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TECHNOLOGICAL ASPECTS IN RESEARCH ON EMERGING
AND DEVELOPING OF CONFLICTS IN IT-PROJECTS

This paper is dedicated to the research on emerging the conflict situation in IT project management, leading to negative
consequences during its implementation or development. The types of conflicts have been studied as well as differentiation of
conflicts, project team management and project conflict management.

Originality of the paper is due to new approach on the conflicts in IT projects, highlighting the process of conflict removal at
the emergence stage as well as in their development.

Keywords: conflict, project, management, management technologies.

Introduction. Many times domestic and foreign scientists have considered the problem of solving the conflicts and
management of conflict situations in the organizations and offered various ways to solve them.

However, these approaches to solving the conflicts do not fit to solving the conflicts and conflicting situations in the projects.

The relationship among the group of persons working on the project are usually characterized by the collaboration and
healthy competition. Persons depend on one another, while at the same time having personal interests, goals and abilities
within a project. While on the project, persons tend to use acquired experience, obtain new knowledge, making a reputation
of themselves and get the ability for career advance via getting responsible job assignments. Of importance for the future life
is also new useful personal connections.

Every person encounter various conflicts in everyday life, in the family, on the job, anywhere with human factor involved.
Various conflicts happen in different situations and lead to different consequences. Some conflicts invoke light annoying or
disappointing emotions, the others tend to result in more drastic consequences (stress, depression, frustration).

Actuality. Conflicts in the working teams are practically inevitable; they are creating the working atmosphere both in
production and development environments. However, not all conflicts have positive influence on the persons, groups and
collectives. More often, the problems and stressed relations emerge between team members and involved individuals as the
project systems are more complex. Preservation of friendly relations and preventing the inevitable misunderstandings and
misinterpretations are of utmost importance in the projects.

Working at the project differs from working at the facilities by its short duration and predetermined value. Projects are
limited in time and resources. Because of this, the manager solving of the conflicts in the project had to get the things right
and make correct choices to amend the conflict.

Purpose of the paper is to analyze the conflicts and formation of proposals concerning the application of methods to
solve conflicts in a specific situation.

Primary result. Any project begins as friendly relations, common and mutual understanding of a goals, project aim,
responsibility, kindness towards coworkers and project members and other. Speaking professionally, one can say these
stages of project lifecycle are called initiation or planning.

However, at the stage of implementation, monitoring and evaluation a minor communication difficulties appear between
the customer, manager, team and other interested parties.

All these misunderstandings are transformed into questions, which remain unsolved by the parties where they originate.
The questions are accumulated, get deeper and are transformed into misunderstandings. Persons at the stage of
misunderstanding could painlessly solve them, but usually they do not want to or do not have enough time (or so they think)
to solve these minor issues. Time passes in misunderstanding transform into offences and problems.

This is the edge traversed by information from simply unnoticed into a real problem. After this, problem can only be solved
with the help from project management or intermediator. It is also possible that the problem and conflict will not be solved
during the project implementation up until its closure.

Let us consider some definitions of a conflict.

Cognitive definition: conflict is the collision of different thinking types, each one aspiring to be representative.

Reflective definition: a conflict is the situation, which has the possibility for a deeper research of object and its environment
and then it is possible to investigate on own thinking and get understanding why the thoughts about facts and problems are
different.

Interactive definition: Conflict is a process of development of subject interaction from confrontation to communication.

The cognitive definition describes intellectual part of a conflict. Reflective definition is based on analysis of every component
of the conflicting situation. Interactive definition stresses upon the specifics of interaction during different stages of conflict [1].

There are options concerning the borders of conflict, which are considered in the spatial, timewise and intrasystem
aspects.

Spatial aspect denotes the development of a conflict on a given territory. Strict definition of a spatial borders of conflict is
primary important in the international relations, which are closely tied to the problem of conflicting participants.

Timewise aspect define the conflict duration. The beginning of the conflict is specific point in time when both sides of the
conflict start to consciously counter each other. The opposing positions by themselves are not yet a conflict, but the conflicting
questions are starting to appear.

The intrasystem aspect. Each conflict is happening within some system, in the family, between coworkers, between groups
of coworkers, in the regions, countries, or in the international community. The conflict between parties that are part of the
same system can be private, deep, habitual or limited, but it all depends on the conflicting parties [2].

The conflict is not always causing damage and not necessarily involves negative outcome. The conflict contains in itself
potential positive possibilities, but how to use them is not a common knowledge for those participating in it. Conflict — change

© Bojko N. V., 2017
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— adaptation — survival — conclusions — experience [3]. At the same time, a conflict can be a tool for diagnostics of collective
state, its development, demise or advance, and a way of proliferation [4].

The source of every conflict is a contradiction, and the contradiction appear every time there is an inconsistency: of goals,
interest, positions, thoughts, views, beliefs, personal qualities, interpersonal relations, knowledge, skills, abilities,
management functions, finances, methods of action, motivations, needs, values, understandings: interpretation of information,
evaluations and self-evaluations [5].

Let us consider the systematcs of a conflict, which appear in psychology, and conflictology. This is important for working
relations regardless of whether the ownership of enterprise is private or public, domestic or foreign; conflicts among persons
or groups, between person and a group or even internal. Let us also define the causes and problems of conflicts, styles of
behavior, stages of conflict development and then ways to their resolving.

Now we outline which conflicts can appear in the project. The most popular conflict are the following: interpersonal and
between person and a group (this is especially true for long-term or large-scale projects). Internal conflict of a person and
conflicts between groups are of lower incidence (fig. 1).

Conflict in projects

N

Interpersonal between person and
a group
Internal conflict of a between groups
nerson

Fig.1. Conflicts in a project

Let us consider some types of conflicts.

Interpersonal conflict. This type of conflict can have different subtypes. However, with all collected and processed
information we can make a conclusion that interpersonal conflicts can be divided into professional and social.

Professional conflicts are based on unsolved, not entirely understood questions of business character. Typically, persons
holding the same position or being in the same team are less susceptible to conflicts. The possible reason for that is that
persons who are working on the same administrative level and whose professional interests are not intersecting are less
connected. However, there are exceptions to this rule. For example, when coworkers are working in same team and the same
level, they can begin a business conflict among themselves if one person has an inherent conflicting attitude with or without
reasons, or if their work is mutually dependent.

Interpersonal conflicts are more frequent between project management and its subordinate workers. The manager gives the
task to do in the specific period for a worker. The subordinate completes the task, but the manager do not like the quality off the
completed task. There are several approaches to a conflicting situation, one of which is when a worker did not pay attention to
the pertinent information or did not complete the task to its final. Another approach is when the manager did not voice his thoughts
correctly and the worker did not what was expected of him. In the first cause, the blame is on the subordinate. If this situation
persists, the project manager should think if it is justified to keep the worker on the project. In the second cause, the project
manager is to blame. The question is how the subordinate worker should behave to avoid unnecessary stress and conflict. A
worker may ask additional questions to project manager in order to clear any inconsistencies. By getting answers from the project
manager, a worker will be able to complete the task in the set timeframe and at the intended quality level.

The social conflicts. This type of conflict can arise at any area of activity and between different persons. The social conflict
are the most misunderstood because they can appear out of nowhere and they do not have a constructive substantiation.
Typically, the persons involved cannot explain why they started to conflict among themselves.

It is very hard or practically impossible to find a causing reason for social conflict. The following is a list of possible causes
of the social conflicts:

1. The person started the conflict because he is in a bad mood;

2. The personality specifics, when a person believes that his solution is the only right one.

3. Loud tone of conversation such as offense, misunderstanding, insults;

4. Transmission of corrupted information;

5. Personal dislike of a coworker.

Typically, the persons involved did not want to solve the conflict by themselves. They may avoid each other try to adapt
to the conflict or even find a ad-hoc settlement solution. But all of this are temporary means and the conflict do not disappear.

In this case, there are several possible options to solve the social conflict:

1. Finding a solution to the conflict on the will of one or both of the persons involved,;

2. Involvement of the project manager to help solve the conflict;

3. Involvement of the intermediate or third party responsible for maintaining the positive climate in the collective.

The solution of a conflict by the persons involved is only possible if one or both persons are tired of spending energy to
unwarranted efforts and the other side of a conflicts support this initiative; or when both conflicting persons assemble and sort
out all problematic questions accumulated between them. This way of solving the conflict requires least efforts because there
are no third parties involved.

Involvement of a project manager may solve the conflict, generate a new one or turn the existing conflict from private to open. It
can only be solved if the project manager is limiting the communication between conflicting persons by transferring one of them to
another job or position. If a project manager tries to solve the conflict forcefully, this may lead to conflict changing its form, to extend,
to cause stress in the persons involved to provoke person to quit, or to degrade the quality of the work.
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The best way would be an involvement of intermediator or third party who is responsible for the positive climate in the
project if a project has such position. Any coworker or even manager of the project can be such an intermediator. The
intermediator do not choose sides, and do not protect anyone's interests. He will necessarily ascertain the agreement from
conflicting parties to provide help while keeping neutrality. This way is the most practical to solve the social conflict provided
there are will to do it.

The conflict between a person and group of persons. This conflict arises when there are some staff changes during project
development. This happen when a person quits, moves, takes long sick leave or has found a better job. Another worker is
hired for his position. The existing team of the project do not want to accept a new coworker. Reasons for this are typically
professional, or a new person may not be able to maintain the quality of his work, or show a certain annoying behaviors, or
being just generally impolite towards his colleagues.

If a team do not accept a new coworker for a substantiated reason then, the project manager must solve the question how
to continue the work by himself. Typically, the persons who have not gained an acceptance in the project will quit because of
a pressure.

The less frequent but deserving consideration are intrapersonal conflicts and conflicts between groups.

Intrapersonal conflict. This is the most secretive conflict, almost impossible to detect. The project manager should keep a
constant observation over a team and analyze the behavior of each team member. This is not usually possible because the
project manager is the one tasked with the strategic matters.

Such a conflict may show itself in the form of a depression or stress and may lead to a lowering the quality of work or
productivity of a worker. Person may solve such a conflict by himself if he gets a healp from the colleagues or the project
manager.

The conflict between groups of persons. Such a conflict arise in the large-scale and long-time projects. The basis for such
conflict can be: resources in their limited availability; different approaches to methods to complete the project; mutual
dependence of the teams; administrative reasons.

In such projects, the project manager plays the role of an arbiter. He constantly solve the conflicting questions.

Let us consider the traditional methods of countering the conflicts. There are many classical ways to counter the conflicts.
They are used in any area of human activity and in any types of enterprise. The most popular of them include: administratively
enforcing; testing; intermediation; ignoring (fig. 2).

ignoring

classical ways to counter

O 2 intermediation

testing

administratively
enforcing

Fig. 2. Ways to counter the conflicts

The way of administrative enforcing. Often, the management uses this way, but it is not effective. In the conflicting situation,
the manager acts as a force, which quickly stops the conflict. However, the conflict is not going away, it just changes shape
and may reappear again later even stronger. In this case, the conflicting sides stop communicating. Nonetheless, the conflict
itself as well as its reason, remain.

When the conflict undergo transformation and reappear stronger, the management may not be able to handle it again. As
a result, such conflict may lead to negative consequences for an entire project. The project may be postponed for an indefinite
period, or a persons involved will voluntarily quit, or the pressure upon the rest of the team will be too much and the
implementation of the project will stop completely.

After the management uses this way, the persons or sides may remain offended by his behavior and start to complete
their work less enthusiastic and with lower quality. As a result, this will degrade overall quality of the project. The worker may
quit with from the project without explaining his decision. The project manager will then acquire the reputation of incompetent
leader, and the worker enrolling on different projects will try to avoid working together with such a manager. The person will
always remember such behavior of the manager and will remain offended.

This way is even more negative because the reason of the conflict between persons is not investigated. The project
manager should remember that using this way, he would inevitably cause disapproval from the team and unwanted
consequences for the project.

The testing way. Using this way as a counter to the conflicts in the project may lead to a partial solving of the conflict. It is
only effective when it is necessary to establish a possible reasons or causes of the problem leading to the conflict.

If the test is done right, it is possible to get an information about possible reasons of the conflicting situation. Information
is being collected, analyzed and shown to the project manager.

Testing information is only useful if the test subjects maintain honest answers. If the answers were not true and honest,
the test will yield corrupted information.

The possible course of action for the project management are the following: he can ignore the information collected; he can
assemble meetings or conduct interviews with the subordinate managers or persons who responded negatively on the test, talk
to them privately, change the tactics of communication, conduct encouraging events (holidays, celebrations, games) etc.

The project manager decides upon using one of the aforementioned options. The practice shows that the statistical
information is typically ignored, so the emergence of the conflict in the project is generally possible.
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The intermediation. This way can solve the conflict and find out its causes, provided it is used skillfully and correctly. This
is very hard to achieve because there are many influencing factors such as mentality education, personal preferences and
experience.

The intermediator shall have good basics in psychology or be generally experienced. Better if he had experience of solving
the conflicts this way. If the intermediation is enforced to solve the conflict, it may actually worsen it. It is very important that
the conflicting sides should voluntarily agree to solve the conflict this way.

Typically, the person acting as an intermediator act incorrectly by supporting interests of one of the conflicting sides. This
may be evident in his behavior or conversation.

However, if one is to keep an established behavioral norms and general rules, it is entirely possible to find out the causes
of the conflict and problem leading to it.

Way of ignoring. This way is typical for short-term projects, such as IT projects, but is also found in the medium-term or
long-term projects. In IT projects, the project manager may not pay attention to the conflict because the typical project lasts
from 3 to 6 months. After the project is completed, the conflicting sides may not work on another projects or generally part
their professional ways.

The way of ignoring maybe the part of life for a project manager, whose creed is “l don't see it therefore it doesn't exist”.
If the project manager is always using this way then the conflicting sides themselves will solve the conflict or the conflicts will
overcome the project and it will be cancelled or completed past deadline and quality requirements.

All aforementioned ways of dealing with the conflicts are found in solving the conflicts in projects; also some methods may
be used together or change shape.

The professional manager will not give orders, ignore or be intermediator in the conflict. He will try to spot a problem as it
arises, and begin to use methods of nonforceful nature to amend the person's attitude towards the problem.

Conclusions.

The analysis shown in this paper confirms that the problematics of solving the conflicts and managing conflicting situations
in the projects is not highlighted nowadays. The author have analyzed the conflicts which appear in projects and ways to
counter them. The originality of the work is warranted by the new approach on the conflict in the projects, isolating the
processes of interactions as instrumental on the way to counter such conflicts. The reasons for the emergence of the conflicts,
general classification of the conflict, stages of the conflict, the traditional ways of countering the conflicts, and approaches of
the project management are listed in this article.
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KuiBcbkui HauioHanbHUM yHiBepcuTteT imeHi Tapaca LleBuyeHka, KuiB, YkpaiHa

TEXHONOr4YHI ACNEKTU OCNIOXXEHHA BUHUKHEHHA N PO3BUTKY KOH®JIIKTIB Y IT-NMPOEKTAX
HocnidxeHo npu4YuHU eUHUKHEHHSI KOHGbikmHOI cumyauii e ynpaenivHi IT-npoekmamu, siki npu3eodsimb 00 HezamueHuUx Haciokie nid yac
peani3ayii npoekmy. Po32nsiHymo munu KoHgpnikmie, po3mMexyeaHHs1 KOH¢bikmie, ynpaesniHHs KkoMaHOaMu npoekmie, KoHgikmamu npoekmie.
OpuziHanbHicmb cmammi nonsizae @ Hoeomy no2ss10i Ha KoHgIIKmu e npoekmax, eudifnieHHi npoyecie IXHLO20 yCyHeHHs sIK Ha cmaodii BUHUKHEHHS,
mak i e npoyeci possumky.

Knro4desi cnnoea: kKoHghnikm, npoekm, ynpaeJsliHHA, mexHoJs102ii yrnpaeiHHs.

H. B. Boiiko, acn.
KneBcbkui HaumoHanbHUM yHUBepcuTeT umenn Tapaca LleB4yeHka, KueB, YkpanHa

TEXHONOIM'MYECKUE ACNEKTbI UCCNEAOBAHUA BO3HUKHOBEHUA
N PA3BUTUA KOH®JIUKTOB B UT-MPOEKTAX

HUccnedoeaHb! npu4uHbl 803HUKHOBEHUSI KOHGhIUKMHOU cumyayuu e ynpaeneHuu UT-npoekmamu, Komopsbie npueodsim K He2amueHbIM Moc-
nedcmeusiM 80 epemsi peanusayuu npoekma. [IpoeedeHo uccredoeaHue Murnoe KOHEIUKMOs, pa3zpaHudeHUe KOH(IIUKMOE, yrnpaesieHusi KOMaH-
damu npoekmoe, KOHgIUKMamu npoekmos. OpusuHanILHOCMb C u 3akmo 51 8 HOBOM @32/15710e Ha KOH(BJIUKMbI 8 MPOoeKmax, ebidesieHuu
npoyeccoe ux ycmpaHeHuUsi Kak Ha cmaduu 803HUKHOEEHUSsI, MakK U & fpoyecce pa3eumus.

Knroyeenie crosa: KoHGIUKM, Mpoekm, ynpaessieHue, MexHos102uu yrnpassieHus:.
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MODELS AND METHODS FOR PULSED CONTINUOUS-DISCRETE INFORMATION SYSTEMS
AND PROCESSES INVESTIGATION

The article deals with the stability of a new class of continuous-discrete information systems —fuzzy linear hybrid pulsed
automata. Sufficient conditions of stability are obtained. Stability and stability on the part of variables are proved. The cyclic cases
are described. Research is conducted with method of Lyapunov functions.

Keywords: information systems and processes, Lyapunov method, stability, hybrid automata, L-stability.

Introduction

Nowadays more and more problems appear that require sophisticated mathematical models for adequate modeling. Using
these models leads to substantial problems with investigating of their behavior. Decomposing these models into simpler ones
and moving to continuous-discrete systems, we get a new methodology of research.

This work applies Lyapunov functions method applies to fuzzy cyclic hybrid automata. Stability of hybrid automatawas
studied by many authors [1-6]. In [7,8] the approach does not require finding solutions of hybrid automaton. This approach is
developed to study the stability of fuzzy pulsed hybrid automata. Fuzzy is considered in terms of [9,10].

Key definitions and preliminary results

We introduce the following notation.

HH is a Euclidean norm in R? space(notation is the same for all d );
V V() =V ) f () if/ :R” > Rif:R 5R%or f:R* > R",
Definition 1. Fuzzy hybrid automaton with fuzzy switching (FHAFS) is a tuple
HA=(Q,Y,PS,g,w,h,Inv, Init, Jump) where
« Qis afinite set of discrete states;

- Y =R“ —a set of continuous states;
« PS= (X,ZX,P) — space of capabilities with the normalized degree of possibilities;

- w:R"xX, > R’ — process of fuzzy walk in space PS :
- g:0xRY 5 R, h:OxR? - R*! —partly defined functions that define continuous behavior of automaton while
staying in the discrete state; we'll call them g =y > g(g,y)andh, =y h(q,y);

« Inv:Q — Y \{J} —function that defines a set where discrete state is invariant;
« Init € QO xY - a set of initial conditions;

« Jump:OxY x X — 29" _map that specifies the transition between discrete states;
and the condition /nv(q) € Dom g, M Dom/, holds forall g € O .

Definition 2.Phase orbit that is implemented by FHAFS HA is amap y = (7, g, y,x)wherex € X, , t=(I,)Y, eHT,
q: <T> — Qisamap,and y = (yi)ie<r> is an indexed family of continuous maps ' : I, — Y such that:

1) y'(t) € Inv(g (i) forallt €[7,,7]) , ifi €(7).and y'()) € Inv(q(i)).ifi = N(r)ir, e U(z);

2) (q(i+1)," (7,,)) € Jump(q (i), ' (z]),x) for alli € (7)\ (N (D)}

3) function yi is locally absolutely continuous on Il. and satisfies the equation
V()= g(q @),y () + h(g (i), y' (£))w(t, x) foralmostall ¢ € I,;

4) (4(0),y°(0)) € Init .
Note that in clause 3 functions t'ng(;)(yi(t'))it'th(i)(yi(t'))are determined on Ii\{ri'} because

V'(t) € Inv(g(i))forallt €[7,,7]) in clause 1.
Consider fixed FHAFS HA = (Q, Y, PS, g, w, h, Inv, Init, Jump) .
Let Orb(HA) be a set of phase orbit of automaton /14 , ¢, — distribution function of a process fuzzy walk W .

© Bychkov A. S., 2017
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Definition 3.Stationary state ). € Yis a point that

1) Jump(q, y.,x) S Ox{y.}forallge Qixe X ,;

2) for each y =(7,q,7,x) € Orbthaty’(z,) = y., all maps y', ie<2'> are constant and take value .. Let
St(HA) be set of stationary states HA .

Definition 4.Stationary state ). € St(HA) s stable with level of & , where & : (0,+00) — [0, 1) s a function defined
in a neighborhood of zero, if for any number& > Qexists a numberd >0, such as for all phase orbits
¥ =(t,q,y,x) € Orb(HA), wherey = (yi)iem and7 = (][)[E<T> such asHyO(TO) —y.|<Jdand P{x}>a(¢),

holds‘ y' () -y
Let St(HA) be the set of HA's stationary states.
Let DF(Rd) be the class of all partly defined continuous functions f : R?Y - R", which are continuously differentiable
inside of their domain.
For each partly defined function f :R — Rlet's denote Infinv( f')a partly defined function g :R — R fulfilling the

conditions
cg(y)=inf{xeR| f(x)< y},ifyeRand aset{x e R| f(x) < y}is not empty and upper-bounded;

« otherwise g()’) is not determined.
Let HLo(HA, y.) be a set of tuples (67, V)yeo> (Vq)qEQ) such as

<gforalie(r)itel,.

- @ :(0,40) —[0,1) is a function defined in a neighborhood of zero,
— (V,) <0 is @ family of functions indexed class DF(RY),
- (Vq)qu is an indexed family of predefined functions v, :R" > R", defined in a neighborhood of zero (including

zero), and the conditions in which y = Infinv(&’) hold:
Lol)  {y.}V O, < DomV for allgeQ, whereO,is some open superset oflnv(q), and if

(q,,y,) € Jump(q,,y,,x)forsomeq,,q, €Q, ¥,,¥, €Y andx € X, then y, eDoqu1 iy, eDoqu2 ;
Lo2) v, (0)=0iv, (w) > 0forallwe Domv, \{0};
Lo3) V,(y«) =Oforallg € O;

vy <w
Lo5) for all elementsge O, x€ X andy € Inv(q)such that P{x} e Domy andV, (1) > v, (y(Pix})), the
following inequality is defined and holds:

1 _
V. V==
We introduce the following notation (where ¢,,¢q, € Q,u € (0,1]):

J(q,,9,,u)={(y;,¥,)|Ix € X : P{x} >
>un(qy,y,) € Jump(q,, y,,%)}
E=1{(¢,,4:) € Ox OfFx € X : Plx} > O
AIY153,) (42, 9,) € Jump(qy, v, %)}
Theorem 1.(cyclic stability of stationary states)let HAbe a FHAFS that switches states in cycle
q, > 4, > ...— §4, = §,. Suppose that for stationary state V. € St(/{A) a tuple exists
HL = (,(V,) 40+ (V) gep ) € HLO(HA, y1).
Suppose the following conditions:
1) for each edge(q,,q,)€ E there isa number 5q1q2 >0 and map Sqlqz :[0, §q1q2 ]—=>R" such that

Lod)ifV, (y) < v, (w)for some y € DomV, and w € Domv,, then

A

19’11‘12 0+)= 371‘12 (0) =0 forall elements u € D and pairs (y,,¥,) € J(q,,q,,u) inequality holds:
¥, (52 Sy, (W), 1, (1) <v, (W),
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- Vq2 (y2) S 8q1q2 (Vql (yl )) ’ If Vql (yl) € [05 6q1q2] I Vql (yl) > vql (\V(u)) ;

2) MG1Ga--Gp1d,91) <sp M@,) , i-e. there is s” condition.
Thuss tationary state ), of automaton HA is stable with a level of ¢t .

Pulsed fuzzy hybrid automata
We prove a theorem on stability of stationary states of cyclic pulsedFHAFS.

Theorem 2. Let automaton HA be pulse,(V,), ., is a family of functions of class DF,"(R?, .), such, that
O, < DomV for eachq € O, where O, is some open superset of Inv(q), and for allg,,q, €Q, »,y, €Y,
xe€ X,, such that(q,,y,) € Jump(q,,y,,x) holds y, € Dom Vq1 and y, € Dom qu . Let(v,),.o be a family of

maps v, :R" — R" such thatv, (0) = 0and0 < v, (w) <V, (y) forallw>0and y € DomV such that|y. —yH >w.
Suppose that for allgeQ, xe€ X, iyelnv(q)such thatP{x}e Domy and V() > v, (w(Pix})) the

Vy V= i)

1 . + .
Then let's suppose that for all edges (¢,,¢,) € E a number 5‘11‘12 > () and a map Sqlqz '[0’5‘11%] — R™ exist such

inequality holds

ViV ()’)H-

that ’9ql% (0+)= '941% (0) = 0and for all elements u € D and pairs (,, y,) € J(q,,9,,u) inequalities hold
BV, (1) vy, (W), 7, (1) < vy (W),
0V, (72) <8, g (Vg () iV, (1) €[0.8, . 1and ¥, (39)> v, (w(w).
Suppose that values d, (1, v) e R*,i =1,nbyall (u,v) € Dx[0,v,, ]and inequality d,(u,v) < Inax{vé1 (w(u)),v}

for all (u,v) € Dx[0,v_ ], where

qu DO 22) €J(41595,u) A
dy(u,v)=sup ;
AV (1) < max{vg, (w(w)), v}
Vq3 (1)1 (r2,3) € J (45, G3,u) A
dy(u,v) =sup ;
AV (92) < maxiv (W), dy ()}
Ve, )1 (r3,34) € J (g3, 44,u) A
d3(u,v) = sup ;
AV (75) < max vy, (w(w),dy (1)}
Vél (yl) | (ynayl) € J(énaél:u) A
d,(u,v)=sup .
Vi ()< maxivg (p),d, ()}
Then the stationary state V. of pulsed cycle FHAFS HA is stable with level & .
Proof. We verify the conditions of theorem 1. Prove that(&,(Vq )ge0- (V4 )qu) € HLo(HA, y+) . The condition of the

theorem implies that the conditions Lo1, Lo3, Lo5 run. Conditions Lo2 performed as v, (w)>0atw>0iv (0)=0.

Condition Lo4 performed, by the theorem if |y, — yH >w, 1oV, (y)>v,(w).

The condition of the theorem implies the condition 1 of Theorem 1.
Verify the condition 2of Theorem 1. As mentioned

d . (u,v)eR",i=1,nforall(u,v) € Dx[0,v__ ], then forall edges (¢,,q,) we have
(c(q1)-c(q1,92))u,v) =
sups((q1,92).u,¢(q1)(u,v)) = d; (u,v)
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h ) ¢ definiti . " ™ d,(u,v)=(c(q)-¢(41,92)c(q2) ¢(42,43) - ‘ i
where sis a map from definition o markup. eN_ A\ —.n A or a
¢(qn)-€(gy>q))u,v) < maxivg (y(u)), vy

(u,v)eDx[0,v_ . ]. Then max{vq1 (w(u)),d,(u,v)} < max{v,}1 (y(u)),v}, andc(q,)(u,d, (u,v)) <c(q,)(u,v) where

for all (u,v) € Dx[0,v___ ]holds

max
M4192-9,-19,91) (15 V) < MGy ) (U, V).
Then by definition of <, (for fixeda v, and set.D ) holds
Ma@192-9n19091) Ssp Mq))-
Thus the conditions of the theorem (1) hold, and a stationary state y.of automaton HA is stable with level & , that
concludes the proof.
Letd' < d be a natural number, where d is the dimension of space of continuous states of HA . Let L € R**be a

matrix of rank d' . Denote 0, pseudometrics on R defined by equality p; (x,y) = (Lx —Ly)T (Lx—-Ly).

Definition 5.Stationary state ). € St(HA)is an L -stability with level & , where @ : (0,+0) —[0,1)is a function
defined in a neighborhood of zero, if for any number€>Qexists a number &>0such that for all phase orbits

x=(1,q,y,x) € Orb(HA), wherey = (yi)iE<T> andT= (]l-)[.€<r> , such that Hyo(‘co) — 14| <8i P{x}>a(e) holds

p; (V' (t),y)<eforallie <r> andf e l,.
Theorem 3.Let /14 be a FHAFS with cyclic discrete switching states §, —> @, —> ... —> ¢, —> §, . For stationary state
V. € St(HA) exists a tuple
HL = (0,(V,) 40+ (V¢ )ge0 ) € HLO (HA, y).

Suppose the following conditions:
. . S . N
1) for each switchingg, —> ¢,there is a number 6q1q2 Oand a map 19‘11‘12 :[0, 54116]2 ]— R such that

Sqqu (0+)= Sqlqz (0) =0 and for all elements u € Dom\ and pairs (V,, ¥, ) € J(q,,q,,u) inequalities hold
-y, (3) S vy, (W) itV (1) S vy ().
- I/qz (J’Z) S Sqlqz (Vql (yl)) ’If Vql (yl) € [07 Sqlqz] and Vql (yl) > vql (\V(U)) ;

2) MG192--9,19,91) <sp M§y) , i-e. 8" condition.
Then stationary state . of automaton HA is L -stable with level O .

L - -
Let HLo" (HA, y.)be a set of tuples (oc,(Vq )geo-(Vy )qu) , in which:
— a:(0,+9) —>[0,1)is a function defined in a neighborhood of zero;

— (V,)4e0is an indexed family of functions of class DF(RY);

- (vq )qu is an indexed family of functions v, - R" >R , defined in a neighborhood of zero (including zero).

Let conditions Lo1, Lo2, Lo3, Lo5 hold, and, in addition, such a condition (instead Lo4):

Lo4")ifV, (y) < v, (w)for somey € DomV andw e Domyv,, then HLy* —LyH <w.

Theorem 4.(about L -stable steady states not cyclical pulse FHAFS).Let automata HA4 not pulse, (Vq)qEQ — family of
functions of class DF,;°(R“, y.), such that O, c Dom/V, foreachq € O, ne O, — some open superset /nv(q), and for

al q,,9, €0, y,y, €Y, xe X, ,suchthat(q,,y,) € Jump(q,, y,,x) performed y, € Doqu1 and y, € Doqu2 :
Let (V) 0 be a family of mapsv, :R™ —R" such as v, (0) =0and 0 <v,(w) <V, (y)forallw>0iy € Dom¥V,,
such thatHLy* - LyH >w.
Suppose thatforall g € O, x € X, and y € Inv(q), such that P{x} € Domy andV, () > v, (y(P{x})) inequality

holds
v, V= i

A
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Suppose that for all edges (q,,9,)€E, ueDand (y,,5,)€J(q,,q,,U), such that Vq1 ()< Vg, (v(w)),

performed qu (1)< Vo, (y(u)) . Suppose also that values d,(u,v) e R",i=1,n defined for all (u,v) € Dx[0,v_, ]
and inequality d,,(u,v) < rnax{vql (y(u)),v} hold forall (u,v) € Dx[0,v,_ . ], where

Vi, 02)1(1v2) €J(q1,42,1) /\} {V(}3 (r3) (2, ¥3)€J(q2,93,u) A }
; dy(u,v) =sup ;

di(u,v)=sup v
5 0 < max{v, (w(),v) AV (v2) € max{vy, (w()), dy (u,v)}

Vi, )1 (v3,74) € J(q3,q4,u) A .
AV, (3) Smaxivg, (W (u),da (u,v); ’

Vo, D1 1) €9 (@ G10) A }

dy(u,v)= sup{

d, (u,v)=sup
AV ) Smaxivy ). d, @)}

Thus steady state y* not pulse cycle FHAFS HA is L -stable with level & .

Proof. We verify the conditions of the theorem (3). Prove that (&, (V)ge0> (v )qu) e HLo" (HA, y+) . The condition of

the theorem implies that the conditions Lo1, Lo3, Lo5 run. Conditions Lo2 performed as v, (w)>0 at w> Oivq 0)=0.

Condition Lo4' executed because by theorem if HLy* - LyH >w, 10V (¥)>Vv,(w).

The condition of the theorem implies implementation of the first inequality of condition 1 Theorem (3).
Verify the implementation of the other inequality of condition 10of theorem (3). Granted

8‘11‘12 =V, (0) >0 and define the mapping Sqlqz ;[0’5q1q2] —» R* equality
B4,q, V) =sup¥y (»)|y € DomV, ™
r\Doqu2 A Vq1 (y)<v.
Note that this value is determined for y. € Dom Vq1 N Dom qu and finite, and function qu is locally limited, and set
Vq1 (¥»)<v is limited (ans v>0) because Vq1 allows unlimited extension. Because Vq1 (»)>0 at y#y, 10
9‘1142 (0)=0. Because 8q1q2 is  monotonous, Sqqu (04) is defined. Verify that 8‘1142 (0+)=0. Really

i;lggqlqz (vq1 ()) =0, because function Vq71 is continuous on its domain and Vq71 (».)=0.Butif Sqlqz (0+) %0, then
8q1q2 (0+)>0 and 2259(11(]2 (vq1 (€))> 0, because Vg, (8)>0 at €>0.Thus Sqlq2 (0+)=0.

If (y1,v,)€J(qy,q,,u) for some uebD i Vq1 (yl)SSqlqz, then y, = y,, and automata is not pulsed for
¥y, € Dom Vq1 N Dom qu . Then qu (1)< Sqqu (Vq1 (1)) by definition Sqlqz .
Verify condition 2of theorem (3). As mentioned d.(u,v) € R*,i =1, n defined for all (u,v) € Dx[0,v, ], then for

allarcs (¢,,9,)
(c(q1)-c(q1,9,))u,v) =sups((q,q,).u,c(q)u,v)) = d;(u,v),
where s isan image from definition of markup A . Then
d,(u,v)=(c(4,):¢(41,42)-¢(42)c(4.43) "
€(qn)€(qn>q))(u,v) < max{vg (y(w)),vy
Forall (u,v)e Dx[0,v,_, ]. Thus rnax{vé1 (y(u)),d,(u,v)} < rnax{vé1 (w(u)),v} , and then

c(q)(u,d,(u,v)) <c(g,)(u,v)
| performed
MG192--Gn-1929)(,v) S A(G)(u,v).
Then by definition SSD (for fixed av, . and set D) holds
Mq192-G4,19091) <sp M4y)-

Forall (u#,v) € Dx[0,v

max
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Thus conditions of (theorem 3) are satisfied, then steady state y.automata HA € L -stable with level O .

The theorem is proved.

Conclusions

The paper examines properties of fuzzy hybrid autommata. For modeling of fuzziness we used approach based on the
theory of possibilities. The questions of stability on a part of variables (L-stability) of solutions of fuzzy hybrid automata with
cyclic changes in local conditions are mentioned. Change happens when states achieved a certaint rajectory set. The
corresponding theorems are proved.
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MOAENI U METOAU OOCNIAXEHHS IMNYNbCHUX HENEPEPBHO-AUCKPETHUX IHOOPMALIIMHUX CUCTEM
I MPOLIECIB

HocnidxeHo cmilikicmb Hog020 knacy HenepepeHO-OUCKPemHUX iHghopMayiliHux cucmem — HedimKux NiHitHUX 2i6pudHuUX iMMynIbLCHUX
aemomamie. OmpumaHo docmamui ymoeu cmiiikocmi. [JoeedeHo cmilikicmb i cmilikicmb 3a YacmuHOK 3MiHHUX. OnucaHo YukniYHuli eunadok.
HocnidxeHHs eukoHysanucsi Memodom ghyHkuil JlsinyHoea.

Knro4oei cnoea: duckpemHo-HenepepeHi cucmemu, cmilikicmb, Memod ¢pyHkuili JlanyHoea.

A. C. BbIuKOB, KaHA. h13.-maT. HaykK, AOLL.
KneBcbkui HaunoHanbHUM yHUBepcuTeT umenn Tapaca LLleB4yeHka, KueB, YkpanHa
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MMMNYNbCHbIX HEMNPEPbIBHO-AUCKPETHbIX UH®OPMALIMOHHbLIX CUCTEM U NMPOLIECCOB

PaccMompeHa ycmoliyueocmb HOE020 Kilacca Hernpepbl8HO-OUCKPEMHbIX UHGOPMaUUOHHbBIX CUCMEM — HeYemKuX JIUHeUHbIX 2U6PUOHbIX
umnynscHbix aemomamos. [lonyvyeHbl docmamoyHble ycroeusi ycmolvueocmu. [lokazaHa ycmoliyueocmb U ycmol4ueocmb M0 4Yacmu
nepemeHHbIx. OnucaHbl yuknuyeckue cayyau. UccnedosaHusi nposodunuck memodom yHkyul JlsinyHosa.

Knroyesnie crnosa: duckpemHo-Henpepbi8Hble cucCmMeMbl, ycmoliyueocmb, Memod ¢yHkyul JlsinyHosa.
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EVALUATION OF PROCESSES DYNAMICS
IN ARTIFICIAL INTELLIGENCE NEURODYNAMICS PROBLEMS

The paper considers dynamic processes in the problems of artificial intelligence, namely, in problems of neurodynamics. The
stability problems of dynamical processes and estimates of their convergence are examined. In particular, the mathematical model
of neural network dynamics proposed by Hopfield is considered. Conditions for the convergence of the process are formulated in
terms of the second Lyapunov method.

Keywords: neurodynamics, stability, Lyapunov's second method, Hopfield model.

Introduction. Today, the problems of creating new effective information technologies for analyzing and processing large
information flows come to the forefront before the scientific community. Mankind has faced a paradoxical situation, that with
the growth of information, there is a decrease in awareness, which complicates the analytical activities in various fields. This
calls for the emergence of new areas of science and technology, one of which is artificial intelligence [1-3]. The birth of artificial
intelligence is attributed to 1956 after the organization of a two-month seminar at the Dortmund College. This seminar allowed
us to declare artificial intelligence as the birth of a new scientific direction. The first works appeared after 1945, and the name
"artificial intelligence" itself was proposed in 1956 [2]. The main directions of development were identified in the fundamental
publications [2,3]. It was noted that artificial intelligence is a scientific direction, the main tasks of which are [3, p.35]:

1. developing systems that think like people;

2. developing systems that think rationally.

© Garkusha N. I., 2017
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The prehistory of artificial intelligence is based on such sciences as philosophy, mathematics, economics, psychology,
medicine, computer science, management theory and cybernetics, linguistics. As noted in [4, pp. 18-19], in order to construct a
solution to a problem, it is necessary, first, to formalize the procedure of its formulation, and second, the procedure of finding its
solution. To do this, preliminary, the problem itself must be represented either in the framework of an approach based on the
state space or as a theorem requiring proof. The procedure for finding a solution can be either "instantaneous" or "iterative", i.e.
multistep. The second procedure entails the construction of an algorithm for "improving" the representation of the solution of
problems based on an assessment of the adequacy of the resulting intermediate solutions to the true one. It requires the
installation of a "criterion for the accuracy of the problem's solution" or "perturbation evaluation". In addition, you can establish
additional evaluation characteristics. The simplest apparatus for finding a solution can be a system of differential equations.

One of the fundamental directions of the development of artificial intelligence is the modeling of processes that occur in
the human brain. Since most processes occur during a certain period of time, i.e. are dynamic, then the methods of
constructing and investigating mathematical models of dynamical systems are of particular importance.

The proposed article considers the direction of artificial intelligence, which is associated with dynamic processes in neural
networks, the so-called direction of neurodynamics. The dynamic process acquires the completeness property, if it is convergent,
i.e. is asymptotically stable. One of the basic methods for investigating the stability of dynamic processes of a different nature is
the second, or direct, Lyapunov method. The main results of its use in the dynamics of neural networks are given.

Dynamic processes in neural networks. The problems of artificial intelligence, like the study of the possibilities of
modeling human thought processes, have been considered for a long time. In their solution, various approaches were
proposed. One of the important approaches of artificial intelligence is the theory of neural networks [10-12]. Neural networks
are a section related to building an apparatus similar to an artificial brain. The main directions of neural networks are training
and the actual functioning of the apparatus, created by analogy with the human brain. If the processes of solving problems
are not instantaneous, but iteratively, then the process is dynamic. In general, any direction related to the processes of
learning and the system functioning occurs on the timeline, and therefore it can be considered a dynamic process.

The simplest mathematical apparatus used to describe dynamic processes is differential equations and systems of
equations.

The construction of mathematical models describing the phenomena of learning and the functioning of artificial neural
networks is part of the problem of artificial intelligence.

Dynamics of neural networks. One of the scientific directions of artificial intelligence, related to dynamics, is the
simulation of processes in neural networks. In 1943, McCulloch and Walter Pitts [10] suggested that the nerve cells
of the brain be regarded as logical elements, and the cell system assembled into the network as an elementary
computing device capable of imitating logical elements. To those same scientists also belongs the primacy in the
definition of "neural networks".

The neural networks, in which the output signal is fed back to the input, an iterative process arises — a network with
feedback is obtained. This network structure is called auto-associative. The described type was first proposed by Hopfil in
1982 [11]. The mathematical model of neural network dynamics could be described by a system of difference equations.

The model of a neuron, represented as an approximation of an electrical circuit in the form of a distributed transmission
line of a biological dendritic neuron, is considered in [12]. This nature of the RC chain can be explained by the fact that the

biological synapse itself is a filter designed for good approximation. In physical terms, synaptic weights Wi]., are the

capacitances, and the corresponding output signals xl.(t) , 1 =1,n potentials, where n — number of inputs . These signals

n
are fed to summing connections. The total current can be written in the form Z wl./x/(t) + 1, , where the first term reflects
i=l
the excitations acting on the synaptic weights, and the second term is the current source representing the external bias. Let
v[.(t) induced local field at the input of a nonlinear activation function (p(') . Then the total current flowing from the input

WO o o)

node of the nonlinear element can be expressed in the form +C, J , Where the first part is leakage resistance
. t
1
Ri , and the second on is capacitance Ci . Applying Kirchhoff's law, we obtain a system of equations
dv,(t v;(t
c,.ﬁ ()+Zm, (O)+1; .
dt R. ixj J

i
For a given induced local field v,(#) you can determine the y|eId of a neuron i using relation x () = §(v; ().
Activation function (), determining output xj(t) neuron ] to its induced local field vj(t) is a continuously

differentiable function. Most often as an activation function a logical function (p(vj) = ; j= I,_n is used. Doing

l+exp{-v;}

the replacement a, = l/R C , coij/Cl. , we obtain the system of differential equations

0]

" ——av(t)+z w0V, (D)) +K; .
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Another model of neurodynamics can be described by a system of differential equations

dx; (¢ !
% =-a;x,()+ ¢ Zwijxj(t)
¢ =

Neurons connected to the network form a neural network. The Hopfield network consists of a set of neurons forming
multiple-loop feedback system. The number of feedbacks is equal to the number of neurons. The output of each neuron is
closed through an element of a single delay to all other network neurons. And the neuron of this network does not have
feedbacks to itself. Equations of dynamics of the Hopfield model can be rewritten in the form

v () _ v N
Ci7=—T[+jZ;coij(pj(vj(t))+lj .

Difference systems in neural networks. In addition to differential equations, dynamic processes in neural networks
are adequately described by systems of difference equations [15]. The basic propositions are similar to those
adopted for systems of differential equations.

Problems of stability and convergence of processes of dynamics in neural networks. One of the important tasks of
dynamic processes in neural networks is the study of convergence processes, which are provided by the conditions of asymptotic
stability of the solutions of the system. In the theory of dynamical systems stability problems are solved on the basis of the second
Lyapunov method. The essence of it is following. If there exists a positive-definite function whose total derivative is negative-
definite by virtue of the system, then the equilibrium position is asymptotically stable. For difference systems, the condition of
negative definiteness is replaced by the condition of negative definiteness of the first difference of solutions by virtue of the
system. Usually, a positive definite function (the Lyapunov function) is chosen from physical assumptions and it is the total energy
of the system. HenpoHHas ceTb ByaeTt obyyaema, ecnu npouecc asngetca cxogawmmes. In work [12] the general principle of
achievement of stability of a class of neural networks, described by the following system

—u jO=a;(u;O))Nb;w;()- ZC 0 ()], j=LN.
The Lyapunov function was constructed in the form
E= ZZc,,cp,(u )P (u;)— Z j b, (WM, cpj(x)——cp,(m j=LN.
1 1 j=1 Jj=1o
Parameters of the system were superimposed on the conditions of symmetry, nonnegativity, and monotonicity. And the
conditions of asymptotic stability, i.e. convergence of the dynamic process, were formulated in the Cohen-Grossberg theorem.
Namely, if the system of nonlinear differential equations satisfies the conditions of symmetry, nonnegativity, and monotonicity,

then the trivial solution of the system is globally stable.
Specific conditions for the convergence of dynamic processes in the models of neurodynamics for the system

dy; i=1n
df)__ayl zmu(p (v, (0)+10, 620, i=1,n

were obtained in [14]. Let the system of equations
n
0 .
ay; +Zco,-j(pj( )+I =0,i=1Ln
=1

has a solution in the point A/ (yoayg,--., y,?) yio >0, k= n Making the substitution
yk(t) ()+yk, 1_ we obtain

% (1) =—ap; (1) + z 0 F (x; (1)), i=Lon, Fy(x; (1) =0, (x; (1) +2%) =0, (7). j=Ln

After this substitution, the stability study of the equilibrium position Mo (y{),yg,...,y,?) of the initial system was reduced

to the study of the stability of the zero equilibrium position of the transformed system. We introduce the following notation

‘1 G2 o
1 .. T Ca € - Gy

i =hi(a;,— Lo, Cjj :—E(hichoij +hjLicoﬁ), i,j=ln, C=
Cn Con Con

The following conditions hold for asymptotic stability [14].
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Theorem. Let the system of equations (6) have a solution M|, (ylo,yg,...,yg), y? >0, i=1,n, and constants exist

h,>0,i= L_n under which a symmetric matrix C will be positively defined. Then the equilibrium Mo(ylo,yg,...,y,?) is

globally asymptotically stable.
To study stability, we use the Lyapunov function of quadratic form (kinetic energy)

V(x):%zn:hixf Ch>0,i=1n.
i=1

Stability of difference systems. The second Lyapunov method in difference systems. For difference systems, the
concepts of stability and methods of their investigation are similar to those used for differential systems. We can consider the
system of equations

yi(k+l): aiiyi(k)"'ifi/(yj(k))"' ]i L I= 1,_”

and obtain the stability conditions and asymptotic convergence. Moreover, the Lyapunov function also has the form of a
quadratic form (the energy of the system), and the total derivative is replaced by the first difference by virtue of the system.

Rigidity of neural networks. In the study of nonlinear dynamical systems, the notion of "stability" needs to be clarified. In
linear systems, equilibrium points are either points (equilibrium positions) or entire manifolds (hyperplanes). And all solutions
are simultaneously either stable (asymptotically stable) or unstable depending on the stability (instability) of the zero
equilibrium position (or manifold). For nonlinear systems this is not the case. In nonlinear systems, some equilibrium positions
can be stable, others are not. There are stable (unstable) varieties and even quite complex structures ("strange attractors").
Neural networks have a huge number (millions) of neurons and the problem of stability here is much more complicated.
Probably, it is more accurate to speak not about stability, but about the "roughness" of the dynamic system. The concept of a
"rough system" appeared at the beginning of the last century when considering a system on a plane, i.e. two-dimensional
system [13]. Necessary and sufficient conditions for the roughness of the nonlinear system were obtained. For three-
dimensional systems, it was not possible to obtain similar results. For nonlinear dynamical systems described by differential
equations in three-dimensional space, in the sixties of the last century a phenomenon called a "strange attractor" was
discovered. Its essence lies in the fact that there is an asymptotically stable region ("pool of attraction"), within the trajectories
"run up" and "behave unpredictably."

For large-scale systems (as a neural network appears), a study of the qualitative behavior of the system has not yet been
carried out. Reduction of the multidimensional system of ordinary equations to the partial differential equation, which is carried
out in problems of hydrodynamics, in this case does not make sense.
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OLIHKM AMHAMIKU NMPOLIECIB Y 3A0AYAX HEMPOOAUHAMIKM LUTYYHOIO IHTENEKTY

Posansinymo duHamiyHi npoyecu e 3adayax WMmy4yHO20 iHMeseKmy, a came 8 3adayax HelipoOuHamiku, npobrnemu cmilikocmi QuHaMidyHUX
npouyecie i oyiHKu ixHbOI 36iXHOCMI, 30KPpeMa MameMamuy4Hy Modesib QuHamiKu HelipOHHOI Mepexi, 3anponoHoeaHy Xongindom. Ymosu 36ixHOCMI
npoyecy cgpopmynboeaHo 8 mepmiHax opy2oz2o memody JlsanyHoea.

Knroyoei cnoea: HelipoduHamika, cmilikicmb, Apyauli Memod JlanyHoea, modesnb Xonginda.
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OLIEHKM AUHAMWUKN MPOLIECCOB B 3AJAYAX HENPOOUHAMUKU UICKYCCTBEHHOIO UHTENNEKTA

PaccmMompeHbl OuHamu4veckue npoyecchbi 8 3adayax UCKYCCIMEEeHHO20 UHMessieKma, a UMeHHO 8 3ada4ax HelipoOuHaMuku, Mpo6remb
ycmoliyueocmu OuHamMu4yecKux rpoyeccoe U OUeHKU ux cXxo0umMocmu, 8 YacmHocmu Mamemamu4veckasi Modeslb QUHaMUKu HelpoHHOU cemu,
npednoxeHHass Xongundom. Ycnosusi cxooumocmu rnpoyecca cghopmysnuposaHbl 8 MmepMuHax 8mopoz20 memooa JlsinyHosa.

Knroyesnie crnosa: HelipoOQuHaMmuka, ycmolivyueocms, emopoli Memod JlanyHosa, modesnb Xongunoa.
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SYSTEM ANALYSIS OF CORRUPTION AS THREAT
OF ECONOMIC SAFETY IN EU CYBERSPACE

The article is devoted to the issue of modeling corruption as a threat to the state's economic security, the study of the
dependence of equilibrium levels of corruption on the model parameters, and focuses on the differences in the consequences of
small and significant changes in parameters.

Keywords: corruption, dynamic model of corruption, economic security, equilibrium states.

Introduction.

Economic security is an integral part of national security, its foundation and material basis, the provision of which is the
exclusive prerogative of the state. According to the "National Security Strategy of Ukraine", one of the topical threats to the
national security of Ukraine is "the spread of corruption, its rooting in all spheres of state governance" (Section 3.3), "corrupt
pressure on business" (paragraph 3.4), "criminalization and corruption energy sector "(item 3.5) [1].

Economic security involves providing conditions for maintaining economic activity and counteracting numerous attacks,
among which the most important are: financial fraud; cybercrime; industrial espionage; corruption; shadow economy [2,
c. 87]. According to a survey conducted by Ernst & Young auditors at the beginning of 2017, Ukraine was in the first place
in terms of corruption among 41 countries in Europe, the Middle East, India and Africa (EMEIA), while in 2015 Ukraine
ranked 7th in the list [3 ]

In the World Index of Corruption Perceptions for 2016, Ukraine gained 29 points out of 100 possible, which is 2 points
more than last year. The improvement of the position in the world ranking of SRI promoted anti-corruption reform, but the lack
of an effective judicial system and the actual impunity of corrupt officials do not allow Ukraine to make a powerful breakthrough
and overcome the 30-ball barrier, called "a shame for the nation," said the experts of the organization [4]. The greatest
challenges of the study were recognized by the weakness of institutions designed to ensure the rule of law, excessive
regulation of the economy and the concentration of power in the hands of oligarchic clans. Business has seen significant
corruption in the distribution of public funds, and the judiciary has found it incapable of damaging it.

The impact of corruption on the country's economic security as one of the most important components of national security
is manifested, in particular, in the theft of state property and lobbying for private economic interests. If a state involved in an
illegal corrupt business can not provide property security and legal business, the security deficit is filled in privately through
the development of a security services market. The expenses incurred by economic entities in order to ensure the safety of
their activities are covered by the increase in the value of goods and services. In addition, the spread of corruption in Ukraine
is one of the main obstacles to the development of modern innovative technologies and the attraction of foreign investment
in industry. In shadow corrupt schemes, a large amount of financial resources is turning, and the success of implementing
large investment projects is often directly linked to the success of corruption. At the same time, illegal corrupt mechanisms
are usually based on branched corruption schemes formed by groups of enterprising criminal officials who "solve problems"
/ "do not hinder legal activity" not only business structures but also state enterprises. Thus, as a result, final consumers are
being paid for non-fulfillment of the duties of state authorities regarding the business security of the business. Or, in other
words, citizens pay for corruption.

Historical Rewiew

The decisive role of the state is reflected in most definitions of corruption, which is conventionally understood and referred
to as the private wealth-seeking behaviour of someone who represents the state and the public authority. It is the misuse of
public goods by public officials, for private gains. The working definition of the World Bank is that corruption is the abuse of
public power for private benefit [10]. Another widely used description is that corruption is a transaction between private and
public sector actors through which collective goods are illegitimately converted into private regarding pay offs. Political or
grand corruption takes place at the highest levels of political authority. It is when the politicians and political decision-makers,
who are entitled to formulate, establish and implement the laws in the name of the people, are themselves corrupt, and use
the political power they are armed with to sustain their power, status and wealth. It is when policy formulation and legislation
is tailored to benefit politicians and legislators. Political corruption can thus be distinguished from bureaucratic or petty
corruption, which is corruption in the public administration, at the implementation end of politics. Petty corruption has also
been called low level and street level to name the kind of corruption that citizens will experience daily, at times, in their
encounter with public administration and services like hospitals, schools, local licensing authorities, police, taxing authorities
and so on [11]. The money or benefits collected through corruption is privatised to various degrees. It may be extracted for
the benefit of an individual who will share nothing or very little with his equals, or it may be extracted for the benefit of a
particular group with some coherence and unity. This has led to a second analytically important classification of corruption,
namely between private and collective forms of corruption [12]. An understanding of corruption that include the possibility that
it might be collective, institutionalised and organised in the interest of the ruling elite itself is vital to analyse the causes and
logics of grand scale systemic corruption. To analyse who, in aggregate terms, benefits the most from corruption will also be
required to understand the vested interests anti-corruption initiatives will be up against, and to identify the political/institutional
levels most relevant for reform. The question who benefits from corruption could, however, be taken one step further. In
aggregate terms corrupt practices will generate a flow of resources either from the society to the state (extractive corruption,
or corruption from above), or from the state to the society (redistributive corruption, or corruption from below). In what can be
called the theory of redistributive corruption, the state is the weaker part in the statesociety relationship. Analysts tend to have
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weak states in mind when they are focusing on the subversive groups and their state destructive capacity, i.e. the degenerative
effects of corruption on the state institutions and the national economy.

Three paradigms for the analysis of corruption [14-16]. The first is the economic paradigm, which usually takes the
principal-agent model of corruption as its founding pillar. In this paradigm corruption is considered the outcome of rational
individual choices, and its spread within a certain organization is influenced by the factors defining the structure of expected
costs and rewards. A second approach the cultural paradigm looks at the differences in cultural traditions, social norms and
interiorized values which shape individualsmoral preferences and consideration of his social and institutional role. These are
aleading forces that can push a corrupt public or private agent (not) to violate legal norms. A third neo-institutional approach
considers also mechanisms which allow the internal regulation of social interactions within corrupt networks, and their effects
on individuals beliefs and preferences. Though the corrupt agreements cannot be enforced with legal sanctions, several
informal, non-written rules, contractual provisos and conventions may regulate the corrupt exchange between agent and
corruptor. The A. underlines that corruption is the outcome of a multitude of individual and collective choices which change
public opinion towards corruption and its diffusion throughout the state, markets and civil society. There is no univocal recipe
to deal with anti-bribery measures, since corruption is a complex and multifaceted phenomenon. Reforms aimed at
dismantling systemic corruption have to be finely tuned against its hidden governance structures, i.e. its internal regulation of
exchanges and relationships. Otherwise, a vicious circle may emerge: the more an anti-corruption policy is needed, because
corruption is systemic and enforced by effective third-parties, the less probable its formulation and implementation. Only when
official rules are complemented by coherent informal institutions, bottomup initiatives, they tend to produce the expected
outcomes and make anticorruption regulation more effective [17-20].

1. Problem statement.

State corruption is defined as the sale by state employees of state property for private purposes. Corruption is a general
term that signifies the mercenary use of its position in society for personal purposes. This may be bureaucratic or political
corruption. Corruption in the private market is usually not regulated by law, and a representative of one firm may bribe a
representative of another, although the firms themselves have the right to dismiss the provincial employees.

Economic studies of the phenomenon of corruption as such actually began not later than 1975 with the work of Rose-
Ackerman [5], in which corruption was seen as an economic behavior in terms of the risk associated with the commission of
a crime and possible punishment for him.

There are many mathematical models of corruption in the literature at the present time. Conditionally, mathematical
models of two directions can be distinguished — the study of acts of external corruption and corrupt organization from the
inside. The third direction concerns the study of observed phenomena, such as the non uniformity of equilibrium corrupt
states, the cyclicality of occurrence, etc.

2. Base analysis of corruption

1. If the goods differ and the costs are reduced when the contract is concluded, the goods are not sold in the private
market, then firms have an incentive to bribe the bureaucrat. We will notice that in this case, all firms offer at the choice of the
official goods, the same in terms of the ratio of price — quality, because all firms will try to put themselves in line with the
dominant seller. Thus, the bureaucrat can choose each of the competitors, since any solution from the whole spectrum of
price — quality has the same utility for the state. In this situation, firms can try to get a contract with a bribe. It is assumed
that the bureaucrat will organize a market for bribes, telling truthfully to each firm about the largest of the already proposed.

Let G — the profit of the bureaucrat m; —the profit of the seller 7, then
G(Xl')zX"—J(X")—R(X") (1)
ni(Xi):Pi(Xi)—Ti(Xi)—Di(Xi)—Ni(Xi), )
where X' — the size of the total bribe paid by the seller i, P’ —the price of the unit of the seller's product i; g — quantity
of the product required by the state (provided by the given); J(Xi) — the average fine for the bureaucrat. J > 0; R(Xi) -
moral costs for the bureaucrat when making a bribe X' , in monetary terms, R > 0; T’ —total expenses for the production
q of units for the seller ; Di(Xi) — average fine for the seller, D' > 0; N’ (Xi) — moral costs for the seller when giving

a bribe in monetary terms, N'>0.

The magnitude J(Xi) that reflects the expected penalty for the bureaucrat can be determined by multiplying the average
fine imposed in condemnation on the combined probability of arrest and condemnation. A similar procedure can be used to
determine the expected penalty for the seller D’ (Xi )

In terms of the profit of the bureaucrat and sellers, there is a set of bribes X " that are permissible both for the bureaucrat and
for the sales companies. In this area you can choose the optimal (in one or another content) the point (or value) of the bribe.

All bribes are acceptable to the bureaucrat. Four possible cases are considered X > J(X) + R(X):

1. there are no acceptable bribes;

2. all bribes are acceptable, for example, as J '+ R’ <1 i J(0)+ R(O) =0;

3. all bribes are acceptable to no more than a certain maximum level, since the marginal moral costs and / or the
maximum expected fines increase with increasing X ;

4. acceptable bribes that are smaller or equal to some minimum, because (JM + Rxx) <0 and J(O)+ R(O) =0.
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The most plausible case 4, in which all bribes are taken, which are more or equal to a certain level X . .
The permissible area i of the seller is determined by the ratio X' < P'g—T' — D' (Xi )— Ni(Xi ) So that a bribe is

possible, a condition Piq ~T'>0is required. This means that if not every corporation in the market is corrupt, then a

potentially corrupt firm should earn excess profits — either because it works more efficiently than the extremely effective firm,
or through the "entry barrier" to the market that brings the benefit to all vendors. For each seller i you can find the maximum

possible bribe X('] that he is able to give. If maX[Xé]z X(:" then the firm m gets a contract. Such a rule, according to

which the bureaucrat chooses a winning company.
Assuming that the expected fines for all firms will be the same, then the winning firm will be the one that will have the

biggest difference between income and the amount of production and moral costs of bribes X(’] . Because production and

moral costs are treated in the same way, the size of the maximum bribe that the firm is willing to pay may fall — either because
of increased costs of production, or because the representatives of the firm became more pedantic people.
2. In the situation with inaccurate formulations of the state, the model is complicated by introducing one more parameter

Y’ —the quality level. Increasing the price or reducing the quality of a product simply increases the probability of punishing
the parties to the transaction. It is assumed that

J=J(P, ¥, x7)J, 20,7,<0,J,20,J0,7, x)=0 3)
Dp=D(P', Y, X'} D,>0,D,<0,D,>0,D(0,Y, X')=0 @)
Now it is possible that firms will want to give a bribe, even if they do not have any excess profits, because the higher prices

they receive may exceed the additional moral and expense of punishment. Assuming that each firm i delivers a product of a

certain quality Y' and that each firm can vary Pi, then for each firm the admissible set includes such bribes, in which the
total "profit" is greater than or equal to zero:

0<Pig-T' - X —D(P', Y, X')-N'(x")
Function Xé (Pi) in Fig. 1 is a combination for a bribe, giving zero profit for each firm, and the shaded area and function

Xé (Pi) is one of the possible forms of permissible sets bribes. For each seller’f , the bribe is maximally possible Xé (Pi),
at which profit is zero. In a situation of competition when firms operate independently, determination of the winning bidder can

be carried out using the following three-stage procedure: first determine the function X(’](P’) then determine the

combination of price — quality, maximize profits G’ = X, - J(Pi, Y, Xi)— R(Xi) bureaucrat G’ provided that the

max ’
profit of the company is zero, and in the end the bureaucrat chooses a firm that maximizes its profit, Gmax .

3. Next, we will consider various cases of fines for both firms and bureaucrats. In terms of the properties of these functions,
we study the influence of institutional conditions on the existence and scale of corruption, as well as the case of a dual
monopoly that is not considered.

0
Ay

Fig.1 A possible form of admissible bribe value for a firm is possible.

Since the firms that did not win the contract may notify authorities about the bribe, in the interests of the company winning
share from competitors loser profit from the contract and may share with them the material costs to support corruption.
Ultimately, this leads to a substitute for competitive struggle — the formation of a cartel from former competitors, and the actual
competition is replaced by a dual monopoly

Main conclusions. The analysis focuses on:

» the corruption market is a monopoly, oligopolistic or rather competitive company [21]

» costs of members of such an agreement, whether they are physical, moral, which affects their size and how they are
related to institutional arrangements — laws, rules, society, traditions, etc.
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» what are the social costs of corruption and how to reduce them.

3. Analysis of the limitation of corruption.

Consider the dynamic model of F.T. Louis (F.T. Lui) [6, 7], [22-23] which is a simple model with overlapping generations.
It helps to explain why, for example, the level of corruption can seriously increase compared with some periods in the past,
while the parameters of the circuit punishment is not too changed. On the other hand, it explains why highly corrupt society
conventional measures to combat corruption measures such as enhanced surveillance of bureaucrats is expensive "pleasure"
to society, incommensurable compared with the effect on them.

There are two overlapping bureaucrats in the economy in each period: young and old. The number of bureaucrats in two
generations is the same. In each period, each bureaucrat is offered a unit of income in the form of a bribe, and he decides
whether to accept it or not. If a young bureaucrat accepts a bribe and is subsequently checked, then with the probability of a

unit he must pay a fine in C units. He can continue his work in the next period. However, if he takes a bribe again and will be
caught, then the new fine will be equal to the C’ units already. At the same time (o , it is so great that the bureaucrat, who
is still punished, will not accept another bribe until the probability of a check is positive. The probability p(t) of checking the
bureaucrat during £ is the same for everyone.

Bureaucrats in one generation differ only in degrees of their honesty. If the bureaucrat honestly htakes a bribe, then he
simply evaluates it into a 1—7 unit. It is assumed that /- a random variable with a uniform distribution function
F(h), he [0; l/f]. The distribution function F(h)is the same for each generation. It is also assumed that all bureaucrats
are at risk.

During a young bureaucrat, he must take into account the expected profit when he becomes old in the period f + 1. Let

probability of verification at the moment ¢ + 1 expectedin f is pe(l + l). Further, because the punished young bureaucrat actually
loses the opportunity to take a bribe in the future, then the young bureaucrat honestly h during ¢ accept a bribe while and only when
1= h— p(t)c + max|t =7 — p(t+1)e, 0] 2 0 (5)

Because, max[l —h- p‘)(t + l)c, 0]2 0 then the possible cost of a bribe for the young bureaucrat is no more than

the old bureaucrat. This suggests that the latter is more sensitive to corruption than the young one, since the old bureaucrat
had not been punished earlier.

Let it Wo(t + 1)= 1- pe(t + I)C The young bureaucrat honestly / in ¢ assumes that he will take a bribe 7 +1 when
and only when

Wo(t+1)=h. (6)
If (5) is satisfied, then (6) is equivalent
t)C|1- t+1
_pcli-p ]
1-p(1)
Let's introduce the designation:
_ p(t)C|1-p°(t+1
70120 [1-reen]
1-p(1)
The young bureaucrat honestly h will accept a bribe if and only when
W, (t)> h.

If (6) is not satisfied, then the young bureaucrat in # does not expect to take a bribe in the period ¢+ 1. Then (5) is
equivalent 1—/— p(l‘)C >0.
Letit W, (t) =1- p(t)C. The young bureaucrat honestly /2 will accept a bribe if and only when
W,(t)2h.
At that, WY(t)S WY(I) < WO(I +1) then and only when p(t) > pe(t + 1). It turns out that with p(t) > pe(t + 1) the
share of young corrupt bureaucrats inf the assigned function F(Wy(t)), and with p(l‘) < pe(z + 1) the share of young

corrupt bureaucrats £ in the given F(Wy(t)). It is assumed that p(t)Z p(l‘ —1) if and only if, when p(t)Z p(l‘ —1), the
assumption about the expected change in the probability of the verification turns out to be correct. It is proved that,

pe(t)Z p(t - l) in proportion to the fear of corrupt bureaucrats #, it is given (l - p)(t - l)F(WO (t)) and in
pe(t) < p(t - 1) proportion to the old corrupt bureaucrats in? the F(WO )(t)— p(l‘ - I)F(_Y(t - l)) given.
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Let B(l‘) — the part of the corrupted among all the bureaucrats of the generation at the time 7. B(l‘) is an arithmetic

mean of the shares of the old and young corrupt bureaucrats taking bribes at the moment ¢. This value is used to measure
the level of corruption in the economy at the time . The preliminary results can be presented in the following four cases:

(W 2) F(Wy (1)) + (1= p(e=1)(F (W (1)) )

wpu p(1)< pf(t+1), p(£)< p°(i+1):

(W 2) F(Wr (1)) +F (W (1) = p(e=)F (Wr (1-1) ),
npu p(t—1)> p°(1), p(¢)> p°(t+1);

)

(1/2) F (W (1)) + F (W (1) = p(e =) F (W (1-1) |
)
p(

~—

()

npup(t 1)>p () (t < p° (t+1)
(1/2 _F(Wy(t)) (1-p(e-1))(F (, (z)))],
npu p(t—1)< p(1), p(¢t)> p°(t+1).

If all proportions are F(O) less than one, then the corresponding expressions for the values W can be subjected to the
expression (7). Then we will get

B(t)W =(£/2)[ (2= p(t-1))(1-p(t)C) =y +J, | ®)

where functions J; and J, depend on p(t—l), p(t), C, p¢ (t), pe(t+1). From (11.8) it follows that it B(l‘) depends
on the probabilities of verification, which are defined below.

\_/

At a higher B(l‘) cost of effective testing is higher. To include this circumstance in the model, the following assumptions
are made.

Each time, the government spends R some resources on the check. The resources needed to effectively validate one
person at a time ¢ are r(t)available.

It is assumed that

r(t)zl/(m—nB(t)), where m >n> 0. (9)

Letitbe N the total number of bureaucrats. Then
p(l)zA—kB(t), where A=Rm /N, k=Rn/N. (10)
Substituting (10) in (8), we can obtain the regularity of the change B(t). The assumptions made allow us to show that

by asking R you can get some stable equilibrium levels of corruption. Let the initial level of corruption in the economy be

small. Due to the small cost of checking each person, R it can be spent on more people. Consequently, less people will
choose to become corrupt. Similarly, in the opposite case, with a high initial level of corruption.

M M
E H F
D _SAF D E
1 | 1
I
c/ C :
| ! | 1
B(1) ! ' ! '
o B(t) | |
I ! | |
L ! :
B : | B : |
A7 ! ! I 1 !
| | > |-« | —»:4—
1 [ | 1
0 B, B, B, B, B, B,

Fig. 2. Phase diagram Fig. 3. Phase diagram
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Itis also assumedthat 1 > A >k >0, C >1> AC, f >1.There are three stationary, equilibrium levels of corruption
B = B(t) for all £. As a result of (9), p(l‘) = p* for all , where p* is the probability of the corresponding verification B
Stationary levels are only possible when p(t) < pe(t + 1) and p(l‘ - 1) < pe(t). This case is considered below. Because

F,(0)= FO, ()= £ (1= p(0))C it (1= ple))C < L ana F(, (1) = F%,(e)) =1. 8 £ (1= ple))C > 1 that
3()= |/ DCpl=D)I=pl)e)s _f(1-p(r)C)<L
1-(1/2) p(¢=1),if _f(1-p(£)C)>1. (51)

The solution can be represented on the phase diagram. In fig. Figure 2 shows a change B(t) chart from B(l‘ —1). The

ABCD curve corresponds to (11). It crosses the OM line (this line has a slope of 45%) at two points, B and C. A direct DF
representing equation (12) intersects the OM line at point E. Thus, there are three points of equilibrium and it can easily be
shown that that only at points B and E it is stable.

If we change the assumption of the correlation between probability of verification and their expected values, then,

instead of Fig. 2 we get pic.3. From the figure it is clear that if the initial value of the variable B(t—l) is greater than

B, or ifB(l‘—l) it is so small that B(t) it is above the point C, it B(t) will climb to the point E. In other cases B(t), it

will climb to point B.
Various papers [6] investigate how equilibrium levels of corruption depend on model parameters, and emphasizes the
difference between small and significant changes in parameters, because their effects vary.

It is alchebraically more convenient to deal with the stationary probability of verification p* than with B* . From equation
(10) p* is related to the stationary equilibrium level of corruption B by the following equation:
p =A-kB". (13)

From Fig. 3 it follows that there are three possible states of equilibrium for B(t). This is E, C, and D. The first two are
determined from the equation

* *
Cip"2—[ fk(2C+1)]p" (2/k — 4)=0.
It is easy to see from (13) that B is negatively connected with P , therefore, the results obtained from the last equation

can be interpreted as follows. If fine C or resources for checking R grows slightly, then B’ itfalls. On the other hand, if the

average level of honesty h in the economy drops, then f and B they rise, which seems natural.

Because apart from point D, point E is also a stationary solution, it is interesting to investigate its dependence on the
parameters. It follows from (12) that at the point E

B =(2-4)/(2-k).
This level B~ does not depend on the size of fine C. However, when the resources on the test R increase, then A, and

k grow in equal proportions, and B’ therefore falls. So, for an economy with a high level of corruption, changes in R can
reduce the level of corruption, and small changes in C can not.

Of particular interest is the question of the transition of the economy from one level of corruption to another. The study of
such a question suggests that when society becomes more lenient to corrupt bureaucrats, a sharp increase in corruption can
be possible. Moreover, once appearing, the high level of corruption remains, even if the parameters of the restraint scheme
will return to the previous level. This explains the existence of societies with levels of corruption, which are sharply different,
under the same restrictive schemes. An intuitive explanation for this fact is that, once encountered, corruption requires higher
costs for verification and deterrence. Government efforts are becoming less effective.

In addition, it follows from the analysis that, because of the possibility of transition from one equilibrium state to another,
sometimes a heavy limiting scheme that seemed inappropriate in a short period, becomes optimal in the long run. At the
same time, in some cases, the rough scheme (for example, the introduction of high fines C) can cause a reverse effect,
exceeding the economy at a low level of corruption (at point B), to a high level (to the point E). This will happen if corruption
"slips" at some point an unstable stationary state (point C) due to fluctuations that arose during the transition.

Concluding Remarks

To make a strict and narrow definition of corruption that restrict corruption to particular agents, sectors or transactions,
like corruption as a deviation from the formal rules that regulate the behaviour of public officials, can be handy for fighting
corruption when the problem is limited. But because narrow (legal) definitions may ignore vital parts of the problem, like the
lack of political will to curb corruption in certain regimes, broader and more open-ended definitions, like corruption in terms of
power abuse, will have to be applied to address the situations of pervasive and massive corruption. Even when the effect of
democratisation in curtailing corruption is still much debated and not very strong according to available statistics, one basic
and practical argument is that corruption can only be reversed by democratising the state. Economic and political competition,
transparency and accountability, coupled with the democratic principles of checks and balances, are the necessary
instruments to restrict corruption and power abuse.
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Conclusions

In the conditions of corruption of all systems of state power on a large scale, a shadow economy can exist and develop,
which in turn generates corruption. The economy of Ukraine is characterized by the presence of a rather large amount of the
shadow sector, which "undermines" the effectiveness of state mechanisms of stimulating the economy, distorting the
conditions for conducting economic activity. At the same time, it should be noted the ambiguity of the influence of the shadow
sector on the functioning of the Ukrainian economy in the present. However, the fact remains that the significant amount of
the shadow economy is a factor in deepening imbalances existing in the economy, remaining one of the greatest challenges
to the country's economic security, the trends of which in future will determine scenarios for the development of the country's
economy as a whole. The correctness of this thesis is confirmed by a stable reciprocal relationship between indicators of
levels of economic security and the shadow economy. According to various estimates, only direct losses of the state budget
of Ukraine from corrupt actions of officials amount to more than 1 billion UAH. The official Gross Domestic Product of Ukraine
for the 1st quarter of 2017 amounted to UAH 821277 million. According to experts from the Ministry of Economic Development
and Trade of Ukraine [9], the volume of the shadow economy in the 1st quarter of 2017 reaches 37% of the official GDP,
while the "shadow" GDP is approximately 30,383 billion UAH, while the total GDP is 1125150 million UAH.

Thus, corruption becomes a systemic threat to economic security, since its distribution is a major obstacle to raising the standard
of living of the population, innovative development of the economy, and the formation of a stable society. The growth of corruption,
its devastating effect on the country's economy, indicates that there are no effective countermeasures that are necessary to ensure
Ukraine's economic security. The consequences of low results in the fight against corruption are the growing threat to the country's
economic security. According to the Director of the World Bank, one of the three key areas of reform in our country, through which
the Ukrainian economy will receive a growth potential of 4% per year, is to overcome corruption.

Corruption in one form or another is an integral part of human life, corruption is changing, and corruption remains and
adapts to new forms of existence. In our time of total informatization (cybernetization) of the world there are new types of
corruption — so-called cybercrime, which is a qualitatively new negative aspect of social life. The anti-corruption strategy
developed by Transparensy International states that prevention of corruption is more effective and more desirable than
"treating” it with force methods. Measures to prevent corruption, as enshrined in the UN Convention against Corruption [8]
and presented in various anti-corruption programs, give priority to measures aimed at ensuring transparency and access to
information. Therefore, the fight against the negative impact of corruption on the economy can be based on the development
and improvement of an open information society (open internet space).

Consequently, the economic and mathematical models of corruption, based on the comprehensive study of the
essence of corruption, the causes of its occurrence and sustainable reproduction, taking into account the circumstances
that determine the peculiarities of the development of a country, can reveal the important properties of this phenomenon,
and require further development to justify the means and methods that help to overcome corruption and increase the
level of economic security of Ukraine.
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OPTIMIZATION OF TRANSFERS BETWEEN CLOSE ELLIPTIC ORBITS
WITH SHADOW ACCOUNT

The problem of optimal transfer of an orbital transfer vehicle (OTV) with a solar electric propulsion system between close
elliptical orbits during one revolution around the gravitational center was solved. The goal of optimization is the maximum mass
of the payload of the OTV at a given initial mass, which is a permanently urgent task of modern space exploration. The influence
of the duration and location of the shadow arc of the trajectory on the deterioration of the quality criterion of the problem was
estimated. It is revealed that an increase in the duration of a shadow arc leads to a reduction in the weight of the payload. The most
negative influence of the shadow is observed in the case when the arc of the trajectory with a relatively large value of the vector of
the desired jet acceleration (optimal reactive acceleration, realized in the absence of a shadow) enters the shadow zone.

Keywords: apparatus, orbit, acceleration, payload.

INTRODUCTION. The classic electric propulsive system for spacevehicles consists of two main modules: a power source
for powering the engine and an engine itself that generates reactive thrust [1]. To date, two main sources of power of the
main electric propulsion system (EP) of interorbital vehicles are considered: nuclear reactor with heat energy conversion into
electric and solar cells (panels). In spite of both the ability of a nuclear power source to stay in the Earth's shadow, and higher
mass-energy characteristics, in view of the environmental safety requirements, solar cells remain the main variant of the
energy supply of the conventional EP when performing inter-orbital transport operations in the near-Earth space [2]. EP with
the solar cell energy source will be referred to as the Solar Electric Propulsion system (SEP).

The problem of maximizing the mass of the payload of the Orbit Transfer Vehicle (OTV), which performs orbital
maneuvering, is one of the main problems of modern spaceflight mechanics. This necessitates the development of methods
for evaluation of transfer trajectories, the motion along which provides a maximum payload mass, with simultaneous
optimization of both operating modes and SEP parameters. Transfer trajectories optimization method is proposed in [6] for
the case of distant elliptical orbits for an OTV with nuclear EP (NEP), or for an OTV with SEP, if the transfer trajectory does
not contain shadow parts. This method uses the solution of the problem of optimal transfer between close elliptical orbits
during one revolution around the gravity center [4]. An important property of Electric Rocket Engines (ERE) is the ability to
change the operating modes and the corresponding engine parameters within a sufficiently wide range. This allows for
theoretical studies to use the mathematical model of so called “ideal” rocket engine of limited power. Optimal control problems
for spacecrafts equipped with ideal low thrust rocket engines of limited power are considered in the works [1,5,7,8].

The OTV's interorbit transfer is considered as the motion of material point of the variable mass under the action of the
central gravity field and the thrust of an ideal ERE of limited power, which is feeded by electric energy from solar panels.
That's why the ERE turns off (engine thrust is zero) in the shadow arcs of the transfer trajectory, and an uncontrolled motion
of the spacecraft in the gravitational field takes place. The positions of both the entry and exit points in the shadow are
assumed to be given. The mathematical model of the OTV motion as a material point of a variable mass point is adequate
enough for the optimal control problems, arising while considering near Earth interorbit transfers.

The purpose of this work is to obtain optimal programs of the vector of reactive acceleration for the transfers of OTV,
equipped with ideal SEP, between close elliptical orbits and analysis of shadow impact on the efficiency of SEP's work.

© Kiforenko B., Tkachenko Ya., Vasil'ev I., 2017
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PROBLEM FORMULATION. The initial mass of the OTV M, consists of the mass of the payload M, the mass of the
engine My , the mass of the energy source M, and the mass of the rocket propellant M . required to perform the specified
dynamic maneuver:

My=M,+M,+M,+Mp
The masses of the engine and energy sources are considered to be proportional to the maximum power of the energy source N [1]:
M, =aNy, M, =vN,,
where the constants o and 7y -specific masses of the energy source and the engine are given by assumption.

The problem of maximizing the OTV's payload mass, performing an arbitrary maneuver, when using a model of an ideal ERE may
be divided into the trajectory and parametric subproblems [1]. The analytical solution of the parametric problem has the form

M, =M0(x/5—1)2,MY =%q:_®),
_MO(\@—CD) or?

My =MpNO,0="—J
2T

(1

v l+¢

where e=y/a, " — the characteristic linear size, T — characteristic time, which is equal to the period of rotation in a

circular orbit with a radius of r* divided into 27, and J - a functional, which is calculated by the formula
T
J =) (W w5 W )dr @)
0

Here T denotes duration of the maneuver, w, (k =1,_3) — components of the jet acceleration vector. Formula (2) and all

the subsequent relations are dimensionless: linear dimensions are factorized by r*, time t is factorized by T*, and the

acceleration — by the value of acceleration of free fall at a distance " from the gravity center. From formulas (1) and (2) it
follows that the maximum value of the payload mass A corresponds to the minimum value of the functional (2).

The trajectory part of the general problem is to determine the OTV's center of mass transfer trajectory, the movement
along which provides the minimum value of the functional (2). The equations of the OTV's motion will be written in the
osculating variables [3]

dx 3
— = eXp SZ F/ka B
JE 3 3)
e Feo +eXpSZijWk,j =L5, k=L3,
k=1

where X =[9,e, (D,I,Q]T is a vector whose components are the following set of orbital parameters: the natural logarithm of

the angular momentum 3 =1In+/a(l —ez) (here a is semi-major axis), e — eccentricity, ® — pericenter angular distance

to the ascending node, I — the orbit plane inclination, 2 — longitude of the ascending node, £ — eccentic anomaly, and
the coefficients F’ jk are determined by the formulas

Fi=0;F, :Fe;ost;FB =0;Fy; =1-¢€? _smE i Fyy =cosE+—COSE_e :

l-e l-ecosE 1—ecosE’
E- 2-e*—ecosE .
Fp=0Fy =—— ", = £ S sinE;
e(l-ecosE) e\/l—ez(l—ecosE)
Fy3 =—ctgl &?(COSE—G)+ﬂSinE ;
I-e Vi-e? ()
F41:F42:0;F43ZQ(COSE_e)_ﬂSin&FsFFsz:O;Fsa:— 1 333
l-e J1-¢2 cos/
3

oo (1_62)E = CosE—e 1 1 o - 2—ecosE
60_exp(38)(l—ecosE)’ o1 e(l—ecosE) \/1_62’ 62_e(l—ecosE)’
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In this paper we consider transfers between close elliptical orbits during one revolution around the gravitational center,
therefore the initial and boundary conditions for the system (3) will look like:

3(0) =8¢, HT)=3;+Ay,
e(0)=¢), e(T)=¢y+A,,
o(0)=0w), o(T)=0)+A4A,,
1(0)=1,, I(T)=1,+A4,,
Q0)=Q,, QT)=Q+Aq,

E0)=E,, E(T)=E,+2m.
Here 3,¢y,0,/,,<2, are the components of the initial orbit parameters vector X, E, is a value of eccentic anomaly

9)

for the point of the initial orbit, where OTV is at the initial time, Ag,A,,A ,A;,An — components of the vector of growth of

corresponding orbital parameters A . Since the tranfers between close orbits are considered, therefore the components of
the vector A are small quantities.

We introduce a function 6, equal to 1 on the illuminated arcs of the trajectory and 0 on the shaded arcs. To take into
account the influence of the shadow on the OTV's motion, the integral function of the functional (2) and all components of the
reactive acceleration vector in the equations of motion (3) must be multiplied by &, .

As in [4-6], given the smallness of components of the jet acceleration vector (SEP is a low thrust propulsion system), the
smallness of the quantities Ag,A,,A ,A;,Aq, we linearize the equation of motion (3) and transfer from the independent

variable t to the independent variable E . Taking into account the functional (2) and boundary conditions (5), we obtain the
next optimal control problem:

Ey+2n
J=(+e) [ Fg(E)(W +W7 +W)8ydE — min,
Fo (6)

dx . - 3 _ R _ _ ~ -
k=1

where Fip(E,%,)=1/Fy(E., %)), Fy(E, %) = exp(99)Fy (E,%,) .
OPTIMAL CONTROL. Using the Pontryagin's maximum principle, we find expressions for optimal jet accelerations and J :

M Fy (B, X)) + AP (EL X
W1=eXp(90) 2 21( 0) 3 31( 0),
2(1+¢)
MES(E, X))+ A Foy (E, X)) + A Fan (EL X
7, = exp(9y) 2 12(E,X) + My Foy (E,Xy) + A3 F3 ( o)’ @)
2(1+¢)
MFor (B, X))+ Ay Fiy (B, %)) + AsFer (B, X
7, = exp(9,) 2 33(E,%0) +AaFus (B, Xo) + hsFs3(E, %)
2l+¢)

Here A =[A;,A5,3,4,As] is a vector of adjoint functions A; of the problem under consieration. Since the coefficients

ij (E,X,) included in the motion equations (the second row in formulas (6)) do not depend on the phase vector X, then

A;(E) are constant values. The system of motion equations after the substitution of values W) (k =1,_3) (7) allows

integration into elementary functions. The values of the constants A; that provide the fulfillment of the initial and boundary
conditions of the problem (6) are determined from the system of linear algebraic equations that has a solution
Ey+27 -!
k= [ AE%)3,dE | A, 8)
E,

where the matrix A(E,X,) is determined from the relations
A(E,%,) = exp(39)Fy (E,%)AAT [(1+¢),

0 F,(E, %) 0 0 0

Fy(E\ %) Fy(E,X) 0 00
A=| Fy(E.5%) Fyn(E.%) Fy(E%) 0 0
0 0 Fj3(E, %) 0 0

0 0 Fy(E, %)) 0 0
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In so doing, the functional J is calculated by the formula
1-=
J=—MAA. 9)
2

Consequently, the relations (6)-(9) is the solution of the optimal control problem (6) with boundary conditions (5).

ESTIMATION OF SHADING INFLUENCE ON SOME ELEMENTARY MANEUVERS CARRYING OUT. Under
elementary maneuver, we mean a maneuver in which a small change occurs only in one of the orbital parameters during one
revolution around the gravitational center. Fig. 1-3 illustrate the effect of shading on optimal jet acceleration programs when

performing elementary maneuvers of the change: the logarithm of the angular momentum 9 — Fig.1, eccentricity e - Fig.2
and the orbit plane inclination I — Fig.3 by a value of 0.01. Parameters of the initial orbit are assumed to be as follows:

ap=1,¢,=03, I, = 207, 0y =g =0.The curves 1 in Fig. 1-3 correspond to the fully lit transfer trajectory, curves 2
correspond to the shadow location on the transfer according to formulas (10), and for the curves 3, the shadow location is

determined by the formulas (11). The angular distance of the shadow arcs equals to A, = 750 .

0, Ee[n—-Ay /2, n+Ay, /2], (10)
PN, Eel0, n-Ay, /2]uln+Ay, /2, 27,
0, E€[0, Ay /2]VU[2rn-A, /2, 2m], (1)
N, Ee[Ay, /2, 2n—Ay]
Y 3 2 Y Y 2~
/ 1 0.003 1005 |
0.003 ;f —F 0.0025 :3 ,'*1 " o 1
[ 0025 ~| IV ; 2/ A 0.004 /\ _/\'
o o= X( 1 ] p 0.002/~) \ . / 7 ouus\ o /
] N T/ / 1 0.0015 \ / 4 72N
SN AT oo \NCATINA |/
R—1—7 0.001 %“iﬁ“y A \ '/
0.001 00 L ~ —_— :T\ / / \\ /_,[
% 60 120 180 240 300 E° % 60 120 180 240 300 E° % 60 120 180 240 300 E°

Fig.1. Dependencies W (E) in changing 8 Fig.2. Dependencies W (E) in changing e  Fig.3. Dependencies W (E) in changing |

An estimate of the propulsion system efficiency is the value of functional J . The smaller the value of J the greater the
payload mass (see (1)). Therefore, the negative shadow influence on the effectiveness of a given maneuver is conveniently

evaluated with the help of the ratio of the functionals J / J|, (here J, is the functional in the case A, =0 ,i.einthe absence
of a shadow).

mn, . n, n,
= =
145 < 4 e . /\ 2
p 1.6 /
5
135 \*\ / LS - / 2 r
— \ ¥ /
14— 1 1
1.25 13 ¥ N /
& NNV = - v
. S 1/ — 1.2 \\/ 7 \// //\\
L ¥l 11 L /
1.05 o 1 ~— ] o 1"’—/ Pl
0 60 120 180 240 300 E 0 60 120 180 240 300 E 0 60 120 180 240 300 E.

1 1
F
Fig.4. Dependencies J/Jo(E) in changing 8 Fig.5. Dependencies J/Jo(E) in changing e ig.6. Dependencies J/Jo(E) in changing |
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For the maneuvers mentioned above in Figs. 4-6, graphs are given of the dependence of the value J / Jy from the entry

point into the shadow E|:incase A, = 359 —curve 1 and in case Ay, = 75° — curve 2. The function d,, that determines
the distribution of the shadow and illuminated arcs of the trajectory in this case has the following form

0, Ee€l[E,E+Ayl

I, E€l[0,E]U[E +Ay,,2n],

0, E€[0,E +Ay —-2n]U[E], 2n],
I, EelE+Ay—-2n E],

Analysis of graphs given on the Figs. 1-6 allows to draw the following conclusions. An increase in the angular distance of
the shadow arc of the transfer trajectory leads to the OTV's propulsion system efficiency reduction. the location of the shadow
arc along the transitional trajectory is essential. Namely, the negative shading influence grows when the arc of the trajectory
with a relatively high level of desired reactive acceleration falls into the shadow zone ( jet acceleration in the absence of a
shadow — curves 1 in Fig. 1-3).

CONCLUSION. The analysis of optimal control of the motion of OTV with the SEP during flight operations between close elliptical
orbits showed a negative effect of the shading on the the problem performance index. The results obtained may have, as an
independent significance, for example, for the problems of a spacecraft maintaining in the vicinity of a given orbit, and serve as a
base for the development of optimal control algorithms for the transfers of OTV with SEP between distant orbits.

E +Agy <2nx,
8sh =
E +Agy >2m.
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ONTUMI3ALIA NEPEXOAIB MIXX BJIN3bKUMU ENINTUYHUAMUN OPBITAMU 3 YPAXYBAHHAM TIHI

Po3se'sazaHo 3adayy npo onmumanbHul nepenim mixop6imanbHo2o0 mpaHcrnopmHoz2o anapama (MTA) i3 COHSIY4HOI esleKmpopeaKkmueHor py-
wiliHoro cucmemoro Mix 6r1u3bKUMU eslinmuYyHUMuU op6imamu npomsi2com 00Ho20 o6epmy Haekoslo 2pasimayiliHo2o yeHmpa. Memoro onmumisayii
€ MaKcuMyMm macu KopucHo20 eaHmaxxy MTA npu 3adaHili (io2o moyamkoeiii Maci, W0 € nepMaHeHMHO akmyasbHO 3adayvero cy4acHOl KOCMOHae-
muku. BukoHaHo ouyiHKy ennuey mpueasnocmi ma po3mauwyeaHHsi miHboeol dy2u mpaekmopii Ha noz2ipweHHs1 Kpumepito sikocmi 3adayi. BusieneHo,
wo 36inbweHHs mpueanocmi miHboeol dyau 3yMoeJsIroe 3MEeHWeHHs1 Macu KOpUucHo20 eaHmaxy. HaliHezcamueHiwulii ennue midi cnocmepizaembcsi
y eunadky, Kosu @ 30Hy miHi nompannsitoms 0y2u mpaekmopii 3 8iOHOCHO 8e/IUKUM 3Ha4YeHHSIM MOQYJisi eekmopa 6axaHo20 peaKmueHO20 MPUCKO-
peHHs1 (onmuMasibHO20 peaKmueHOo20 NMPUCKOPEHHSI, sike peaslisyembcsi 3a eidcymHocmi miHi).
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ONTUMU3ALNA NEPEXOOOB MEXAY BNU3KUMU NMNTUNTUYECKUMU OPBUTAMU C YHETOM TEHU

PeweHa 3ada4ya 06 onmumMasibHOM nepesieme mexop6umanbH020 mpaHcrnopmHoz2o annapama (MTA) ¢ conHeyHol anekmpopeakmueHol deu-
2amenbHol cucmemMoll Mexdy 6/1U3KUMU 3/1/1TUNMuUYecKuMu op6umamu e meyeHue oGHO20 o60poma 80Kpy2 2pasumayuoHHo20 yeHmpa. Llenbto
onmumu3ayuu si8sisiemcsi MaKcuMyM Macchl nosiesHoz2o 2py3a MTA npu 3adaHHoU e2o Ha4yanbHOU Macce, Ymo npedcmasJsisiem coboli nepMaHeHMHoO
akmyarsnbHyIo 3adaqy coepemeHHol KocMOHaemuku. lpoeedeHa oyeHKa esusiHUsI MPOGOHKUMESILHOCMU U PacrosioXeHusi meHeeol Ayau mpaek-
mopuu Ha yxyoweHue Kpumepusi Kadecmea 3ada4u. BbisienieHo, Ymo yeenuyeHue npodo/mKumenbHOCMu meHeeol dyau npueodum K yMeHbWeHUo
macchbl nosie3Ho2o 2py3a. Haubonee HezamueHoe enusiHUe meHu Habnrodaemcs e criyvae, ko20a e 30Hy meHu nonadarom Ay2u mpaekmopuu ¢
omHocumesibHO 60/1bWUM 3HaYeHueM ModyJisi eKMOopa XeslaeMo20 PeakmueHo20 yCKOPeHUsl (ONMuMasibHO20 peaKkmueHo20 YCKOPeHUsi, Komopoe
peanu3yemcsi npu omcymcmeuu meHu).

Knroyeenle croea: annapam, op6uma, yckopeHue, nose3Hbill 2pys.
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THE PROBLEM OF PORTFOLIO OPTIMIZATION WITH RESTRICTIONS

The problem of constructing analytical methods and computational procedures for solving the two-criterion problem of
portfolio optimization is considered. The problem is formulated in the production of G. Markovits, in the presence of quantitative
and qualitative instrumental market constraints on the structure of the portfolio.
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INTRODUCTION

For solving and analyzing applied portfolio investment problems there are a wide range of approaches [1], [3]. A significant
part of them involves the active use of methods of technical analysis, which make it possible to determine the market value
of the stock in the future. Such rules for constructing the forecast, due to the well-developed mathematical formalizations and
approaches and relatively not complicated practical implementation, are actively developing and effectively applied not only
in the stock market. The use of analytical methods of fundamental analysis allows us to answer the question: why the market
value of a stock in the future will be just such? At present, due to the complexity of mathematical models in the study of the
market pricing processes of stock market assets, the methods of fundamental analysis have not yet found effective
development and constructive application. Principles for analyzing processes based on the development and application of
mathematical modeling methods [2], [3] are obviously the most promising and devote much attention to the research.

In this paper an attempt is made to construct new fundamental approaches for solving portfolio investment problems,
based on the application of methods of mathematical modeling of dynamic systems and the admissible and effective set of
portfolio.

The purpose of the work is to develop analytical methods and computational procedures for solving the problem of two-
criterion optimization of a portfolio of risky securities. The problems are presented in the formulation of G. Markovitz in the
presence of quantitative and qualitative instrumental market constraints on the structure of the portfolio.

MATHEMATICAL FORMULATION OF THE PROBLEM
The mathematical problem of constructing the optimal dynamics of the portfolio of shares in the most general formulation
of G. Markovitz has the form [1]

rTx=rnax

X

x"Vx = min
X (1)
I'x=1

x;20,i=Ln

Here T — is the sign of transposition.

The content of this two-criterion task is to determine the optimal investment strategy, which involves maximizing the
expected profitability and minimizing the risk at the same time. According to G. Markovitz, the criteria in the task are
controversial, that is, improving the outcome of one of them leads to deterioration beyond others. In practice, this means that
increasing the profitability of a portfolio corresponds to an increase in its riskiness. There are different approaches to solving
the problem (1), but they are more academic in nature and difficult to apply to real investment in securities. A step that can
bring the problem formulation (1) closer to the practical investment needs to divide this two-criterion problem into two one-
criterion ones. The first of them involves risk optimization at a predetermined level of expected profitability at the chosen time
point, and the second is the optimization of the expected profitability for the investor-defined " optimal " portfolio risk level. In
some cases, such mathematical statements of nonlinear programming problems allow for analytical solutions [2], but do not
consider the essential features. They consist in the fact that at each step the solution of the problem of diversification of the
portfolio of portfolios must be taken into account as budgetary and instrumental constraints. The constraints make possible
to analyze the availability of the required quantity and quality of financial instruments on the market

x(H)eX(),i=1,n. @)
Here X (¢)— a limited set of admissible portfolios. The mathematical formulation of the problem of optimizing the risk of an
investment portfolio at a time point determined by the level of its expected profitability is such

r (T)x(T) = rp(T)
x"(TWx(T) — min
I'x(T)=1 . )
x,(1)20,i=Lntelt,,T]
x.(t)e X(0),i=1n,telt,,T]
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On an example of investing in a stock, we consider the problem of optimizing portfolio risk for a given level of its expected
return, while taking into account the constraints (2).

THE PROBLEM OF OPTIMAL DIVERSIFICATION OF THE PORTFOLIO

The general task of G. Markovitz of risky assets portfolio optimization (1) involves consideration of another criterion —
riskiness. Let's use this in the future by the set of admissible and effective portfolios. At the same time, one of the main tasks
of portfolio investment is the problem of optimal diversification of such portfolio.

Let's turn to the second task in the general statement of G. Markovitz about optimization of risk optimal for the expected
profitability of the portfolio of shares. To do this, we use the sets of admissible and effective portfolios that correspond to the
selected set of shares [1, 2].

The risk optimization procedure for optimal portfolio profitability is to select at each step the permissible portfolios that lie on the

line EF . This line connects the point £ , that corresponds to the optimal market value of the portfolio with the point, 7' belonging
to the effective set. This line is parallel to the axis of riskiness of portfolios. The feature of this choice of optimal portfolio is that in this
line, according to the definition, each of the portfolios corresponds to the same expected profitability, but the risk decreases in the
direction of the axis. This property of the admissible set of investment portfolios allows from one side to take into account the
limitations (2) and on the other — to determine the portfolio of "optimal" expected returns with less risk.

D

admissible set

*

o (o)

Fig. 1. Solving the problem of optimizing the stock portfolio risk.

If a certain portfolio is at a point E', that is, for which there is no risk of reducing risk according to the above rule, then

we define the "optimal portfolio" by moving it from point E'to point F' thatis an element of an effective portfolio of portfolios.
In fact, this means the definition of a portfolio of stocks with a higher expected return. At the same time, such a procedure
allows constructively to take into account the existing limitations when diversifying the portfolio.

Another mathematical statement of the problem of optimizing the expected return on the investment portfolio at a time
point determined by the level of its risk, is such

r (T)x(T) — max
x (TWx(T)=1
I"'x(T)=1 : @)
x,(1)20,i=1n,elt,,T]
x.(H)e X(t),i=Lntelty,T]

The procedure for optimizing the expected return on a portfolio for a certain level of its risk is to select a procedure for
optimizing the expected return on a portfolio for a certain level of its risk is to select at each step the admissible portfolios

that lie on the straight line EG (Fig. 2). The line connects the points E that corresponds to the optimal expected return

on the calculated portfolio and the point G belonging to the effective set . This line is parallel to the axis of market value.
The feature of this choice of optimal portfolio is that in this line, according to the definition, each of the portfolios is
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responsible for the same risk, but the market value increases. This property of the admissible set of investment portfolios,
as in the previous case, allows one to take into account the restrictions (2), on the other hand, to define a portfolio with
"optimal" risk and higher expected returns.

s

admissible set

*

(¢

Fig. 2. Solving the problem of optimizing the market value of a portfolio of shares.

As defined above, portfolio is at a point K , that s, for which there is no possibility to increase the expected yield, according

to the above rule, then we determine the "optimal portfolio" by moving it from point K to point G’ thatis an element of an
effective portfolio of portfolios. In fact, this means reducing the risk profile of the stock portfolio. Effective set or set of effective

portfolios in fig. 1, 2 is on the arc CD. Itis a set of Pareto [1] for an existing set of shares on the market.

CONCLUSION

In this study, new mathematical statements of optimization of stock portfolio structure are presented and methods of their
solution are developed. Mathematical problems formulated on the basis of models of the dynamics of market value of one
share and portfolio of shares. That gives an opportunity to solve the problem of optimal diversification of the portfolio of
investments, taking into account quantitative and qualitative market restrictions on the structure of the portfolio.
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SUFFICIENT CONDITIONS OF STABILITY IN MEAN SQUARE
OF SOLUTIONS TO LINEAR DIFFERENCE EQUATIONS WITH RANDOM COEFFICIENTS

The article is devoted to the study of sufficient conditions for asymptotic stability in the mean square solutions of linear
difference equations with Markov coefficients.

Keywords: stochastic difference equation, Markov process, stability in mean square.

Introduction. Tasks of stability of stochastic difference equations were engaged, in particular, K. G. Valjeev [2],
J. . Hikhman, A. V. Skorokhod [1], I. A. Jalladov, D. G. Korenivsky [11], D. Ya. Khusainov [4] and other well-known scholars.
various approaches may be used to study the stability of solutions of stochastic equations. So, if known solutions of such
equations, then a direct method of studying stability or asymptotic stability is sometimes used. another approach is based on
the introduction of lyapunov stochastic functions and the use of the analogue of the second lyapunov method. If known instant
functions or equations for moment functions, then the problems of studying stability in the mean square is reduced to the
analysis of the behavior of such functions.

In the paper, using the recurrence equations for the moments of the first order of solutions of linear difference equations
with random coefficients, sufficient stability conditions in a quadratic one are substantiated.

Consider the Markov process & (¢) , which can be in states 0,,,0,,,...,0;, with probabilities p;,, () =P{, () =0,}

(k=1,2,...,n) . Let the sequence of random variables X, be a solution of a linear stochastic difference equation

r
Xn+1 = A(‘:nﬂﬂén)Xn + sz(gnHﬂén)nann’ XO = C.:O’ (1)
Jj=1
where the vectors 1, = (nlk,...,nrk)*, k=0,...,n, are a collection of random variables that do not depend on &, and do
not depend on the random vector C, , A,Bj are matrices which have dimension m xm .
Definition 1. The trivial solution of equation (1) is called asymptotically stable in the mean square if
lim B| X, [*=0

n—0
for an arbitrary deterministic vector X,.

Partial moments m, (n) are determined from the equation

my (n+1) = Zq: Apm ()7

s=1
so, for the vector M (n) = (m;(n),...,m, (n))* can be written the equation
M(n+1)=AM(n),

where the matrix A can be determined from the relation

Ay mpdn nlquq
B To1dyy Tppdyy o Toudy,
Tadg Tppdpn o Ty,

We recall the statement [10], which replaces the problem of stability study with the problem of solvability of the matrix
equation.

Statement. In order for the zero solution of equation (1) to be asymptotically stable in the mean square, it is sufficient
that there exist positively defined matrices O, of dimension m xm such that there are solutions of equations

q " oo o
Qk - Znsk (AstkAsk + ZBjstsBjsk) =E, k=1, q. 2)
s=1 Jj=1

© Nikitin A. V., Proskurin D. P., Yakymiv R. Ya., 2017
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2. Iterative scheme for solving the matrix equation.
We propose an iterative scheme for solving the matrix equation (2), which is a modification of the fixed point method. Let
us rewrite the equation (2) in the form

q % r *
—Z T (A O Agye + Z B OBiw)=E—-0Q, k=14q 3)
s=1 Jj=1

Let's denote

q * " *
F[Qk] = _Z Tk (AstkAsk + ZBjstsBjsk) ’
j=1

s=1

DOy ]=E -0

and construct an implicit solution of the equation

F[O1= DOy ]

for the next iterative scheme

F[Qk+l]:D[Qk]’ k=0’1’25"' (4)

We hold sufficient conditions for the convergence of the method (4) to solve the equation (3).
Theorem 2. Let the following conditions be fulfilled:
The eigenvalues of the matrix A are negative;

2|T'<B;0e T=A"'QE+E®A, 0<p<l1;
3 |E-0Q;|<kaQ,, O0<a<l.
Then the sequence {Q, ,k =1} converges with the solution of the equation (3).

Proof. Since condition 1) is fulfilled, then the operator D that translates the space of positively defined matrices in itself.
Matrix equation

q " oo
> T (Ag Op Ay + D" By OB ) = K, (5)
s=l1 Jj=1

where K — an arbitrary positive definite matrix, also a positively defined matrix is also a solution Qk ,i.e. F_1 also translates

the space of positively defined matrices in itself (since, by condition 1), all 4;(A) <0 .
Enter the metric as follows

p(0;,0,)=[10,-0, 1.

The space of positively defined matrices with the metric thus entered will be a complete metric space. Then for the

convergence of the iterative scheme it remains to check the fulfillment of the condition that the operators D i F7! are
operators of sequential compression. According to condition 3), we will receive

P(F(Q)),F(Q,)) <ap(01,0,) -

We write the equation (9) in the form

T, =K,
where T=A ®I+1® A — the Kroneker product of the matrices. Then
0, =T"'K

and

p(F(0;).F (0, )=IIT"0,-T"0,|I<B,

which means the fulfillment of the condition of sequential compression.
The theorem is proved.
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ANALYSIS OF AN EPIDEMIOLOGICAL MODEL WITH AFTEREFFECT

In the present article, a disease dynamics model is investigated. Model factors influencing the process dynamics are analyzed.
Stability of the equilibrium states of the system without delay is investigated. Numerical integration of the system for a model
example is performed and the phase portrait is plotted. A system with time delay is also considered.

Keywords: differential equations, mathematical model, phase portrait, steady state, systems with delay.

Introduction

First attempts to apply mathematical methods to investigation of disease spread (epidemy) process dynamics probably
date back to Bernoulli's investigations perfomed as early as in the middle of the 17" century. He used elementary
mathematical instruments to assess the efficiency of pox prevention strategies. The emergence of computers in the 50s of
the 20™ century marked a new era in mathematical epidemiology giving birth to a new methodology — the so-called
epidynamics [3-5]. It was founded upon the scientific analogy in modeling epidemic processes, i.e., the way the infection
spreads from infectious individuals to other population members), with diffusion processes (of matter, energy, impulse, etc.)
studied in mathematical physics.

The contemporary world is currently facing dangerous circumstances when both old and new inflectional diseases not
only have a significant potential to spread, but to spread unprecedently fast [6]. This fact justifies the importance of the problem
considered in the present paper.

1. Epidemiological models without delay
1.1. Notations and basic relations
The vast majority of mathematical epidemiogical models are based on the so-called compartment principle which
postulates that the population can be disjointly split into a set of classes or categories depending on the way they interact with
the disease. The simple model can be formulated as follows [7].

Consider a population of N individuals that can be split into three groups:
S(t) — all individuals that are susceptible to the particular disease, but not infected at time 7 ;

1(t) - all infectious individuals (that are spreading the disease);
R(?) - all individuals that are immune to the disease at time ¢ ('R’ usually stands for 'recovered’).
This model is referred to as the SIR -model. The interaction among these classes is schematically displayed in Figure 1.1.

= o BI =D D
——-
UM S
Susceptible Infectious Recovered

Figure. 1.1. Interactions in the SIR -model [23]

An accurate quantitative description of the model can be obtained using the abstract mathematical language as a system
of coupled differential equations for each of the classes. Let (.S, /) stand for the number of individuals newly infected, whose

© Khusainov D. Ya., Shatyrko A. V., Pokojovy M., 2017
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particular form depends on the number of encounters between susceptible S(¢) and infectious /(¢) individuals. We assume

the infection can only be passed from an infectious to a susceptible individual. Then, the system of ordinary differential
equations reads as:

d
- St)=—1(S®),1)),
%I(z) = (S, 1)~ (1),

d
RO=Y1(), 7>0.

Here, ¥ >0 denotes the recovery rate. The term Y/ (¢) quantifies the individuals that have formed immunity to the
disease.

Typically, f(S,1) has the following properties:

1. £(S,1)=0 for S=0or I =0,

2. f(S,1)>0 for §>0,1>0,

3. fo(S,1)<0, f;(S,1)<0for §>0,7>0,
4. f(S,1)>0, f;(S,I)>0 for §>0,1>0.

An example for f(S,1) is f(S,1)=BSI, where B is a constant parameter describing the chance of getting infected
from an encounter with an infected individual. This yields the system

d
ES(t)——BS(f)I(t),

%I(t)=BS(t)I(t)—v1(t), (1.1)

d
“RO=Y1(), 7>0.

Summing up the equations, we easily obtain

d
E(S(Z) +1(t)+R(t))=0.
Hence, the first integral of the system is

S(t)+1(t)+ R(t) = const .
This corresponds to the situation when there is no mortality.

Numerical solutions to SIR -equations are in good correspondence with the theory of oscillatory processes. Indeed,

despite of the high epidemiological activity on a compact time horizon, the infection level eventually stabilizes at a particular
constant level (Figure 1.2).

0.6

0.5 a
0.4 |

0.3 f | [\
02 ' \

01F

50

Figure 1.2. Decaying oscillations in the SR -model

Further investigations of epidynamics processes pursued the path of improving mathematical models to better match the
reality of these proceses (particular disease types and their specifics, etc): nonlinear factors, delay effects, stochastic aspects,
etc. [8-13].
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1.2. A generalized model

We make the model in Equation (1.1) more comprehensive by introducing a constant birth intensity A >0 to the first
equation. The terms —uS(¢), —ul(¢), —pR(¢) are further introduced to model the mortality. Here, 1> 0 is the mortality

constant [14—16]. This yields:
asq) _ d](t)
7 BSOI@) +1—uS(0), — = =PSSOI —vI({) -l (1), =YI(1)—uR(). (12)
Here, all parameters are positive, i.e., A >0, },L > O , >0, y>0.Adding up the equatlons, we obtain the linear first-

order inhomogeneous equation

R(t)

SO+ 1)+ RO =1 =p(SO)+10)+ R,
which, being integrated, yields the first integral
S(0)+ 1)+ R(1) =[5 (0)+ 1(0)+ R(0)Je™ + 21— ¢4, (1.3)
Obviously, "
S(t)+[(t)+R(t)—>% as t —> +w,

i.e., the total number of susceptible, infectious and recovered individuals eventually stabilizes.
Since the R(Z) — variable does not occur in the first two equations, they can be decoupled from the third one. Hence, we

can restrict our investigations to the planar system

% =A—puS()-BSOI(), % =BSOIO) —(R+1)I(). (1.4)

1.3. Steady states on the plane
Determining the steady states for the autonomous system (1.4) reduces to solving the nonlinear algebraic system

A—uS—PBSI=0, BSI—(n+v)] =0.
Adding up the equations, we get
A—puS—(u+7)=0.
Thus,
g_r-w+nl
w

(1.5)

Plugging this into the first equation, we obtain
A—(u+vy)I
(MH’)I—B%I =0,

or, equivalently,
A+ =BA—(u+7)I 1 =0.
This is a quadratic equation with two solutions:
I,=0, IZ_BK put+y) A

Blu+y)  n+y B
Correspondingly, Equation (1.5) also possesses two solutions

o A WANWADL() _h o A=W@ADL() _pty
= =, 2= - .
: M n u p
Therefore, assuming
BA—w(n+7v)>0, (1.6)

Equation (1.4) has two steady states: O;(S;,1;), O,(S,,1,), both lying in the first quadrant:

A p+y A
K B Tw+y B
1.4. Steady state investigation
Our investigation will be performed using the linearization method. The linear approximation of the nonlinear system (1.4)

in a neighborhood of a steady state O(S,,/,) reads as

deEt) [-n— BI]‘(I $)=(S,. 10)(S(t) So)— BS‘(I $)=(So5 10)(10) Iy)
a@ _ B]‘(I,S):(SO,IO) (S(t)—SO)+[BS_(M+V)]‘(1,S):(SO,10) (IO ~1o). (.7

dt
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Consider each of the steady states O,(S),1;), O,(S,,1,) separately.

A
1. Plugging the coordinates of the first steady state O, [—,OJ into the linear approximation system (1.7), we obtain
p

as(t dl(t
J=—M(S(t)— J L1y, 20 [ E—(uw)}(z). (1.9
dt u H
Hence, the matrix 4, of the system is given as
I |
4 = 5 H
0 A=—(u+y)
and its characteristic equation reads as
det{4 —CE} = B =[—u—&]X[7»E—(u+v)—§]=0-

0 A=—(u+y)-¢
n

Solving this algebraic equation, we get the eigenvalues
p
& =-n<0,¢, =7~;—(u+v)-
On the strength of condition (1.6), £, > 0. Thus, the steady state is a saddle point. Substituting the straight line equation
T(t)=kS (1) into the linear system (1.8) with the shifted origin / = I +1,8= S|+ S, we obtain

E_ _
df(t)ju (u+v)}l(t)
SO _50)-p T

u

[XB—(uw)}k
k= o8

—u—kEk
n

Thus,

This equation has two distinct roots: k1 =0, k2 = % This yields two separatrices: I(Z) =0, the unstable one, and

it

1(t)=kS(t), the stabl , with k = :
) (¢), the stable one, wi 27

2. Substituting the coordinates of the second steady state 02 (%,L—Ej into the linear approximation in
n+y
Equation (1.8), we arrive at
ds(t A
W_,P (S(r) j (u+v)[ (r—(——ﬂD,
dt H+y p pty B
di(t +
4o B( j(S(t) = YJ (1.9)
dt uty B p

Therefore, the coefficient matrix A2 reads as

9L sy
+7
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with the characteristic equation

B

ey —(n+7v) 8
det{4, —EE} = =&2 +A——E+[BA—p(u+7)]=0.
A—E——u ¢ H+y
n+y

Since all coefficients in this quadratic equation are positive, on the strength of Routh & Hurwitz criterion, the steady state
is asymptotically stable. The eigenvalues are

2
1 A A
o=y ot (—Bj ~4BA -] |
2| pty H+y
Assuming BA—p(p+7v) >0 (which is equivalent with the assumption that the steady state lies in the first quadrant), the
2
steady state OZ(H—F}L, A —Ej is asymptotically stable. Thus, for {ﬁj —4[BA —p(u+7v)]>0, we obtain a
B u+y B Aty

2
stable node (sink) and for [ UL j —4[BA—u(n+17)] <0 is a stable focus.
n+y

The complete phase portrait of the nonlinear system is obtain by 'gluing' each of the separate phase portraits together.
Example 1. Consider the following parameter selection: A =2, B=2, u=1, y=1.Then, the system has the form
ds(t) dI(t)

o =2=S0=28WI(), = = =280I(1)-21().

1
The steady states are 0,(2,0), O, (1,5) . Consider the first steady state. The coefficient matrix and its eigenvalues in
0,(2,0) are

-1 -4
Alz[o 2] M(4)==1, hy(4)=2.

3
The equilibrium is a saddle with two separatrices: k; = 0 (the stable one) and kz = _Z (the unstable one).

1
Consider the second steady state. The coefficient matrix and the eigenvalues in O, (1,5) have the form

2 2
Azz{z ()},xLﬂyg):—liiJE.

The equilibrium is a stable focus. The complete phase portrait of the nonlinear system is displayed in Figure 1.3
150 iy

Figure 1.3. Phase portrait of the nonlinear system
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2. Epidemiological model with delay
Typically, after interaction with an infectious individual, a susceptible individual does not directly become infectious himself

or herself until a certain “incubation’ time T > 0 has elapsed. Thus, any adequate mathematical model is expected to account
for this delay effect [17—19]. An SIR -type model incorporating this delay mechanism reads as:

%:k—pS(t)— BS()I(t-7),
%:BSO_T)I(Q—(HﬂLY)I(ﬂ, 1)
B —y-0)-nr),

2.1. Steady states
Again, determining the steady states amounts to solving the algebraic system

A—uS—BSI=0, BSI—(n+7v)I=0.

A + A
Hence, system (2.1) has the same steady states O, (—,Oj , 02(M i ,——ﬁ) as the instantaneous one, both
u

B m+y
lying in the first quadrant.
2.2. Steady state investigation
The linear approximation of the system around O(S,, /) is given by

degt) :[—M_Bl(t—T)](SO,IO)(S(t)—SO)—BS(Z)|(SOJO) ([(1_‘[)_10)’

% =BI(0)(5,.10) (St =)= Sp) +[BS(t = 1) = (+1)(s,,.10) L (D)~ 1) - 22)

Note the slight abuse of notation in Equation (2.2): When writing I(t — 7)|,,, we actually mean /|, , etc.
Consider each of the steady states O,(S),1;), O,(S,,1,) separately.

A
1. Plugging the first steady state O, (—,Oj into the linear approximation Equation (2.2), we get
il

das(t A di(t
BO s )-2-1Lra-n, LU0 L@y .3
t pooop dt 0
or, in the matrix form,
- 0 A A
d[S(t)j " ; ORSAL 9B s-n-t o4
fdl = u K. .
1 0 A=—(un+
di\1(0) O e e o | re—o
Thus, the coefficient matrices 4, and B, read as
| —y 5 0 5 0 —KE
1= v b= K
0 A=—(u+
" (n+7) 0 0

so that the resulting characteristic equation is given by

e b .
det{4 +e > —EE} = B =(—u—§){?~;—(u+v)—é}=0-
0 %E —(u+y)-§

The eigenvalues remain unchanged:
& =<0, azzxg—wy»o.

In contrast to planar systems without delay, there is no comparable classification of steady states for systems with delay.
In [19, 20], it was shown that the trajectories of the linearized system get eventually 'glued' after a finite number of states so
that the steady state remains a saddle. Such systems are called systems with weak delay.
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2. Turnin By L _B i imati
. g to the second steady state 02 B T , the linear approximation reads as
n+y
das(t A + A
O__B (S(t)—H Yj—(pﬁry)(](t—r)—( —ED,
dt H+y p u+y P
dl(t A +
ﬁ#{— j{sa— y- L Y], @9
dt pty B p
or, in the matrix form,
n+y n+y
A S() - 0 —(n+ St-1)-——
S(t) _B_ 0 B (H Y) B
al\ie) | BT A gt 0 A 20
0 0 zuy{————EJ wry la—n—[————ﬁj
n+y B u+y P
with the coefficient matrices
_Br 0 —(n+y)
A= u+y | By=| Br 0
0 0 n+y
and the characteristic equation
A _
—% - (u+y)e ™
det{A, + ¢ 5B, ~EE} = =g+ P pope e -0, @)
n+

[ B?\, _u]e—kr _a
u+v

Since no explicit procedures for finding the roots of the characteristic quasi-polynomial (2.7) exist in the general case,
Lyapunov's second method [21, 22] will be used for our stability investigation.
It is not difficult to see

—% —(u+7v)
A, +B, = B
_— 0
n+y
so that the characteristic equation of 4, + B, reads as
o e
det{d + B, —EE} = =&+ ——E+[BA—p(u+7)]=0.
pr ¢ ety
n+y

Since all coefficients are positive, by virtue of Routh & Hurwitz criterion, the matrix 4, + B, is asymptotically stable.
Hence, the system linearized around O,(S,,1,) in case of no delay, i.e., for T= 0, is asymptotically stable. As shown
before, the equilibrium state is either a stable node (sink) or a stable focus. Let us prove that the steady state O,(S,,1,) of

the original nonlinear system with delay is going to be stable as well for 'small' values of T < 1. To this end, we exploit the

Lyapunov's function method with Razumikhin conditions [20, 21].
Introducing the new variables

A
S(t):Sl(t)—M, I(z):ll(z)—(——ﬁj (2.8)
p p+y B
and substituting them into the first two equations in (2.1), we get
as,(t A
B P50 - =D S, (010,

dly(t) _ BX—M(MH)S (t
dt n+y !

—-1)+BS;(t—1);(¢?). (2.9)
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Hence, investigating the steady state O, (.S, 12) of the original system (2.1) was reduced to studying the zero equilibrium
of (2.9). For our stability investigation, a quadratic Lyapunov function

V(S 1)) = hy SE+ 20,81, + by IF (2.10)

will be used. Since the matrix A4, + B, is asymptotically stable, for any positive definite C , the matrix Lyapunov equation

h h c c
(4y+B) H+H(A4 +By)=-2C, H=| ' 1| c=| " ™ 2.11)
LY 2 Cx»

has a positive definite H as the only solution. Reading Equation (2.11) componentwise, due to the symmetry, we get a
system of three equations:

p BA A A
2 ————hy+———hy |="2¢, —(0+y)h - b My + b hyy ==2¢1, =2(L+V)hyp = —2¢y; .
n+y n+y n+y n+y
The unique solution is
Bty pA 1
hy=——c¢+———=c , o, = Cr
11 BA 11 (H"'Y)z 22 12 nty 22
2

2
AR BA (n+7v)
Computing the complete derivative of the Lyapunov function from Equation (2.10) along the solution to the linearized delay
system around the second steady state O, (S,,/,), we get

%V(Sl (), 1,(1)) = (S,(£), [ ()YC(S, (1), I, (1)) < =k i (ONSE (1) + 13 (1)].
As it was shown in [6], under the condition
}\‘min (C) }‘max (H)
LTy = and G(H)=—max2 "
" B, (|| + B OCED) Pemin (H)

the zero solution of the system with delay is asymptotically stable implying the second steady state of the original nonlinear
equation with delay is steady as well.

Remark. The question of estimating the stability region in the phase space remains open.

T<7T

Conclusion
We considered an epidemiological model constituted by a system of three ordinary differential equations [14-16]. Its
stability investigation was reduced to a qualitative study of a planar system. The steady states were computed and the overall
phase portrait was obtained. A modification via introduction of a delay term was obtained [17-19] and the resulting system
was also studied.

References:
1. Boe B. B. CoBpemeHHble 3Tanbl MaTeMaTW4ecKoro MOAENVPOBaHWS MPOLIECCOB Pa3BUTUS U PacrnpoCTpaHeHUs MHMEKLMOHHbIX 3aboneBaHuii
/ b. B. boeB // 3nugemuonoruyeckas knbepHeTuka: Mogenu, MHdopmaums, akcnepumeHTsbl. — M., 1991.
. Dietz K. Daniel Bernoulli's epidemiological revisited / K. Dietz, J. A. Heesterbeek // Mathematical Biosciences. — 2002. — pp. 1-21.
. BaposiH O. B. Matematuka n anugemuonorusi / O. B. BaposH, J1. A. PBavyeB. — M. : 3HaHwne, 1977.
Beinnu H. Matematuka B 6uonorum n meguumnte / H. Bennu. — M. : Mup, 1970.
Bailey N. T. J. The Mathematical Theory of Infections Diseases / N. T. J. Bailey. — London, 1975.
Yepkacckuit B. J1. UHdekumoHHble 1 napa3utapHble 6onesHu yenoseka / B. J1. Yepkacckuit. — M. : MegmuuHckas raseta, 1994.
Enbko M. J1. O xone anuaemuii HekoTopbix 3apa3sHbix 6onesHen / M. J1. EHbKo // Bpay. — Ne 46.
Adimy A. Periodic oscillations in leukopoiesis models with two delays / A. Adimy, F. Crauste, S. Ruan // J. Theor. Biol. — 2006. — P. 288-299.

DeConde R. Post-transplantation dynamics of the immune response to chronic myelogenous leukemia / R. DeConde, P. S. Kim, D. Levy, P. P. Lee
/I J. Theor. Biol. — 2005. — pp. 39-59.

10. Hethcote H. W. The mathematics of infectious diseases / H. W. Hethcote // SIAM Review. — 2000.

11. He Zh. L. Nonlinear state-dependent feedback control strategy in the SIR epidemic model with resource limitation / Zh. L. He, J. G.Li, L. F. Nie, Zh. Zhao
/I J. Adv. in Difference Equations (2017) 2017:209, DOI 10.1186/s13662-017-1229-8.

12. Li C. A study on time-delay rumor propagation model with saturated control function / C. Li // J. Advances in Difference Equations (2017) 2017:255
DOI 10.1186/s13662-017-1319-7.

13. Kang C. Global stability of a diffusive and delayed virus dynamics model with Crowley-Martin incidence function and CTL immune response / C. Kang,
H. Miao, X. Chen, J. Xu, D. Huang // J. Adv. in Difference Equations (2017) 2017:324 DOI 10.1186/s13662-017-1332-x.

14. Smith. R. Modelling Disease Ecology with Mathematics / R. Smith // American Institute of Mathematical Sciences. — pp. 1-189.

15. Enatsu Y. Global stability of SIRS epidemic models with a class of nonlinear incidence and distributed delays / Y. Enatsu, Y. Nakata, Y. Muroya // Acta
Mathematica Scientia, 32(3): 851-865 (2012)

16. Enatsu Y. Global dynamics of difference equations for SIR epidemic models with a class of nonlinear incidence rates / Y. Enatsu, Y. Nakata, G. |zzo,
A. Veechio // Journal of Difference Equations and Applications.

17. Nakata Y. Of the Global Stability of an SIRS Epidemic Model with a Distributed Delays / Y. Nakata, Y. Enatsu, Y. Muroya // Discrete and Continuous
Dynamical Systems, Supplement 2011. — P. 1119-1128.

18. Xenn [x. Teopus pyHKUMOHaNbHO-ANddEpeHUmanbHbIX ypaBHeHui / . Xenn. — M. : Mup, 1984. — 421 c.

19. Onbcronby J1. 3. BBegeHwe B Teopuio anddepeHumnanbHbiX ypaBHEHUI C OTKNOHSALWMMEs aprymeHTom / J1. 3. Onbcronbu, C. b. HopkuH. — M. : Hayka,
1970. - 240 c.

20. Benpitkic [1. B. Systems with weak delay in the plane / [. 6. Bengirkic, M. Oi6nik, [. A. Xycaios // BicH. Kuis. yu-Ty. Cepia "®ianko-MaTeMaTuuHi Hayku".
—2001. - Bwun. 3. - C. 175-182.

©CENoOGORWN



~44 ~ B 1 CHMK KuiBcbkoro HauwioHanbHoro yHisepcurety imeHi Tapaca LleBueHka ISSN 1728-2276

21. XycaunoB [. A. Metog dyHkumin JlsnyHoBa B MCCregoBaHWM YCTOMYMBOCTU AnddepeHumanbHO-YHKLUMOHanbHbIX cuctem /. A. XycanHos,
A. B. Watbipko. — K. : N3a-Bo Knesckoro yHuBepcuteta, 1997. — 236 c.
22. XycaiHoB [. A. CTifikicTb HENIHIHMX cuCTeM perynioBaHHs 3 nicnsgieto / 1. A. XycaiHos, A. B. Watupko. — K. : Al "IHdpopm.-aHaniT. areHTcTBo", 2012.
-73c.
23. Keeling M. The Mathematics of Diseases, 2001. URL: https://plus.maths.org/content/mathematics-diseases (retrieved October 2017)
Hapivwna no peakonerii 05.10.17

[. A. XycaiHoB, A-p i3s.-maT. Hayk, npod.,

A. B. lLlaTnpko, kaHAa. ¢is.-maT. Hayk, Aol

KuiBcbkuit HauioHanbHUK yHiBepcuteT imeHi Tapaca LLleBuyeHka, KuiB, YkpaiHa,

M. B. NokonoBun, A-p npupoa. Hayk., monoga. npod.

YHiBepcuteT Texacy B Enb-lNaco, akynbTeT MaTemaTuyHux Hayk, Enb-lMaco, Texac, CLUA

AHANI3 OOHIET ENIAEMIONONYHOI MOAENI 3 NMicnAIelo

HocnidxeHo modenb npouyecy 3axeoprogaHHs, 8U3Ha4YeHO, sIKi cknadoei modesi ennusaromb Ha GuHamiky npouecy. flocnidxeHo cmilikicmb
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AHAIN3 OOHOW 3NMMAEMUOJIOrMYECKOW MOLENU C NOCNEAEUCTBUEM

Uccnedoeana modens npoyecca 3aboneeaHusi. BoissicHeHO, Kakue cocmaensirouyue Mooesiu enusilom Ha OUHaMuKy rnpouyecca. UccrnedoeaHa
ycmoliiyueocms rosioxeHull pagHosecusi cucmemsbi 6e3 3anasdbieaHusi. [lpoeedeHo YucIeHHOe UHMezpUposaHue akadeMu4yecKko20 npumepa u no-
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ABOUT ONE MATHEMATICAL MODEL OF DYNAMICS
OF FREE COMPETITION MARKET

The model of free competition market was developed and investigated, found out which components and how affect trade. A
program, which was written, allows you to find singular points of system of differential equations and construct a phase portrait.
On the example with the given parameters, the model of the market of free competition is constructed and investigated.

Keywords: differential equations, market model, phase portrait, singular point.

Introduction. Modeling of the processes of society's welfare is one of the most actual problems of society at present .
One of the most important components is modeling of dynamics of economic growth. And one of the determining components
of growth is stability of market relations [5-8]. As a rule, building of mathematical models is based on the balance of products
and the possible development of manufacture over a certain time interval. As market, we understand voluntary interaction of
buyers and sellers comply with requirements of country[5-8]. As a rule, the mathematical model has equilibrium positions and
it is interesting to figure out conditions when this position is asymptotically stable.

Model of free competiton market. Model of dynamics of free competition market could be described by next system of
ordinary differential equations [5-8]

dp; (1) £ 0 w0 0

Here %(p;,pg,pj(t)),pj(t) >p:., j =1,n functions, which characterize influencing of seller Dj(p;*,p?,l?(t
Ln

)
)
)

pi(t)<pi. =

)
functions, which characterize influencing of buyer, Cj (po,p(t)
p(t) = (pl (t),p2 (t),...,pn (t)) functions, which characterize influencing of impact of competition, Gj (q?,q(t)

q(t) = (% (t),q2 (t),...,qn (t)) J= I,_n functions, which characterize influencing external factors.

The above factors have the biggest influencing on price of goods changing. Some contribute to higher prices, others to
lower. Some factors are controlled by the firm, others are not. Nevertheless, together they characterize price of goods
changing at a particular moment in time, and this dependence is called free competition.

© Khusainov D. Ya., Fedorova K. M., Diblik J., Bastinec J., 2017
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Entered variables have next meaning:

p; (t) —the price of j-th good, which is sold at the moment ¢ >0, p? — equilibrium price of j -th good, q; (t) - number of
units of j -th good, which is sold at the moment ¢ >0, q? — equilibrium number of j -th good, pj- - the lower threshold value
of price j-th good (prime cost), p:-* - the higher threshold value of price j-th good (buyer's possibilities), p;. = p? —pj. -
allowable price difference of j -th good for seller, p;'. = p;* —p? — allowable price difference of j -th good for buyer.

In normal trading p; (t) >p;-, J =1,_n, that is, the seller should not suffer losses. As functions Vj (p;,p?,pj (t))

C(r"p(0)). Dy (120 p(0)). G, (435a(0)- 5o (1) 5= a7 =(pf S 2. e ot ehoose

functions of fractional-rational form [8]

V; o Q’ L)) =—v; ,'Qvl)' i s> t _d "41
j(p.l p;:p;( )) ViPj p,(0)-p; j(p.l Py p( )) (1)
L )-p; pi(t)-p!
C. 0 ( J _ri i . (2)
st 5 2
If we put
Iy p(1)- Py 3 p!
G, (¢a(0. 2%, (0) = (00, (1)~ 0°] @, (0)=a2] 1-e, 2Ly S PR g
q; pj i=1,j#i pi
then we obtain
D t —po n (r)— 0 % .k
G, (aha(6).pyp; (0))= 75| Py (1) 1= ejj%+ > eﬁp’(;—op’ —pj | pi<pi(0)<p
j i=Li#j i

qj- <qj(t)<q;*, j=1n.

Recorded system (1) with features (2), (3) it is the system, the right side which is the sum of the linear, quadratic and
fractional-rational terms. The system has an equilibrium point (a price that suits for both sides) p, (Z) = plo, )2 (Z) = pg .
most interesting thing here is to find conditions when an equilibrium point is asymptotically stable.

1. System in plane. In particular, when j =1,2 on the plane, we obtain a system of two ordinary differential equations

dpl( ) Vp, pl(t)_pl() _dpn p1(l)_]910 —clzplo(pl(t)_plo —pz(t)_pg]—i—

di Cp-p T e m() p P
0 0
t)— t)—
1 pl(t) 1_el pl( )() & e p2( )0 i _plo )
P P2
dp, (1 , Pa(1)= P . p2(1)= P> t)-py p(t)-p!
() _ 2pz() i g 20=p o pal )= _pl0)-p],
dt (t)-p2 Py — (1) 2 P
£)— 0
+”2{P2 [ ) ()0 p2 621171()—0}71 —Pg . (4)
P2 D
Denote [pl( - D :|/p1 =X t), [ - P; :|/p2 —xz( ) (replacement "normalization of variables") and rewrite

the system in the form of

dx (1) viD] dyp}
— xl(t)[—x (z);l()1+p1' +x T );91 — ——cp+h(l-e)| +x, (t)(clz +rle1z) +1i (€122 (£) — e, (£)) %, (1),

dx(1) _ o (0| ——22 dyp)
dt ()p2+p> x(1 )Pz

+7; (ezlxl(t)—ezxz (t))x2 (t) (5)

—Cy t+ 1 (1 e )} +x (Z)(czl +r2621)+
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As a result of the replacement, study steady state of equilibrium p, (t) = plo, )23 (t) = pg of system (4) reduces to study

of zero position x; (t) =0, x, (Z) =0 of system of perturbation equations (5).
We convert system to universal form. Using vector-matrix notations, we could write

I o [ o (A1

—2e1 e

11%(1) x(1) 0 0 nep 0 x(?) B
0 0 rhey; xz(t)
ney  —2eh

-1
0 vyph [(%,(2)

|

N (xl(t) 0 jpf) 0 _{Plﬂ 0 {dlplﬂ 0 }(xl(t)J ©)

0 x®) o P L0 ) L0 dpllx()

We introduce following designations

U ) RN AN B R I A S |

21 rep

-, +1(l—e ¢, +re re 0 0 70
A:{ 12 1( 1) 12 T 7€ ]le €2 ,P,:|:p1 } P,,:{Pl }

~

’ n
Cy1 ey —cy+n(l-e) 210 1ey) 0 p; 0 p;
hey  —2er

V{le{ 0 } D{aﬁp{' 0}
0 vyp) 0 dyps

Then system (6) will adopt universal vector-matrix form

%x(f) = Ax(t)+ X (1) Bx(t) <[ Xo (1) By + P W (t) +[ X (6) By~ P"] " Dx(2). @)

And study of steady state of equilibrium p, (t) = plo ., D (t) = pg reduces to study of zero equilibrium position x; (t) =0,
Xy (t) =0 of systems (5), (7).
2. Analysis of equilibrium position. Investigation zero equilibrium position of systems (5), (7) will be carried out by

linearization method. Because when x; ()= —pl'/plo . ox(r)= p{'/plo . X (t)= —p'z/pg . x(1)=p5 Py
denominators of right-hand sides have features, then domain of definition of systems (5), (6) is a rectangle
. 0 " 0 0 0
b= {(xl,xz)-—P{/Pl <x < Plr/Pl :—Pé/l’z <X, <P5/P2} ; @®)

and linearization will be held in D .
Equilibrium position determines by system

’ "
X {_ vipi o, dipi _c12+r1(1—e1):l +x2(012 +”1€12)+ ”1(612362 _elxl)xl =0,

0 ’ 0 ”
xpy+p 0P — P

5 {_ v(z)pz _ d(z)Pz . +r2(1_62)} +x1(c21 +r2e21)+ 7 (e21x1 —ezxz)xz =0. 9)
XoPry Py XDy~ D)
It is very hard to find analytic solution of this system, especially in general. AHanuTU4eckun pewmnTb CUCTEMY, B OOLLEM
Buae, crioxHo. Based on the fact that maximal power of numerators and denominators is two, maximal number of solutions
is four. Evident ( and the most interesting) solution is 01(0,0).
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Right side of system (7) is the sum of the linear, quadratic, and fractional-rational parts. Linearization of quadratic part in
a neighborhood of zero gives zero term and that's why system, linearized to (7), in a neighborhood of zero equilibrium position,
has next form

d _ ~ o D _ pr -1
Ex(t)_(A+/1)x(t), A_—D(xl,xz){ [Xo(£) By + P'] e(t) +[ Xo (1) By~ P'] Dx(t)}x(t)_o
If put F(x [XO VB +P' ] V+ [XO VB — P"] D, than we have a system

e [0 i) (2

Its Jacobian has form

0 0 0
— i+ fi X, — + fiy+
D(F(x))_ xlaxlfn i xzaxlfn xlax St x2 f12 )
D(x) | o 0 0 B
( ) x16—f21+f21+x2—f22 xl_f21+f22+x2_f22
x| ox; 0x, 0x,
0 0 0
f11+x2 flz x—ht+tx—/
_ a1 ox, ox;, +|:f11 f12:|
S o

0 0 0
xl_f21+x2_f22 N—J/atx—/»
x| oxy 0Ox, 0x,

And at point 0(0,0) we have

D(F(x)) 7(0.0) £2(0,0)
x=0,x,= |:f21(0’0) fzz(O,O):|=F(O)'

That's why matrix 4 has next form

-1 -1

~ -1 -l p 0 V1P| 0 pi 0 d,py 0 -n—d 0

A:_(P) V_(P) D:_ [ r T " " == _ _ :
0 p 0 wp 0 p; 0 dyp 0 vy, —d,

Thus, matrix of system of linear approximation at zero point has form

A= _012+r1(1_‘31)_"1_d1 Cp e
+A4=
C21+r2821 —021+I”2 (1_82)_ d2
Its characteristic equation has form
det(A+ A—LE) = —ep +1i(l=¢) -y —d, = Ci2 T _
Cy1 +hHey —c21+r2(1—e2)—v2—d2 A

z}\.z +7\4(V] +d1 +C'12 —I’l +?‘1€1 +V2 +d2 +02] —1”2 ~|—I"262) +(Vl +d1 +Clz —I’l + }‘lel)(v2 +d2 +021 —”'2 +V282)—
—(c1p +re)(cy) +heyy).
As follows from stability conditions for systems on plane, when inequalities correct
Dy = +di+op—n+ne)(vy+dy+ ey =1 +ney) = (¢ T1ep ) + ey ) >0
zero equilibrium position will be asymptotically stable.

Let us consider economic interpretation of stability conditions. Influence of competition on changing in the price of goods
is not as significant as influence of the state, the seller and the buyer, so coefficients sty j = 2 will not be taken into account.
If we denote S, =7 (l—el.)—vl. —d;,i=1,2, then system has an asymptotically stable zero equilibrium position when
S1+85, <0, 5,5, <nnee,.

In other words, system to be stable enough to buyer demand for a particular product, as well as the possibility of the seller
to provide the product at a price that will satisfy both sides, was greater than the effect on the formation of prices by the state.
Example 1.1. Let's take the following parameters:

v =3,d; =6,c1o =3, 11 =03,¢,=2, ¢, =3, p. =8.5, p =6.5,p/ =10,
Vv =5,dy =8, ¢y, =3,1, =025, e, =2.5,¢,, = -4, py =6.5,pb =3, p% =9.
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Than system has next form

195 60
85x,+6.5 10-8.5x
15 72
+

i = (- +2.7)x; =3.9x, —0.6x7 —0.9x,x5,

%y =2x —( +3.375)x, +0.625x5 — x% ,

and corresponding matrices are

-0.6 -0.45
85 0 27 -39 —0.45 0 65 0
B = A= . B= P = ,
0 6.5 2 3375 0 -0.5 0 3
-0.5 -0.625

o100 195 0 60 0
P'= V= , D= .
0 9 0 15 0 72
We consider solutions in domain of definition of a system, namely in a rectangle D, where

D= {(x,xy):-13/17 < x; <20/17,-6/13 < x, <18/13} .

Then in this area will be only one special and it is the most interesting point O, (0,0) from an economic point of view.

1.25 |
1.00 4

) P\
0.75 '

0.501

x2

0.25 4 =
0.00 1 -

—0.254~

T T T T T T T T
-0.75 -0.50 —-0.25 0.00 0.25 0.50 075 1L00
x1

Pic. 1
The picture shows that the singular point-point type of node and this equilibrium position is asymptotically stable. The
linearized system at (0,0) is a system of two equations

5(1 e —63)(1 _39X2,
X'Z = 2x1 —16.375x2,
for which
~ |-63 -39
A+ A= .
2 -16.375
Its characteristic equation has form
A2 +22.6750+110.9625=0.

Roots of characteristic equation are A; = —=15.5,A, = 7.1, therefore a singular point-stable node.

The phase portrait of the linearized system is constructed in Pic. 2. Comparing Pic. 1 and Pic. 2 it is clear that they are
identical, so proposed method of linearization of dynamical system can be used to study the found singular points.
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1.25 A

1.00 A

0.75

0.50

x2

0.25

0.00

—0.25 A

T T T T T T T T
-0.75 -0.50 -0.25 0.00 0.25 050 075 100
X1

Pic. 2

Comment. The number of singular points is determined by the number of real solutions of system (9). In example 1.1
numerically obtained that in researched area we have only one singular point.

3. Systemin R" space. Carrying out analogous transformations, we can write the system of differential equations in a
general form

dxy (¢ 4 d
! )le(t) APy 1A —chz""”l (1-¢) +Zx )(cy; +rie) + 1 Zelz x(1)—ex (1) [x (),

dt xl(t)lho“'l’f xl( )Pl i=l, i=,
z:tl z¢1 i:tl
dx, (t) 232 d,p; c c
——2=x,(t)| - -+ = 0 tn(l-e 1)(cy; +1pe;) +
a2 % (1)py+py (1) p3 - ph ; atni=e) s g‘ aeo
i#2 i#2
+r, Zezl i(t)—ezxz(t) xz(t),
%
........................................................................................................ R
dx, (t) Vi d,p, $ L
=x,(t)] = + - 41, (1- + (1t + +
dt xn( ) ()Pn + Py xn(t)PS Pn z_=zl,cm ”n( e,,) i_ZXZ( )(Cm o)
1#n 1
n
+7, Zemxl.(t)—enxn(t) x, (?)
o
Denoting
x(?) x (1) x,(t) 0 0 0
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x() 0 .. 0 pl 0 .. 0 po0 .. 0
X (t) .. 0 0 0 5 ... 0
X, () = 2( ) , P = 0 p, .. O P §2 ’
0 0 %, (1) 0 0 .. p 0 0 .. p
p 0 0 vipp 0 0
0 " 0 0 v 0
Pﬂ_ b , V= 202 ,
0 0 )2 0 0 nDn
chﬁrl 1- 61) o ey Cp 1€,
i=1
i;tl
dpl 0 .. 0
O dng 0 621“1‘]”2621 —202[4-1”2 l 62) C2n+l”2€2n
D= , A= i=l, R
i#2
0 0 . d,p,
n
a1+ et Cpp +7,8,0 —Zcm.+rn(1—en)
L i#n ]
[“2eri rep . ey, |
nep, 0 0
0
ne, 0 0
0 1”2621 0
. ey  —2er .. e,
B=— ,
2
0 e, 0
0 0 e,
0 0 I
| e Flyy e —Zenrn_

we obtain system in universal vector-matrix form (7).
Consider the system (7) at R”" space.

a(0)= Ax(1)+ X (0 Be(0) [ X0 () R+ PT We(o) <[ X0 ()R~ P'T Dx(

As in plane, investigation of the zero equilibrium position of the system (7) we will do with linearization method. The domain
of definition of a system (7) has form of a rectangle

= {(x, %357, P1/P1 <X <P1/P1 , Pz/Pz <X <P2/st ” —pn/Pn < Xy <pn/pn (8)
and linearization will be in area D,, in a neighborhood of zero equilibrium position.

Right side of system (7) is the sum of the linear, quadratic, and fractional-rational parts. Linearization of quadratic part in
a neighborhood of zero gives zero term and that's why system, linearized to (7), in a neighborhood of zero equilibrium position,
has next form
d ~ ~ D -1
—x(t)= A+A)xt, A:—{ X P+P Vx X B —-P' Dxt}
dt ( ) ( ( ) D(xl,xz,...,xn) [ 0 0 ] [ O ] ( )
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If denote
F(x)=-[X,()B+P] ' V+[ X, (t)R-P"] ' D,
Than we have a system
fi(exy)  fro (K)o fra (35 xy) X
)'c:F(x)x, F(x)z le(xl,...,xn) fzz(xl,...,xn) fzn(xl,...,xn) e X, '

Tt (X)) S (KoesXy) oo o (Xp5eesxy) X,

Its Jacobian has form

n a . n a .
f11+2xi% f12+2x fll f1n+2xiﬁ
=l 9N x, i n

D(F(x) | fa+3 522 f22+2x LETI I S i1

D(x) = i=1 ox) 0ox, i=1 ox, |=
0 o of,
n1+2x 52’1’ fn2+in%”2’ fnn+2x ﬁxm
ol S0 $ 00
o 1 i=1 e o,
11 12 - Jin
S fzz o i o Do
_ S S Son + Z;, ;xi o, lZ:;,xi o,
fnl fn2 fnn n af n af . af
_IZ: ox, Z‘ oy Z ax

And at point 0(0,0) we have

£1(0,0,...,0)  £1,(0,0,...,0) ... £,(0,0....,0)
D(F(x)) | /21(0.0,.0) £(0.0....0) .. £5,(0.0....,0) )

x1=0,x,=0,...x,=0

£1(0,0,.,0)  £,,(0,0,..,0) ... f,(0,0,...,0)

That's why matrix 4 has next form

p O 0 v O 0
y :-(P’)_l V—(P”)_ID _ 0 p;, .. O 0 Vvp, .. O ~
o0 . 0T dpl 0 .. 0 w-d, 0 .. 0
10 py .. 0 0 dypy, ... O _ 0 vy —d, .. 0
0 0 ol o o dzég 0 0 v, —d,
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Thus, matrix of system of linear approximation at zero point, using the notation Sl- =7 (1 —€ ) -V, — di,i =1,...,n hasa

form
-, _
_chi +8)  opthen .. O, tHhe,
i=1
i#l
n
3 Cy| + 1565 —Zczi +8;, .. Gy, the,
A+ A= i=l
i#2
n
c,y e Cpptre,n .. —Z c,it+S,
i=1
L i#n |
Its characteristic equation has form
-, _
—chi+S1—k Cp + 1€ 1, e,
i=1
i#l
n
- C21+I”2€21 _2021+S2_7\- Czn +I”262n
det(A+A—\E) = i=1
i#2
n
Cy +1.8, Cyy + 1,60 —Zcm+5n—l
i=l,
L i#n ]

Expanding it, in general form, we obtain
A +d AN+ d, A+d, =0
As is known, necessary condition for stability of zero position of equilibrium is positivity of coefficients, i.e. If zero

equilibrium position of original nonlinear system is asymptotically stable, then dl. >0,i= O,_n .

We examine the last matrix in more detail. Constant coefficients cl-ji,j =1,n show influense 1 -th competitor to price

J -th good or service. Given value is not significant, proceeding from the fact that the seller's contribution v; and buyer's dj

to stabilization of market prices, as well as desire to raise taxes, which is characterized by a coefficient v have a more

significant effect on changing the price of goods. In addition, some coefficients cl-ji,jzl,n, on diagonal of matrix

A+ A—\E will be reduced to the off-diagonal, because have different signs. Thus, if do not take into account coefficients

Cjj when the system is tested for stability, then, in order for the system to be stable, it is necessary that

S;=r,(1-¢)-v,—d; <0, Vi=1,n.

Conclusion. We always have competition on market, and sellers of similar goods or suppliers of such services always depend
on each other. The system of dynamics of free competition market was investigated. The goal was to determine when this system
has a stable equilibrium position. In case of markets, equilibrium means a situation when sellers and buyers are collectively satisfied
with current combination of prices and sales or purchases, and thus have no incentive to change existing situation. If, for some
reason,equilibrium price has not been established, then forces are emerging in market aimed at establishing such price. The ideal
economic equilibrium implies the conditions of perfect competition and absence of external effects.

But in a real economy such conditions are not observed: there is no perfect market, there are side effects of entrepreneurial
activity, cyclical and structural fluctuations, unemployment, inflation. All of them deduce economy from equilibrium state.
However, this does not mean that economic system can not be brought into a state of equilibrium that will correspond to
market realities.

The real equilibrium is an equilibrium that is established in economy in conditions of imperfect competition in the presence
of external and internal factors of influence on the market. Each of the market participants can influence the trade with a
certain coefficient. In the course of the study of the obtained system, it was established that for the equilibrium of the system,
the total influence of the seller and the buyer should be more than the influence of the state.
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