jg , ....Jg .  are linearly independent over R. FurtherJg . (y;)=0 forj=1...k and i=1l..n—k and

therefore K(S)c KerJs ;. ,i=1,...,n—k .Butthen K(S)c KerJg, bylemma2.

v, agrees on K(yy,..,y;) Wwith the derivation ai So iJS,y’_ maps K(yy,....y,) into itself. By

The derivation lJS
A Vi

Lemma 2 the derivation %JS can be uniquely extended on the algebraic closure K(S) of the subfield K(S) in R and

Vi

hence iJS»y.' maps K(S) into itself.

can be easily written in the standard basis {ai,..., 0 + of the field

Remark. The derivations iJS . and iJS
AT A X X,

g

K(x,...,x,) inthe form Jg :flai+.,.+fnai , Wwhere f; € K(x,...,x,) . The coefficients are minors of order n -1 of the
X1 Xn

determinant (1)
Theorem 1. Let K be a field, S be a subset of the field K(x,...,x,) of rational functions and y,,...,y; be a maximal

set of algebraically independent over K elements of S. Then the annihilator Annj; (K)(S) is a vector space over

K(x,...,x,) with the basis Jg . ...Jg, . The set N; of all elements of VIN/n(K) which map K(S) into itself is a
1

semidirect sum Ny =M x Anny (x(S) where M is a subalgebra of Wn(K) with the basis %JSJI"“’Z‘]S% .

3 Xy

Proof. As %JS% ) =1Jg, (y))=0,i#j, we see that %Js,yl,...,%JS,yk are linearly independent over R .
Every derivation Js,y, maps K(S) into itself by Lemma 4. Denote by M the subalgebra M = K(SWs,,, +-.+K(S)Ws of the

Lie algebra Wn (K) . It can be easily shown that Ann; (K)(S) is an ideal of the Lie algebra N, . Take any element D € N, . Then
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k k
D(y;)=f; for some f,cK(S) and (D—Zﬁ]s’yi)(yi)zo for all i=1,..k. But then D—ZﬁJS,yi € Anng 0 (S) and
i=1 i=1
therefore N; =M x Anny ()(S) the semidirect sum of the subalgebra M and the ideal Annyy (xy(S) (it is obvious that the
intersection of these subalgebras of N, is zero).
Example. Consider more detailed the case r.degy K(S)=1. We can assume without loss of generality that S ={y,} .

The annihilator of the subset S consists of linear combinations over R of the derivations Jg . =i,i=1,...,n—1 . The

Ox;

Gyl)
xn a)}l

ANNIHILATORS OF RATIONAL FUNCTIONS IN THE LIE ALGEBRA W,(K). We will denote by W,(K) the Lie
algebra of all K -derivations of the polynomial ring K[x,..,x,]. It consists of the derivations of the form

subalgebra M is of the form M = K(y,)(

D= f‘a_+ A+ aa , f; €K[x,,...,x,]. The Lie algebra W, (K) is contained in W(K) and W,(K) is a free K[x,...,x,]-
251 Xn

module. This Lie algebra acts naturally on K(xi,...,x,) and we consider annihilators of elements of K(xi,...,x,) in the
subalgebra W, (K). If ¢ € K(x,...,x,) then Anan(K)((p) is a submodule of the module W,(K) over the ring K[x,...,x,] .
We point out generators of Anngy (x)(@) in some cases.

Lemma 5. Let ¢ € K(xy,...,x,) and Annyy (x)(9) be the annihilator of ¢ in W (K). Then:

1) Anny (k)(p) is a submodule of rank n—1 of 7, (K);

2) If in addition » =2, then the Anny (g (p) is @ free submodule of rank 1 of W,(K).

Proof. 1) See Lemma 4.
2) See [3].
Lemma 6. Let D:Zn‘,l’;aiEWn(K) with  p; € K[x,...x,] and D(¢)=0 for some ¢eK(x,...,x,). Then the

i=1 i
% 0 a0

derivations DY) = —
J Ox; Ox;  Ox; Ox;

—.i,j=1,..,n,i # j , satisfy the equality z ij(’) (Z—Q)D.
j=l,j#i X

Proof. It is obvious that D}’)((p):o for i, j=1,...,n . Further we have

; ! op O op O 0 1 0 < 0 0
S onp- $ o[ -ReB - 2) S ni 5 a2
Jj=1, j#i Jj=1, j#i Xp OX;  OX; OX; Xi ) j=1, j#i o\ =l =i X ) OX;
The latter sum can be written in the form

0P | 0 op 0 < op | 0 dp 0 [ O¢
- St p 4 - -~ 1D,
( ax-]Z_;p‘/ Ox ; Pi Ox; Ox; (gpj Ox ]éx 8x ax Ox;

Theorem 2. Let go:EEK(xl,...,xn) be such a rational function with coprime polynomials u,v that there exist
v

polynomials f;,...,f, with flg—(p+~~+.fn :‘p :Lz' Then Anny k() is a submodule of rank n—1 over K[x,...x,] with
x| X, v "

— i op 0 O0p 0 | »
enerators D, = DW j=1,..n, where DV = -+~ 4+ ~ |y
g ! Zf i) " / Ox; Ox;  Ox; Ox;

i=li#j

Proof. Take any derivation D e Anmy k)(p), let D:plai+....+pnai,pieK[xl,...,x,,]. Consider the derivation
! x| X

n

pi__9» 0  0p 0

AN , .
. Since D(p) =0 then by Lemma 6 it holds z DY =(==2)D,i=1,....n . Multiply both sides of
/ x; 0x; 6x o, X; ()= y Dj ( 6xl-) i n ply

J=1,j#i

these equalities by f; and add them. Then we obtain in the right hand side Zf,(— )D = —LD The left hand side is of

i=1

the form Zf’ ijD(’) —Zp ZfD(’) . Denote D, = z f/;D’v* Then we get —D= Zp] . It follows

i=1 J=1,j#i i=lLi#j i=lizj Jj=1

from this equality that AnnW (K)((p) has generators D;....,D, . It can be easily shown that D;,.. ,D eW,(K) .
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Corollary 1. Let /' be a polynomial from the polynomial ring K[x,,...,x,]. If the ideal of K[x,...,x,] generated by the
o I

partial derivatives —,...,—— coincides with K[x;,...,x,], then the annihilator Anny (x)(f), can be generated by n generators.
X1 Xn "
Corollary 2. If a polynomial f € K[x,...,x,] is a slice for a derivation D eW,(K), then Anny (g (f) can be generated

by n elements.

Corollary 3. Let f e K[x,...,x,] be such a polynomial that at least one of the partial derivativesi,izl,...,n is a
X

nonzero constant. Then Anny, (xy(f) is a free submodule of W, (K) of rank n—1.

REFERENCES

1. Petravchuk A. P., lena O. G. On closed rational functions in several variables, Algebra and Discrete Mathematics. — 2007, — no. 2., P. 115-124..

2. Lysenko S. V., Petravchuk A. P., Stepukh V. V., Centralizers of elements in Lie algebras of derivations, Book of abstracts of the International Algebraic
Conference dedicated to 100tr anniversary of L.A.Kaluzhnin July 7-12, 2014 Taras Shevchenko National University of Kyiv 2014, — p. 59.

3. Makedonskiy le. O., Petravchuk A. P., Stepukh V. V. On centralizers of elements in the Lie algebra W2(K); Haykosuin yaconuc HIY im. [JparomaHoBa. 14, —
2013, c. 24-30.

4. Jordan D. A. On the ideals of a Lie algebra of derivations. J. London Math. Soc. (2), 33, (1986), no.1, p. 33--39.

CraTtAa Hapgivwna ao peakonerii 04.03.15

Crenyx B., acn.
KHY imeHi Tapaca LleByeHka, Kuis

AHYNATOPHI NIQANTEBPU B ANMEBPAX 1Nl AUPEPEHLUIFOBAHb
Hexali K aneebpaldHO 3aMKHeHe riorne xapakmepucmuku Hynb i K(x; , ..., X,) - rone paujoHanbHux byHKUiti 8id n 3miHHUX. MHoxuHa Ann(S) ecix K-
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HABJINXKEHE ONTUMANBbHE KEPYBAHHA B ®OPMI OGEPHEHOI'O 3B'A3KY
ANnA NAPABOJIIYHOI CUCTEMM 31 WUBUAKO KONMMBHUMM KOE®ILIIEHTAMM

Po3zansidaembcsi 3adavya 3HaxoOXeHHSI ONMuMalslbHo20 KepyeaHHs1 8 ¢hopmi obepHeHO20 38°A3Ky (CuHme3y) e JliHilHo-
Keadpamuy4Hoi 3adadi, Aka cknnadaembcsi 3 napabosiyHoi cucmemMu 3i WeUOKO KonueHUMU KoegbiyieHmamu ma HanieeusHa4yeHoe20 Ui-
J1b08020 (pyHKUioHasy. 3HalideHo moy4Hy ¢hopmysly cuHmesy ma 3a 0oromo2oro rnepexody 0o ycepedHeHUX napamempie obrpyHmo-
8aHO lio20 HabsiuxeHy ¢hopmy.

BCTYI. BaxnumBoto 3agayeto B TeOpii ONTMManNbHOro kepyBaHHSA HECKIHYEHHOBUMIPHMMMW €BOMIOLINHMMMN crucTemamu €
noGyanoBa onNTMManbHOro kepyBaHHs B hopmi 06epHeHoro 3B'A3ky (cuHTesy) [1], [4]. Ansa wmpokoro knacy 3agad sik 3 pos-
nogineHunm [1], Tak i 3 3ocepedXeHUM KepyBaHHAM [5] BOaeTbCA 3HaNTU 3aMKHeHY (bopMy ONTUMAarnbHOro CUHTE3y, Napame-
TPU KO BUpaXarTbCsA Yepe3 BracHi oyHKLUii Ta uucna BignoBigHOro gudepeHuianbHoro onepatopa. Mpy uboMy AKWO
koedilieHT onepaTopa € LUBMAKO OCLMMIolYMMK [2], TO BUHUKAE 3agadva O6rpyHTyBaHHs HabnuxeHoro ycepegHeHoro
cuHTe3sy [5]. Y paHini cTaTTi Taka 3agada po3B's3aHa Ans napabonivyHoi MiHIMHOT cucTeMu 3 30cepeKeHUM KepyBaHHSAM B
npas.ili YaCTKHI Ta KBagpaTUYHUM KpUTEPIEM AKOCTI. Ha OCHOBI 3HanaeHoi opMyriM TOYHOrO CMHTE3Y OOI'PYHTOBaHO hopMy
HabnmKeHoro ycepeaHeHoro onTumarnbHOro kepyBaHHs B hOpMi 06epHEHOro 3B's3KYy.

MOCTAHOBKA 3AOAUI. Hexan Q< R?, p>1, — obmexeHa obnacts, ¢ € (0,1) — manun napametp, 7 > 0. B uunin-
api Or =(0,T)x Q) ansa BekTop-PyHKLiA y = y(t,x), u =u(t) po3rnagaeTbes 3agava

%= AA®y + By + C*(x)u,
y(t,x) =0, x € 0Q,

. (1)
(0,x) = yg(x),

n
9

uel= (LZ[O,T])

n 2 n T
J(yu)= Yo | [T, (x)dx |+, [u? (e)dt — inf. @)
i=1 Q =l 0

© PyciHa A., 2015
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Tyt A, B —ctani nxn matpuui, C°(x) — nxn maTpuus, eNemMeHTU SKoi Hanexarb LZ(Q), yg e(Lz(Q)y, q eLZ(Q),

a; >0, 7, >0,i=Ln, & =diva*(x)V), at(x)= a(%) a0 = oy @)

_, — BUMIpHa, CAMETPUYHE, NepionyHa MaT-
=

puLS, WO 3340BOMbHAE YMOBU eninTUYHOCTI Ta obMexeHocTi: v, > 0,v, >0Vx, £ € R?

P, L 2.,
2 S Y a;(0)EE; v, X & (3)
i=l i, j=1 i=l
Y cTatTi Nnpu neBHUX ymoBax Ha A i B 3HangeHo popMyny onTumarnbsHOro kepyBaHHsl B oopMi 06epHEHOrO 3B'sI3KY
€ € €
u*=ult,y"|, (4)

ae napameTpu yHKUii 1 3anexaTb Bif LWBMAKO KOMMBHUX KoedilieHTiB. OCHOBHUM pe3ynbTaToM CTaTTi € 0BrPYHTYBaHHS
TOro pakTy, Lo BEKTOP-PYHKUIA u = ug,(t, y), sika ofepXyeTbCH 3 (4) 3aMiHO LWBMAKO KONMBHUX MapaMeTpiB Ha ycepea-
HeHi, a8 HEeCKIHYEHUX CYM Ha CKiHYeHi, peanisye HabnukeHWn onTUManbHUM CMHTE3, TOBTO AKWO ) — po3B'a3ok (1) 3 Kepy-

BanHam u =ul(f,y), 70 V>0 IN, =1, 3£ >0 Taki, wo VN > N, Ve e 0,& J\Eu®)-J(y,u) <8.
N 0 0

OCHOBHI PE3YINbTATW. bynemo po3rnsgatu rinbbepToBi npocTopy BEKTOP-PYHKUIN H = (L2 (Q))1 , V= (H(l)(Q)y1 3
BIANOBIAHUMU CKaNSIPHUMKU [0BYTKAMU | HopMaMmm (y,z)H :i(yi,zi )LZ(Q)’ (y,z)V :i(yi,zi)h,l(g), ||y|\§,:(y,y)H,

i=l1 i=l1 0

2
|y llr=(.), -
Yepes || x|| i (x,y) Bynemo nosHauaTtv eBknigoBy HOpMY i ckansipHun foBytok B R", a | A= (Za; )n ., ~ Hopmy
ij=
n
maTpuui. Byaemo BBaxatu, wo matpuusa 4 = (al-j ) _, CAmeTpudHa i ansa pgesikoro >0
L, ]=
A>BE. (5)
Topi onepatop A° =—AA® e L(V,V*) i 3a10BOMbHSIE OLHKM
2
(Agy’y)y ZBvl ||y||V’ vera (6)
Ay . <20 |4y vy ev. 7)

Lle o3Hauvae [4, c. 120], wo 3agayva ontMMarnbHOro kepyBaHHsi (1), (2) mae eanHuiA po3B'a3ok {fs,ﬁg} ew(0,T)xU , pe
2 dy 2 *
wW(O,T)=qyelL (0,T;V)|EGL O,T;V7);.

Kpim Toro, ans poss'ssky sagadi (1) y° € W(0,7) npu KoXHOMY cpikcoBaHOMy KepyBaHHi u € U cnpaBegnuea ouiHka
ONA M.B. t € [O,T]
1d

¥ v (0, +C@()]

O el ) <1l

v (t)“H ’ (®)

1
. 2 )2
pe C(e)=| [ ()| ax | .
o
[N 3HaXOmKEHHS! ONTUMArnbLHOro NPOoLEecy {T,LTS} CKOPMCTAEMOCh CXEMOIO0 3 [5].

Hexait {X7(x)}, {1} — BnacHi dynkuii Ta uncna onepatopa A, 0 <Aj <A5 <--v, A — 00, j— o0,

o0
LLlykaemo poss'asok y surnagi y°(¢,x) = Zyi(t)Xf(x) . Toai BioHOCHO BeKTOP-(YHKLUl y?(t) MaemMo 3agady
= . .

d € € € € €
Zyj(t):_;\‘J'ij(t)+Byj(t)+cl'u(t)9 ©)

VE0) = ¥
T

2
J=20, [Zqﬁ (yi )i (T )] +y, [u’ (Hdt — inf, (10)
0

=l \j=1 i=1

ne C*(x)= ileXf(X), yo(x)= ilyé X5 (x), q(x) = iflﬁxf»(x)-
J= J= J=
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MpunyweHHsa 1. Matpuui A i B KOMyTyHOTb.
- , : o M5A(=T) 2 o 1A-T)
Topi nicnsi JOMHOXEHHS PiBHSHHA (9) 3niBa Ha ¢ e / BiZHOCHO BekTOp-byHKUii a®(¢) = que J ()
Jj=1
MaemMo 3agaqvy

iag(t) = Ba® (1) + G* (t)u(t),

dt (11)
a®(0) = ag,
~ ~ ~ T
J(ah,u): (N(f(T),cf(T))Jr [(Mu(t),u(?))dt — inf, (12)
0
3 ( T) e & g M5AT . .
ne G°(»)= Z. , aOquje Yo;» N - piaroHanbHa MaTpuus, enemeHTamu sikoi € o,

Jj=1 j=1
M - piaroHanbHa MaTpuLs, efieMeHTaMm SKoi € ;.

Ockinbkn matpuui Ni M € pogatHbo Bu3HadeHumu, To 3agada (11), (12) gonyckae ontumansHe KepyBaHHS B DOpMi
o6epHeHoro 3B'A3ky. BukopucTtoByloun npuHUun MakcumyMy MoHTpsriHa, oaepxXyemo nporpamHy hopMy LibOro KepyBaHHS

ug(t):—M_I(Gg(l))*e_B*(t_T)N(E+D;) BT ag , (13)
t *
gennste [O,T] D[S — J‘eB(I—S)GS(S)M—I(Gg(s))*eB (t—S)dS .
0
Topi BpaxoByoun copmyny poas'saky (11)

t
at(t) = e®af +j'eB(’_S)GE ($)u®(s)ds, (14)
0
3 (13), (14) ogepxyemo wwykaHui cuutes u® () = S¢(t)a’ (1), ne

* _ * _ -1
st =-M G @) e N(E + D) leBT(eBt—DfeB T=On(g+ D3 leBTj . (15)

Takum YMHOM, OBEAEHO HACTYMHWIA pe3ynbTaT
Newma 1. Hexali sukoHyrombcsi ymosu (3), (5) ma npunyweHHsi 1. Todi 3adayva (1)—(2) mae eduHuli po3e'a30k {J_/s,ﬁ ¢ }
akul moxe 6ymu nodaHuli 8 hopmi 06epHeH020 38'A3Ky

7 (0= )= it (0T T (07 (). 75, (16)
J=1

ae )_(j — 71 - MIDHUI BEKTOP, KOXHa KOOpAMHaTa AKOro AopisHioe X |, e;-i - Tnit opT B R".
Bukopuctaemo dopmyny (16) aons nobyaosu HabnmkeHOro CUHTE3y.
Hexan ctana matpuusa o, € yCepedHEeHow Ans a®(x) [2]. Mopsia 3 onepaTopoMm A° po3rnsHEMO ycepenHeHWiA

A’ = div(a’V) . Hexait {X_?(x)}, {}f/} — PO3B'A3KM BiANOBIAHOI CNeKkTpanbHOi 3adaui.

MpunyweHHs 2. CnekTp ycepeaHeHoro onepartopa A e NPOCTUM.
Togi MatoTb Micue 36ikHoCTI Vj > 1, ?fj - koj, Xf - X? B L*(Q) npu € > 0.

Hexan BukoHaHi ymoBu

G
a®(x)—0’(x),
Y& = v, Cly — Cpy cnaGo B L*(Q) npu € — 0, (17)

pe Cj, —enementn matpuui C*(x) .
[MNoknapgemo

AA(t T)n (8()eXO) 8)

0 . . € 0 N 0 KO‘A(t_T) 0 0 . <
ae SN(t) BU3HavaeTbes dopmynoto (15) 3 3amiHoo matpuui G°(¢) Ha Gy (f) = Zq/-e 7 C;, X; — n- mipHu#
o .

Wy )= ﬁlq vt

i=1

BEKTOp, KOXXHa KOOpAMHATa SIKOro JOPIBHIOE X? ¥y €eW(0,T) — poas'asok 3agadi (1) 3 kepyBaHHsM (18).

OCHOBHWM pe3ynbTaToM CTaTTi € HACTyNHa Teopema
Teopema 1. Hexal sukoHaHi ymosu (3), (5), (17) ma npunywerHs 1, 2. Todi popmyna (18) € HabnuxeHum onmumarib-

HUM KepysaHHsIM 8 ¢hopMi 0bepHeHo20 38's3Ky Onsi 3adavyi (1), (2), mobmo Yn >0V 6>0 an > 1, 3 g (0,1) maki, wo

VN =N Vee(0,)
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fo ﬁg(f)—u%(f,yiv])dﬂn, (19)
,L‘Es“,’}]“f “0-25 @], <n (20)
e ) skt i 1] < (21)

n —
DoBepneHHA. [Ona 3pydvHOCTi Hagani Oyaemo nosHayaTu: [Z,X]:Ze,-(z,el-X)H ona zeH, XeLZ(Q),

i=l1

2 A(-T) )
K;’(t):q;Sa(t)e 7 ana j>1, €20.
PosrnsHemo fonomixHy 3agady

% = ANz + Bz + C* (x)u’(t,2),(t.x) € Oy,
z(t,x) = 0,x € 0Q, (22)

z(0,x) = y§ (%),

ne u’(t,z)= YK )(t) Z,X_j?].
j=1

3agava (22) mae eanHuin po3e'asok z°(t,x) B knaci W(0,T) [7], ana sikoro cnpaseanvea oujiHka (8) 3 u(z) = uo(t,zg) .

1
LY
3rigHo (17) 36> 0 C(g)= I‘Ch(xﬂ dx| <o, max “K?(l)”ﬁc, vl <o.
Q telo,r]" H
3 (8) Ta 3 pieHOCTI MapceBans, oaepXyemo OLiHKy Vi e [0, T]
125 @) 17 +2B oIl 2° )11y ds < o® + 2B [l 2° (9) I, ds+20” [g | 2° () [ dis - (23)
3acTocoBytoun HepiBHICTb MpoHyona, 3 (23) ogepxyemo Vi e [O,T]
120 = el (24)
12 . 2
“uo(z,zﬁ) <o? | () 5 < ot (25)

3 (23)—(25) ogepxxyemo, Wo {zS — obmexeHa B W(0,T).
Ockinbkn BknageHHs V' — H e KOMNakTHUM, TO 3a NemMoto Npo KOMNakTHICTb [7] icHye dyHkuia z = z(t,x) e W(0,T)
Taka, WO NpMHaMMHi MO NOCNiAOBHOCTI
2>z e [*(0,T;H),

z5(t,x) > z(¢,x) m.c.8 Oy, (26)
z°(t) > z(t) ¢ H anams. 1€[0,T].
Tomy u’t,z5) > u’(t,z) e [*(0,T;H). (27)

G _
HOani, ockinbkn onepatop A°=-AA°, sagosonbHse (6), (7), To 3 [2] no geskin nignocnigoBHocTi A° — A, ne
ZeL(V,V*) 3aposonbHAe (6). PosrnaHemo ana Vu, €V enemeHt f:ZuO eV” i nexan U, PO3B'A30K PIBHAHHSA

Afu=f. Toni u, > u, cnabo s V. 3 iHworo 6oky, Vizl,_n —Ag(Aug) :7,-, wo B cuny (17) osHavae, wWo

i
—AAOuO = ]_’ . Takum umrom A = A =—AA i 8 cuny eguHocTi G -rpaHuLi No BCili NOCHiAOBHOCTI
G
A5 > A% =—AN. (28)

Topi 3 (27), (28) Ta pe3ynbraTiB npo G -36ixHICTb NapaboniyHux onepatopis [3, 6] MaeMo, WO z — pO3B'A30K 3aaui

(22) npn € =0, TobTO 33payi (22) 3 onepaTopom — AN’ Ta noyaTKOBUMM [aHUMU Vo, Npudomy V4 >0
z* >z B C([8,T];H). (29)

3 (27), (29) ogepxyemo J(ze,uo[t,zg])—> J(z,uo[t,z]) npu € —> 0.

HapewTi, ockinbks 3agada ontumanbHoro kepyBaHHs (1), (2) npu € =0 mae eguHuin poss'sasok [4], ons sikoro
aHanoriyHo nonepeaHLOMY MOXHa ofdepxatn dopmMyny cuHTesa (16) npu € =0, T0 {z,uo(t,z)} — ONTUMAasbHUIA NpoLece B
(1), 2)npn €=0.

[Jani 3ayBaxxumo, LLIO OCKifbK1
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ro vrefo,7] |si()-s"(f> 0, N >
Topi aHanoriyHo [5] MoxHa nokasaTu, wo Vn > 0 BUKOHYOTbCS cniBBigHoWweHHs (19)—(21) 3 samiHoo y° Ha z°, u° Ha

u’(t,z%).

3anuwwunocb nokasaTtu, WO {ig,ﬁe}%{z,uo(t,z)} B ceHci (19) - (21). Ockinbku Vte[O,T] Ve>0
‘Gg(q‘ﬁ qu Cf- ek"HAH(t_T)S"q"c i, OCKNbKM, B CWNY HEBIA'€EMHOI BM3HaueHOCTi Dj BUKOHYETHCS HEPIBHICTb
Jj=1
1
H(E + D;T <1, 710 3 chopmynu (13) Bunnusae

viel0,7]

7o) <[~ ol o* M1 = . (30)
Togai 3 ouiHku (8), 3acTocoBaHoi 4O AOMYCTUMOrO MpoLecy {ig,ﬁg}, maemo, wo y° obmexeHa B W(0,T).

Omxe, ansa geskoro y e W(0,7) y° — y B ceHci (26).

n

Ockinbku, G*(T')= é‘,lq; Ci= ((((Za Ci )L2 (Q)))

| =G (T)e—>0,10 vie[o,T]maemo G*(1)> G*()e > 0.

3Biacu, BpaxoByoum 36ikHICTL ag—> ay,& — 0, 3 popmynu (13), ouitkw (30) i Teopemm Jlebera BusogmMMO, O

it >us (LZ(O,T))q. (31)
Topi, 3HoBY kopucTtytounck G -36ixkHicTio napaboniyHmx onepatopis [3, 6], ogepyemo, Wwo ) — po3s'asok (1) npn € =0
3 KepyBaHHSAM u(t) i npy upomy V46 >0

y* >y e C([8,TLH). (32)

3 (31), (32) ogepxxyemo
J(}S,LTE)—) J(v,u) npn € > 0. (33)
HapewwrTi, 3actocoBytoum o 3apadi (1), (2) npu €=0 npouenypy (9)—(12), 3 ypaxyBaHHSM €OMHOCTI po3B'A3Ky [4]

OLEPXXYEMO AN1s ONTUMAaribHOro KepyBaHHSA Uiei 3agadi popmyny (13) 3 maTpuueto Go(t) i no4YaTKOBUM BEKTOPOM a;, . OT-
xe, u(t) — onTumanbHe KepyBaHHsi B (1), (2) npu € =0. Ha nigctasi eamHocTi po3s'asky 3agadi (1) npu dikcoBaHoMy

KepyBaHHi 3BiAcM Maemo, Lo {y,u} — onTumanbHuii npouec B (1), (2) npu € =0. OTxe, {y,u}:{z,uo(t,z)} i 3ripHO

(31)—(33) Teopema goBeaeHa.

BUCHOBKMW. B po6oTi po3rnsHyTa 3agaya onTMMarnbHOro KepyBaHHSA Ha po3B'a3kax napabonivyHoi cuctemm 3i LWBMAKO
KONMBHUMMK KoedpilieHTamu. Mpu NeBHUX yMOBax Ha MaTpUYHi kKoedilieHTn cucteMu, 3HangeHo ABHy opmyny onTumarnbs-
HOro kepyBaHHs1 B hopMi 06epHeHOro 3B's3Ky (cnHTe3y). Ha ocHOBI ofepaHoi hopMynu, LINSXOM nepexoay [0 ycepenHe-
HWX NapamMeTpiB, 3aNpoNoOHOBAHO Ta OBI'PyHTOBAHO hOPMYIy ONTUMANbHOrO HAaGNMUKEHOrO CUHTE3Y.
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PycuHa A., acn.
KHY nmenu Tapaca LLleB4eHko, KueB

NMPUBNMXEHHOE ONTUMAIIbHOE YNPABJIEHUE B ®OPME OBPATHOM CBA3U
anda NnAPABOJIMMECKOU CUCTEMbI C BbICTPO KOJNIEBNHOWMMUNCA KOQPPULIMEHTAMU
B pabome paccmampusaemcsi 3adaqa Haxox0eHUs1 omuMasibHO20 yripaseHusi 8 ghopme obpamHoU ces3u (cuHmesa) 0ns nuHeliHo-keadpamuyHoU 3ada4qu, co-

cmosweli u3 napabonuyeckoll cucmeMb! ¢ BbICMPO KONebNUUMUCS KO3GhghuyueHmamu U rosyorpedenieHHo20 Uesesozo hyHKUUoHana. HatideHo moyHyto gpopmy-
Iy cuHmMe3a U ¢ rMoMoLWbHo repexoda K ycpeOHeHHbIM napamempam 060CHO8aHO €20 MPUBIILKEHHYH (hopMY.

Rusina A., PhD Graduate
Taras Shevchenko National university of Kyiv, Kyiv

APPROXIMATE OPTIMAL CONTROL IN FEEDBACK FORM
FOR A PARABOLIC SYSTEMS WITH RAPIDLY FLUCTUATING COEFFICIENTS
In this paper, the optimal control in feedback form (synthesis) is found for linear-quadratic problem that consists of semi defined performance criterion and a parabolic

system with rapidly fluctuating coefficients. The exact formula for the synthesis was found and its approximate form that lies in substitution of quickly-oscillating parameters
with average and all infinite sums with finite was justified.
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HAFOPHUM BONOAUMMUP HUKU®OPOBUY
(14.03.1945 - 18.06.2015)

Bonogumup Hukndoposuy HaropHun HapoauBcs B HeBenuKOMYy MiICTi  HibkuH
YepHiriscbkoi obnacri.

3 WKiNbHMX pOKIB 3axonuMBcs MaTemaTukolo. 3a nigTpumkn 6GaTtbkiB  novas
nornuéneHo BMBYATW TOYHI HaykW. 3akiHUMBLUW LUKINIbHY Nporpamy 3 30M10TO Meaansto
BUpiWMB BCTynUTK A0 KWiBCbKOro yHiBepcuteTy iMeHi Tapaca LlleBuyeHka. 3axonneHHs
Haykamu NpuBeno AONUTIMBOIO IOHaKa Ha MeXaHiKo-maTtemaTu4HUA pakynbTeT, SKui Ha
pos.ri mamke 50 pokiB cTaB pigHVM.

Bonogumup Hukndoposuy  3akiHuMB y 1966 poui MexaHiko-maTeMaTU4HOro
dakynbTeT KniBcbkoro opaeHa JleHiHa gepxasHoro yHiBepcuTety im. T.I.LLeByeHka no
cneuianbHocTi "MaTemaTuka". 3 npucBOoeHHsaM kBanicdpikauii "MaTemaTtuka 3 Teopii
MMOBIPHOCTEN i MaTeMaTU4HOI CTAaTUCTUKU" BiH MPOOOBXKMB 3aHATTA Haykot. Y 1966-
1970 pokax HaB4yaBcsl B acnipaHTypi KuiBCbKOro yHiBepcuteTy Ta nif KepiBHULTBOM
CBOro BYUTENS M.I7I.F|,upeHKa y 1970 poui 3axvMCcTMB KaHAMOATCbKY AUcepTauilo Ha Temy
"O6 uHTEpnonsuun cnyyaHbIX npoueccoB u nomnen”. MNoyae npautoBaty B KuiBcbkomy
opaeHa JleHiHa pepxaBHomy yHiBepcuteTi im. T.IMLUeByenka 3 01.09.1967 poky Ta
3aKiHYMB CBOIO TPYAOBY AisanbHicTb B 2009 poui Bxe B KMIBCbKOMY HauioHanbHOMY yHiBepcuTeTi iMeHi Tapaca Lles4yeHka.
BusHavanbHi pokn nepebynoBm Ta CTAaHOBMEHHSI CaMOCTINHOI YKpaiHn Bonogummnp Hukmudoposuy nposie pasom 3 mMexaHi-
KO-MaTemaTu4H1M hakynbLTEeTOM, NOKNaaarym BCi CBOI 3yCcunns Ha poboTy 3i cTyaeHTamu B KMIBCbKOMY yHIBEPCUTETI iMEHI
Tapaca LleByeHka. OcHoBHOW cnpaBoto Bonognmmup HukndopoBuy BBaXkaB BUXOBaHHS i MiAroToBKY haxiBuiB 3 MaTemaTu-
KW, BUKINagadis, a rorioBHe — CMPaBXHIX rpOMajsiH.

Bonoanmunp Hukmdoposny npautoBaB 3 1968 poky Ha kadeapi matrematuyHoro aHanisy. binbwe 40 pokiB ynMTaB HOp-
MaTMBHI Kypcu, cepef sSIKUX OCHOBOMOSIOXKHNA Ha MeXxaHiko-maTeMaTu4YHOMY dhakynbTeTi Kypc "MatemaTtuyHoro aHanisy".
FnMnboki 3HaHHS, TanaHTi AOCBI4 BMKagava A03BONSANM MOMY 3HAX0AUTW Hanbinblw BAany opMy AOHECEHHS HaMcKNaaHi-
LIOro mMaTepiany, IO BUKIUKANo BENWKY nosary cepes Koner i noboB Ta BAAYHICTb cepen cTtyaeHTiB. 3 1975 poky Bonoaw-
Mup Hukudoposmy npautoBas Ha nocagi goueHTa kadeapu maTtemMaTtuyHoro aHanisy, a 'y 1983 poui noMy NpucBOEHO BYEHe
3BaHHs JoLeHTa Kadheapu MaTeMaTUYHOro aHaniay.

Ak GinbLwicTe Nogen ceoro nokoniHHA Bonognmup HukndopoBmY WMPO NoBaxas CTYAEHTIB, OMiKyBaBCA HUMM, CMpUiA-
MaB X Npobnemu i NuTaHHs, sk BracHi. Lli Baxxnumei Nofacbki sKOCTi BiH NOBHICTIO peanidyBaB 3a 14 pokiB 6e33MiHHOI po6oTu
Ha nocagi 3acTyrnHuka AekaHa 3 opraHisauiliHoi po6otu 3 1989 no 2003 pik. MNpobnemu rypToXuUTKy, AONOMOIU CTyAeHTaM,
opraHi3auis 3axofiB Ha MexaHiko-maTtemaTuyHoMmy bakynbTeTi — cnpasa, sKy 3 poky B pik pobus Bonognmmp Hukudopo-
BWY. Bci Mmex-maTsHM 3 4O6poto yCeMmilLKow 3ragytoTb 13 rpygHs — AeHb MexaHiko-maTeMaTnyHoro dakynsTeTy. KoHuepTu,
CTYAEHTCbKi ayKLioHW, KOHKYpcu Ta 3abasu, BrnacHa BanoTa mex-maTy 3406ynu Heabusikoi cnasm cepeq cTyaeHTiB bara-
TbOX (pakynbTeTiB KMiBCbKOro yHiBEpCUTETY.

Bonogumunp HukudhopoBmy Takox Npuainas 3HavHy yBary MeToauyHin pobori. BiH onybnikysas 6inblie 80 HaykoBux Ta
HaBYaNbHO-METOAMYHNX Npalb. Moro HaykoBi iHTepecu CTocyBanmch NUTaHb NoByAoBY IHTEPMOMALIRHUX MHOTOUEHIB Mo
HepiBHOBiAA4aneHnM Bysnam iHTepronauii. Cnig 3BepHyTU Takox yBary Ha 1ioro poboTy 3 nepeknagy Ha yKpaiHCbKy MOBY
6araTboXx BuAaHb, WO po3pobnsnucs Ha kadeapi matemaTuyHoro aHanisy. Pe3ynbTatom uiei kponiTkoi po6oTu cTaB nepe-
Knag yKkpaiHCbKO MOBOK 06a30BOro Ha MexaHiko-MaTeMaTu4HOMy dakynbTeTi nigpyyHuka "MaTtematuuynui aHanis" nig
pepakuieto A.A.Joporosuesa. Takox Bonognmup Hukudpoposuy pasom 3 Buknagadamu kadeapun 6paB akTUBHY yyacTb Y
po3pobui MmeTognyHoro matepiany 3 kypcy "MaTemMaTuyHuin aHani3" anst CTyAeHTIB MexaHiko-maTtemMaTu4yHoro akynbTeTy.
Cnig Takox 3ragati nNpo noro poboTy 3 HUMKM MaTeMaTrkamu, LLO TifbKK noYanu CBOi KPOKW y Hayui. baraTtopiuHnin gocsia
BUKIMAAaHHS MaTeMaTUYHUX OUCLMNNIH, poB0TK Ha oniMniagax 3 MaTeMaTUKM ANsi LWKOMsPIB Ta CTYAEHTIB BUNMBCS B LjiKaBi
MEeTOANYHI po3pobkM ONs IHUX MaTemaTukiB, cepeq sakmx "36ipHuK oniMmniag ansa BctynHukie B KHY", "Oecate matemaTtuy-
HUX oniMniag" Ta iHwWi, Wwo Oynn ony6nikoBaHi y CNiBaBTOPCTBI 3 BMKINagayamn MexaHiko-maTeMaTU4HOro oakyrnbTeTy.

Bonogumnp Hukndoposuy BiB akTMBHY OpraHidauiiHy Ta rpomMaacbky poboTy. ByB 4neHOM BYeHOi pagu MexaHiko-
MaTemaTuyHoro cpakynbteTy 3 1988 no 2003 pik. ByB ronoBoto TpygoBOro WTaby MexaHiko-MaTeMaTUYHOTro hakyrbTeTy.
Takox MOXxHa 3ragaTu b6araTopiuHy poboTy Bonoammmpa HukudpopoBmya y BCTYNHUX KOMMaHisax B KUiBCbkoMy yHiBEpCUTETI
imeHi Tapaca LlleBuyeHka. CBoi opraHisaTopcbki 3gi0HOCTI Ta BignosigansHicTb Bonogummnp Hukndoposmy HeogHopasoBo
BMKOPUCTOBYBAB B YNCIIEHHMX NOi3aKax 3i CTyAeHTaMu MexaHiko-maTemaTuyHoro dakynbTeTy B Tabopu Ha "36ip Bpoxaro".

MnigHy poboTy HaropHoro Bonogumupa HukudopoBuya HeoQHOPA30BO Bif3Hayanu sk Ha MexaHiko-MaTeMaTU4YHOMY
dakynbTeTi Tak i B yHiBepcuTeTi. BiH HaropompkeHuin megannto 3 Harogm 1500-pivua m. Kuesa, NovecHoto rpamoToto, pa-

moToto KHY imeHi Tapaca LLleByeHka Ta iHLWIMMM Big3HaKkamu.
KonekTnB mexaHiko-MaTemMaTuyHoro cakynbreTy
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NMPABUJNA O®OPMJIEHHSA CTATEN
ans asTopiB "BicHuka KuiBcbkoro HauioHanbHoro yHiBepcuteTty imeHi Tapaca LLleBueHka. MaTemaTtuka. MexaHika"

Y "BicHuky KuiBCcbkoro HauioHanbHoro yHiepcuteTy imeHi Tapaca LeByeHka. MaTtemaTuka. Mexarika" (gani - "BicHuk") nyoniky-
I0TbCS OPUriHanbHI CTaTTi 3 akTyanbHWX NUTaHb MaTEMaTUYHOIO aHanidy, Teopii AudepeHuianbHUX PiBHSAHb, MaTeEMaTUYHOI (i3nku,
reomeTpii, Tononorii, anrebpu, Teopii MMOBIPHOCTEN, TEOPIT ONTUMArNbHOTO KEPYBaHHSI, TEOPETUYHOI MEXaHiKK, Teopii NPYXHOCTi, Me-
XaHikn piguHn Ta rady. CTaTTi MaloTb I'PyHTYBaTMCA Ha MaTepianax opuriHanbHMUX HaykoBUX OochimkeHb. Ornsagosi cTatTi He npu-
nmaroTecs. MNTaHHA Npo BIANOBIAHICTL CTaTTi NPOIN0 BUAAHHS BUPILLYETLCS pedakuiiHOO Korerieto. Yci MmaTepianu, ski HaaXoAaaTb
[0 pegkonerii, peLeH3yoTbes. Y pasi 4oonpavutoBaHHS CTaTTi aBTopamy Ha BUMOrY pedakuii (nicnsa peueH3yBaHHS) pa3oM 3 nepepob-
FIeHMM TEeKCTOM MOBepTaETLCHA NepLUMI BapiaHT pykonucy. Npu 3aTpumMui aBTOPOM MoHag OAvH MiCsLb NepBUHHA AaTa HAOXOOXKEHHS
He 36epiraeTbcs. Bioxunmelum pykonuc, pegakuis noBepTae aBTopy e OAUH NPUMIPHUK. PilLeHHs LWoao BKIMKOYEHHS cTaTTi 40 BU-
nycky "BicHuka" npunmaeTbcs pefakuinHoto Konerieto BicHuka.

Micnsa Buxoady y CBIiT yci matepiann pedepytotbca B “Zentralblatt MATH” (http://www.emis.de/ZMATH). 3micT BUnycKy Ta aHo-
Tauii ctaten po3amiweHo Ha Web-cTopiHui BicHnka — http://www.mechmat.unuv.kiev.ua/VisnykUniv, a Takox Ha canTi HauioHanb-
Hoi GibnioTekn Ykpainu imeHi B.l.BepHaacekoro http://www.nbuv.gov.ua/portal/Natural/VKNU/index.html

3aranbHi BUMoru.

[o PepakuivHoi konerii "BicHuka" nogaeTbcsa HacTynHe:

e [Ba NPUMIPHWUKN CTaTTi YKPAiHCbKOI MOBOI, OhopMIieHi BianoBigHO Ao BMMOr BuaasHuyo-nonirpadivyHoro ueHtpy "Kuis-

CbKWI YHiBEepCUTET", K HABEOEHO HUXYE;

e  eKCrnepTHWI BUCHOBOK 3a NigNMCOM KepiBHMKa YCTAHOBWM aBTopa (SIKLWO cepen aBTOpiB € rpomMagsaHn YKpaiHu);

* MO3NTUBHA PeLeHsia Bif YCTaHOBW, Ky NpeacTaBrisie aBTop (aBTopu);

e  ereKTPOHHUI HOCIN 3 TEKCTOM CTaTTi y dpopmati TekctoBoro pegaktopa MS WORD for Windows. TekcT Ha Hocii Ta gpyko-

BaHWIA NPUMIPHUK MatoTb BYTU iDEHTUYHUMMN.

Bumoru no ocopmneHHs Ta AKOCTI APYKOBAHOro NpuMipHuKa
CratTta mae 6yTn HagpykoBaHa YKpaiHCbKOK MOBOK 3 ogHoro 6oky apkylwia, Ha 6inomy nanepi popmaty A4. Obecar cTaTtTi He

Mae nepeBuLLyBaTU BOCbMW CTOPIHOK (pPa3oM i3 Ha3BO, aHoTaljielo, dhopmynamu, TabnuusaMmn, pucyHkaMu Ta CrMcKoMm nitepaTy-

pu). TekcT mae GyTu YiTKMM Ta O4HAKOBOrO PiBHA YOPHOro Komnbopy. KoxHui npumipHuK mae 6yTv nignucaHui aBTopom (aBTopa-

Mu). CTOPIHKN HYMEpPYHTLCS OMiBLEM Ha 3BOPOTHOMY Goui apkywa. Cnig 4oTpUMyBaTUCA HAacTyMHUX YMOB LLOAO 3arafibHOro Bu-

rNSAy Ta po3TallyBaHHS martepiany cTaTTi:

- TekcT mae 6yTn nogaHun y Burnsgi danna gopmaty MS WORD for Windows (*.doc) 6e3 3acTocyBaHHSI CTUNbOBOI
PO3MITKM;

- nons - "BepxHee" 2.54 cm, "HwxkHee" 2.0 cm, "lleBoe" 1.8 cm, "Mpasoe" 1.8 cm, "Mepennet" 0 cm, OT kpasi 4O KONOHTUTY-
na "BepxHero" 1.7 cm, "HwxHero" 1.7 cm.

- KOMMN'IOTEPHUI Habip TEKCTY cnig 3A4INCHIOBaTU 3a TaKUMW NapamMeTpamu:

wpudT cTaTTi — Arial, po3amip 9;

iHTepBan mMix psiakamv — oguHapHWI,

nepes i nicns Ha3BM CTaTTi Ta KOXHOTO Ti po3Ainy Mae 6yTu Nponyck B OAUH PSAOK;

BiCTYyN NepLUoro psaka KoxHoro absauy mae gopisHiosatun 0.5 cm;

- mMaTtepianu cTaTTi Mae 6yTVM NnogaHWi y Takii NOCNiJOBHOCTI:

KnacudikauinHmm ingekc YHiBepcaneHoi gecaTtkoBoi knacudikadii (YOK); (Arial, 8 pt, Bold);

e BiZOMOCTI NpO aBTOPIB, O MICTSATb TaKi eNeMeHTn
nepLunii iHiLian, npi3BuLLe, y4eHW CTyMiHb (SKLWO BiH €) abo nocaga (3a BiACYTHOCTI BYEHOrO CTYMEHS) KOXXHOro cniBaB-
Topa (MiX iHiLianom i Npi3BMLEM CTAaBUTU HEPO3PVBHWUI IHTEPBA; Lt BUMOra NOLUMPIOETLCS M Ha Mpi3BuLLA, LLIO HaBoO-
OUTUMYTbCSt B OCHOBHOMY TEKCTi CTaTTi), Micue poboTu (Ha3By YCTAHOBM 4YM opraHisauii, iXHE MiCLe3HaXOOXKEHHS);
(Avrial, 8 pt, HaniBxupHWiA), agpeca enekTpoHHoi nowTu (Arial, 8 pt, kypcuB);

e HasBa cTaTTi (yKpaiHcbkot, 5-9 cniB, BignoBiaHa 3MiCTy CTaTTi, KOHKpPeTHa, 6e3 cnoBocnonyyYeHb Ha 3pasok "[ocni-
DPKEHHSA nuTaHHsA...", "Oeski nutanHs...", "Mpobnemu...", lUnsxu..." Towo i ctucno Bigobpaxae 3MicT i 3a hopMoto Mae
OyTn 3py4HOI ANs cknagaHHa GibniorpadiyHux onucis, GibniorpadivyHMX NOKaXK4mMKiB i 3aiNCHEHHs GibniorpadiyHoro
nowyky);), (Arial Black, 10 pt, 3BnyaniHun);

e aHoTauis, pe3tome (YKpaiHCbKOK Ta aHrnincobkoto, He Binblwe 50 cniB, i3 3acTocyBaHHSAM 6€30C000BMX KOHCTPYKLIN Ha
3pasokK ..."0TpMMaHO 3af0BiNbHI pe3ynbTaTti ..."; aHoTauito MoBOtO nybnikauii po3millyoTe nepes ii TEKCTOM, nicnsi Ha-
3BMW; aHOTaL,i0 YKPAiHCbKOI MOBO Yy BUAAHHAX iHLLUMMK MOBaMM, KPiM YKpaiHCbKOT, NoAatoTb Micns BigoMocTen npo aa-
TY HaAXOMXXEHHs aBTOPCbLKOro opwvriHany A0 peakonerii; Kpim aHoTalii, pekoMeH4OoBaHO nogaeaTtu pes3ilome; pestome
nogatTb MOBOH, BifMiIHHOI Big, MOBW nybnikauii; SKWO pe3toMe nofatoTb KiflbkoMa MOBaMU, TO iX pPO3MIiLLyOTb Nicns
BiJOMOCTEN Npo AaTy HagXO4XeHHS aBTOPCbKOro opuriHany go peakonerii); (Arial, 8 pt, HaNiBXWPHWIA KypcuB); 4O aHr-
NINCbKOro TEKCTY Mae OyTW BKIMKOYEHO Ha3BY CTaTTi Ta Npi3BULLA i iHiLianu aBTopiIB;

e OCHOBHWI MOBHWUIA TEKCT CTaTTi (3 Tabnuuamu Ta pucyHKkamm);

e cnucok nitepatypu nig py6pukoto CMUCOK BUKOPUCTAHUX OXKEPE (Arial, 7 pt, 3BuyanHuni);

e [aTa HagxXo4XeHHA Ao pegkonerii, Hanpuknag, "CtaTTA Hapivwna ao peakonerii 09.11.05". (Arial, 7 pt, Ha-
NiBXMPHUA, po3pagka 1 NT, BUPiBHsIHA NpaBopyY).

[NonaTtkoBi BUMOru O TEKCTY CTaTTi:

— KOXHy abpesiaTypy cnig yBOAWTW B TEKCT Y AyXXKax NiCnsi NepLuoro 3ragyBaHHS Bi4MOBIAHONO MOBHOMO CMOBOCMOMYYEHHS;
e NoTiM MOXHa KOpUCTyBaTUCS BBeAEHO abpeBiaTypoto;

— [pKepena CrucKy nitepaTtypu nogaBaTth B TEKCTi y KBagpaTHUX Oyxkax, Hanpuknag [1], [1; 6]; npu unTyBaHHI KOHKPETHI CTo-
PiHKW — HABOAMTU Nicns HOMepa gxepena, Hanpuknag: [1, . 5]); SKWo BBOAUTLCA B TUX CaMUX KBagpaTHUX AyXKax Lue Oxe-
peno, To BOHO BiAOKPEMIIOETLCA Bif NonepeaHbLOoro Kpankor 3 KoMot (Hanpuknag, [4, c. 5; 8, c. 10-11]; He nogaBaTu B TeKC-
Ti pO3ropHyTMX nocunaxb!, Takmx sk: (IBaHoB A.l1. Bctyn go moBosHaBscTBa. — K., 2000. — C. 54);

— yci uMTaTn nogaesaT MoBot "BicHUKa" (He3anexHo Big MOBW OpuriHany), 000B'I3KOBO CYNPOBOAXKYHUM iX NOCUNAHHAMW Ha
[)Keperno Ta KOHKPETHY CTOPIHKY;

— He pobuTn NOCTOPIHKOBUX NOCKIaHb, a MoAaBaTh ix y Ayxkax 6e3nocepeaHbO B TEKCTI;
— Ha BCi Tabnuui  pUCyHKM JaBaTu NOCUNaHHA B TEKCTi CTaTTi;
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— yci Tabnuui NOBUHHI MaTK 3aronoBkK (Hag Tabnuueto, okpemnM ab3aLom TEKCTY);

—  YCi PUCYHKM MaloTb CyrnpoBOAXYBaTUCS Nignucamm (3HM3y Bif PUCYHKa, okpemMnm ab3auom; nignuc He mae byTn enemMeHTom
pucyHka!); WwpndT HanuciB pucyHka: Arial, po3mip — 8, HaniBXMPHWUIA, SKICTb PUCYHKIB NOBWHHA ByTW AOCTaTHBLOK ANS BiATBO-
PEHHSA TOHKMX MiHiN, rpagauin BioATIHKIB NpU YOpHO-6inoMy Apyui; pefakuis 3anvwae 3a coboto NpaBo BUMaraTy NominweHHs
SAKOCTi MarntoHKiB Ansi OTPMMaHHS 3a[0BiNbHOT IKOCTi YOPHO-6inoro Apyky;

— dopmMynu y cTaTTax HabupaTn nuwe 3a gonomorow pegaktopa dopmyn (Microsoft Equation un MathType Equation),
wpundT Ta po3mip popmyn (Hactpovikn B MathType 4.0):

Define Style: Define Size:

Text Times New Roman Full 9 pt
Function Times New Roman Subscript/Superscript 7 pt
Variable Times New Roman italic Sub-Subscript/Superscript 6 pt
L.C.Greek Symbol Symbol 14 pt
UC.Greek Symbol Sub-Symbol 9 pt
Vector-matrix Times New Roman bold

Number Times New Roman

JliTepn naTMHCbKOI abeTKw, L0 No3HaYalTh (Pi3ndHi BENNYMHM, NOAATb KYPCUBOM, NiTEPU rpeLbKoi — MPAMUM WPUQTOM.
[MpoTe no3HaveHHsA AesKkMX BENUYMH NopaloTb NPAMUM WpUdTOM naTuHebKoro andasity. [o HuX, 30kpema, HanexaTb no3Ha-
YEHHS:

e yucen nogibHocrti — Bi (bio), Ku (Kupnnyosa), Pe (Mekne), Re (PeiHonaca) Ta iH.;

e  TPUrOHOMETPUYHMX, rinepboniyHmMX, 06epHEHMX, KONOBUX, 0BEePHEHNX rinepboniYHNX PYHKLIR;

e TemnepaTypu B kenbsiHax (K) abo rpagycax LUenbcisa (oC), ®apeHrenTta (oF), Peomiopa (oR);

®  YMOBHMX MaTeMaTU4HMX CKOPOYEHb MaKCUMyMy M MiHiMyMy (max, min), 3Ha4eHHs BenuymH (opt), cTanocTi BenuMunHK (const,

idem), 3HakiB rpaHuub (Lim, lim), oecaTkoBux, HaTypanbHKX norapudmis 3 6yab-skoto ocHoBoto (Ig, In, log) Ta iH.;

e  XiMiYHMX €NeMEHTIB i CronyK.

®  MiX YMCNOBMM 3HAYEHHSAM | CKOPOYEHOIO HA3BOK OAUHULI BUMIPY BEMWMYMHW CRif CTaBUTU HEPO3PUBHUI iHTEpBar;

e TepMiHoMoria cTaTTi Mae BigNoBiAaTN cTaHgapTaMm ranysi Hayku Ta OyTu 3BipeHa 3i cneuianbHUMM TEPMIHOMOMNYHUMM CIOB-

HUKaMK yKpaiHCbKOi MOBW.
Hymepauia popmynu HackpisHa No TeKCTy CTaTTi, He3anexHo B4 po3ainis, i TiNbKW y pasi NOCUNAHHSA Ha HUX Y TEKCTi.

Bumoru go cknagaHHsi cnUCKy niTepaTypu

Cnmcok nitepaTypy mae 6yTv yknageHui B andasiTHOMY NOPSAKY 3a Npi3BULLI@MM aBTOPIB CNOYATKY 3a KUPUIMYHOK abeTkoto,
NnoTiM — NaTUHCBKOK; NpucTaTenHi GibniorpadiyHi cnucku (6ibniorpadivyHnin onuc y npuctatenHmx GiGniorpadiyHmMx cnnckax ckna-
Aatotb 3rigHo 3 ICTY MOCT 7.1, 3aronoBok 6ibniorpadivHoro 3anucy — 3rigHo 3 ACTY FOCT 7.80); He aonyckalTbCa NOCUIAHHSA
Ha HeonybnikoBaHi poboTw.

Po36uTTa cTaTTi Ha po3ainu

PekomeHayeTbcst po3butTs ctatTi Ha Taki po3ginu: BCTYM, MATEPIAIIN | METOOW (ons ekcnepuMeHTanbHUX poGiT),
PE3YJIBTATU | OBIr'OBOPEHHA, BUCHOBKW. HasisHicTb po3ginisa BCTYI ta BUCHOBKW € 060B’a3koBuMu. [1s TEOPETUYHNX
pobiT AonyckaeTbCA BinbHille AiNeHHA MaTepiany Ha po3ginu, Hanpuknag, 3amictb po3giny MATEPIANIV | METOOW pekomeHnay-
toTbest po3ginu MOCTAHOBKA 3ABOAHHA, MOOENDL i Tomy nogibHe. Po3ginu He HymepytoTbCsi, B Ha3Bax po3gdinis yci 6ykeu
NPOMUWCHI i BUAINSATLCA HaNIBXMPHUM LIPUATOM, BUPIBHIOBAHHS NO UEHTPY. Mpun HeobXigHOCTI po3ainu AinaTbcsa Ha nigposginu.
Ha3swu nigpo3ainis ApyKyoTbCA 3 BENMKOI NiTEPU | BUAINAIOTLCA HaNiBXMPHUM LWPUATOM, BUPIBHIOBaHHSA Mo UeHTpy. Mepea i nicna
KOXXHOrO po3Ainy uv nigpo3aginy mae 6ytu nponyck B oauH psgok. MNMpuctatenHnm GibniorpadiyHnm cnuckam nepenye pybpuka
CMUCOK BUKOPUCTAHUX IXKEPEN

doHau, rpaHTn
HanpukiHui TeKcTy cTaTTi nicng NponycKy o4HOro psiaka, sKLWo NoTpibHO, BKa3yeTbCA Ha3Ba hoHAy, ki piHaHCyBaB poboTy, i
HOMep rpaHTy.

3acTepexeHHs
Henpunyctumnm €:
— NnofaHHA MaTepianis 3 HeAOTPMMAaHHSAM NpPaBuUI, BCTaHOBIIEHNX BUAABHULTBOM, A0 NapamMeTpiB BUaaHb;
— NofaHHA nepeknagis TEKCTIB 3a JONOMOrol0 NporpaM aBToMaTUYHOrO Nepeknaay;
— NoAaHHA HeMiAroToBNEHUX, HegonpaLboBaHMX aBTopamu "cmpux" matepianis.
— 3aTpMMaHHsa aBTopamu matepianis, HagaHUX BUOABHULTBOM ANS BUMUTKU.

BigomocTi npo aBTOpIB

BigomocTi Npo aBToOpiB 3aHOCATLCSA 40 TEKCTY CTaTTi 3@ HACTYMHUM:
Bigkputn meHio MS WORD for Windows ®AWT>CBOMCTBA, ob6patu saknagky JOKYMEHT Ta 3anoBHUTY
nona Ha3zeaHue, Aemop. Y noni 3amemku 3aHecTu im'a, npi3BuLie, NOWTOBY agpecy, micue poboTn (HasBy
YCTaHOBWM YW oOpradisauii, ixHe Micue3HaxoaxeHHA); Oyab-Ki KOHTaKTHIi TenedoHu aBTopiB (pobouwnn,
MOBiNbHWIA, AOMALLUHIN — 32 BMacHUM BUGOpPOM)

HeBukoHaHHS aBTOpamu Npu oOPMIIEHHI PYKOMMCY LIMX NpasBun € NiAcTaBolo AN BiAXUNeHHsa cratTi. Peaakuis 3seprtae ysary

aBTOPIB Ha HEOOXIOHICTb oAEpPKaHHS rpaMaTUYHUX HOPM MOBUM CTaTTiI.
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OpwuriHan-MaKeT BUrotossieHo BugaBHuuo-nonirpacdiuyHnm ueHTpom "KuiBcbknii yHiBepcurtet"

ABTOpM 0nybnikoBaHUX MaTepianiB HECYTb MOBHY BiAMOBIAANbHICTL 3a NiAbIp, TOYHICTL HaBeAeHWX (aKTiB, LMTAT, EKOHOMIKO-CTaTUCTUYHUX
[aHuX, BNacHUX iMeH Ta iHWKX BigoMocTen. Peakoneris 3anvwae 3a coboto npaBo CKOPOYyBaTW Ta peaaryBaTtit noaaHi MaTepianu. Pykonu-
CW Ta AWUCKETU HEe NoBepTaloTbCs.
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