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HEMNAPAMETPUYHI METOAOM NEPEBIPKM FNOTE3U
NMPO OQHOPIAHICTb ABOX BUBIPOK

Ha cbo20dHiwHill Yac icHye dyxe 6az2amo pi3HUX Hernapamempu4Hux Kkpumepiie. KoxeH 3 HuUx mMae ceoi ocobnueocmi ma ymoeu
sukopucmanHsi. IcHyromb HenapamempuyHi Kpumepii Ons He3anexHux eubipok, Ons 3anexHux eubipok ma Kkpumepii, U0 MOXHa eu-
Kopucmosysamu e 060x eapianmax. B 3anexHocmi 8id kinbkocmi docnidxysaHux eubipok ma ix 06'eMy eubupaemscsi onmumansHUl
Kpumepit, sikuli npu 3adaHux euMozax 6yde Mamu Halbinbwy nomyxHicme. 3 o2nsa0y Ha pe3ysilbmamu aHani3y yMoe 3acmocyeaHHs
HenapaMempuy4HuUX Kpumepiie nepeeipku cmamucmu4Hux 2imome3s, sk KOHKYPeHmMuU Kpumepiro, o MPoMnoHyembCcs 8 yili cmammi, Mu
subpasnu kpumepii Konnmozopoea-CmipHoea, YinkokcoHa, MaHHa-Yimui U kpumepill 3Hakie.

There are a lot of different nonparametric criteria. Each of them has its own peculiarities and conditions of use. There are non-
parametric criteria for independent samples, for dependent samples, and criteria that can be used in both cases. Depending on the
number of investigated samples and their volume the optimal criterion, which will have the greatest power at the given requirements, is
chosen. Considering results of the analysis of use conditions for nonparametric statistical criteria for validation of hypotheses, as com-
petitors of the criterion proposed in this paper, we chose the criteria of Kolmogorov-Smirnov, Uilkoksona, Mann-Whitney criterion and
the characters criterion.

1. Betyn. [ng nepesipku rinoTe3n npo 0AHOPIgHICTb ABOX BMOIPOK po3pobneHi knacu4Hi HenapameTpuyHi kpute-
pii Konmoroposa-CmipHoBa, YinkokcoHa, MaHHa-YiTHi, kpuTepilt 3HakiB Ta iHwWi [1]. BoHM BiaAMiIHHO mpautoTb Npu ne-
peBipui BUOIpOK, OTpUMaHUX 3a 4OMNOMOroK MPOCTOro BMNaAKOBOro BMOOPY 3 reHepanbHUX CyKyNMHOCTEN i3 pisHMMuK
MaTeMaTU4YHUMW OYiKyBaHHSMMU, NPOTE MalTb psaf Hedonikis. 3okpema, Ui KpuTepii 'pyHTYIOTbCS Ha OQHOCTOPOHHIX
OOBipYMX rpaHMUsX, WO BiAMNOBi4aOTb 3aA4aHOMY PiBHIO 3HAYYLLOCTI, WO MOXe MPU3BECTU A0 HEBU3HAYEHOCTi N He-
NPUAHATTA piweHHs. KpiMm Toro, iMOBIpHICTb NOTpannsaHHA TECTOBOI CTAaTUCTUKM B AOBipYMi iHTepBan (To6To, AoBip4niA
piBEHb KpUTEPilO) MOXHA TOYHO BM3HAYMTUK NULLIE 33 YMOBM, LLO HYNbOBA rinoTe3a € iCTUHHO; Y CYNMPOTMBHOMY BuNa-
OKY Ust IMOBIpHICTb 3anuLIaeTbCs HEBU3HAYEHOI0.

Y po6oTi [2] Ha ocHoBi rinoTesn Xinna [3-4] i dopmyn BinbcoHa [5] nobygoBaHa Mipa 6nmn3bKoCTi Mixk BUOipkamu 11 ABo-
CTOPOHHIV HENapaMeTPUYHUI KPUTEPIA, aCUMNTOTUYHUIA PiBEHb 3HAYYLLIOCTI IKOTO HE 3aneXuTb Bif iCTUHHOCTI abo xMbHoc-
Ti HyNbOBOI riNOTe3u, 1 NPOAEMOHCTPOBaHa NepeBara HOBOro KpuTepito Hag kputepisvy Konmoroposa-CmipHoBa 11 Yinkok-
coHa. MpoTe acMMNTOTUYHUI XapakTep 3anpornoHOBAHOIO KPUTEPID O3HaYae, WO piBeHb 3HavyLwocTi, piBHUI 0,05, MoxHa
OOCArTV NuLle npy Jocutb Benuknx ob'emax Bubipok. OTxe, HeobxiaHO gocnigkyBaTn MogudikaLilo Lboro KpuUTepito, Lo
OO0MyCKae BUKOPUCTaHHSA BUBIpOK manux ob'emis.

2. HenapameTpuuHi kpuTepii. Ha cborogHiwHin Yac icHye ayxxe 6arato pisHUX HenapameTpuyHuX KpuTepiiB. KoxeH 3
HWX Ma€ CBOi 0COBNMBOCTI Ta yMOBU BUKOPUCTaHHS. YMOBHO KpUTEpii MOXHa pOo3noAinuTy B 3aneXHOCTi BiA BXiAHUX AaHUX,
0O SKMX BOHW 3aCTOCOBYIOTbCH. ICHYIOTb HemapaMeTpuyHi KpuTepii Ans HesanexHux BubIpoK, Ans 3anexHux BubIpok Ta
KpuTepii, Lo MOXHa BMKOPUCTOBYBaTK B 000X BapiaHTax. B 3anexHocTi Big kinbkocTi gocnigkyBaHnx BMOGIipok Ta ix 06'emy
BMOUPAETLCS ONTUMANbHUIM KPUTEPIW, SKUIA NPy 3adaHnx BuMorax yae MaTtv HaubinbLLy NOTYXHICTb.

Kputepismn ana HedanexHux Bnbipok € kputepii Konmoroposa-CmipHoBa, MaHHa-YiTHi Ans nepesipku ABoX BUGIpoK Ta
kputepiit Kpyckana-Yonnica ans 6aratosumipHoro Bunagky. Kputepismmn ans gBox 3anexHux BMBIpoK € KpUTepin 3HakiB Ta
YinkokcoHa, a ans 6inbLoro yicna Bmbipok: kputepii PpigmaHa Ta MNengxa.

Kputepint s3roam Konmoroposa-CMipHOBa € AOCTaTHbO YyTNMBMM [0 HasiBHOCTI BiAMIHHOCTEN y AocCnigKyBaHWX BUGIp-
Kax, ane npu cniBCTaBIeHHi ABOX EMMiPUYHMX PO3NOoAiniB HeobxiaHo, wob ob'em BMbipok 6y Ginbwunin abo piBHUM 50. 13
30iNbLUEHHAM KiNbKOCTI enemMeHTiB y BMOGipKkax, 36inblUyeTbCa TOYHICTb KpUTepito. Y Bunagky, konm ob'em Bnbipok manun,
OOUINbHO BUKOPUCTOBYBATHU iHLUI KpuTepil, Hanpuknag kpuTepin MaHHa-YiTHi.

Ons kopekTHoi poboTu Kputepito MaHHa-YiTHi HeobxiaHo, Wwob y BnbipkoBUX OaHMX He Byno cniBnagarunx 3HaveHb,
abo X KinbKicTb Takux 3HadeHb Oyna MiHiManbHo. 3a gonomoroto Kputepito MaHHa-YiTHI MOXNMBO gocnigxysatu BUBIpku
3 pi3HMMK ob'eMamu, KOr0 MOXHAa 3aCTOCOBYBATU HaBiTb A0 BMOIPOK HEBeNMKoro ob'eMy (He MeHLUe TPbOX; MOXHa HaBiTb
[OBa 3Ha4YeHHs1 B OAHi BMGipLi, ane B iHLWIiA NOBMHHO BYTW HE MEHLUE N'ATU ENEMEHTIB).

Kputepinn Kpyckana-Yonnica moxHa po3rnagati sk 6aratoBuMipHe y3aranbHeHHs kputepito MaHHa-YiTHi. Kputepin go-
3BOnSiE 3'ACyBaTU CTeNiHb 3MiHM O3HaKW y BUBipkax, ane He A03BONSE Ai3HaTUCS HAaNPsIMOK LX 3MiH.

Kputepii YinkokcoHa mMae [OCUMTb BMCOKY MOTYXHICTb, ane 06'em gocnigXyBaHux BubIipok noBvHeH maTu Big 5 go 50
€ereMeHTiB, a po3nogin, Ak A0CNIMKYETLCS, MOBUHEH OyTWM HEMEPEPBHUM i CUMETPUYHMM BiGHOCHO MediaHu. Y BUMAOKy,
KOMNK Ui YMOBU HE BUKOHYETLCS, MOXXHa BUKOPUCTOBYBATK GinbLU 3aranbHWUN KpUTEPIN 3HaKIB.

KpuTepili 3HakiB MoxHa BUKopucToBYBaTK Ans Bubipok o6'emom Big 5 o 300 enemeHTiB, ane € Ayxe BENUKUIA MiHyC:
NOTYXXHICTb KpUTEPItO OyXe Mana.

KpuTepiih ®pigmaHa MoxHa po3rnsaaTy ik pO3LUMPEHHST KPUTEPItO YiNKOKCOHa Ha BUNadoK Tpbox i BinbLue BUMiptoBaHb
3anexHoi Bnbipkn. Kputepii gae MOXIUBICTb BCTAHOBUTM piBEHb CTATUCTUYHOI BipOrigHOCTI BiAMIHHOCTEN OOHOYacHO B
KinbKox BUMiptoBaHHsX (Big 3 Ao 100), ane He 4o3BoNSe 3'AcyBaTht HANPSIMOK 3MiH.

Kputepun Merpxa € aHanorom kputepito PpiamaHa, ane Ha BigMiHy Bif OCTaHHLOrO A0O3BOSISIE HE NULLE BUSIBUTU HasiB-
HIiCTb 3MiH, a 11 3'ACyBaTK iX HAMPSIMOK.

OTxe, 3 ornagy Ha pesynbTaTy aHanisy yMoOB 3aCTOCyBaHHS HeNapaMeTpUYHUX KpUTEPIIB NEPEBIPKN CTAaTUCTUYHUX FiMo-
Te3, sIK KOHKYPEHTW KpUTEPIto, L0 NPOMOHYETLCS B Ui cTaTTi, Myu BUBpanu kputepii Konmoroposa-CwmipHOBa, YinkoKCOHa,
MaHHa-YiTHi 1 KpuTepin 3HakiB.

3. Mipa 6nusbkocTi Mixk BMGipkamu. MpunycTtumo, wo abcontoTHO HenepepBsHi dyHKuUii posnoginy Fi(u) n F,(u) re-

HepanbHux cykynHocten G; i G, BignosigHo 3biraloTbcA. Hexan x = (xl,...,xn) €eG Ta y= (yl,...,yn ) eG,,

© lony6esa K., Kniowwmn [., , 2011
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Xy S o SXpy Yay S - S V) — NOPSAKOBI CTATUCTUKM. [lo3Haummo yepes Al.(ik’"), k=1,2,..,n Bunagkosy nogiw
Al;k,n) = {yk € (x(l.),x(j))} . Y Takomy Bunagky [4-6]

() _ 0 (k) _J-i
py = p(4;7) = p(yk G(x(i),x(j)))—nH-
[Noknagemo

p(n o h(")n+g2/2 g\/h(n) h;;1))n+g2/4 p(n 2 _ h(")n+g2/2+g\/h(") h;-'l))n+g2/4
n+ g ’ n+ g ’

(1

ne hi(j”) — yacTtoTa nosieu nogji Ag.k”’) y n BUNpobyBaHHsAX, ag =3.

MosHaunumo yepes N =n(n—1)/2 «kinbkicTb BCiX [OBIpUYMX iHTepBanis Il(/’l) —(pl(/" l),pl(/" 2)), L — KinbkicTb noAin

(N.1)

L
Bl;”) = {pl(]n) € Ii(j”)} . Moknagemo AY) = p(x,y)= v Oosipumit intepean 1) = (p ,p(N’z)) ANns AMOBIPHOCTI

p(B(”)) 06YMCNIoETLCS 3a hopMynamm

O KYN 4 g2 )2 - g\/h(N)(l KYYN + g% /4 ) _ Jacs )N+g2/2+g\/h(N)(1 AN + g2 /4
N+g° N +g*

Cratuctuka h'V) e Mipoto 6IN3bKOCTI p(x,y) M Bubipkamn x Ta y . [osipdi iHTepBanu I;’l) —(pé" ”,plg” 2)) Ta

™ = (p(N’l), p(N’z)) 6ynemMo HasuBaTu iHTepBanamMu, nobyaosaHnMm 3a npasunoM 3c, AKLO g = 3.

Akwo B1BIpKM MatoTb JOCUTL BENUKUIA 06'eM, TO ANSA NepeBipkM eKBIBANEHTHOCTI reHeparnbHUX CYKYNMHOCTEN MOXHa BU-
KOpUcTaTu KpUTepiii, 3anponoHoBaHui y poboTi [2]. Akiwo x 06'em BMBIpOK Manuid, TO AOLINbHO 3aCTOCYBaTW YCepeaHEHHS
BigcTaHeln mix 6aratbMa Manumu Bubipkamu. OTxe, AN NepeBipKM eKBIBaNeHTHOCTI reHepanbHUX CyKYNMHOCTEW NOpiBHSIE-

(m) _ (yl<m>’.

MO BUBIpKY x:(xl, . n) € G, 3 Bubipkamn y (’”)) €G,, m=1,2,..,M . 3a TecToBy cTatucTMky bygemo

BMKOPUCTATU CEpeHIo Mipy GIM3bKOCTI Mixk BUGipkaMu

1 M
h=—% K" pe ") =p(x,y™).
m=1
4. OuiHKa acCMMNTOTUYHOro AOBIipYOro piBHA 3HavywocTi. [na AoBedeHHS KOPEKTHOCTI 3anpornoHoBaHoOi Mipu

©6nM3bKOCTI HeobXiAHO OUHUTK piBEHb 3HAYYLLOCTI AOBIpYMX iHTepBanis I;”) a I, Axwo F(u)=F,(u) , To cxema

BUMNPOOYBaHb, Y SIKUX MOXYTb 3'SBMSATACS B3aemMo3arnexHi noail A&k’”),k =1,2,...n , HA3MBAETbCS y3araribHEHOI CXEMOI0

Beprynni [7]; skwo F (u) # F,(1) — moandikoBaHoto cxemoto BepHynni [8], a AKWO iCTUHHICTL riNOTe3n 3Ha4YeHHs He
mae — MI-cxemoto [9].

OUiHKM aCMMNTOTUYHOIO PiBHSA 3HAYYLLOCTI AOBIPYMX iHTEpBanis 1,5”) ta IV HaBefeHi B poboTi [2]. HaBegemo Bigowmi
Teopemu.

Teopema 1. Akwo B y3aranbHeHin cxemi BunpobysaHb BepHynni 1) 0 < llm p(") =py<1i2)0<lim = p* <1,

n—on+

TO aCMMNTOTUYHUIA PiBEHb 3HAYYLLOCTI 3 MOCMIAOBHOCTI JOBIpYMX iHTepBanis IZE") Ons NMOBIpHOCTEN pl-(,”) = p(Alg-")) He

nepesuye 0,05.

Teopema 2. ACUMNTOTUYHUIA PiBEHb 3HAYYLLOCTI iHTepBany ™ = (p(l’N),p(z’N))

He nepeepLuye 0,05.
Tenep po3rnsHEMO acCMMNTOTUYHUI pPiBEHb 3HAYYLLOCTI AOBIPYOro iHTepBany HOBOI CTaTUCTWKWU. 3a AOBIpYMI iHTepBan
AN cTaTUCTMKM i Byoemo BUKopUCTaTK iHTepBan 1M = (p(l’M), p(z’M)) = (h =28, h+ 2Sh) , oe
h(1-h)  L-1 h?
M +h—
MN N-1 N
(m)

ne g = 3. Hapjani iHaekc m osHavae, Wo po3rMsiaacTbCsi napa BuGipok x =(x;,...,x,) € G, Ta pm = (yl(’"), T )e G,,

5p =

pel<m<M.

(1,M)

Teopema 3. ACUMATOTUYHWUIA PiBEHb 3HAYYLLOCTI iHTepBany I = (p ,p(z’M)) He nepeepuye 0,05.

[oeeneHHs. PosrnaHemo Oosipyi iHTepeanu 1<” m) —(pl(/l”),pg2 ”)), i< j, nobygosaHi 3a gonomorot opmyn

(m)

(1) 3a yacToTolo h;”"”) BUMNaAKOBOI nogii {y,(('”) e(x(i),x(j))} ne ;" — noBinbHi enemeHTM BUGIpKK y(’"). Beegemo

BMMNAAKOBI BEMNYMHMU
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(n m) (n,m)
g = [ WO P EITT y  L g _ 0 e pm = p(A" e (x-x)). N = aln1).
0, saxuyo p(" ) 951(” m Nigj 2

Togai

p(n,m) — E(Z(n,m)) Z p(Blgn,m))’ (2)
1<]
ne Bgl’m) :{pl(jn,m) EJlg'n,m)}-
MpoHymMepyeMO  BMMAOKOBI  BEMUYUHU lmm) OOBINBHUM ~ YMHOM |  CKMagemMo 3  HUX  MHOXWHY

ij
xm :(Xl(’”),Xém),...,X](v’")), KoOpAMHaTK SIKMX MatTb ChinbHY (hyHKUil0 po3noginy F(ul,uz,...,uN). Y po6orTi [9] 6yB

(m) .

3aI'IpOI'I0HOBaHMl7I HaCTyI'IHVII7I MeTo[ ofepXXaHHA BVI6ipKVI i3 MHOXWUHU X . BUTArHEMO 3 Hel 6e3 NOBEPHEHHS BUNAAKOBI

enemertin v\ v\ v . BionosigHa GaratomipHa Bunaakosa BenudmHa Y™ =(y§’”),y .. ,y(l\’,")) Ha3MBaeTbCs iH-
OyKoBaHO BMNBipkoto. PyHKLUISA CMiNbHOro po3noainy Fv“’v’”” (ul,uz,...,uN) iHoyKOBaHOI BUGIpKn y(N”") mae Burnsg [10]
1
Eovm (uys1ty,eecstty) == > F(u Uy el ) (3)
N iy )Gy ‘

ne Gy —rpyna nepectaHoBOK YMcen (1,2,...,N) . 3 chopmynu (3) BUNNMBaE, WO enemMeHTH yE{’”), k=1,2,..,N iHgykoBaHol
BMBIPKM € CUMETPUYHO 3aneXHUMW BUMaAKOBUMM BENUYMHAMM 3 MapriHanbHOK YHKLE po3noainy

FYim) (u) :%[F(u,oo,...,oo)(N—1)!+F(oo,u,oo...,oo)(N—l)!+...+F(oo,...,oo,u)(N—1 ]:—[Fl +.. +FN( )]

3Biacu BUNNMBaE, WO BCi MapriHanbHi YHKLi po3noainy Fy(,,,) (u) OOHaKoBi Ta MaloTb BUMMAA
k

0, axuo u <0,
Fy(m (u) =41-p"™ a0 0<u <1, (4)
k
1, axuo u > 1,

ne p"™ :E(z(”””)) BU3HaYaeTbcs 3a hopmynoto (2). Ockinbku noais B;"”") BinbyBaeTbCcA TOAi M TiNbKW TOAI, Konu

(N,m)

8,(-;’””) =Lk=12,..,N, iHOoykoBaHy BMBIpKY Y MOXHa iHTeprpeTyBaTn K pe3ynbTaT CXeMWU BUMPOOYyBaHb, Y SKUX

nogis B;”’m) MOXe 3'BUTUCS 3 IMOBIPHICTIO p(””").

CepegHio mipy 6nm3bKkocTi Mixk BUBipkamum
x=(x,...x,)eG 1@ y= (yl(m), ,y,(lm)) €G,,

ge 1<m <M 3anuwemo B HacTynHoOMy BUMMsA:

=S Sy
MN i2is "

Y Takomy Bunagky
N
E _ E((m (n,m),
() MN mzlkzl ( ) P

OCKifbKM E(yg{’")) =p"m

D(h)= MlNz > (ZD( W)+ Ky “"),vﬁ’”))] (5)

JNerko 6a4nTu, Wwo D(y}(m)) = ptnm (1 —p("””)) , @ KoedilieHT koBapiaLi K(yi’”) y(;“)) He 3anexuTsb Big k i 5. OTxe,

w )y N—1
( m E)):N_MC’

N>M? o2iizs
Ae C:K(’YIN’YS)'
Dani,
C= K( (m)jy(qm)) (y(m>y<§m)) ( p<n,m>)2,

(m), (m)

TaK Lo 3MillaHW MOMEHT OpYroro NopsiaKy E(yk s ) TeX € MocTinHo BenuunHow. Ockinbku BenuumHn C Ta p(" m

Lo BXOA4ATb y dhopmMyny (4), HEBIZOMI, 3aMiHMMO iXHIMW OLjiHKamMu
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ne L — kinbkicTb nosis nogii B(” m

Cr—— 3 My 2 = (Z_l) r Z(Z_l)

L
- = —h*.
N(N 1) iz " N(N-1) N?M? N(N-1)

B cuny dopmynu (5)

e I e e A G

3Bigcy Bunnueae, Wo
p(n,m) (l _ p(n,m))

2 2D )= T 2y (1) -

MAN? n2iich MN2m1k1 MN
i
(n,m) (n,m)
p l-p _
D(h)= ( ) vo1e
MN NM

Tomy
h(l—h) L L-1 _N-1
MN MN N MN
13 U,eHTpaJ'IbHO'I' I'paHVIl-IHO'I' TeopemMmun Oanda Cymun CUMMETpPUYHO 3anexXHux sunagkosux BennyinH [10], ofepxxyemo, o acu-

D(h) zs,f =

MNTOTUYHUI piBEHb 3HAYYLLIOCTI AOBIPYOro iHTepsany I™ he nepesepuwye 0,05.

Teopema gosefeHa.

5. O6uncnoBanbHUM eKcrnepuMeHT. [1na nepesipku npaues3aaTHOCTi 3anpornoHOBAHOIO Kputepito 6y nposeaeHwMi
obuncnioBanbHUA eKCnepyMeHT. Y pamkax LbOro eKCrnepuMeHTy 3a [ONoMOrol Aatyvka NceBAoBMNagKoBMX Yucen Gynu
3reHepoBaHi Tpu rpynu HaB4asnbHUX BMOGIPOK 3 reHepanbHMUX CYKyMHOCTEN HOPMarnbHO PO3NOAINEHNX BUNAAKOBUX BEINYMH:
1) 3 HyNbOBUM MaTEMaTUYHUM OYiKyBaHHAM Ta oauHudHow aucnepcieto, N(0,1); 2) 3 HyNnbOBMM MaTeMaTUYHUM OYiKyBaH-
HAM i gucnepcieto, pisHoi Asom, N(0,2), i 3) 3 0OAMHNYHMM MaTeMaTUYHUM OYiKyBaHHSAM W oguHM4YHO aucnepcieto, N(1,1).
Lle no3Bonsie gocnimkyBaty Tpy cutyadii: 1) konm Bubipka 3 reHepanbHoi cykynHocTi N(0,1) nopiBHIOETLCSA i3 rpynoto Bubi-
POK 3 Ti€l XX reHepanbHOI CYKYnHOCTI; 2) konu Bubipka 3 reHeparnbHoi cykynHocTi N(0,1) nopiBHIOETLCSA i3 rpynoto BUBIpPOK,
y3ATUX 3 reHeparbHOi CyKYMHOCTi 3 TaKMM Xe MaTemMaTU4HUM OdiKyBaHHSAM, ane iHwoto avcnepcieto, N(0,2) i 3) konu Bubip-
Ka 3 reHepanbHoi cykynHocTi N(0,1) NopiBHIOETBLCS i3 rpynoto BUBIPOK BUTATHYTUX 3 reHeparbHOi CYKYMHOCTI 3 iHWUM MaTe-
MaTUYHUM odikyBaHHAM, N(1,1). Onsa nopiBHSHHS Gynu BUKOPWUCTaHi CTaHO4ApPTHI HenapamMeTpuyHi KpUTepii ons nepesipku
rinoTean Npo piBHICTb OyHKUiM po3nodiny Ans ABox Bubipok: 1) kputepin Konmoropoea-CmipHoBa, 2) kpuTepin 3Hakis; 3)
KpuTepint YinkokcoHa Ta 4) kputepin MaHHa-YiTHi. O6'em koxHoi BUBipkM gopisHioe 100. KoxHa rpyna cknagaetbest i3 10
BMOGIpoK. 3a KOHTponbHY BMBIpKY 6yno B3saTO BMOIpKY 3 reHepanbHoi cykynHocTi N(0,1). HynboBa rinotesa ctBepaxye, LWo
KOHTpoOnbHa BMbipKa BUny4eHa i3 Ti€i ) reHeparnbHOi CyKYMHOCTI, WO ¥ HaBYanbHi BUBIpKU. AK MOKa3HMKM SKOCTi KpUTepiiB
Oyno BMOpaHO p-3HaY€HHsi, TOGTO MMOBIPHICTb BIOXUINTK iICTUHHY HYIbOBY FiNOTE3y, @ TakoX PaKTUYHY KifbKiCTb MOMUIIOK
nepLioro 1 gpyroro pogy. MogentoBaHHsi 6yno npoeegeHe 3a gonomMoroto nporpamm XLSTAT 2009.

PiweHHa npo npuiHATTA abo BiOXMINEHHS HyMbOBOI rinoteau Oyoemo npuiAiMaTh, IPYHTYOUMCb Ha CepefHboMY
p-3Ha4eHHi abo cepefHin p-cTaTucTuui BignosigHo. Akwo B kpuTepisx Konmoropoea-CmipHoBa, 3HakiB, YinkokcoHa n Man-
Ha-YiTHi cepeHe p-3HadeHHs Oyne nepesuwysaTtu 0,05, HynboBa rinoTesa NoBUHHa OyTK NpuiiHsATa. Mpu BUKOpUCTaHHI p-
CTaTUCTUKM BUpillanbHe NpaBuno roBOpuUThb: rinoTesa Npo PiBHICTb YHKLUIA po3nodiny NpuAMaeTbCs, SKWO AOBIPYMNA iH-
Tepsan ans 1—p (Tobto Ang p-3HadeHHs) mictuTb 0,05.

Pe3ynbTaTn po3paxyHkiB HaBeaeHi B Tabnuui 1.

Ta6bnuuys 1
IMOBipHiCTb BiAXUNUTU iCTUHHY rinoTe3y H, i YacToTa NOMUIIOK, KOJNU BigXMNAETbLCS iCTUHHA rinoTesa (y AyXKax)

FeHepanbHi cyKynHocTi
N(0,1) — N(0,1) N(0,1) — N(0,2) N(0,1) — N(1,1)
Kputepin Konmoroposa-CmipHoBa 0,6393 (0,0) 0,0505 (0,4) <0,0001 (0,0)
KpuTtepii 3HakiB 0,6358 (0,0) 0,4840 (0,9) <0,0001 (0,0)
Kputepiit YinkokcoHa 0,5637 (0,0) 0,5654 (0,9) <0,0001 (0,0)
Kputepin MaHHa-YiTHi 0,5222 (0,0) 0,5222 (0,9) <0,0001 (0,0)
P-cratuctuka 0,0434 (0,0) 0,3647 (0,2) 0,4703 (0,0)

Ak BunnuBae 3 Tabn. 1, Npy NOpiBHsIHHI BUGIpKM 3 reHepanbHoi cykynHocTi N(0,1) 3 gecatbma Bubipkamm 3 Ti€T xx camoi
reHeparbHOi CyKyMHOCTI, BCi KpUTepii NpuiAMatoTb iCTUHHY HYNboBY rinoTedy. OgHakK p-3HaYeHHS NMpuU UbOMY Y BCiX KpUTEpi-
B, KpiM p-CTaTUCTUKN, KONMMBAETLCA B Ayxe wnpoknx mexax: Big 0,11 go 0,99. Y Tou xe yac, p-ctatuctuka BusiBunacs ay-
Xe CTinkot i He Buxoauna 3a mexi iHtepsany (0,016; 0,084). Npadikn p-3HaveHb HaBefeHi Ha puc. 1.

Mpu nopiBHsIHHI TecToBOi BUBIpKkK 3 BUbipkamu 3 reHepanbHoi cykynHocTi N(0,2) xapakTepuctukun kputepiie Konmoropo-
Ba-CMmipHOBa, 3HakiB, YinkokcoHa Ta MaHHa-YiTHi pi3ko noripwwytoTbes. KinbkicTe NOMUNOK Npu nepesipui rinotesn 3a gomno-
Moroto kputepito KonmoropoBa-CmipHoBa BusiBunacsa pieHoo 4 3 10 (4 pa3w npunHsaTa xubHa rinotesa), a cepegHe p-
3Ha4veHHs1 nepeBuLlye 0,0505, TO6TO BapTO NPUIAHATY XMOHY HYNbOBY rinoTedy. Kputepii 3HakiB, YinkokcoHa Ta MaHHa-YiTHi
B 9 Bunagkax 3 10 npuimanu xmbHy rinoTesy Npo PiBHICTb GOYHKUIA po3noginy. Poskug p-3HayeHb MpoaeMOHCTPOBAHO Ha
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puc. 2. Y TOl e 4yac p-ctatuctvka ans 8 Bubipok Bigxununa xubHy rinote3y nNpo piBHICTb yHKUi po3noginy. Kpim Toro,
cepeaHs p-CTaTUCTMKa TakoX NPUBOAMTL KPUTEPIN A0 NPaBMITbHOTO BUCHOBKY.
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Puc. 3. P-3HauyeHHs kpuTtepiiB KonMoropoBa-CmipHoBa, 3HakiB, YinkokcoHa, MaHHa-YiTHi
1 P-ctaTuctuku ans BuGipok 3 reHepanbHuUx cykynHocten N(0,1) i N(1,1)

TpeTa rpyna BMGIipoK, OTpMMaHuX 3 reHepanbHoi cykynHocti N(1,1), matemaTnyHe cnogiBaHHA SKOi cniBnagae 3 maTe-
MaTUYHUM CMOAiIBaHHSAM reHepanbHoi cykynHocTi N(0,1), OO sikoi HanexuTb TecToBa BMOGipKka, sBNsie cobok HanbinbL
CnpuATAMBUIA Habip AaHuMX ANs BCiX KpuTepiiB. BBaxaeTbca 3aranbHoBigomMmm dakTtoM, wo kputepii Konmoroposa-
CwmipHoBa, 3HakiB, YinkokcoHa i MaHHa-YiTHi, BnacHe kaxy4du, NepeBipsatoThb rinoTesy nNpo 3CyB MaTEMATUYHOIO CNoAdiBaHHS.
Y TOW e 4ac BapTo MiAKPECNMUTH, LLO KPUTEPIW, 3aCHOBaHWUA Ha p-cTaTtucTuli, € GinbL yHiBepcanbHumM. Ak i cnig 6yno cno-
aiBaTncs, BCi KpuTepii, KpiM KpUTEpito, 3aCHOBAHOro Ha p-CTaTUCTWLi, BIOXWNWMM XWOHY rinoTe3y 3 AyXe HU3bKUM p-
3HayeHueMm (meHwe 0,0001). P-cTaTnCTMKa TakoX CBiQYMTb MPO XUOHICTb HYNbOBOI FiNoTE3N.
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OT1xe, obuncnoBarnsHU EKCNIEPUMEHT NOKa3aB, Lo KPUTEPINA, 3aCHOBaHWIA Ha p-CTaTUCTULI, € AyXXe HaAiAHUM, CTIAKUM i
BinbLu yHiBEpcanbHUM, HixX kpuTepii Konmoroposa-CMipHoBa, 3HakiB, YinkokcoHa n MaHHa-YiTHi.

6. 3acTocyBaHHs KpUTepio ANA AiarHOCTUKU OHKONOriYHUX 3axBOpHOBaHb Po3rnsHeMo 3acTocyBaHHS KpUTEpIto,
LLIO BUKOPUCTOBYE yCepeaHEeHyY p-CTaTUCTUKKY, AN OiarHOCTUKN PakoBOi MyXMMHU Y MOMOYHIN 3anosi. [Ana gocnimkeHHs Oy-
NN B3ATI rpynn XiHOK i3 giarHo3amu pak Mono4Hoi 3anosun (PM3) — 38 Bunagakis i pibpoageHomaTos (PAM) — 44 Bunagku.
lMicnst nonockaHHs i 3HATTS NOBEPXHEBOIO LWAPY KMiTUH CrM30BOI 060MOHKM NOPOXHUHM poTa Oynu oTpuMMaHi KMiTUHK 3 pis-
HOMaHITHOT rMMBUHM LWmnoBaToro wapy. KnituHn 6ynu BMCyLLEHi Npu KiMHaTHI Temnepartypi i 3adikcoBaHi B cymiwi Hiki-
dopoBa, a NoTiM NpoBeAeHa peakLis PenbreHa 3 xonogHum rigponizom y 5 H. HCI npoTsarom 15 xB. npu Temnepartypi t=21-
22 °C. OnTu4yHa WinbHIiCTb siApa peecTpyBanacsi 3a gornomoroto Mikpockona Opympus BX41 System, o6nagHaHoro undgpo-
Boto dpotokamepoto CAMEDIA C-5050Z00M i nporpamHum 3abesneveHHssm Opympus DP-SOFT 3.2 Ha 6a3i komn'toTepa
Pentium 4, 2,6 ITLL. Y koxHomy npenapaTi gocnigxysanocs Big 50 go 70 knituH. B pesynbTaTi 6ynu otpumaHi BUbipku, Lo
MiCTATb 3HAYeHHA NnoLi iHTepdasHux saep bykanbHOro enitenito y nauieHTis, xsopux Ha PM3 i ®AM.

MosHaunmo rpyny nauieHTok, xBopux Ha PM3, yepes G, a xsopux Ha PAM — uepes G, . [ina giarHocTukm Byaemo Bu-

KOpUCTOBYBaTWM METO/ MepexpecHoi nepesipku leave-one-out [11]: No4eproBo BMKMIOYMMO NALEHTIB i3 HABYanbHUX BUGI-
POK, BBaXatoun ix AiarHo3 HeBIZOMUM, | 064MCNIMMO cepeaHIo BiACTaHb Bif NaLuieHTa X 40 NauieHTiB, WO 3anuwmnnucs B rpy-

nax G; Ta G,, Tob6TO ycepeaHeHy p-CTaTUCTUKY.
AHani3 pesynbTaTiB Nokasye, WO YCi 3Ha4YeHHS ycepeaHeHUX p -CTaTUCTUK MK nauieHtTamm PM3 Ta rpynoto nauieHTis

PM3 posralloBaHi B Mexax Mix x;, =0,649 1a x,, =0,887, a mix nauientamn PM3 Ta rpynoto nauieHtis ®PAM -y me-
Kax MK Xay = 0,415, Xny = 0,493 . 3Biacu Bunnueae, Wo Maemo 6e3nMoMUNKoOBY AiarHOCTMKY Anst nauieHtis PM3: sikwio

no3Hauntn 3a H rinoTe3y npo 3axBOptOBaHHA nauieHTa Ha PM3, a 3a H — anbTepHaTMBHY rinoTe3y Npo 3axBOPHOBaHHS
Ha ®AM oGCTeXeHoro nauieHTa, To IMOBIPHICTb MOXMOKM nepLioro poay AopiBHioe Hymo P(H / H)=0 y uboro Kputepito.

Takum YnHOM, KOXHOMY NauieHTy, xopomy Ha PM3, Gyae 3aBxan CTaBUTUCL NPaBUIbHUN AiarHos3.
BukopurcToByloumn ycepegHeHy p -ctatuctuky mick PAM-nauieHTom Ta rpynoto PM3-nauieHTiB Ta [oBipuvin iHTepBan

Xay = 0,649 Ta Xy = 0,887, nobynoBaHuiA 3a JOMNOMOro MOPSAKOBUX CTAaTUCTUK Ans PM3-nauieHTiB oTpumaemo, Lo

anst 44 ®AM-nauieHTiB 11 nauieHTiB 6ygyTe NOMUIKOBO npoAiarHocToBaHi ik PM3-navieHTu, ocKinbky NoKasHWKK X nawi-
€HTIB Hanexatb gosipyomy iHTepBany I = (0,649;0,887). PewrTa ycix iHWwKx nauieHTiB (33 nioguHn) ByayTs npodiarHocTo-

BaHi NpaBunbHO, Sk PAM-nauieHT. Taknm YMHOM, NOXMBKa NOMUITKOBO NPOAiarHOCTOBaHUX NauieHTiB cknagae 25%.

OCHOBHi BUCHOBKM, OTPMMaHi Ha niacTasi aHanisy oaep)aHux pesynbTarTiB, MOXHa COOpMYMoBaTN TaKUM YMHOM.

1) AKwo BHACNIQOK 3aCTOCYBAHHA KpUTEpIlo AiarHOCTYeMO HasiBHICTb ®AM-3axBOPIOBaHHSA Y MauieHTa, TO iMOBIpHICTb
uiei noaii 6rnmsbka 40 0AUHMLI Ta IMOBIPHICTL NOAIT, WO Yy LbOoro nawieHtTa Moxe OyTu pak MOMOYHOI 3ano3v NpPakTUYHO [O-
PIBHIOE HYMIO.

2) SAKWwo npu 3acToCyBaHHI KpUTepito oTpumanu giarHos PM3, To ue e He o3Havae, Lo y LUbOro nauieHTa AifcHO € 3a-
XBOPIOBaHHA Ha PMS3, iMoBipHicTb Ui€ei noaii gopiBHioe 75%, TO6TO € AOCUTL BMCOKOM, ane npu ubomy yci PM3-nauieHTu
aiarHocTyoTbes sk PM3-nauieHTu, Ta iMOBIpHICTb iX MponycTUTW AOPIBHIOE HYMH. [INsi OCTAaTOYHOrO NepeKoHaHHSA HasiBHOC-
Ti PM3 y Takoro nauieHta, HeobxigHO BUKOPUCTOBYBaTW 40OAATKOBI KpUTEPIl, WO onuncaHi y MoHorpadisax [12, 13].
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AWHAMIKA NIHIMHOI CUCTEMM MOAENI nonynauli nechni

lpu susYeHHI eKosl02i4HUX MPoUecie y WUPOKOMY 8XXUMKY MPUCymHi MamemMamu4Hi Modesti pi3HUX murie — ik HerlepepeaHi, mak i
duckpemHi modesni. B po6omi po3ansiHyma nidiliHa duckpemHa mModesib 8ikogoi cmpykmypu nonynsyii — modensb Jlecni. 3HalideHo
yMoeu icHy8aHHs1 8UPOOXKEHUX CImaHie pieHoeaz2u ma ix cmitikocmi.

Different types of mathematical models, both continuous and discrete, are widely used in studying of ecological processes. A linear
discrete model of age structure of population (the Leslie model) is considered in the paper. Existing conditions of singular states of
equilibrium and their stability were obtained.

1. NivinHa cTauioHapHa auckpeTHa moagens Jlecni
ICHye Benuvka KinbKiCTb pi3HOMaHITHUX MaTeMaTUYHMX Modenen aAvHamikm nonynsauii [1-4]. Ane 6inbla ix yactMHa onu-
Cye TinbKu 3aranbHy Kinbkicte nonynsuii. OcobnueicTio mogeni fNecni € Te, WO y HilA BpaxoBYETbCS BikOBa CTpyKTypa. Y

© lapkywa H., XycaiHos ., 2011
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XUTTEBOMY LMKMi KOXHOMO BUAY MOXHa BUMAINUTU Aekinbka cTagin po3suTky. ToAi nonynsuis npupogHUM YMHOM po3naja-
€TbCH Ha AesKy KinbKiCTb BikoBuX rpyn. Crnocid po3buTtTa nonynsuii Ha rpyny Bu3HavaeTbea 6ionoriYyHnMmM ocobnuBoCTaIMM
BMay Ta crneuundikoto 3agavi. Lii TBepoxkeHHs npuBoaaTb Ao nobynosu moaeni Jlecni.

Posi6'eMo nonynsuito Ha Aekinbka BikoBux knacis i =1,n . Hexan x; (k) KiNbKiCTb OCib BikOBOro Knacy i B MOMEHT 4acy

k . Yac k BusHauyae OUCKPETHi MOMEHTMU, LLO cniBnajaloTb 3 MOMEHTaMU Nnepexoay 3 OAHOT BiKOBOT rpynu y HAaCTymHy.
3MiHa CTpyKTypu nonynsauii y Yaci cknagaeTbecs 3 HaCcTYNHUX npoueciB. B momeHT vacy £ =1,2,3,... BiabyBaeTbca nepexig

nonynsuii BikoBoro knacy i Yy BikoBui knac i+1, i=1,n—1. MNpuyomy yactnHa nonynsauii BMMpae, a NepexoanTb nuLle
p,-x[(k), 0<p;<l, i=1,n-1. Nonynsauia BikoBOro knacy i=n BMWPaE MOBHICTIO. A MONyNsLis HOBOHAPOAXXYBaHOrO
BikoBOro knacy i =1 cknagaeTbcs 3 cymn OCib, LLIO HAPOAUNMCH B KOXKHOMY 3 [ =2,7 KnaciB 3 koedilieHTaMn HapoaKyBa-

HOCTI i=1n.TobTo f; —Ue cepedHs KiMbKIiCTb HallaaKis, L0 HAPOAXYOTLCA OfHielo 0coboto BiKy I 3a OAMHWLIO Ya-

i
cy. 3a cBoeto CyTTIO BCi NapameTpu f; € HeBig'eMHUMM BenudnHamu i f; = 0 Togi i Tinbku Todi, konu BignoBigHUIA i - Biko-

BUIA KNac He 3anviiae Hawagakie. Todi YncenbHiCTb 0ci6 HAaMMONOALIOro Biky B MOMEHT Yacy k +1 BU3HaA4aeTbCs BUPa3oM
x (k+1)= ilfixi(k).
i=
DyHKUis nepexoay 3 BikoBOi rpynu i y BikoBy rpyny i+1, i = 2,_n Ma€ BUrNSAA NiHINHOT OyHKUIT
X; (k + 1) = pi_1%i (k) L i=2n,

ne koediuieHtn p;, 0< p, <1 BU3Ha4aKOTb YaCTKy OCI6 BiKy i, LLO AOXMNa [0 HACTyNHOro poky. Mpu nobyaosi mogeni He Bpa-

XOBYETbCS BNIMB CEpPeaOBMLLIA Ta BMNIUB 3ararnbHOI KiNbKOCTI NOMynsvji Ha HApOPKyBaHICTb Ta CMEPTHICTb.
KinbkicHu posnogin nonynsauii no BIKOBMX TIpyrnax B KOXHWAMW MOMEHT 4acy BW3HAYaAETbCA BEKTOP-CTOBOUMKOM

x(k)= (x1 (k),x,(k),.nx, (k))T . 3BiACK MaTeMaTU4HY MOZENb AMHaMIKIN MOXHA 3anM1CaTi Yy BEKTOPHO-MaTPUUHOMY BUFMS

x(k+1)=Lx(k), (1.1)
Ae kBagpaTHa matpuus L po3MipHOCTi nxn Mae Bumssa
Koo S S
p 0 . 0 0
L=|0 p, .. 0 0 (1.2)
100 .. p,y O]

i HasmBaeTbCca MaTtpuLeto Jlecni.

2. OocnigXXeHHA cTiMKocTi niHinHoT mogeni Jlecni

PosrnsHemo niHinHy guckpeTHy mogens flecni (1.1). B po6oTtax [1, ctop.57], [2, 59-70] gocniopxkeHHs agnHamiku mogeni
Jlecni cnupanock Ha Teopemy [ekapTta ("KinbKiCTb AOAATHUX KOPEHIB y MOMIHOMI 3 AOAaTHUMK KoedilieHTaMu AOpPiBHIOE
KifTbKOCTi 3MiH 3Ha4yeHb B psadi koedilieHTiB, abo Ha napHe 4ncno meHwe". OkpeMi BigoMocCTi npo AnHamiky mogeni Jlecni
ocBiTrneHi B [4]. B poboTax [5,6] gocnigxeHHs mogeni Jlecni 6inbw matemaTuyHo obrpyHToBaHe. B HaBepeHin ctatTi npo-
BeAEHO feTarnbHe, CTPOro MaTemaTuyHe AOCHIOKEHHST iCHyBaHHS 0CcO6nMBOI TOYKM (OCOBNMBOrO NPOMeHst) Ta i CTilKICTb
(acMmnTOTUYHA CTIRKICTD).

Hexait cuctema crauioHapHa, To6To koediLieHTU HapomxXyBaHOCTI f; Ta KoedilieHT p;, siki BU3HAYaloTb YacTUHY

0Ci0, WO nepewLwnun B iHLWY BiKOBY rpyny, ctani 4ns BCix BiKOBWX rpyn izl,_n, € cTanumn. 3Hanaemo cTaH piBHoBarn aBTo-
HOMHOI NiHiNHOI gMuckpeTHOI Mogeni Necni.
BBeneMo HacTymnHe No3HaYeHHSA
Ry=h+fapi+ fspipy + ot [uP1P2 Py - (2.1)
Mae micue TBepaXXeHHS.
Nema 2.1. Cuctema niHiiHUX Pi3HMLEBUX PiBHAHBL (1.1) Mae eanHUIA cTaH piBHOBaru x(k) =0, k=0,1,2,... Tomii Tinb-

Kn Todi, korm Ry = 1. Axwo x R, =1, To cTaH piBHoBaru sensie co6oto NpoMiHb
l= (é, pi&, plpzi,...,plpz...pn_lé), 0<E<+m. (2.2)

LloeedeHHs1. CTauioHapHWUiA cTaH piBHOBaru x(k) =x", k=0,1,2,... pisHMueBoi cuctemn (1.1) BU3HavaeTbCcA po3B'A3-
KOM CUCTEMMU MiHINHUX OLHOPIAHNX PiBHSAHB
Lx"=x",a60 (L-1)x"=0.

A oaHopigHa cuctema anrebpaiyHux piBHsIHb Mae €OUHUIA PO3B'A30K x* =0 Togi i TiNbkV TOZi, KONW il BU3HAYHUK He
OOpIBHIOE HYMI0. PO3KPUBLLN BU3HAYHWK NO BEPXHbOMY PSAKY, OTPUMAEMO
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fi_l f2 fn—l f;z f2 f3 j;1—1 fn
-1 .. 0 0 _ -1 0 0
det(£-1)=| 7" = (=" (S =D+ (=) p |
0 0 .. p,_, -l 0 0 .. p, -1
PoskpuBLuK Opyrui BUSHAYHUK, OTPUMAEMO
VSRR VRN M
ps -1 .. 00

det(L—1)= (=1)"" (f; =) +(=1)"" oo + (1) pyps

MpogoBxyoun npouec aarni, oTpuMaemMo
n-1 n-1
det(L=1)=(=1)""[(fi 1)+ Pifa + PiPoSs +ot PiP2Dur Sy | = (<1) [Ry —1].
Taknum YMHOM, cuCTeEMa Ma€e eANHUIA PO3B'A30K x(k) =0 Topai i Tinbkn ToAj, konn R, # 1. OcKinbK1 BU3HAYHKK, cKnaae-
HWIA 3 OCcTaHHiIX 7 —1 psgkiB i ocTaHHix n—1 cToBMNUIB, 3aBXAMW BIAMIHHWIA Big HYNs, TO
mnk(L—I):n—l

i pO3B'A30K (O0AATHIN PO3B'A30K) CUCTEMM MaE BUINSALA
x =8, x=p&, 3=p P&, X, =pPrDy1§, £20. (2.3)

MpoBeaemo AOCNIMKEHHS CTINKOCTi 0CO6MBOro NPOMiHHS y BUNaaky Ry, =1 i HynboBoro ctaHy piBHoBaru y sunagky
R, # 1. Mae micue HacTynHe TBEPIKEHHS.
Teopema 2.1. Hexait R, =1. Toai 0cobn1euit NPOMiHb € aCUMNTOTUYHO CTINKOK MHOXIWHOI.

LoeedeHHs1. PO3KpMEMO XapaKTEPUCTUYHE PIBHSHHS CUCTEMMU

det(L—-2I)=0.
Ak i 4na nonepeaHbOro BUNaaKy oTPUMYEMO
fl - f2 fn—l fn fZ f3 fn—l fn
A .. 00 a- A 00
det(L-n1)=| 7 = (=) (-0 + (=) |2
0 0 oo pn71 _>\. 0 0 oo pn71 _>\«
Po3kpuBLIM ApYruii BU3HAYHMK, OTPUMAEMO
f:“a f;t f‘n—l fn
n n n— n— 2 p _}L 0 0
det(L-n)== (=1)"[2"= 2" = pi A" [+ (1) pipa|
0 0 . poy

Mpogoexytouun npouec gani, Maemo
-1 -2 -3
det(L —M) = (—1)” [k" — N = p LM = pipo AT —...—plpz...pn_lfn].
| xapakTepuCTUYHE PIBHSIHHA MiHINHOI cucTemMu Jlecni mae Burnsag
W= T = p T = pipa N = pipaeepasi /=0,
SBaymosoo Ry =1, Ry=f,+pfs+pipofs+DiDs-Pyoi ]y - TOMY, K HEBEXKKO NEPEBIPUTH, PIBHAHHA Mae OAMH KopiHb A =1, i

BUNaZO0K KPUTUYHUIA.
Mokaxemo, Lo, He AMBMAYUCH Ha Le, CTaH piBHOBaru x(k)EO, k=0,1,2,... € cTilikum, a NPOMiHb — aCUMMNTOTUYHO

(2.4)

CTilka MHOXWHA. [JoBeAEHHS CKNafda€eTbCs 3 HACTYMHUX YOTUPBLOX MYHKTIB.
1. MokaxeMmo, Lo KopiHb A; =1 € kopeHeM KpaTHOCTi oAMHWUSA. Hexaid, Bif CynpoTMBHOrO, Lie He TakK i KopiHb /11 =le

kopeHeMm kpaTHocTi m > 1. Topi kopiHb A, =1 € Takox i kopeHeM noxigHoi
f’(?») =m" - (” - 1)1(1“72 —(n - 2)f2p17‘”73 = =fu i P1P2Pu2

TobTo
n—(n=1)fi=(n=2) fop = =Sy 1P1Pr-Py 2 =0. (2.5)

3a ymoBoto
Ry=fi+ o+ fapips + oo+ fuD1P2 Py =1

Mepenuwemo (2.5) y Burnagi
n[l == fapi = 3PPy = o= fuaaPAP2 Py — JuP1P2 P ]"’

+ 4210 +3fspipy + oA (n=1) fo PPy Pys ¥ 1P Py Dy =0
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3Biacu oTpUMyemo, Lo
fi+ 2P 33P0y + ot (n=1) fu i PiDy Py + 1, P1PyPyy =0,

4oro He Moxe ByTW, OCKiNbkW BCi KoedillieHTn f;, Djs i=Ln, j=1,n—1 popatHi.

2. MNokaxeMo, 4YTO XapaKkTepuCTUYHe PIBHAHHA He Mae€ AiNCHMX KOpeHiB, BinbLuMX 3a OOUHMLIO. 3anuLiemMo XapakTepumc-
TUYHWUIA NONIHOM Y BUINSAAI

S@)_y (py b fipipy | LuPiPrePan )
}\‘r‘l—l /1 }\’ }\‘2 }\‘n—l

Mpu A =1 BUKOHYETLCS PIBHICTb f(l) =1.Mpn A — +00 MNepLInin 4OAAHOK MOHOTOHHO 36iNbLUYETHCS, a APYrviA AoAa-

HOK
falah Ssppy | SuPiPrPy
7\‘ 7\‘2 o 7\("—1
MOHOTOHHO 3racae. Tomy
A

| pyHkuisi /() npu A >1 He mae KopeHis.
3. MNokaxemo, Lo XxapakTepUCTUYHE PIBHSIHHSA HE MAe KOMMIEKCHUX KOPeHiB, Moaynb sikux Ginblue oamHuui. Hexan, Big
CYNPOTUBHOTO, iCHYE KOPiHb A, = Ae™ npuyomy A >1. Ane Togai

f(%)

Zvﬂ%ﬁ_ﬁﬂ_ﬁmm_m_ﬂmmmm4:
‘Aeid)‘ ‘Aeiq)‘z ‘Aei¢ n—1

k{_ﬁ+ﬁﬁ+ﬂ%m+m+ﬂmm:m4
}\'S 7\‘5 7\‘?_

=|4|- fi = for1 = fspiP2 == 21 P2 Pt >0,
LLIO CYNepeynThL NPUMYLLEHHIO NPO Te, o A, = Ae™® — kopiHb pIBHSHHS.

4. HapelLuTi, TOKaXxeMo, L0 XapakTePUCTUYHE PIBHAHHSA HE MaE KOpeHeM ﬂ,s = —1. [iicHo, aKwwio /1S = —1 e kopeHem, To

(D)= /()" = fap (1) = iy (A1) == fupiPaePay =0,
TOOTO

n

fi (_l)l’tfl +f2p1 (_1)’1*2 +f’3p1p2 (_1)7!73 +“.—fnp1p2.--pn,1 = (—1) .

Ockinbku BCi KoedilieHT AoAaTHI, TO MOMHOXWBLLM 3anuncaHy piBHICTb Ha (—l)" , OTPMMAEMO MPOTMPIYYS
2n 2n-1 2n-2
1=(-0)"=fi(-1)"" + fap, (1) "+
2n-3 n
+0D5 (—1) +...—(—1) JuD1P2Dyy >
> h+hp+ fippy+ ot fupiPyPy =1
Takvm 4MHOM OTpyManu, Lo npu R, =1 xapakTepucTuyHe PiBHAHHA CUCTEMM Mae ULLEe OAWH KOpiHb A, =1, a iHLLi KopeHi
A |ki| <1, i=2,n.| HynboBWA CTaH piBHOBaru x(k) =0, k£=0,1,2,...e cTitkum no J1anyHoBy, a ocobnmea npsima (2.3 ) e
ACUMMTOTUYHO CTINKOK MHOXUHOH.
PoarnsHemo apyry MOXNUBICTb po3TalllyBaHHs NapaMeTpis cuctemu, a came, konnm Ry #1.

Teopema 2.2. Hexaln R, #1. Toai Ang acMMNTOTUYHOI CTINKOCTI HYNIbOBOrO CTaHy piBHOBarM HeobxigHO i 4OCTATHLO,
wob Ry <I1.

HeobxiOHicmb. Hexaw cTtaH piBHOBaru x(k) =0, £=0,1,2,... € acMMNTOYHO CTilikuM, TOGTO BCi BfacHi Ymcna cuctemu
(1.1 ) no mogynto MeHLLi oauHUL A; |ki| <1, i=1,n.MNokaxemo, wo R, <1.Hexaw, Big cynpoTUBHOIO, Lie He TaK i

Ry=h+ o + fapipy + ot a1 PPy > 1
[na npoctotn 3pobrumo 3amiHy

ay=fi, a=pfr, a3=pprf3, G, = P1Py...Py_1 [, - TOOI XapakTEPUCTUYHE PIBHAHHSA (2.4) Npuiime BUTNALA

A —a " —a "t —a\" P~ —a, =0, 4, >0, i=1n. (2.6)
3pobrmo 3amiHy
2= 1+z ’ (2.7)
1-z

i neperiieMo 4O XxapakTepPUCTUYHOIO PiBHSIHHSA, WO BianoBigae andepeHuianbHOMy piBHAHHID. OTpyuMaemo

1+zY 1+z - 1+z "2 1+z "3 —
—a —a —a —..—a,=0,a>0,i=Ln. .
0 0,i=1 2.8
1-z 1=z 21—z Ni-z " !
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Abo
(142) —a (1+2)" " (1-2)—a,(1+2) 2 (1=2) —as; (1+2) 7 (1-2) —...—a, (1-2)" =0.
MepeTBOPMMO OTPUMAHE PIBHSIHHS 0O CTaHA4ApPTHOrO BUMMSAAY
DPoz" -i—plz"f1 -i—pzz"f1 et p,z+p,=0. (2.9)
MonepeaHbO 3poBUMO MPOMIXKHY 3aMiHy

z=1-t abo l—z=t¢t,1+z=2—¢ (2.10)
| oTpumaemo

(2-1) —a(2-1)"" 1-a,(2-1) P —ay(2-1) " —.ma" =0,

n

Poskpremo ayxku
() 2 (=) 2 (1) Rk (1) G20 |
—a [( 107020 1 (1) 22 (1) 2 2R (—1) C,f:ﬂZOI”_I}—

—a,? [(—1)0 C0 2" 20 4 (~1) €L, 2" 4 (- ) C2 2" 4 (—1) c,'j:zzzoz”‘ﬂ—...

a1 G2 +( 0 02 |- ae| (-1) i =0

3rpynyeM0 KOB(*)ILI,IGHTM Nnpn 04HaKOBUX CTeNeHAX l 1 n. OTpVIMaCMO
(' e+ (1) -a(-1) c ]2" (1) € a (1) G (1) € [
e ()T G ey (1) G (1) € |2 =0, (2.11)

MoBepTaemoch A0 3MiHHOT z :f =1—z . OTpumaemo
[0 e [0 Ch=a (=) € [ (1=2)+ | (A1 €= (41) Cha —an (1) €Oy |22 (12 +
e [ Gl a ()T T —ay (1) G =, (1) 6 2 (1-2) =0,
MosHauumo
Ao=[ (' 2
4 = [(—1)1 cl—a (-1 c,?,l]z”“,
4 = [(—1)2 C2—a(-1) C'y —ay (-1)° Cg_sz"—z, (2.12)
A= ()T e () G ()T O e (1) |2

n ~n n=1 ~p— n=2 p— 0
4, = [(—1) Cl—a (~1) 7 —ay (<1 TR - —ay (-1) 03]20 .
Toai xapakTepucTuyHe piBHSAHHS ( 2.11) Byae maty Burnsg

A+ 4 (1-2)+ 4 (1-2) +..4+4,(1-2)" =0.
Poskpremo ayxku

(1=2) = (=1 €02+ (-1)} O+ (1)} C222 4+ (1) €2, i =T
i nigcraBumo 3amicTb BignoBigHMX uneHie. OTpMMaemo

4, [(—1)0 ngo} 4 [(—1)0 020 +(-1) Cllzl]+ 4, [(—1)0 020+ (1) Chz' +(~1)? c2222] o
[ (1) €20+ (1) Gt (1) € (1) G2 [ =0
36epemo UneHn Npu OOHAKOBUX cTeneHsix z', i = 1,7 . OTpumaemo
(~1)'[ Cdo+ Py + CRy .+ €A, |20+ (1) [ Gl + Chy + 4 Cod, |2+ (<1)' [ Gy + Gy 4.4 €14, |22+
et () O AL+ G, |2 (<1) G,z =0,
Hapewwri, nigcraBumo 3amictb 4;, i = 0,7 ix 3Ha4€HHS, WO BU3HaYeHi B (2.12). OTpUMaeMo HacTynHe

(-1)° {cg [(—1)0 C,?}Z” Lc? [(—1)1 ! —ay(-1)" 1}2"—1 e [(—1)2 C2—a (1) C' —ay(-1) c,?_z}z”—2 +

) e () G —a (1) G - —an(—l)ocg}20}20+
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Q) —a () - (1) - e (1) cg}zo}zu
+(-1)" {c;::} [(—1)"*1 g (RO —ay (1) T O - a, L (1) cﬂz1 +

+Cr! [(—1)” Cl—a (-1 il — gy —...—a,,cﬂ}z"—‘ +
(1) G (1) Gl = () G = (1) €1 e, (1) €6 |22 =0,
Taknum YMHOM OTPUManu xapakTepMCTUYHE PiBHAHHA BUrnNagy (2.9), ae
Py =(-1)"C" [(—1)” Cl—a (1) —ay (1) PR - —a, (1) CS]ZO,

p= () e[ et () G (1) G e (1 2+

n—1 n—1

1

+c;*1[( )”C"—al( ) S e el aCO}}
P =) Q[ (1) €= (1) €l |2 A (1) G - (1) € (1) €, 22
[ a1y e - () c,,_g_..._an(_l)‘)cg]zO},
po= (e[ e e () Chma (1) € [ e [0 € an(-1) € (1) € 2
(e —a -1y c::}—az(_l)"—zc":g—..._an(_l)(’cg]zo}.
0BuMcIMMo KoediLieHT p, i p,
= L[ € (7 a2 (1) ]
(<)1) -4 (_1)"-1 oy (<) s a, | = 1 —a ot (1) g
p,=(-1)" {cg () e e[ () —a (1) cl |2 (1) €2 - (1) G —an (1) € |2
ey G —a ()T el -a (_1)"‘2c,7:§—..._a,,(_l)ch]zO}:
- [c,?z” Sor e L NUNY () Lo 20] + (1) [c,?,lz"‘l —Cl 2" () C,'Z:IIZO}al N
(1) 2,

(2.13)

+(-1) [c‘) 272l 2" (—1) C;:2220]a2+

BVIKOpMCTOByPO‘-WI cniBBigHOLLIEHHSA

(2-1) =22 -2 + 22 w4 (1) €120, (2.14)

OTPVUMYEMO, LLO
, =l—a—a,—..—a,. (2.15)

O6uumcnumo cymy
Sn = Po +"'+pn—2 +pn—1 +pn .

Maemo
$=( [ e () G s () e, (1) ]2+
+(-1)"" {C;::} [( )y —a (<) T —ay (1) S - = (1) c{’}zl
[ e (1) -G _..._ancg}}+ (-1)? {c§ (1Y &= (1) 2= (1) €2, |22+
() - () G e () e (1) ]2
0
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+(-1) {cg [(—1)0 cﬂz” ic? [(—1)1 ! —a(-1)° cj,l}z"“ e [(—1)2 C2—a (1) C' —ay(-1)" CB,ZJz”‘Z o

0 [(—1)” Cl—a (1) Ci —ay (1) R~ a, (1) cg}zo} .

n—1

BuikopucToBytoun (2.14), oTpumyemo, Lo
S=-2"<0.
3Biacy, sKwo Byae BUKOHYBATUCh HEPIBHICTL R, > 1, TO XO4 OAMH iHLINIA KOEMILIEHT XapakTEPUCTUHHOTO PIBHSHHS, LLO

BignoBigae gudepeHuiansHOMy piBHSAHHIO, Oyae Big'eMHuUM | 6yae nopywyBaTuck HeobxigHa ymoBa CTIKOCTI, WO cynepe-
YUTb YMOBI TEOPEMU.
LHocmamHicmpb. AKWO BCi KoedilieHT XapakTepPUCTUYHOIO PiBHSIHHSA (2.6 ) AodaTHI | 3a40BOMbHATL YMOBI

n
Yoa; <1,
i=1
TO aCUMMTOTMYHA CTIMKICTb HYNbOBOrO PO3B'SA3Ky BUMNMMBAE 3 BiAOMUX pe3ynbTaTiB 3 CTINKOCTI Pi3HULEBUX PIBHSAHB [7,8].
Taknum YMHOM, OTPMManN HacTyrHe.

1. Akwo R, #1, To icHye eanHa ocobnmsa Touka x(k) =0, £=0,1,2,.... Mpuyomy BOHa acCMMNTOTUYHO CTillKa, SIKLLO
Ry <1 inecTintka, akwo R, >1.

2. Axwo R, #1, To icHye HaniBNpsiMa 0COBMMBMX TOYOK, SiKa € CTiliKot Mo JlsnyHosy.

3. 3BiAcK, 3HaveHHs1 napameTpiB cuctemu, Npu sikux R, =1 € BidbypkauintHumu.

1. Hepopesos J1.B. Ilekumn no matematuyeckoi akonornn. — Hosocumpek: Crnbupckuin xpoHorpad, 1997. — 161 c. 2. basbikuH A.[l. MatemaTtnyeckas 6uoduamka
B3avmogevcTaytoLwyx nonynaumin. — M.: Hayka, 1985. — 181 c. 3. Ceupwxes FO.M., TorocpeT [.0. YcTonumBocTb Gronormyeckmx coobuyects. — M.: Hayka, 1978. —
352 c. 4. Cmut XK.M. Mogenwu B akonorum. — M.: Mup, 1976. — 184 c. 5. XycaiHos [.4., Hukudoposa H.C. CrilikicTb ogHiei mogeni amHamikv nonynsuii / BicHuk
Kuiscbkoro yHiBepcuteTy. Cepisi: ®isnko-matemaTuyHi Hayku, B.1, 1997. — C.218-229. 6. XycanHoB [.A., Hukmdoposa H.C. YCTONUMBOCTb OAHOMO PasHOCTHOMO
YPaBHEHWSI C NONOXUTENbHbIMU Ko3dpdpuLmeHTamm // YkpanHckuii matematudeckuin xypHan, T.51, N9, 1999. — C.1276-1280. 7. emuaosuy B.11. Nlekumum no mate-
MaTu4eckon Teopum yctonumsoctu. — M.: Hayka, 1967. — 461 c. 8. Xewn [x. Teopus chyHKUMOHanNbHO anddepeHumanbHbix ypaBHeHun. — M.: Mup, 1984. — 421 c.
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MOPIBHAHHA YMOB CTIMKOCTI PO3B'A3KIB JIIHINHUX CTOXACTUYHUX
AUOEPEHLIAJNIbHUX PIBHAHD I3 3ANIBHEHHAM APT'YMEHTIB
TA BE3 3ANI3BHEHHA APFYMEHTIB

lMo6ydoeaHo MOMeHMHI pieHsIHHA Oisi PO36'A3Ky cucmeMu JliHIlHUX cmoxacmuyHux dughepeHyiasibHUX PieHsIHb i3 3ani3HeHHIM
apaymeHmy y eunadKy KoJiu npaea YyacmuHa cucmemMu Micmums eunadkoei npouecu muny 6in020 wyMy, a makox Osisi po3e 'si3Ky
cucmemu JiHIlIHUX cmoxacmuyHux oughepeHyianbHUX pieHsIHbL 6e3 3arni3HeHHs1 apaymeHmy y eunadKy Kosu fnpaea YacmuHa cucmemu
micmumb eunadkoei npoyecu muny 6in020 wymy KoegiyieHmu 3anexams 6i0 MapKoecbKo20 npouyecy. [ocnidxeHo 3a A0NOMO20r0
no6ydoeaHux MOMEHMHUX PieHsiHb ymoeu L ,— Cmilikocmi Hy/1b08020 PO36’sI3Ky ma ymoeu cmitikocmi y cepedHboMy keadpamud-
HOMY mako20 mury cucmem.

Constructing the moment's equations for the system of linear differential equations with delay arguments in case where right part of
system has random process white noise type and without delay with random coefficients. Investigating with help that moment's equa-

tions conditions L ,— stability of zero solutions and conditions of stability in mean square.

Becrtyn

Binbl peanbHO i NPMPOAHO ONWCYIOTL CUTYaLilo AN NoGyAoBU MOAENEN EKOHOMIYHMX CUCTEM, 30Kpema Modenen Ha-
KOMUYEHHS Kanitany Ans iHBeCTULINHMX KOMMaHiIN [1], CUCTEMM CTOXACTUYHUX CUCTEM i3 3ani3HEHHAM, SiKi nopsan, 3i ctoxac-
TUYHVMMU PIBHSIHHAMMW 3 BUNaAKoBUMK koeddillieHTamu 6e3 3anisHeHHs OyayTb po3rnsggaTtvcs B daHi poboTi. B pobote [2]
pO3rNaaloTbCa NUTaHHS CTIMKOCTI pyXy cucTem cTpubkonogibHoro Tuny. B pobotax [3] BMBYeHO anrebpaiyHi KpuTepii CTin-
KOCTi, aCMMMTOTUYHOI CTIMKOCTi AMHaMiIYHUX cuctemM. B poGoTi [4] ocnigXeHO NUTaHHS CTINKOCTI, aCMMNTOTUYHOI CTiNKOCTI
andepeHuianbHO-YHKLIOHaNbHUX CUCTEM HEUTpanbHOro Ty i3 3anisHeHHsaM. B moHorpadii [6] BuknageHo 3aranbHi Teo-
peMu i anropuTMy NPaKTUYHOI CTIMKOCTI AWHAMIYHMX CUCTEM i3 Pi3HUMKU hasoBuMKu obmexeHHamn. B moHorpadii [5] Ta
poboTax [7,8] po3rnsHYTO MUTAHHS CTINKOCTI aCMMNTOTMYHOI CTIMKOCTi i P-CTIMKOCTI CTOXaCTUYHUX OUHAMIYHUX CUCTEM i3
nicnsgieto Ta HeWTpanbHoro TvMny. B aaHin poboTi cnMparymMcb Ha METOAM OOCHIMKEHHS CTOXAaCTUYHUX CMCTEM B poboTax
[9,10], nobynoBaHO MOMEHTHI PIBHSAHHSA ANs PO3B'A3KY CUCTEMU MiHIMHUX AndepeHLianbHUX PiBHSHD i3 3ani3HEHHAM Yy BU-
najgKy Komm npasa YacTMHa CUCTeMW MICTUTb BMMAQKOBI Npouecn Tuny Ginoro Wwymy i Ans CUCTEM CTOXaCTUYHMX PIBHSAHb 3
BMNagKoBUMK napameTpamu 6e3 3anisHeHHs.

1. MocTaHOBKa 3agaui.

Ha nmosipHicHomy 6asuci (Q,S,P,Fz{F,,tZO}) PO3rNSHYTO cucTeMy MiHIMHUX AudepeHuianbHNX piBHAHL ANS
X()=X(1,0)

dX (t)=A(&0) X (1)dt + B(&(1)) X (1) dw(t), =0, (1)
3 nouaTtkosoto ymosow X(0) = p(0):Q2 - R", ge w(t) — npouecc BiHepa, Ana SKoro BUKOHaHO YMOBU
w(0)=0; <w(t)>=0(t>0); <w(t)>=t; )

w(t) — HopmarbHBIl MpoLecc.

© Oxannaposa l., 2011
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MpunyckaeTbes, Wo é’;(t) — MapKOBCbKWIA BUNaAKOBWIA MPOLIECC, SIKMIA NpUiMae 3HadYeHHs 0,,...,0, 3 iimoBipHOCTAMM

Di (t) = P{g(l) = Ok} (k = l,...,n) .
SIKi 3a0,0BOMBHATL cUCTEMY AndepeHLianbHMX piBHsHL [11]

P S (0, 0) (k=hen). $ ()20,
dt s=1 k=l

a (1)20 (k#s), ay(1)<0. 3)
CraBuTbCs 3agadva NobyaoBU MOMEHTHUX PIBHSHb APYroro NOpsiAKy ANs po3B'A3Ky cUCTEMU NiHIMHMX audepeHLianbHmX
piBHsiHb (1).
Kpim Toro, Ha imoBipHicHomy Gasuci (Q, 3, P, F = {Fl,t > O}) PO3rNAHYTO cUCTEeMy MiHIMHUX audepeHuianbHNX PiIBHAHb
i3 3anisHeHHsIM aprymeHTy anst X (¢) = X (¢, ®)
dX (1)=A(t) X (¢t)dt+B(1) X (t—7)dw(t), 120, (4)
3 nouaTtkoBsoto ymoeow X(0) = p(0):Q2Q - R", ge w(t) — npouecc BiHepa, Ans SIKoro BUKOHAHO YMOBM (2).

CrtaButbca 3agaya NoOyA0BN MOMEHTHMX PiBHAHb APYroro NOpsiAKy Anst PO3B'A3Ky CUCTEMM MiHINHMX AndepeHuianbHnX
PiBHsIHDb (4).

2. OCHOBHMM pe3ynbTar.

TeopeMa 2. Hexali cucmema OuchepeHuianbHux pieHsiHb (4) mae cunbHUl pose'szok X (t)= X (t,®). Todi icHytomb

momeHmu dpyzozo nopsioky D(t)=<X ()X : (t)> eunadkosozo pose'siaky X (t), siki 3a0060MIbHSIIOME CUCMEMY DigHSHE

dDTEt):D(t)A*(t)+A(t)D(t)+B(t)D(t—r)B*(t). (5)
HoeedenHs. 1. MNepengemo Big cuctemm gudepeHuianbHNX PiBHAHb 4O anpOKCUMYHUOI CUCTEMU Pi3HWULEBKX PIBHSAHb
[8.9]
Xy = X, +hA(1,) X, + B(1,) X, _yNhC, . (6)
A€ BUKOPUCTOBYIOTbCSA MO3HAYEHHS
t, = nh(n = 0,1,2,..); h>0,X, = X(nh), N=1th".
"3ipouka" nosHavae TpaHCNOHYBaHHSA BekTopa abo matpuui. Mpn LbOMy 3HaX0AMMO PIBHICTb
X=X, +hXo A, + X, _yBiJhCn
3Haxognmo [obyTok BEKTOPIB
Xy X =X, X+ hX, X AT+ hA, X, X, +\JhC, X, X B +hC, B, X, X, yXo+hCB,X

n+14n+l = n
+h2AanX:A: + h\/ZCnAanX:—NB: + h\/ZC.aanXn—NX:A:'

SGCTOCOByGMO onepaui}o 3HaXOKEHHSA MaTemMaTUYHOIoO CnogiBaHHs <> an/II'IYCKaGMO, o Cn — NOCNIAOBHICTb He3a-

* *
—NXn—NBn +

NEXHUX BUNAAKOBIX BEMMUMH Takux, wo G, =+1;  P{{, =1}=0,5; P{{,=-1}=0,5
Mpn UBLOMY BUKOHYIOTLCS PiBHOCTI
()=0 (2)=1 (n=012..).
Ons matpuui gpyrux novaTKOBMX MOMEHTIB
D,=<X,X,> (n=0,12,..)
OTPMMAEMO CUCTEMY Pi3HNLEBUX PIBHSHb
D,, =D, +h,A, +hA,D,+h*B,D, \B,,
ska npu h — +0 NepeTBOPIOETLCS B cUCTEMY AndepeHLianbHMX PiBHSAHB (5) Ans MaTpuui D(t) .
Teopema 2. Hexali cucmema OucpepeHuianbHux pisHsHb (1) Mae cunbHUl pose'asok X (t) = X(t,®). Toli icHytomb

momeHmu Opyzozo rnopsoky K (t) =X (t)X : (t) > gunadkogozo po3e'asky X (t) cucmemu pigHsIHb (1) siki 3a00807bHS-
tomb cucmemy pigHsiHb

Km=é&m

dK, (1)
dt
10es1 dosedeHHs1 meopemu aHarnoeiyHa doeedeHHo meopemu 1.
O3HaueHHsA. AKLLO Npu JOBINbHMX MOYaTKOBMX YMOBaXx OyAb-sikuii po3B'si3oK piBHAHHS (5) abo (7) npsimye Ao HynboBoOi
MaTpuLi, Todi HyNbOBUA PO3B'A30K BiAMOBIOHO CUCTEMWU CTOXACTUYHUX AndbepeHuianbHux piBHsHb (3) i (1) acMMNTOTUYHO
CTiKNA y cepeHbOMY KBagpaTUYHOMY.

(7)

=K, () A"+ 4K, (1)+ BKDB ,n=12,..n
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HynboBuit po3B'asok cuctemn audepeHuianbHux piBHaHb (1) i (4) 6yaemo HasuBaTn L, — CTilkiM, skwo Ans 6yab-

SIKOro pO3B'A3KY X(t) cucTemu piBHSAHB (1) abo (4) 3biraeTbca HEBNACHWIA iHTerpan
® 2
I=[<|x(t) >at.
0
3. 3aranbHu BUNagokK

Ha iimoBipHicHomy Gasuci (Q, T, P,F = {Ft,t > 0}) po3rnsiHemMo CUCTEMY MiHINHUX AudepeHLuianbHUX CTOXaCcTUYHMX Pi-
BHSIHb 3 ieKiNbKoMa aprymeHTaMmu i3 3anisHeHHAMm
dx ()= A(t)x(t)dz+k§ By (6) X (1=, )dw (1),
=1
T ZO,(kzl,...N), (8)
ne w; (t)  (k=1,...N) — HesanexHi BIHEPOBCHK BUNA/IKOBI MPOLIECH B CTAHAAPTHIM (hOPMI, LLIO 38/10BOMLHSIOTE YMOBH
Wy (0)20, < W (t) >=0, <w} (t)>t,
<wy (t)wj(t) >=0 (k#j)k,j=1..,N
Teopema 3. Mampuui dpyaux nodamkosux momermie D(t)=< X ()X ' ()> pose'ssky X(1)=X(t,w) cucmemu pie-
HsIHb (8) 3a0080/1bHSAMbB cuUCMeMy MampuyYHUX OugepeHUianbHUX PIiBHSIHb

dDTEt): D(t) 4 (t)+A(t)D(t)+k]ZZ:lBk (t)D(t—1,)B; (1) o)

4. MopenbHi 3apgavi
MopgenbHa 3apgaya 1. [Jocnigumo CTilKiCTb pO3B'A3KIB CKansipHOro MiHIMHOro CTOXacTUYHOro AndepeHuianbHOro pie-
HSHHS BUAY (9)

dx(t) = ax()de + 3 byx(t-1 )dwg (1), 7 20 (k=1...N) (10)
k=1
PiBHsHHSA (5) maTume Bug
dyT(tt)=2ay(t)+§b,?y(t—tk), 75 20 (k=1..N) (11)
k=1

ans y(t)=<x>(¢)>. 3rigHo 3 03HAUEHHSM PO3B'A3KY PIBHSAHHS (11) ACUMNTOTUYHO CTiltKi NPy

N
2a+ Y b <0
k=1
i HecCTInKi npu
N
2a+ Y b <0.
k=1
MopenbHa 3agaya 2. [locnigMmo CTiKICTb PO3B'sI3KiB CKansipHOro MiHINHOMO CTOXacTUYHOro amdepeHuiansHoro pis-
HSHHS BUAaY (1)

dx(t) = ax(z‘)dt + b(E_,(t))x(t) dw(z‘),

PiBHsHHSA BUay (7) maTume Bug
dk (¢ n
(1) =2ak(t)+ Y, blk(t), (12)
dt s=1 ]
ans k(t) =< x? (t) > . 3riaHO 3 03HaYeHHAM PO3B'A3KN PIBHAHHSA (12) aCMMNTOTUYHO CTilKi Npr

< 12
2a+ Y b, <0
k=1
i HecCTInKi npwm
n 2
2a+ Y by <0.
k=1

3ayBaxeHHs. B po6oTi [10] LoBeAEHO HAaCTYNHUIA pe3ynbTaT, sSiKuii JO3BONISIE OTPMMATK aHanorivHi yMoBam (7), yMOBW CTiKOCTi
3a gornomoroto NobyaoBaHux pyHKLN JssnyHoBa

+o0
v (t,x)= | <w<y,X(y),§(y)) | X (t)=x,&(1)=0,>dy (s=1,..,n) (13)
t
Ockinbknt v, (¢,x) (s =1,...,n) € KBaAPATM4HAMM POPMAMM Bif] X, NOKNAAAEMO
Vg (t,x) = x*CS (t)x (s = l,...,n) ,
e KBagpaTuyHa chopma w(x,é(t)) = x*B(é(t))x, B(&(t)) > (0 3a[10BOMLHSAE YMOBM:
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2 2
1 = Sk ) S M 1> %e=1l.,nj.
Ml < w(wg) <hll (1> 0k=1n)
Teopema 4. [ins Toro, wob HynL0BUI PO3B'A30K CUCTEMU PiBHAHL (1) BYB acCUMNTOTUYHO CTiMKIM Yy CepeaHbOMYy KBaj-
patuuHomy i L, — cTikim HeobxigHo i [gocTaTHbO, WO6 cucTeMa MaTPUYHMX PIBHAHbL ANA cTanuMx maTpuub

C, (t) (s=l,...,n)

C,A+A.C,+Y a,C,+H.C;H, +B, =0
k=1

(s :1,...,n)

npu B, >0 mana eauHwii poss'asok C, >0 (s = 1,...,n) , Oe NnosHa4yeHo

A =A(E,), H =H(E), B,=B(&) (s=L...n)

3ayBaxeHHsl. TakoXX OTPUMaHO MOMEHTHI PIBHSIHHS, ¥ BUMAAKy, Konu koedilieHTn cuctemu piBHsHL (1) 3anexartb Big
HaniBMapKOBCHLKOro (MapKOBCLKOro) NpoLecy .

BucHoBku

B paHii poboTi cnvparymcb Ha MeToan AOCHIAXEHHS CTOXaCTUYHUX CMCTEM B iHWKX poboTax aBTopa nobyaoBaHO Mo-
MEHTHI PIBHAHHS ANSA PO3B'sA3KY CUCTEMU MiHIMHMX ANepeHLianbHNX PiBHSAHD i3 3ani3HEHHAM Y BUNaAKy KOMv npasa 4YacTu-
Ha CUCTEMU MICTUTb BUMAZKOBI Npouecy Tvny Ginoro Wwymy i ANs CUCTEM CTOXACTUYHUX PIBHSHb 3 BUNaAKOBUMU NapameT-
pamu 6e3 3ani3HeHHs.

1. OkceHpanb B. Ctoxactundeckve auddepeHumanbHble ypaBHeHus: nep. ¢ aHrn. / b. OkceHpganb. — M.: Mup, OOO "M3p-so ACT", 2003. — 408 c.
2. Ckopoxop A.B. AcumnToTuuyeckme MeToabl B TEOPUM CTOXacTuyeckux anddepeHumanbHbix ypaBHeHnin / A.B. Ckopoxoa. — Kuis : Hayk. aymka, 1987. —
328 c. 3. Koperesckunn [.I'. [lectabunuampytowmii acpcpekt napamerpuyeckoro 6enoro yma B HEMpepbiBHbIX W AUCKPETHbIX AMHaMMYecknx cuctemax /
[O.T". KopeHesckui. — K. : Akagemnepuoauka, 2008. — 128 c. 4. XycaunHos .. MeTop cyHkumin JlanyHoBa B nccnegoBaHum ycTondmBocTv anddepeHumnansHo-
yHKUMOHanbHbIX cnuctem / [.4. XycanHos, A.B. LaTteipko.— M3a-Bo KHY, 1997. — 236 c. 5. Octpem K.1O. BBeaeHne B cToxacTMyeckyto Teoputo ynpasneHus /
K.FO. Octpem. —M.: Mwup, 1973. — 322 c. 6. bybnuk B.H. CTpykTypHO-napameTpuyeckasi oNnTuMmn3auusi 1 yCTOMYMBOCTb AMHaMuku nydkoB / B.H. By6nuk,
d.I". MNapaweHko, H.®. KupnyeHko. — K.: Buwa wk., 1975. — 328 c¢. 7. AcuHcbkuin B.K. 3agadi cTikocTi Ta cTabinisajii AMHaMiYHUX cucTeM 3i CKiHYeHOoto nicns-
gieto / B.K. AcuHcbkun, €.B. AcuHcbkuin. — Kuis : Bug-sBo "TBIMC", 2005. —578 c. 8. lNpobnemun ctabinizauii iMnynbCHNX CMCTEM BMNAOKOBOI CTPYKTYpW 3i
ckiHyeHHoto nicnsipieto / Kopontok B.C., AcuHebkuin B.K., Mycypiscbkuii B.1., JopoweHko |.B. — YepHiBui: YepHiBeLubkuid HauioHanbHWi yHiBepcuTeT, 2010. —
240 c. — moHorpadis. 9. Banees K.I'. OnTtumisauis Bunagkosmx npouecis: moHorpadis / K.I'. Banees, |.A. [xannagosa. — K.: KHEY, 2008. — 222 c. 10. Oxan-
nagosa |.A. OnTumisauis ctoxacTuiHmx cuctem: moHorpadisi / LA, xannagosa. — K.: KHEY, 2005. — 284 c. 11. TuxoHos B.H., MupoHos M.A. MapkoBckue
npoueccel. — M.: Cos. paguo, 1977. — 488 c.
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MATEMATUYHA MOAEJb OLIHKMAN
E®EKTUBHOCTI PEFOHAJIbHOINO EKOHOMIYHOIO PO3BUTKY

Memoro cmammi € ghopmyeaHHs1 MameMamu4Hoi Modesii OUiHKU e¢hekmueHocmi pe2ioHaIbHO20 eKOHOMIYHO20 PO38UIMKY Op2aHi-
3auyitiHoi cucmemu.

The aim of this paper is forming of the mathematical model of evaluation of regional economic development effectiveness of organ-
izational system. This model is proposed to consideration.

Betyn

AKTyanbHOH NpobneMoto opraHi3auiiHiX CUCTEM Ha PIBHi PerioHiB € OLliHka edeKTUBHOCTI iX EKOHOMIYHOIO po3BuTKY [1-12].

Po3pobka MmatemaTM4HMX Mopenel Ans NpoBeAeHHs OLHKM AisnbHOCTI OpraHi3auiiHoi CUCTEMU Ha perioHanbHOMY piBHi €
OCHOBOIO ANS1 BAOCKOHANEHHS perioHanbHOI NoniTMKM ynpasniHHA npouecamMmn po3BUTKY EKOHOMIKM Ta hopMyBaHHA MeToaomnorii
OLjiHKV eneMeHTIB perioHanbHOI CUCTEMU.

MeToponoriyHi nigxoon 0O BMBYEHHHA HaLiOHanbHMX i perioHanbHUX cuctem cdopMyBanu Taki HaykoBLi, sk Mnyw-
koB B.M., Mixanesnu B.C., IpikoB B.A. Ta iH. [leTanbHe BMBYEHHS PO3BUTKY OpraHidauii nposegeHo B poboTax: Bonkosu-
ya B.J1., TpeHboBa B.M., Hosikoea [1.0., HegocekiHa A.O. Ta iHwwux [1-10].

B cTtaTtTi 3anponoHoBaHO HOBY MoAenb AN BU3HAYEHHSA KOMMIEKCHOI OLiHKM couianbHO-eKOHOMIYHOrO pO3BUTKY perio-
HanbHOI OpraHisauiiHoi cucTemu, sika Jo3Bornsie NobyayBaTy iepapxidHUi NigxXia Ans OuiHKM edPEKTUBHOCTI perioHanbHOro
€KOHOMIYHOro po3BUTKY.

MaTtemaTn4yHa Mogenb ANA OUWiHKK etheKTUBHOCTI

MobynyeMo matemaTuyHy Mopenb OLUiHKM e(PEeKTUBHOCTI perioHanbHOro coliarnbHO-eKOHOMIYHOMO PO3BUTKY OpraHisa-
uinHoi cuctemmn (EEDM- Evaluation Efficiency Development Model):

EEDM=<T,L,®>,
Ae T — oepeBo MOKa3HUKIB, L0 NpeACTaBNeHO Ha PUCYHKY 1.
Hexal Fo — ronoBHa Uinb opraHizauiiHoi cuctemu.
Ha gpyromy piBHi iepapxii T- nigcucremu opraHisauiviHoi cuctemu R;, i = 1, ... m. [Ina 3agavi ouiHK1 perioHanbHOro pos-

BUTKY R;, i =1, ..., m, — Le perioHu.
Ha TtpeTbomy piBHi iepapxii T — Fs, s = 1, ..., S — KpuTepii coujianbHO-EKOHOMIYHOIO PO3BUTKY PErioHiB opraHisauinHol
cucTemum.

L — Habip AKiCHUX OLIHOK PiBHIB KOXXHOIO KPUTEPIO Ta KOXHOro perioHy B iepapxii T. MNpu upomy:
L = {dyxe Hn3bkui piBeHb (OH),
Hwn3bkni piseHb (H),
CepegHin piBeHb (C),
© foneHko I'., KoHapesa €., MaHoBuubka 4., 2011
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Bucokui piseHb (B),
Lyxe Bucokui piseHb (OB)}.
® — cucTemMa BigHOLWEHb NepeBaXaHHA O4HUX NMOKA3HMKIB Had iHWWMKW NS OAHOro PiBHA iepapxii mogeni.

O ={F@Fpe(> ,=),i#j},

Ae > — BigHOLLEHHS CTporoi nepesaru,
~ — BiHOLLIEHHS BangyXOCTi.

Puc.1. [lepeBo noka3HUKIiB Ans ouiHka echeKTMBHOCTI Puc. 2. [lepeBo NOKa3HUKIB AN OLiHKK
perioHanbHOro eKOHOMi4YHOro po3BUTKY €KOHOMiIYHOTrO PO3BUTKY YKpaiHu

Mpuknag 3acTocyBaHHS MaTeMaTU4HOI MoAerni OUiHKM e(PeKTUBHOCTI perioHaribHoro eKOHOMIYHOroO PO3BUTKY
Aansa YKpaiHu
3acTocyeMo 3anponoHoBaHy Mofernb OLHKM e(PEKTUBHOCTI perioHarnbHOro eKOHOMIYHOTO PO3BUTKY Ha Npuknagi YkpaiHu.
PosrnsHemo 27 perioHis (24 obnacri, APK, m. Kuis, M. CeBacTonorb).
[1ns KOXXHOro perioHy BU3Ha4eHi — N'aTb KpUTEpIiB coLiarbHO-eKOHOMIYHOTO PO3BUTKY.
lepapxia nokasHukis (puc. 1) Habysae Burnsaay, WO NpeacTaBneHnin Ha puc. 2, ge:
Fo — etbekTUBHICTb pO3BUTKY DYHKLIOHYBaHHSA €KOHOMIKM Ha Aep>XaBHOMY PiBHi:
1) F1 — epeKTMBHICTb PO3BUTKY peasnibHOr0 CEKTOPY EKOHOMIKM.
F1 BM3HauvaeTbCA 3a 5-mMa NoKasHWKaMu:
* lHAeKkc npoMucnoBol NpPoAyKLUil, ¥ BigcoTkax A0 BignNoBiAHOro nepiogy nonepeaHboro poky.
* PiBeHb onnatu 3a CNoXWUTY eneKkTpoeHeprilo HapoCTauMM MiACYMKOM 3 MoYaTKy 3BiTHOrO nepiogy y BiACOTKaXx.
* PiBeHb onnatu 3a CNoOXWTUIA NPUPOAHUIA Fa3 HapOCTakuMM MiACYMKOM 3 NoYvaTKy 3BiTHOrO nepiody Yy BiAcOTKax.
» Temn 3pocTaHHs (3MEHLLEHHS) BanoBoi NpoAyKLii CinbCbKOro rocnofapcTea, y BiACOTKax A0 BiAMOBIAHOrO nepiody no-
nepeaHbOro PokKy.
» YacTka iHHOBaLIiNHUX aKTUBHMX MIQNPUEMCTB Y 3arasbHii KiNnbKOCTi MPOMUCAOBMX MiANPUEMCTB Y BiACOTKaX .
2) F2 — eheKTUBHICTb PO3BUTKY iHBECTULIIMHOI Ta 30BHILLHBOEKOHOMIYHOIT AiANbHOCTI.
F2 BM3HauyaeTbcd 3a 11-Ma NokasHUKamu:
* TeMn 3poCTaHHs (3MEHLLEHHS) 06CAry iHBECTULLI B OCHOBHWIA KaniTan.
» O6csr iHBeCTUL B OCHOBHUI KaniTan Ha ofHy ocoby.
* [NpupicT (3MEHLLEHHSsT) NPAMUX IHO3EMHUX IHBECTULIIN.
» TeMn 3poCTaHHs! (3MEHLLEHHS1) 06csAry NpsiMUX iHO3EMHUX IHBECTULLIN.
» O6CAr NpsIMUX iIHO3EMHMX IHBECTULIA Ha OAHY OCOBY HapoCTaluyuM MiACYMKOM 3 NoYaTKy iHBECTYBaHHS.
» TeMn 3poCTaHHs (3MEeHLUEHHs) 06CcAry iHBeCTULIn y xxuTnose 6yAiBHULTBO.
* Temn 3pocTaHHs (3MeHLUEHHs) 0BCcAry BBEAEHHS B eKcryaTaLito xuTtna.
» O6csar BBEAEHOrO B eKCrnyaTtawito Xutna y po3paxyHky Ha 10 TUC. HaceneHHs, KB. MeTpiB 3aranbHOi NoLLi.
 TeMn 3pocTaHHs (3MeHLLEHHS1) 0BCAry eKCropTy ToBapiB.
» Temn 3pocTaHHs (3MEHLLEHHS) obcsary iMnopTy ToBapiB.
» KoedilieHT NOKpUTTS eKCropTOM iMMopTY.
3) F3 — 36inblueHHs1 gepxaBHWX (iHaHCIB Ta hiHaHCOBMX pe3ynbTaTiB AiAnbHOCTI NiANPMEMCTB (BU3Ha4aeTbCcs 3a 8-ma no-
KasHuKamu):
 PiBeHb BUKOHAHHSA JOX0AiB MicLieBuUx BoaKeTiB, Y BigcoTKax 4o 3annaHoBaHux MiHiHOM NokasHuKIB.
» Temn 3poCTaHHSA (3MEHLLEHHS) 40X04iB MicLieBUX BroaXeTiB.
» Temn 3pOCTaHHA (3MEHLLEHHs) MoAaTKoBOro 6opry 3a nogaTkoBMMM 3000B'A3aHHAMM NAATHKKIB A0 3BeAeHoro 6oaxe-
Ty.
« [MuToma Bara nopgaTkoBoro 6opry perioHy B 3aranbHoMy 06ca3i nogaTkoBoro 6opry.
 TeMn 3pocTaHHs1 (3MeHLLEHHS) NPMBYTKIB NPUBYTKOBMX NIANPUEMCTB Bif, 3BUYaHOI AiAnbHOCTI 40 OnoaaTKyBaHHS.
» Temn 3poCTaHHs! (3MEHLUEHHSs1) 30MTKiB 3OMTKOBMX NIANPUEMCTB Bif 3BUYANHOI AiANbHOCTI 40 ONOAATKYBaHHS.
* PiBeHb peHTabenbLHOCTI onepauinHoi QisnbHOCTI NiANPUEMCTB.
* MnToma Bara 36MTKOBMX NIANPUEMCTB Y 3aranbHil KinbKOCTi MiANPUEMCTB.
4) F4 — e(peKTUBHICTb PO3BUTKY COLiaNibHOrO CEKTOPY EKOHOMIKM (BU3HA4aeTbCs 3a 10-mMa NnokasHMkamm):
* MNpupICT (3MEHLLEHHST) HAaCENEHHS.
* PiBeHb 6e3p0ob6iTTs HaceneHHs y Biui 15-70 pokis.
* YTBOpPEHO poboumx Micub, Y BiACOTKaX A0 YNCENbHOCTI EKOHOMIYHO aKTVBHOMO HacemneHHs.
» CepegHboMicsiiHa HOMiHanbHa 3apobiTHa nnaTa.
» TeMn 3poCTaHHs (3MEHLLEHHS1) peanbHoi 3apobiTHOI NnaTu.
» YacTka npauiBHVKIiB, SKMM HapaxoBaHa 3apobiTHa nrarta HK4Ye MPOXUTKOBOrO MiHiMyMy Ans npavesgaTHoi ocobu.
* Temn 3poCTaHHA (3MEHLUEHHS) 3ab0proBaHOCTi 3 BUNaTy 3apobiTHOI NnaTu.
* Temn 3poCTaHHs (3MeHLUEeHHs) 3a6oproBaHOCTi 3 BUNMATK 3apobiTHOI NnaTh Ha EKOHOMIYHO aKTUBHMX MiANPUEMCTBAX.
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» TeMn 3poCTaHHs! (3MEHLLUEHHS1) 3a60proBaHOCTi EKOHOMIYHO aKTUBHMX NNaTHUKIB A0 MeHcinHoro doHay.
* PiBeHb 3Mo4MHHOCTI B po3paxyHky Ha 10 TUC. HaceneHHs.
5) Fs5 — edeKTUBHICTb PO3BMTKY CMOXMBYOIrO PUHKY (PO3paxoBYETLCH 3a 5-Ma nokasHukamu):

* Temn 3poCTaHHA (3MEHLLEHHS1) 060pOoTy po3ApiOHOT TopriBmi.

» AGCONOTHUI NpupicT obcary 0bopoTy po3apibHOT Topriemi.

* AGCONTHUIA NpUpICT 06CAry peanizoBaHMX NOCHYT.

* |HOEKC CNOXMBYMX LjiH.

* PiBeHb onnaTtn HaceneHHsIM XUTMOBO-KOMYHAINbHUX MOCIYT.
Ri,i=1, ..., 27 — peiTuHrn no 24-m obnactsm Ykpainu, AP Kpum, m. Kuesy Ta m. CeBacTononto.
Hexai Bu3HayeHa cucTtema BifHOLWEHb NepeBaKaHHA OOHWUX KpUTepIiiB Hag iHWNMK:

h>-F>-F>-F ~F

ae Fs — kpuTepii couianbHO-eKOHOMIYHOIro po3BUTKY perioHiB YkpaiHn, s = 1, ..., 5.

FAkicHi ouiHKM piBHIB coLjianbHO-EKOHOMIYHOIO PO3BUTKY PErioHIB BM3HAYaloTbCA 3a AONOMOrOK 3aCTOCyBaHHSA MeTOAIB
MaTeMaTUYHOI CTaTUCTMKM A0 HAabopy CTaTUCTUYHMX AaHMX 3a OCTaHHI N NepioAis vacy.

[t1, t,] — nepiog yacy, Skuin po3rnsgaeTbCsl NOKBApPTaNbHO, BIANOBIAHO HAAXOMXKEHHIO CTATUCTUYHMX AaHUX.

BucHoBok

3anponoHoBaHa MoAenb OUiHKM e(EeKTUBHOCTI perioHarbHOro eKOHOMIYHOIO PO3BUTKY OpraHisauinHoi cuctemu. Ons
onucaHoi Moaerni MoXHa 3HaUTU MHOXUHY SKICHUX i KINbKICHWUX OLIHOK PO3BUTKY OpraHisauinHol cucteMn Ha AepXaBHOMY Ta
perioHanbHOMY PiBHAX.

HacTynHMM KpoKOM B AOCNIIXEHHI NNaHyeTbCsl po3pobka MEeTOAMKM OLIHKM PIBHS PO3BUTKY PETiOHIB OpraHisaLiinHoi cuctemu
Ha OCHOBIi 3anponoHoBaHol Mogeni. [locnigXeHHs EKOHOMIYHOTO PO3BUTKY PErioHIB Mae BEMNWKUA NoTeHLian.
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CTPATErIi rPU HA OQHOBUMIPHUX CUMETPUYHUX BUNAOKOBUX BITYKAHHAX

Po3zansinyma epa deox ocib, ocHogy sikoi ckiladae 3ada4ya onmumMa’sibHoI 3YNMUHKU 0GHOBUMIPHO20 eurnadkogoao brykaHHs. [ns 3a-
0OaHoi 2pu 3HalideHO onmuMaJsibHi cmpamezii 2pasuyie.

Two persons game based on optimal random walk stop problem is considered. For the game being considered optimal strategies
were found.

B [1] 6yna po3rnsiHyTa 3agaya onTMManbHOI 3yMMHKU OAHOBUMMIPHOrO BUMAAKOBOro OMyKaHHS 3 MOMNIMHAHHAM Ha KiH-
usax. Hexaw yactuHKka 3g0iACHIOE CMMETPUYHE BUNaaKoBe GriykaHHs MO LinovMcenbHUX Tovkax Biapisky [a;b] 3 nornuHaH-
HAM Ha KiHUAX. ToOTO, AKWO YacTUHKA NoTpannsie B OAMH 3i cTaHiB @ abo b, To BoOHa npunuHse 6nykaHHs. 3 iHWKX cTa-
HiB k, a <k <b 4acTuHka 3 WMOBIpHOCTSIMU Y2 nepexoauTb B OAMH 3 cyciaHix cTaHiB (k-1 abo k+1). Hexalt Ha MHOXWHI
cTaHiB 3agaHo dyHkuito Burpawy f(k) i Hexa ocoba, WO cnocTepirae 3a YacTUHKOW, rpae B Taky rpy. AKWoO YacTuHKa
3HaxXOAUTbCS B CTaHi k, To ocoba mae anbTepHaTMBY — NPUMMHUTU CNOCTEPEXEHHS, Ta oTpuMaTu f(k) abo npogoBXuTK
CMOCTEPEXEHHS (CNoAiBalOYMCh Ha Te, WO YacTMHKa NoTpanuTb B AesKuiA iHWWA cTaH j, Takmi, wo f(j)>f(k)). Akwo vac-
TUHKa NoTpanmnse B OAUH 3 MOMNIMHAOYMX CTaHIB, TO CMOCTEPEXEHHS MPUMUHAITLCA | ocoba oTpumye Burpaw f(a) abo
f(b) BignoBigHo. Tpeba 3HaTK ONTMMarbHy CTpaTerilo 3yNMHKM CNOCTEPEXEHHS, sika 6 MakcMMidyBana cepeHe 3Ha4eH-
Hs BUrpawy. OnTuManbeHa cTpateris 3ynuHkM 6ygyeTbcst HacTynHUM YuHoM. Hexaw v(k) — cepegHe 3HaueHHs BUrpally 3a
YMOBMW, LLIO YaCTMHKA 3HaxoauTbCA B CcTaHi k Ta Haganbloi onTMManbHOI NOBEAIHKM cnocTepirada (Moku Lo HeBiAoOMO,
AKOi came, ane rinoTeTUYHO ONTMMarnbHOI). BuaBnseTbcs, Wo V(X) € MiHiManbHOK 3 ONyKNUX (YHKLUIA, Takux, LIO

v(x) = f(x). Hao4Ho v(x) MoxHa ysBUTW cobi TakuMm YnHOM. Hexal Ha AekapToBii nnowmHi B Toukax (k; f(k)) 3abuTi
uBsixv. ToAi HUTKA, WO HaTArHyTa Hag uBsixamu Mix Toukamu (a; f(a)) Ta (b; £(b)) € rpadikom LWyKaHOT (LUMaTKOBO-
NiHINHOT) dyHKUIT V(X).

B [2] HaBeaoeHwuit pedynbTaT OyB BUKOPUCTaHUI AN aHanisy Takoi rpu. Hexaw € ABa rpasLi, KOXeH 3 sIKMX crnocTepi-
rae 3a CMMeTpu4yHUMU BUNagkoBumu GrykaHHsamMmn Ha Bigpiskax [0;k] (koxeH 3 rpaBuiB mae "cBin" Bigpi3ok). Hexan B no-
YaTKOBUI MOMEHT Yacy YacTUHKK, 3a SKMMW criocTepiratoTb rpasui, 3HaXOAATbLCA B ToYkax a Ta b BignosigHo, i ue € Bi-
ZomuMm obom rpaBuaM. Haganblumii xig cnoctepexeHb KOXXHOro 3 rpasLUiB € TalHOW ANns Moro cynepHuka. Hexan rpasui
3yNVHUAY (HABMUCHO Y1 BUMYLLEHO) CBOI CMOCTEPEXEHHS B TOYKAaX X Ta y BiANOBIAHO. ToAi BBaXaeTbCs, O BUrpas rpa-
Belb, 4Ma KoopauHaTta 3ynuHku € Ginblioto, TO6TO neplwnin rpaseub BUrpae npu x >y, nporpae npu x<y, a npu

X = y Mae micue Hivua. dani, ona gaHoi rpu 6yno 3HavgeHo piBHoBary 3a Hewewm Ta uiHy rpu. CnoyaTky 6yno nokasaHo,
© OoueHko C., 2011
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WO AOTPUMAHHS rpaBusMy Oyab-sikMX JONYCTUMUX CTpaTerii piBHO3HAYHO BMOOPY cTparterii 3 Tak 3BaHOrO CNEKTPY Mi-
LIaHUX cTpaTerin (sl,...,sk) Ta (tl,...,tk) BiANOBiAHO, A€ §;,f;- WMOBIPHICTb TOro, WO Yy 1-ro/2-ro rpasBus pesynsTatoM

3YMUHKK CNIOCTEPEXEHHS Byae i, e KOMMOHEHTU CNeKTpy CTpaTerii 3a40BONbHATL CNiBBiAHOWEHHAM

k k k k
5;20,i=0,...k, X5, =1, Yis;=a, t,20,i=0,..,k, >t,=1, it =b.
i=0 i=0 i=0 i=0
. . . a->b . . .
Jani 6yno nokasaHo, Lo npu a<b LiHa rpn AopiBHIOE — a napa crparteriit (sy,...,5 ), (f,....t; ) Ans sioi mae micue

piBHOBara 3a Hewem mae BuAa:
Mpun k <2b
1--2 i=0
1

@ i=2,4,..2(k—b-1)
s. =4 b(b+1)

ab-k+1) i—k
b(b+1)
0, ons pewumu i€ E

Mpn k>2b+1

-2 =0
b+1

s, ={—2—i=24,.,2b
b(b+1)

0, onsa pewwmu i€ E

Mpun k<2b-1

1
—,i=13,...,2(k-b)—1
> (k—b)
- 1_k—b

=k

0, onst pewwmu i € E

Mpn k>2b-1
1
t=4b
0,015 pewmu i € E

PosrnsHemo mogudikauito gaHoi rpy. Hexan apyrui rpaBeub Ai3HAETbLCA NPO TOYKY, B K 3yNUHUBCS NepLUnin 4o Toro,
SIK po3noyaTtu CBOi CnocTepexeHHs. akT Takoi HECUMETPUYHOI iIHOPMOBAHOCTI € BifOMUM O0OOM rpaBLUsM. |HLi yMOBU rpu
3anuwatoTecs 6e3 3MiH. MpoaHanizyemo faHy cuTyauito, BUXOASYM 3i CKIaAHOT palioHanbHOT NoBeiHKN rpaBLiB.

Hexait neplumit rpaBeLb 3ynuHUBCS B Touui X. Todi dpyHKUia BUrpally apyroro rpaeus mae Burnsg ¢(y) =sgn(y —x),
TOAi UiHa rpy OOpiBHIOE

,i=13,..,2b-1

—1+L <x
u(y) = PR

Ly>x

OnTvmanbHa nosediHka Apyroro rpasus 6yae Tako: HeramHo 3yNMUHUTUCh, SKWO b > x+1, B iHWOMY pasi NpoBOAUTH

CMOCTEPEXEHHS JOTW, JOKM YacTUHKA HE NOTPanuTh y cTaH X+1 (ue BAacTbcsa 3po6uTU 3 UMOBIPHICTIO E i ue o3Hava-

x+
Tume Burpaw) abo 0 (Lo o3HayaTMme mporpail). Hexait nepluuii rpaBelb Npunyckae, LWo APYruiA, AisHABLUKUCH MPO TOYKY
3yNUHKKM NepLioro, 6yae BecTu ceGe came Takum YMHOM. Toai oyHKLiA BUrpally NepLUoro rpaBus MaTuMe BUMMsAg

-1, x<b+1

=152 ko,
x+1

1—2, x=k
k

Hocnignmo acMMnTOTUYHY NOBEAiHKY NepLUOro rpaBLd Npy Benmkmx k.
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BBeaemo nosHayeHHs ¢ = %, = % Topi npn k — oo rpaHW4Ha yHKLUiA BArpaLLy MaTrMe BUMSL
-Lt<p
f@)= 1—2§,ﬂ3t<1.
1-4,t=1

3Haigemo LiHy rpu v(¢) B 3anexHocTi Big napameTtpy [ . MosHaummo g(f) =1—2£, p<t, AW0;-1),D(1;1- ) . dyH-
t

1
Kuig g(¢) e onykrnoto Bropy. PiBHSHHSA 4OTMYHOI, npoBeaeHoi Ao g(f) 3 Toukn A(0;-1) mae Burnsg y =ﬁt—1. Akwo ky-

1
TOBWIN KOeILEHT Ljiei AOTUYHOI (TOBTO ﬁ) He nepesuLLye KyToBOro KoediuieHTy AD (To6To 2— /3 ), TO Lie o3Ha4yaTume,

wo rpadik f(t) nexuts nig Bigpiskom AD, i oTxe v(f) cniBnagae 3 piBHsiHHAM AD, T06T0 v(f) = (2— f)t—1, | Takum YnHoM
ONTUManbHOK CTpaTerieto NepLUoro rpasus Gyae rpaTv 4o NonaaaHHs YaCTUHKM B OOMH 3 MOrNMHaKYmX cTaHis, 0 abo k.

2

1
3ymoBn —<2—- L maemo f=>1———.
y 25 B yit 5

2
Hexain <1 —7. Topi Toukmn goTuky Ao g(¢) Ans QOTUYHMX, MPOBeAEeHUX 3 ToYoKk A Ta B matoTb BignoBigHoO koopau-

Hatn B(24;0) Ta C(2—\/§;1—(2+\/§)ﬂ), a uiHa rpy maTme BUrMsA

1
——1,0<(<2p
2p

W(t) = _28 p<i<a- 2

t b
(B+2V2)Bt+1-(4+232)B,
2-2<p<1

OnTumanbHa cTpaTeria NnepLuoro rpasLs B LibOMY BUNaaKy 6yae Takow
1) MOpn 0<¢t <20 (To6TO X < 2b) rpati 4OTU, AOKM YACTMHKA He NOTpanuTh B Touky 0 abo 2b.

2) Mpn 2 <t< 2-\2 (To6TO 2h <X < (2—\/§)k ) HeraHo 3yrNMHUTUCh.
3) Mpu t=2 -2 (To6TO X > (2—\/§)k ) rpaT fOTW, AOKU YacTMHKA HE MOTPanuTb B TOUKY (2—\/§)k abo k.

V2

2
Mpadpikm f(t) Ta v(t) y Bunagkax S > 1—7 Ta f< 1—% 306paeHi Ha puc. 1, 2 BignoBigHo.

AKLWO NpUNYCTUTK, WO NOYaTKOBI KOOPAWMHATU YaCTUHOK Manu ANCKPETHUI PIBHOMIPHUI po3nogin Ha iHTepsani 0...k, To
CepeHili BUrpaLl NepLUoro rpaeus 3a yMOBY, Lo obuaBa rpasLi JOTPUMYOTBCA CBOIX ONTUMarbHUX CTpaTerii cknagae

11 _
V= jdﬂfv(t,ﬂ)dt = ﬁ4 2
0 0

Mpunyctumo Tenep, WO NoyaTKoBi koopauHaTh 060X YaCTUHOK MaroTb AUCKPETHUI PIBHOBMMIPHWIA pO3nogirn, sK i B Mo-
nepegHbLOMY BUMAAKY, NEPLUMIA rpaBeLb 3yMNUHSE CBOK YaCTMHKY NepLUUM, MiCNsa Yoro Apyrui rpaBelb Oi3HAETbCst MPO KO-
opauvHaTy 3ynuHKK, ane Ha BigMiHy BiJ nonepegHbOro BUMAAKy, NEPLUOMY rpaBLO HEBILOME MOYATKOBE MOJIOXKEHHS YacTu-
HKW gpyroro rpasus. Po3rnsHeMo acMMNTOTUYHMIA BUNAdOoK, Konu K Benvke. Todi MOXHa BBaXkaTw, LLO rpasui crnoctepira-
I0Tb 3HAYEHHS BiHEPIBCbKUX NPOLECiB, 3HAa4YEeHHA AKkuX Hanexatb iHTepsany [0;1], Ae 0 Ta 1 € nornuMHaoYMMKn ctaHamu. He-
Xal nepLumi rpaeeLb 3ynyHSE CBiM npouec B Toyui t<1. Toai onTumanbHo cTpaTerisa Apyroro rpasusi Oyae HeramHo 3ynu-
HWUTK CBIll NPOLIEC, AKLLO AOro NovaTkoBe 3HaYeHHs GinbLue 3a t, iHaKLe NPOBOAMTY CNOCTEPEXEHHST AOTW, AOKU NPOLEC He
Habyae 3HaveHHs ¢+ ¢ abo 0.

~—-0.146.

“ t
Topi MMOBIpHICTE BUrpaLLy Apyroro rpaBus AopiBHIOE 1—¢ + jﬁd p=1 _E , OTXXe MMOBIPHICTb BUrpaLLy NepLIoro JOPIBHIOE
0

t . . .
5 a oyHKUiA BUrpally Mae Burmsg ¢ —1 . SKWOo X nepLunii rpaBeLlb 3YMUHSE CNOCTEPEXXEHHS B 1, TO ApYrvii rpaBeLib Takox npa-

1 1
rHyTUMe noTpanuti B 1, Le NoMy BAACTLCS 3p00MTY 3 IMOBIPHICTIO j pdp= 5 (i TaKMM YMHOM rpa 3aKIHYMTBLCS Y HiUMIO) i B Mpo-
0
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. Lo 1 . . :
TUBHOMY pas3i (3 [0OLATKOBOK WMOBIPHICTIO E) BUrpae MepLumMii rpaBelb, TakKUM YMHOM (PyHKLis BUrpawly B 1 [OpiBHIOE

1 1 1
—-0+ E 1= E . Takum YMHOM, (PYHKLUIS BUrpaLly Mae BUrMsg,

2

0

v D(1; 1-B)

Vv(t)

v
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OSCILLATING OF TWO COAXIAL SUPERCONDUCTING RINGS

The dynamic system of two coaxial superconducting rings is analyzed with taking into account of the rings’ perfect electric conductivity.
The existence of local minima of pairwise magnetic energy as function of spacing between rings ("Magnetic Potential Well" or MPW
phenomenon) is proved and unusual behavior of parameters (potential energy, force, ring's electric currents) are represented and analyzed.
Modeling of the one-directional motion of a smaller ring with taking into account friction based on a software Maple is analyzed.

HuHamiyHa cucmema deox KoakcianbHUX HadnNPoeiGHUX Kineyb aHasi3yembcsi 3 8paxyeaHHsIM i0easibHOI erlekKmpornpoegioHocMi Ki-
neyb. O6rpyHmMoe8yembcsi icHyeaHHs1 JIOKa/lbHUX MiHiMyMie nomeHuyiansHoi eHepeii napHoi MazHimHoI 83aeMo0ii sik hyHKUiT eidcmaHi
MiX Kinbusimu ("MazHimHa nomeHuyianbHa sima” aéo MI151 — ¢peHomeH) i npedcmaeneHi He3guyHa noeediHka napamempie (momeHuyia-
JNbHOT eHepgii, cunu, eflekKmpuYHUX cmpymie Kineus). [ocnidxyembscsi 0OHOBUMIPHUL PyX MEHWO20 KiNbuysi npu HasiesHOCMi mepmsi Ha
OCHO8i sUKOpUCMaHHs1 cucmemu KoM 'tomepHoi anze6pu Maple.

Introduction

According to the established understanding, among fundamental forces in physics (gravity, electromagnetism, strong,
and week interactions), only nuclear forces pairwise interaction potential energy has a local minimum. Others are monotonic
functions of spacing between two particles, for example: inverse-distance law for two point masses and electric charges,
inverse cubic distance law for two magnetic dipoles etc. The monotony of pairwise potential energy does not allow realizing
the stable free equilibrium by electrostatic or magnetic forces (Earshaw's theorem, see e.g. [4;2;8]) because conditions of
the free equilibrium stability cannot be achieved without force control or diamagnetic substance including bulk superconduc-
tors [3]. The author first discovered that zero electric resistance of a closed current carrying loop and restrictions on geo-
metric and magnetic parameters can result in a local minimum of the pairwise magnetic interaction (so called "Magnetic
Potential Well" phenomenon, or MPW) [5;6;1]). Here this result is extended and investigated for a case without restriction
on spacing between two magnetic elements.

© Ko3opis B., 2011
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The Pairwise Magnetic Energy Minimum

In accordance with theory [9], the magnetic energy of inductively coupled current carrying loops expressed in terms of
magnetic linkages and mechanical coordinates must be considered as the potential energy. For two inductively coupled
loops with self-inductances Ly, L, and mutual inductance L;»(x), this assertion results in the formula for the magnetic poten-
tial energy as a function of relative displacement between loops x

1 q’% (p—y)2 ¥ L,
I G @
2 y 2 1
L, (x)

T ?

where an item (constant) unessential for the magnetic potential energy U is omitted, %1 and ¥, are full magnetic fluxes
(magnetic linkages) coupled with the loops, p is the magnetic-geometric parameter, and y(x) is non-dimensional mutual
inductance of the loops.

According to the Faraday's electromagnetic induction law, zero resistance closed loop keeps its magnetic linkage con-
stant. Therefore, for two thin superconducting loops (filaments) in the expressions (1) and (2) determining the potential en-
ergy of magnetic interaction U as function of a single mechanical coordinate x all parameters are constant with the excep-
tion of mutual inductance L2(x) (or non-dimensional mutual inductance y(x)). When loops are characterized by more than
one mechanical coordinate (for example, six degrees of freedom in a case of one free solid body), the expressions for the
potential energy (1) and (2) holds true with generalization that the mutual inductance must be expressed as function of all
independent mechanical coordinates.

Additionally, for two magnetically interacting current carrying loops the electric currents /1 and /> flowing in the loops can
be determined by expressions

p=y ;¥ 1-py 3)

11:—\P2 2
Nas -y Ly l—y2

where in a case of the perfect electric conductivity of two loops all parameters are constants with the exception of non-linear
mutual inductance y = y(x).
Formally it can be easily shown that for the potential energy U determined as a function of x by (1) and (2), one of two

ratios is the necessary and sufficient conditions for the minimum U at spacing xo [5]
i:le(xo) &:le(xo) )
¥, L, ks L

or in the non-dimensional form

p=y(x), p = y(x). (5)

Physically this means that two loops can interact like usual mechanical spring and instead of amplifying attraction during de-
crease in spacing, the two-magnet force decreases, becomes zero and transforms into repulsive magnetic force.

Selection of one or another condition (4) is determined by numeration of the loops and well-known fact that the mutual
inductance of two loops is always less than each self- inductance of these loops. Thus, the right side of all expressions (4)
and (5) are less than unity.

From another hand, of some interest can be displacements x, less than infinity that for the non-dimensional relative in-
ductance is equivalent to the inequality y(xo) > 0. Thus, target value of xo, where the minimum U exists requires two restric-
tions must be satisfied: 1) the ratio of constant magnetic linkages (frozen full fluxes) must be less that one, and 2) said ratio
must be more than zero.

Physical meaning of the MPW consists in the following. A single in the space closed perfect conductor loop keeps both
its electric current and magnetic linkage coupled with it. Yet in a case of inductively coupled perfect conductor loops with
their changeable relative geometrical configuration, the magnetic linkage coupled with any loop must be constant by virtue
of the Faraday's electromagnetic induction law. Because the linkage includes a changeable magnetic flux of the mutual
inductances, its "own" part created by electric current in the loop by must be changeable to satisfy the Faraday's law. When
the linkage is equal to the mutual inductive coupling flux, the electric current in the loop must be zero.

Therefore "the persistent mode" term in a case of inductively coupled closed zero resistance loops is related rather to the full
magnetic fluxes than to electric currents which at different relative geometrical configurations must assume different values and
even change direction to satisfy the constancy of the full magnetic fluxes coupled with zero resistance closed loops.

MPW for Two Coaxial Rings

Consider a particular case of two coaxial thin zero resistance rings of radii R; (i = 1, 2) and thicknesses r; << R;. Making
non-dimensional linear sizes by division on the immobile ring radius R, (we suppose that R; < R»), non-dimensional induct-
ances Iy, Is, l12(x) by division of corresponding inductances on poR>, non-dimensional currents i; and iz by division of corre-
sponding currents on WL, and non-dimensional energy u by division of U on 2L,¥,, we can derive such formulae

- 1—
Y e s S ey )
1 241 l_yz 2 1_)/2
(p-»)’ du
u= = e O 6
. f o (6)

where for non-dimensional inductances such expressions hold true
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L=n(168,")-175, (i=1,2),

y=(hb ); [(21{—‘ k) K (k) - 2k“E(k)] ,

k:2\/n[(l+n)2 +sz1 , (7)

where n = R/R;" < 1 is the ratio of movable and immobile ring radii, §; is the non-dimensional thickness (i = 1, 2), K(k) and
E(k) are complete elliptic integrals of the first and the second kind, respectively, k is the modulus of the complete elliptic
integrals, and for dimensionless distance between rings the denotation x is retained.

Assuming that n = 0.5; §; = 0.1, formulae (7) give the maximal magnitude of the non-dimensional mutual inductance y(xo
=0) = 0.1856781459 that determines the range for p inside of which the MPW can exist 0 < p < 0.1856781459.

Suppose p the magnitude of which is in our discretion assumes three values: less (p = 0.12), equal (p = 0.1856781459),
and more (p = 0.27) than allowed by said range. Then formulae (6), (7) and using the computer software allow obtaining
plots for the non-dimensional potential energy u, magnetic force f, and electric currents i; and iy in the immobile and mov-
able rings respectively, as function of the non-dimensional distance x (Figures 1-4).

0,04 -

-0,04

T T T T . .
-2 -1 a 1
x

Figure 1. Magnetic potential energy versus distance x Figure 2. Magnetic force f versus distance x

ba

The middle and upper curves in Figure 1 demonstrate one minimum of the magnetic potential energy at coplanar posi-
tion (xo = 0) that is the result of the two coaxial rings symmetry. The lower curve in Figure 1 demonstrates two new local
minima at distances xp = £ 0.5 and "conversion" the minimum at xo = 0 into the maximum for u.

Magnetic force f at new positions is zero and changes the sign. This proves the MPW-phenomenon existence: two re-
moved and mutually attracting coaxial perfect conductor rings during approaching decrease their attractive magnetic force
up to zero before distance between them is zero and change magnetic attraction into repulsion after passing zero magnetic
force position (Figure 2). Instead of the rings symmetry at xo = 0, zero magnetic force at xo = £ 0.5 is caused by zero electric
current iy in the immobile ring (see Figure 3, the lower curve) whereas at the local minimum of the upper curve in Figure 1 is
achieved with both non-zero electric currents (see upper curves in Figures 3, 4). The u-minimum of the middle curve in Fig-
ure 1 is achieved by two reasons, the rings symmetry and MPW-condition at zero distance between rings resulting in zero
current iy in the movable ring. This case corresponds to the maximal magnitude of parameter p when two distances on both
opposite sides relative to the immobile ring representing MPW-minimums due to zero current in one ring coincide excluding
the u-maximum arising at non-zero distances with the MPW-manifestation.

In the case of two u-minimums and one u-maximum, the repulsive magnetic force arising between each u-minimum and
u-maximum reaches maximal value and zero value at the coplanar position.

Model of Dynamics with Friction

The one-directional motion of a body with magnetic interaction of two above considered coaxial zero resistance rings
without friction is undamped shuttling around the minimum of the magnetic potential energies for two upper curves in Figure
1. This oscillation is inherently loss-less. For the lower curve (the MPW-case of two minima) continuous shuttling can be
around each said minimum without jumping over the potential hill at x = 0 or in the x-range wider than xo = £ 0.5.

Dynamics analysis with friction is sufficiently complicated. It requires computer digital methods and some simplifications
that in our case were reduced to:

1. The computer algebra system was used to analyze the dynamics with friction

2. Instead of (7) for mutual inductance y where (l1/2)'1/2 =0.3007361587 we used the series derived by the computer al-
gebra system:

y=m-(0.0187960099 - k> +0.011409700744 - k> +0.0110132287 - k7 +

+0.0089944184 - k° +0.007588843 - k'! +0.0065589287 - k'*)

This simplification is obliged to the used computer algebra system unable to operate with special functions like complete
elliptic integrals K(k) and E(k) in formula for the mutual inductance for the coaxial current carrying rings.

8)
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Figure 3. Electric current in the Figure 4. Electric current in the movable
immobile ring iy versus distance ring i, versus distance x

3. The differential equation of the motion was used in the form
d
—x(t) =V (),
2 =V

%V(t) =-4-V()-B 'a—iu(y(k(X(t))))

where A and B are constants determining contributions of the friction chosen to be proportional to the velocity V(t), and
magnetic force between rings f with the potential energy u(y(k(x(t)))) defined by (6), (8), and (7).

4. Chosen initial conditions were x(0) = 0.8, V(0) = 0 that corresponds with removed rings at the motion beginning and
zero initial velocity.

5. Three cases of parameter p chosen above to integrate dynamics motions (9).

6. Chosen quantities of parameters A, B were A = 0.025 and B = 1 for all magnitudes of parameter p. Additionally, for p
= 0.12 the case of A = 0.02 was considered.

7. Caused by using Taylor's series (8) instead formula (7) for the non-dimensional mutual inductance y(x), conditions on
spacing x were customized that resulted in new positions of the MPW-existence: x0 = + 0.376 instead of x0 = + 0.5 in the
case of the exact formula (7) for y(x).

Modeling Results

The Case of p = 0.12 (two u-minima)

In order to derive the initial value problem solution on the basis of the used computer algebra system, two non-linear dif-
ferential equations (9) of the first order relative the non-dimensional time t must be represented in the explicit form. This
form is too cumbersome to be written out here. We used corresponding commands to solve the system (9) and derive the
plots for the displacements x(t) and phase portraits displacement x(t) — velocity V(t).

The results of modeling for A = 0.02 and B = 1 are given by plots in Figures 5, 6. They demonstrate damped vibrations
finishing the rest at the MPW-position x = 0.376.

The case A = 0.025 and B = 1 is represented by solution in Figures 7, 8. In this case a movable body jumps over into
the range of x on another side relative to the coplanar position (x = 0) and demonstrates attenuation of x-oscillations at the
MPW position x = — 0.376. Corresponding phase portrait is shown in Figure 8.

In both cases of damping oscillations in the MPW at x = + 0.376, the electric current in the movable ring is zero.

Cases of p = 0.1856781459 and p = 0.27 (one u-minimum)

These cases, the MPW-position at x = 0 and interaction without MPW for the dynamic equations (9) was investigated as
explained above. Figures 9 and 10 show that in this case the damped oscillations come to the rest at position x = 0. Electric
current in the movable ring at the end of vaulting is zero.

The case p = 0.27, A = 0.025, B = 1 demonstrates more quick damped oscillations as showed in Figures 11 and 12.
Electric currents in both rings at the end of the oscillation process are non-zero.

©)
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Figure 5. Attenuation of x(t) in the MPW-position at x = 0.376 Figure 6. Phase portrait [x(t),V(t)], case A=0.02, B =1
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Figure 8. Phase portrait [x(t), V(t)] with vaulting,
case A=0.025,B=1

Figure 7. Attenuation of x(t) with vaulting
in the MPW-position at x = - 0.376
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Figure 9. Displacement x(t) in the case:
A=0.025B=1, p=0.1856781459
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Figure 10. Phase portrait [x(f),V(t)], case:
A=0.025B=1, p=0.1856781459
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Figure 12. Phase portrait [x(t), V(t)], case:
A=0.025B=1,p=0.27

Figure 11. Solution for the x(t), case:
A=0.025B=1,p=0.27

Other initial conditions and parameter values to analyze the dynamic behavior under magnetic forces between two coax-
ial zero resistance rings present no problems with modern computer algebra systems.

Conclusions

The pairwise potential energy of magnetic interaction, according to the established understanding, as a function of dis-
tance between two magnetically interacting particles cannot have a local minimum. But in a case when the magnetic inter-
action is represented or realized by electric currents flowing in closed zero resistance loops, this understanding can be in-
correct. This incorrectness consists in the possibility of a local minimum existence for the magnetic potential energy. As
showed in [5], such the minimum called Magnetic Potential Well (MPW) can exist. We considered a version of two-magnet
one-directional dynamic system with possibility for the movable magnet to occupy positions from infinity to zero distance
and further to infinity on the opposite side relative to the immobile magnetic body, that always results in the magnetic en-
ergy minimum at zero distance. In this case, when conditions of the MPW-existence derived before are satisfied, the picture
is another. Instead of one minimum at zero distance, the MPW-manifestation results in two local minima on both sides rela-
tive to the one body and transformation of the pre-existing minimum into the potential hill. The arbitrary dispositions at which
the MPW exists depend on the magnetic and geometric parameters which are in our discretion.

Dynamic behavior in the considered one-dimensional dynamic system sufficiently depends on the friction. Without fric-
tion, we have the one-directional motion with given potential energy with known solution in the general case of the potential
energy law [7]. Friction force proportional to the velocity complicates dynamic analysis and requires modern computer tech-
nologies allowing obtaining solutions and presenting theirs by visual plots.

The MPW sufficiently diversifies dynamic behavior. If a motion with friction always ends at one position (zero distance),
in a case of two potential minima due to the MPW, the damped oscillation can jump over from the initial position to the sec-
ond MPW-position. In any case of the MPW-manifestation the electric current in one zero resistance loop is zero. However,
it does not mean that magnetic energy stored in a pair of zero resistance loops is lost for the work against friction force. The
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energy spent to work against friction equals the difference between stored magnetic energies at a position determined by
initial condition for relative dislocation and position of the rest as the result of damped oscillations fulfilled by the external
source of energy during formation of the rings initial configuration.
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SOLUTIONS OF THE CAUCHY PROBLEM FOR OSCILLATORY EQUATION WITH DELAY

Ordinary differential equations of the second order with one constant delay are considered in this paper. An analytical representa-
tion of the solution is obtained using the method of steps.

B 0aHili po6omi po3ansiHymo dugbepeHyianibHe pieHSIHHSI Opy2020 MopPsiGKy 3 OGHUM cmasium 3arni3HieaHHsIM. Bukopucmoeyroyu
MemoO0 KpokKie, ompuMaHO aHaimu4yHuUll Po36'sI30K Ub020 Pi8HSIHHS.

Introduction
Many mathematical models of oscillating processes are described by linear differential equations of the second order
[1,2]. If a prehistory has to be considered, what is typical for models in biology, economy, dynamics of populations, delay
differential equations [3-6] are used. In the paper [7] the equations and systems of differential equations with pure delay
have been considered. Special functions have been introduced and a solution of the Cauchy problem has been obtained.
It is known, a solution of linear inhomogeneous differential equation of the second order
x”(t)+o)2x(t)=f(t), t>0, (1.1)
with initial condition x(0) = x, , can be written as
/ t
x(t) = x, cosmt+x—osinmt+Isinm(t—s)f(s)ds . (1.2)
® 0
For the delay equation
x"(t)+0)2x(t—r) :f(t), t>0, t>0,

with initial conditions x ()= ¢(¢), —t<7<0, an analogical representation has the next form

x(t) = (p(—r)cosT (oo,t)+l(.p(—r) sin (oo,t)+l JQ sin, (m,t—r—&) :|;(§)d§+ .t[sinT (m,t—r—&) f(&)dg,
Q] O _; 0

where cos, (co,t) , sin, ((o,t) are the special functions named the delay cosine and sine functions [7]. They can be pre-
sented as follows.
The delay cosine function cos. ((o,t) is a function which can be written as

0, —0 <t <—T,
1, -1<1<0,
2
1—(02—, 0<t<r,
cos, (®,1)= 2!

2 V4 _ _ 2k
1_w2%+®4u+...+(_1)kw2"m, (k-Dt<t<kr

4! (2k)!
a 2k -degree polynomial on intervals (k —1)t <¢ < kt merged in points ¢t =kt, £ =0,1,2,....

The delay sine function sin (u),t) is a function which can be written as

0, -0 << -1,
(D(t"l"t), _TS[<09
t3
. ot +1)— o —, 0<t<t,
s1nr((x),t)= 3!
3 _ _ 2k+1
co(z‘+‘c)—c03t—+~-+(—1)kco2k+1M, (k=1)t<t<kt
3! 2k +1)!

a (2k +1) -degree polynomial on intervals (kK —1)t <t <kt merged in points ¢ =kt, £k =0,1,2,....

© Kukharenko O., 2011
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1. Homogeneous Equation
In the presented paper a linear inhomogeneous equation with one constant delay is considered

x”(t)+u)12x(t)+u)§x(t—r):f(t), 20, t>0 (1.3)

with an initial condition
x@®)=o(), —T<t<0. (1.4)
Here o(#) is an arbitrary, continuously differentiable function on an initial interval —t<¢#<0. By a solution of the
Cauchy problem (1.4) for the equation (1.3) we mean a function x(¢), which is defined for ¢ > —t, continuously differenti-

able for 1 > 0 and identically satisfies (1.3) with initial conditions (1.4). It is known, the solution of the Cauchy problem (1.4)
for the inhomogeneous equation (1.3) can be presented in the form of sum

x(t)=x" (1) +x(1),
where x°(¢) is a solution of homogeneous equation
x"(t)+0)12x(t)+0)§x(t—'c):0, t>0, t>0 (1.5)
with initial conditions (1.4). And f(t) is a solution of the inhomogeneous equation (1.3) with zero initial conditions

x(1)=0,x(1)=0, —t<1<0.
Let x; (t) is a solution of the homogeneous differential equation with initial conditions
x(N=1, x(1)=0, —t1<t<0, x(1)=0,
x(1)=0, r<-r, (1.8)
and x, (t) is a solution of the homogeneous differential equation (1.5) with initial conditions
() =t+1, x5(1)=1, —1<1<0,
x(1)=0, x(1)=0, r<-. (1.7)
Preliminary we will formulate the statement about representation of solution of the Cauchy problem (1.4) for the homo-

geneous equation (1.5), using functions x, (¢), x, (¢) with initial conditions (1.6), (1.7). The obtained representation is simi-

lar to the one formulated at [4].
Theorem 1.1. A solution of the homogeneous equation (1.5) with initial conditions (1.4) can be written as

0
x(t) = q)(—r)x1 (t)+(p'(—'c)x2 (t) +[x (t—'r—s)(p”(s)ds , (1.8)

=T
where x; (1) is the solution of the equation (1.5) with the conditions (1.6), x, (¢) is the solution of (1.5) with the condi-

tions (1.7).
Proof. We seek solutions of (1.5) of the form
0
x(t) = ax; (1) +bx, (1) + [ x, (t—t—5)c"(s)ds , (1.9)

-1
where a, b are arbitrary constants and c(t) is a twice continuously differentiable function. Substituting (1.9) into the equa-
tion (1.5), we obtain

%;{axl(t)+bx2 (0)+ ] xz(t_T_s)c(s)dS}

-1

o [axl (6)+bx, (1) ++ ] (t_r_s)c"(s)ds}

=T

W {axl(t—t)+bx2(t—t)+ I, (t—21—§)c”(s)ds}=0.

-1

We rewrite the obtained expression and get

aF] (1)+ o (1) + oly (t—r)}+ z{'x'z (1) + 02, (1) + 0, (H)}

T e e | KO

—T
By the definition, x; (t) and x, (t) are solutions of the homogeneous equation, so expressions in square brackets are iden-

tically equal to zero, and the obtained identity shows that (1.9) is a solution of the equation (1.5) for the arbitrary constants
a, b and the function ¢(r).
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We will show that for a = ¢(—t), b=¢'(-1), c¢(¢)=¢(¢) initial conditions are satisfied

x(t)=0(t), x'(1)=9'(1), —1<1<0,
i.e. the solution of the Cauchy problem (1.4) for the homogeneous equation (1.5) has the form (1.8).
Substituting initial conditions (1.4) into (1.8), we obtain

0
o) =o(—1)x, (1) +9'(-t)x, (t)+ [ X, (1—1—5)9"(s)ds , —1<1<0.

We make the change of variables ¢ —t—s =& in the integral, so that

t

o) =o(—1)x, () +¢'(-1)x, () + | %, (E)9" (1 —1—E)dE, —1<1<0.
The integral is divided into two

o(t) = (p(—r)xl (t) +(p’(—1')x2 (t) + _j't X, (é)w"(r—r —&)dE+ j X, (é)(p"(t—r—@)d& )
Considering that for t —t1<&< -1 x (F,) =0, the first integral vanishes, and

t

o(0) =9(=1)x, (1) +¢'(-7) x, (1) + [ %, (§)@" (1 —t—E)dE, —1<1<0.

The integral is taken by parts
o) = o(~)x () + ¢ (=7)x (1) - x, (é)(p'(r—r—a)ﬁj; 4 [ ¥ (8) ol —T-E)de =

— (-7, (t)+x2(—r)(p’(t)+ijé(?;)(p'(t—t—i)d?;.

x(t)=1, x,(-1)=0, x5(¢) =1 inthe interval —t<¢<0 and we have

o()=0(-x)+ [ ¢ (t-v-E)dz=0(=) ol =87 =o(1).

Thus the first initial condition is fulfilled. We will show that for the expression (1.8) the second initial condition is fulfilled also.
Differentiating (1.8), we obtain

0
x'(t) = (p(—r)xl’ (t) +¢' (—t)xé (t) + [ x) (t —1T— s)(p"(s)ds .
-1
After the change of variables in the integral, we have

t
X0y =@(=t)x (1) +9'(—1) x5 (1) + [ x3(E)9"(1—T—E)dE .
-1
Considering that on the initial interval x{ (£)=0, x}(1)=1, we get

0

t =

() =¢' (—r) + [ @"(t—1-€)dE= (p’(—r) -¢'(t—1- §) E:t_r = (p’(t) )
=T

The second initial condition is fulfilled.

Thus, to obtain a solution of the Cauchy problem it is necessary to have functions x; (t) , Xy (t) , Which are solutions of homoge-
neous equation with the special (unit) initial conditions.
Theorem 1.2. Solutions x, (¢), x,(¢) of the equations (1.5) with initial conditions (1.6), (1.7) can be presented in the

following form
xlo(t), -1<t<0, xzo(t), -1<1<0,

< <
xll(t, 0<t<r, xz(t): xZI(t, 0<t<r,

xe (1), (k=1)t<t<kt, X (1), (k=-1)t<t<kr,

(1.10)

X (t) =

where
1 k-1 t
)r)+MSinwl(t—(k—l)r)— o | sinoy(t—s)xy_(s)ds,
o, (k=1)c
(k=1)t<t<kt, xo(t)=1, x{o(¢)=0,

)T)Jr%f—l)r)sm@] (t=(k-1)1)- m%(k_jl)Tsinml (1=5)xp_i (s)ds

(k—l)rSt<kT,x20(t):t+r,xéo(t)zl. (1.11)

X (8) = x4 ((k—l)ﬂ:)cosco1 (t—(k—l

X () = Xy (k1) 7) cos oy (£ —(k—1
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Proof. To obtain solutions x,(¢), x,(¢) of the equation (1.5) we will use the method of steps [4]. As it was shown

above, the solution of the linear inhomogeneous equation without delay (1.1) is (1.2).
Firstly, we consider the first interval 7, : 0 <z < t. In this interval (1.5) is a linear inhomogeneous differential equation

without delay of the following form
X'(t)+ ofx(t)=—o3x, (1 —1) (1.12)
with the right-hand side presented as a known function x;o(7)=1, x{o(7)=0. As it was shown in (1.2), a solution of (1.12)
on the interval 7} : 0 <t <t will be
Xio (O)
o

Next, we consider the second interval T, : 1 <¢ < 2t. In this interval the equation (1.5) has the next form

X () + opx(t) =—w3x, (7). (1.14)

a solution of (1.14) on the interval 7, : T <t <2t has a similar representation

t
x11(£) = x,0 (0) cos o7 + sino? — 3 [sin o, (£ —s)x0(s)ds . (1.13)
0

xq (T t

x5 () = x; (t)cos o, (1 - r)+£sin o (1=1)— o3 [sine (t—s)x; (s)ds. (1.13)
o T

Continuing process, we obtain solutions of the homogeneous equation (1.5) on intervals 7} : (k - 1)r <t<kr:

' k_ ¢
X (0) = x5 ((k—l)r)cosml (t—(k—l)r)+wsinml (t—(k—l)r) - o | sino, (t —5) Xy (s)ds .
@ (k-1)t

Thus, x,(¢) has the following form

X0 (t), -1<1<0,
xll(t), O<t<r,

x(1)=

Xy (t) (k—l)'cSt<kr.

And the solution x, (t) of (1.5) with initial conditions x,,(¥) =¢+71,, X}, (t) =1, —1<¢<0 can be presented in the similar
form

Xy (t) -1<1<0,

Xy (t), 0<t<r,

X, (1) =

Xoy (t) (k—l)rSt<kt,

)T)_i_xék—‘ ((k—l)r) 2

sino)l(t—(k—l)r)— @y [ siney(1—s)xy_ (s)ds.

X () = X3y (k1) 7) cos oy (£ — (k-1
o) (k-1)t

2. Inhomogeneous Equation
Now we will consider the linear inhomogeneous equation with one constant delay (1.3)

X'()+opx(t)+osx(t—1)= f(t), 20, 1>0,
with zero initial conditions
x(1)=0, x'(1)=0, —1<r<0. (2.1)
Theorem 2.1. A solution of the delay inhomogeneous equation (1.3) with zero initial conditions (2.1) is

)_c(t)zixl(t—s—r)f(s)ds,

where x, () is a solution of the homogeneous equation with initial conditions x,(r)=1, x{(¢)=0, —t<¢<0.
Proof. To proof statements of the theorem we will use the method of variation of parameters. We seek a particular solu-
tion x(¢) of (2.1) in the next form

x(t) =J:;x1 (t—'t—s)c(s)ds,

where c(t) is an unknown function. Substituting this expression into (1.3), we obtain

t -1

%{jxl (t—r—s)c(s)ds}+0)12 {jxl (t—r—s)c(s)ds}-i— mg{ [ x (t—21:—s)c(s)ds}:f(t).

0 0 0
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After calculating derivatives, we have
X (—r)c(t)+ jxl’ (t —r—s)c(s)ds +of jxl (t—r—s)c(s)ds + o) trxl (t—2r—s)c(s)ds = f(t) .
0 0 0
We rewrite the obtained expression in the following form

xl(—r)c(t)+g{x{(t—'t—s)+0)12x1 (t—r—s)+0)12x2(t—ZT—S)}c(S)dS— w5 j x(t=2t—s)c(s)ds = f(1),

-1
and make the change of variables ¢ — 21— s = £ in the second integral
-2t

im (1=2t—s)c(s)ds = _ft x (&)e(t-2t-8)=0.

Considering that x, (—‘E) =1 and x (t) is a solution of the homogeneous equation, we have

c(r)=r1(1),
i.e. the statements of the theorem 2.1.
Using obtained result we can formulate the following statement.
Theorem 2.2. A solution of the delay inhomogeneous equation (1.3) with zero initial conditions (1.4) is

%) = 0(=7) 3 (1) + @' (1) %, (z)+_}’ %3 (1= 5)9"(s)ds

(=5 —) f(s)ds.,

0
where x, (¢), x, () are defined in (1.10), (1.11).
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KOMMNO3ULIINHO-HOMIHATUBHI JIOrKM KBAHTOPHO-EKBALIIMHOIO PIBHA

HocnidxeHo nepwonopsidkoei KoMNo3uyiliHo-HOMiHamueHi J102iku KeasiapHux npedukamie KeaHMOPHO-ekaauiliHo2o pieHsi. Hase-
0eHO OCHOBHi ceMaHMUYHi 8y1lacmugocmi makux JioziK, 30kpema, eracmusocmi X—Y-o3HayeHo20 8iOHOWEeHHs1 JI02i4HO20 Hacidky. Ha
yiti ocHoei Ons 3a2anbHO20 8unadKy J102iK KeasiapHux npedukamie Mo6yAo8aHO YUCIIEHHS CeK8EHYiliIHO20 mury, 07519 maKux YUucJieHb
doeedeHO meopeMu KOpeKmHocmi ma noeHomu.

First-order composition-nominative logics of quasi-ary predicates of quantifier level are studied. We define basic semantic proper-
ties of the introduced logics, particularly the properties of the X-Y-valued relation of logical consequence. On this basis we construct
sequent calculi for the general case of logics of quasi-ary predicates; for such calculi soundness and completeness are proved.

Po3Bu1TOK iHhOpMaLiHMX TEXHOIOri B HaLL Yac Bede A0 PO3LUMPEHHST cdhepy 3aCTOCYBaHHS MaTeMaTU4HOI Noriku. Po3pob-
NeHo 6arato pisHOMaHITHMX JNIOTYHUX CUCTEM (OMB., Hanp., [1]), Ski 3 BENMUKUM YCMiXOM BUKOPWUCTOBYIOTLCS B iHGhopMaTuL Ta npo-
rpamyBaHHi. Taki cuctemu 3a3Budaii 6asyloTbCst Ha KracudHii noriui npegvkatie [2]. Lis norika nobpe gocnigkeHa, BoHa Mae
GaraTuii [OCBiA 3aCTOCYBaHHS, Ha ii OCHOBI OyaylOTbCA creLianbHi Noriku, OPIEHTOBaHI Ha BUPILLEHHS TUX YU iHLUMX KOHKPETHMX
3agay. BogHovac krnacuyHa norika Mae NpyHLUMNOBI OOMEXEHHS, LLO iICTOTHO YCKIaaHHoe ii BUKOpUCTaHHs1. Taka norika 6a3yeTbest
Ha TPaaWLIHUX MaTEMATUYHUX CTPYKTYPax OAHO3HAYHWUX TOTamnbHUX CKIHYEHHO-apHUX BigoGpaXKeHb, BOHa HEQOCTaTHBO BPaxo-
BYE HEMOBHOTY, YaCTKOBICTb, CTPYKTYpOBaHiCTb iHchopmaLii Npo npeameTHy obnacTb, a B NporpamyBaHHi LUMPOKO BUKOPUCTOBY-
IOTbCA YaCTKOBI BiAOOpaXeHHs Hag CKNagHMMWU iMEHHUMMK (HOMIHATUBHUMM) AaHUMK. OBMEXEHHs Knacu4HOI orikn pobnsaTb
akTyanbHo npobnemy nobyaoBu HOBMX, NPOrPamMHO-OPIEHTOBAHUX OriYHMX DOpPManiaMiB Ha CinbHiM Ans foriki i nporpamy-
BaHHS OCHOBI. 3a TaKy OCHOBY MPUPOAHO B3ATU KOMMO3WLNHO-HOMIHATUBHMIA Miaxia [3] 4o noOynoBu Moaernel nporpam i opieH-
TOBaHMX Ha HUX forik. Ha noro 6asi po3pobneHo [4] HM3Ky Pi3HOMaHITHUX MOMYHMX CUCTEM, LLIO 3HAXOOATBCS Ha Pi3HUX PIBHSX
abcTpakTHOCTI Ta 3aranbHocTi. Jloriku, 30yoBaHi Ha OCHOBI KOMMO3ULLIMHO-HOMIHATMBHOIO NiaxoAy, Ha3BaHO KOMMO3MULIAHO-
HomiHaTMBHUMYK (KHJT). MepeayMoBo iX BUHUKHEHHS cTana HeoOXigHICTE NOCUMEHHS MOXIIMBOCTEN KINacu4HOI NOriku Ans po3-
B'sI3Ky HOBWX 3agay iH(OpMaTUKN 1 NPOrpamMyBaHHS.

MeToto gaHoi poboTH € AOCNiMKEHHS NEepPLUIONOPAAKOBUX KOMMO3ULIAHO-HOMIHATUBHMX NOTIK KBAHTOPHO-EKBALINHOIO pi-
BHS Ta NobyaoBa Ans UMX NOrik YACNEeHb CEKBEHLIMHOIo TMMy B 3aranbHOMY BUNaAKy KBasiapHUX npeaunkaris.

MoHATTS, SKi TYT He BU3HavarTbes, byaeMo TnymMmadunTu B ceHci pobiT [4—6].

OCHOBHI NPMHUMNN KOMMNO3ULiNHO-HOMIHAaTUBHOrO NiaxoAy. Ha OCHOBI po3rnaay 3 CEMaHTUYHOMO MOrMsAYy OCHOBHUX
KOHCTPYKUiN TpaguuiiHMX MOB MpOrpamMyBaHHSA Ta ix chopmanisauin MOXHa 3poOWUTU BUCHOBOK, LLIO MPOBIAHY POfb Mpu
no6yaoBi NporpaMHO-OpiEHTOBaHKX NOrik nocigatTs anrebpaivHi Ta KOMMNo3WLiAHO-HOMIHATVMBHI acnekTu. ToMy OCHOBOH
no6yanoBM HOBUX FOTiK € KOMNO3MLiNHO-HOMIHaTUBHUIA niaxig (KHM). BiH 3agae npyHUmMnn BM3HaYeHHs i AocnigXeHHs dop-
MasnbHUX MOB nporpam Ta noriyHmx cucteM. KHI € noganswum po3suTkom po3pobneHoro B.H.PeabkoM KOMNo3umuinHOro

© HikiTyeHko M., WkinbHsk C., 2011
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nporpamyBaHHsi. BiH onupaeTbcs Ha 3aranbHOMETOAOMOTNYHUIA MPUHLIMN PO3BUTKY SIK CXOMKEHHS Bif abcTpakTHOro Ao
KOHKpeTHoro i 6a3yeTbes [3] Ha Taknx OCHOBHMX MpUHUMNaXx:

— IHTErpoBaHOCTI iHTEHCIOHANbHUX Ta EKCTEHCIOHANbHUX acMekTiB;

— MPIOPUTETHOCTI CEMaHTUKN HaJ, CUHTAKCUCOM;

— KOMMO3ULINHOCTI;

— HOMiHaTUBHOCTiI.

3rigHo KHIN nporpamHi NnoHATTS dhopmaniayemo 3a JOMOMOrol KOMMO3MLiNHO-HOMIHATUBHUX cucTeM. LieHTpansHum no-
HSATTSM NOTiKW € MOHATTS Npeaukata. 3 MaTteMaTM4HOro nornagy npegukaty — ue cneuiansHi dpyHkuii Burnsgy D—{T, F}, oe
{T, F} — MHO>XWHa iCTUHHiCHUX (OyneBux) 3Ha4yeHb. TOMy Knacu npeaukaTtis MoXHa 3agaBaT KOMMO3ULAHO-HOMIHATUBHUMM
cuctremamu. Lle no3sonse nogasatu i BUBYATK NOTiYHi Ta NPOrpamMHi CUCTeMU B EAMHOMY CTUAI.

KHI1 6ynyemo 3a ceMaHTMKO-CUHTaKCUYHOK cxemoto. Lle o3Havae HacTynHe.

1. Cnovatky 3ajaemMo iHTeHCiOHanbHi (3MICTOBHI) mMogeni mnorik. Taki mMogeni Hanneplie BWM3HAYalTbCA PIBHAMM
po3rnaay AaHux, TOMy Ans iX 3agaHHA gikcyemo piBeHb abcTpakuii po3rnagy. IHTeHcioHanbHi Mogeni iHaYKyoTb MOBY MOTiKW.

2. byoyemo BignoBigHi po3rnsHYTOMY PiBHIO €KCTEeHCiOHamnbHi Moaeni, ki 3agaloTb CeMaHTW4HI acnekTu Nnorik, —
npeavkaTHi KOMMNO3uLinHi cuctemun. MNMpegukaTtHa KOMno3uuinHa cuctema — ue Tpivika (D, Pr, C), oe D — MHOXWHa (krac)
AaHux, Pr— MHOXWHa (knac) npegukarTi, 3agaHux Ha D, C — MHOXMHa (Krac) KoMno3uuin (onepawinn) NopoaXXeHHs1 HOBUX
npeavkaTiB, BOHa 3a4aeTbCs MHOXMHOKW 06a30BMX KOMMO3WUUiA BignoBigHoOro piBHA. Taka cuctema 3agae OBi anrebpu:
anrebpy (anrebpaivHy cuctemy) ganux (D, Pr) Ta anrebpy npeavkatis (Pr, C), TepMu SIKOi TPaKTyloTbCA K hopMynu MoBu
norikn. Komnoauuii Bu3Ha4aTb yHiBepcarnbHi MmeToan nobyaoBu npegukaTtie, BACTYNAYM SAPOM FIOTiKU NEBHOIO TUMY.

3. Byayemo cbopmanbHO-akCcioMaTUYHi NOriYHi YACINEHHS], SIKi 3a4al0Tb CUHTaKCUMYHI acnektu norik. OCHOBHI iX Tvnn —
dopmarnbHi cucTemm rinbGepTIBCLKOro TUMY | CUCTEMU I'E€HLIEHIBCHKOrO TUMY (CEKBEHLIMHI YUCIEHHST).

Mobynoy KHJT nounHaemo 3 rpaHMYHO-abCTPaKTHUX PIBHIB, MOCTYMOBO iX KOHKPETU3YtouW. Taki piBHi BiOpPI3HAOTLCA TpaKTy-
BaHHSAM PiBHSA po3rnsay AaHux. MoxxHa BUAinMTi NponosunuiiHUn, CUHIYNSIPHUIA (TYT HE PO3rNsi4aeMO) Ta HOMIHATUBHUIA PIBHI.

Ha nponosuuiniHoMy piBHIi AaHi TpakTylOTbCs rpaHWYHO abCTpakTHO, sIK "4OpHi CKpUHbKM'. Tpegvkatn matoTb BUMMSS
A—{T, F}, e A — cykynHicTb abCTpakTHNX faHux. bazoBumn koMnosuuissiMu € cunbHi KniHiesi 38'a3kn v Ta —.

Ha HomiHaTMBHOMY piBHi AaHi po3rnsgatoTbes Ak "cipi” CKpUHbKM, NobyaoBaHi 3 "6inmx" (rpaHNYHO KOHKPETHMX) i "Jop-
HUX" (rpaHuyYHo abcTpakTHMx). Taki AaHi HasuBalTbCs HOMiHaTaMu. HoMiHaTUBHWIA piBEHb po3nagaeTbCsl Ha HWU3KY Nia-
piBHIB. Hansaxnusiwmm € nigpiBeHb OAHO3HAYHUX HOMIHATIB — iIMEHHUX MHOXWUH (IM). IMEHHI MHOXWHM — Lie MHOXWMHU nap,
nepLla KOMNOHEHTa SK1X — iM's, a Apyra — noro 3HadyeHHs1. OyHKLUii Ta NnpeaukaTty, 3agaHi Ha IM, Ha3uBaloTb KBasiapHUMW.

dopmanbHe Bu3HaveHHs IM Take: V-IM Hag A — ue ogHo3HadHa dpyHKUis Burnagy d: V— A.

Tyt V 12 A — MHOXVHN NpeaMEeTHMX iIMEeH Ta NpeaMeTHMX 3HadeHb. Knac Beix V-IM Hag A nosHavaemo VA.

V-IM nopaemo y Burnafi [vi—as,...,Va>an,...], Ae vieV, aicA, ViV npui+j.

Onsa IM BBOgUMO chyHKUi0 im : YA—2" Tak: im(8) = {veV | voaed gna geskoro acA}.

BusHauaemo § || X = {v—aed | veXc V3. 3amicTb § || (V\X) muwemo & ||-x.

Onepalito HaknaaKk1 BBOAUMO Tak: 813z = Sxu (81 [|(V\im(52)).

OnepalLiito peHoMiHaLi rm‘)’(n YA VA 3apaemo Tak: r)v(l‘)’(” (8) = [Va>8(X1), -, Va>3(Xn)1U (B || (v, Vir})).-

e Xy e Xy

DyHKuito Bunsaay P : YA {T, F} HasmBaloTb V-kBasiapHuM npegmnkaTom Ha A.

Knac V-kBasiapHux npegukaTiB Ha A No3Ha4yaemMo P,

Im'a x cTporo HeicToTHe Ansa V-kBasiapHoro npeaukaTa P, akwo P(dVx—a) = P(d||_x) Ans AoBiNbHUX de A Ta acA.

Ob6nacrTto icTUHHOCTI Ta obnacTio XMbHocTi NnpeaunkaTa P : YA {T, F} Ha3aBeMO MHOXWHU

T(P)={de"A | P(d) =T} Ta F(P)={d<"A|P(d) = F}.

V-kBasiapHuii npeamkaTt P (4acTkoBO) iCTUHHUIA, sKwo F(P) = J.

V-kBasiapHuii npeamkat P BUKOHyBaHWK, skwo T(P) = <.

Ha pisHi IM MOXHa BUAINUTY pEHOMIHATUBHWI Ta NEPLLIONOPSAAKOBI PiBHI. |13 nepLuonopsakoBmx B poboTi po3rnagaemo nori-
KW KBaHTOPHO-EKBALIHOrO piBHA, ab0 YMCTi NOriku 3 piBHICTIO. BazoBMMU KOMMNO3ULIAMU KBAHTOPHO-EKBALLIMHOIO PIBHA € —, V,
peHoMmiHauii RY, kBaHTOpu Ax Ta cneuianbHi 0-apHi KOMNO3uLii — NapaMeTpU3oBaHi 3a iIMeHaMu NpeauKkaTh PIBHOCTI =y .

[nsa BU3HaYEHHS LMX KOMMNO3ULIN 3agamo npeaukatn —P, PvQ, R‘% (P), 3xP, =4y, 0bnacTamm ix iICTUHHOCTi 1 XMBHOCTi:
T(=P) = F(P); F(—P) = T(P);
T(APQ) = T(P)UT(Q); F(PvQ)=FP)FQ);

T(R% (P) = r%(T(P)); FR% (P)=r¥% (F(P));

T(AxP) = {deVA | P(dVx—a) =T ans pgesakoro acA}; F(3xP) = {de YA | P(dVx—a) = F gna Bcix acA};

T(=xy) = {d"A | d(x), dy} Ta d(x) = d(y)}; F(=xy)={de A do)}, d(y) Ta d(x) = d(y)}.

Komno3auuindi cuctemu kBasiapHMx npeaukartiB. CeMaHTUYHUMN MOAENAMM KOMMO3ULINHO-HOMIHATUBHUX NOriK KBa-
HTOPHO-EKBALLIMHOIO PiBHS, ab0 YNCTUX KOMMO3ULINHO-HOMIHATMBHMX norik 3 piBHicTio (YKHJIIP), € komnosuuiiHi cuctemm
KBasiapHWX NpeavkaTiB KBaHTOPHO-eKBALNHOIO piBHS (VA, P, C), ne C BusHayaeTbcA 6a3oBUMM KOMMO3WLIAMU —, V,
R‘% , Ax, =4y . Tepmu BiANOBIAHOT KOMMNO3WLINHOT anrebpu (P/‘, C) MOXyTb TpakTyBaTUca sk popmynun mosu HYKHINP.

Onuwemo Moy YKHJIP. Andasit mosu YKHJIP: cumBonm 6a3oBMX KOMMNO3MLiA, MHOXMHA PS npeauMkaTHUX CUMBOISIIB
(MC), mHOXMHa V npegmMeTHUX imeH. MHOXMHY PS Ha3BeMO CUrHaTypor MOBMU.

[amo BU3HauYeHHS MHOXWHU Fr popmyn mosu YUKHJTP.

1) KoxHuit pe Ps Ta cumBon =y, € hopMynoto, Taki opmynv aTtomapHi.

2) Axkwo ® Ta ¥ — cbopmynu, To =@, VOV, R¥CD , IxD — chopmynu.
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Hapani BXuBaTMMeMo TakoX CUMBOSMM MOXiAHWMX KOMNO3uuin &, —, <>, Vx. "®opmynn", 3anncati 3 ix BUKOPUCTaHHSM,
BBaXXAEMO CKOPOYEHHAMM "cripaBxHix" dopmyn. 3amicTb =, Takox byaemo nucaTtu B TpaguLinHOMy BUMNAAI X = ).

MosHavyaemo nm(P) MHOXMHY BCIX MPeAMETHUX iIMeH i3 V, aki dirypytoTs y dpopmyni @.

BinobpaxeHHs iHTepnpeTauii opmyn J : Fr—>Pr* BU3HAuYaeTbCsi 3a AOMOMOrOI0 TOTANbHOTO OfIHO3HAYHOTO BiOOOPaKEHHS
I:Ps— PIA, sike No3Havae cuMmBonamm Ps 6a3oBi npegukaTu:

1) J(p) = I(p) Aans koxHOro pePs; J(=xy) = l(=xy) = =xy 815 BCiX X, ye V.

2) J(—®) = =(J(D)), JVDF) = V(J(D), J(F)), J (Ry®) = R% (J(D)), JAxD) = Ix(H(D)).

Bigo6paxeHHs I: Ps— Pr noegHye AC gaHux (A, Pr) i3 mooto YKHJIP. Otpumyemo AC 3 gogaHow curHaTypoto [4]
surnsigy ((A, Pr), ), siky nosHauaemo (A, ). Taka AC dakTuiHo BU3Hauae komnosuiitHy cuctemy (VA, P, C), Tomy AC 3
[OOLaHOK CUrHATYpPOIO € IHTErPOBaHMMM CEMAHTUYHMMM MOZENAMM, SKi NOEAHYIOTE MOBY i3 HeoknacudHuMu AC faHux.

MpeawnkaT J(®) — 3Ha4eHHs chopmynm @ npm iHTepnpeTaLii Ha mogeni mosu A= (A, I), — no3Ha4yaeMo Da4.

IM'a xe V cTporo HeicToTHe Anst hopmynu @, sKLLO ANS KOXHOT MoAeni MoBu A iM'st X CTPOro HeicToTHe anst da.

dopmyna npUMITUBHA, SIKLLO BOHA aToMapHa abo Mae Burnag Ryp , NPUYOMY BIACYTHI TOTOXHI NeperiMeHyBaHHsa Ta v

He MICTUTb CTPOro HEICTOTHUX NS p iIMEH.

@ (4acTKOBO) iCTMHHA Npu iHTepnpeTalii Ha A, abo A-HecnpocToBHa (Mo3Ha4aemMo A |= @), Ko ® 4 — HECNPOCTOBHU.

@ BCHOOM iCTUHHA, abo HECNPOCTOBHA (MO3Ha4YaeMo |= @), sKwo @ A-HECNPOCTOBHA A1 KOXHOI MoZeri MoBu A.

@ BMKOHyBaHa npw iHTepnpeTauii Ha A= (A, I), abo A-BKoHyBaHa, SKLO @4 — BUKOHYBaHWUN.

@ BUKOHYBaHa, Ko O A-BUKOHYBaHa 41151 KOXHOI Mogeni MoBu A.

dopmyna @ — noriyHuin Hacnigok opmynn ¥ (nosHavaemo @ |= W), akwo T(@a)NF(Wa) = & Ana KoxXHOT moaeni Mosu A.

dopmynu @ Ta ¥ noriyHo ekBiBaneHTHi (no3Havyaemo @ ~¥), Akwo @ =¥ ta ¥ |= ®.

dopmynu @ Ta ¥ cTporo eksBiBaneHTHi B Mogeni Mmosu A (nosHavaemo @ a~7r'P), AKWo T(Da) = T(Pa) Ta F(Da) = F(Pa).

Popmynu @ Ta ¥ noriyHo CTporo eksiBaneHTHi (MosHav4aemMo @ ~7¢ V), aKkwo @ a~7¢ ¥ AN KoxHoi mogeni mosu A.

dopmyna ¥ € cnabkum norivHnm Hacnigkom [4] dopmynu @ (nosHavaemo @ ||= V), AKwo AN KoXHOI Mmogeni MoBu A
3 ymoBu A |= @ sunnusae A |= 7.

CemaHTUYHi BnacTuBocTi cpopmyn. PoarnsHemo BnactmeocTi oopmyn YUKHIIP, nos'a3aHi 3 komnoanuisimu. BoHu Bia-
OuvBatoTb BigNOBIAHI BNACTUBOCTI LIMX KOMMNO3ULin. BNacTMBOCTI NPONO3nULINHOro piBHA aHanoriyHi BiANoOBigHNUM BNacTUBOC-
TAM KIacM4HOI MPONo3nLIHOI NOrikK [2], BOHW BiGnBaTb BNAaCTUBOCTI NOMYHMX 3B'A30K.

[lo OCHOBHUKX BriacTMBOCTEN hOpPMYI, MOB'I3aHNX 3 KOMMO3ULieto peHoMmiHauii, HanexaTb [4, 5] RT. R—, Rv, RR, RSN.

BnacTtuBocTi komno3uuin kBaHTudikauii [4, 5] B OCHOBHOMY aHanoriyHi BianoBigHUM BNACTUBOCTSAM KITACWMYHOI JOTIKN.

BoaHouac ganeko He BCi 3aKOHM KINACUYHOI NOrikKM CNpaBmpKyTbCA ANs FOTIK KBasiapHUX NpeaunkarTiB.

Mpuknapg 1. Bisbmemo MNC p Ta q, npoiHTepnpeTyemo ix Ha neBHii AC A = (A, I) Tak:

PA@)={F Ao e imidy 9= Ao X imia)

Tomi A|=Vxp, Al=p, Al=R;p, Al=Vxp — Ryp, Al=R;q — 3xq, A= Vxp—p, Al=q—3xq.

Hexan ® — ue dopmyna Vxp—p, ¥ —ue popmyna Vxp & —p. Togi maemo:

O A= VXD Ta XD 4l D; O 4= IXD Ta VXD 4l D@; IXY al=VY Ta ¥ al= VXV, VXV 4= Ta W 4|~ IXY.
TakvM YnHOM, ANS 3aranbHOro BUNazAKy rorikv kBasiapHUX NpeavkaTiB Maemo:

TeepmkeHHs 1. He 3aexdu cripagdxyromscs |= Vx0 — R3(0), |= Ry (0) — 3x0, ¥x0 ||= RS (0).

Bokpema, He 3aex0u cripagdXyrmbCsi 3aKOHU Kriacu4yHoI roaiku |=Vx0—0, |= 6—3x0, Vx0 ||= 0.

B knacunyHii noriui koxHa chopmyna surnsgy —3x® & ®@ HeBukoHyBaHa. [1na noriku KsasiapH1X npegukaTiB Le He Tak.

TBepmKeHHsA 2. [cHytomb 8UKOHYy8aHi chopmynu suznsidy —Ixd & O.

Hexainn ® — INC. MpoiHTepnpeTtyemo ® Ha neBHin AC A sk ga npuknagy 1. Toai ansa KoxHoro de YA maemo AxDa(d)=F,
3BiakM —IxDa(d) = T Anst KOXKHOro de VA. BizbMeMmo ¢ A Take, Lo xgim(3). Topi ®a(8)=T, 3Biakn (—IxD & D)a(8)=T.

[o ocHoBHWX BriacTuBocTen hopmyn, NOB'A3aHNX 3 KOMMNO3NLIIMK KBaHTUdikauii Ta peHomiHauii, HanexaTb [4, 5] NRS,
R3, R3S, RZS. OcHOBHUMW BNacTMBOCTSIMU PIBHOCTI € peddNeKTUBHICTb, CUMETPUYHICTb, TPaH3UTMBHICTb, 3aMiHa PiBHMX.

OcHoBoto ekBiBaneHTHMX NepeTBopeHb hOpMyn € TeopeMa ekBiBaneHTHOCTi. BoHa dopmynioeTbes B pisHUX popmax —
TpaguuivHin gna ~ (aue. [2, 4]) Ta nocuneHin ansa ~7r (avs. [5]).

Onsa cdopmyn mosn YKHITP Tpaguuinium yvHom (OmBe. [4]) BU3Ha4alOTbCA MOHATTS KBa3i3aMKHEHOI hopMynn, HOPMaribHOI
dopmynu. [oBoautbes [4], WO Ans KOXHOT hopMynin MoXkHa 30yayBaTu eKBiBaneHTHy il HopmarbHy hopmyny.

Onsa dopMyn KnacnyHoi Norikv iCTOTHUMU € TiMbKK X BiNbHI NpeAMeTHi iIMeHa, BiJ AKUX MOXe 3asiexxamu 3Ha4YeHHs Bia-
noBigHMX NpeauvkaTie. [na noriku KBasiapHuUx npegukaTtiB BaxnuBa HeicmomHicms NpeaMeTHUX iMeH. Tomy anst 6a3oBux
npeavkaTiB BKa3yoTb [5] MHOXWHY CTPOro HEICMOMHUX IMEH, Bifl IKUX He 3a/1eXUmb 3HAYEHHs1 TakUX npeankarTis.

[ns KoXHOro pePs MHOXMHY CUHTETUYHO CTPOro HEICTOTHUX NPeaMETHUX iIMeH 3a4amMo 3a JOMOMOrot ToTanbHOI PyH-
Kuii v: Ps—>2". Taka YHKLIA NPUPOAHUM YMHOM [6] NPOAOBXYETLCA SK V & Fr—2. Mpu uboMy v(=x) = V\{X, y}.

MoXnuBiCTb BMKOHAHHA eKBiBaneHTHUX MepeTBOPEeHb AOBINMbHUMX (POPMYS BUMarae HasBHOCTI HECKIHYEHHOI MHOXUHU

() v(p) TOTanbHO CTPOro HEICTOTHKX iMeH. Taka yMoBa NOCTYNIOETLCA Af1S CeMaHTUYHUX Moaenei YKHIP.
pePs

BigHolueHHA noriyHoro Hacniaky Ans MHoXuH dopmyn. Hexan Tc Frta Ac Fr.

A € noriyHum Hacnigkom I' B mogeni mosu AC A (nosHavaemMo I a|=A), sikwo () T(Pa)n () F(¥4)=9 .

Oell YeA

A € noriyHum Hacnigkom T' (nosHavaemo I' |= A), akwo I a|= A Ansa koxHOT mogeni Mosu A.

Teopema 1 (3amiHn ekBiBaneHTHUX). Hexall @ ~r V. Todi: O, T|=FA< WV, T|=AmaT|=A,® < T|=A VY.

HaBenemo OCHOBHi BNacTMBOCTI BiAHOLIEHHS |=.

C)Axwo I'mA =, ToT |=A.
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U)HexanT'|=ATtaAcX, Tomi T |=Z;
HexanT'|=ATaTC cA, Toai A|=A.

—)—®,T|=A=T|=A, ; T|=A —® < O, T|=A.

V)OW,T|=A< &, T|=ATa ¥, T|=A; Tl=A OV < T|=A, O, V.

RT) RZ'!(CD),F|=A<:> RL(®),T[=A; T|=A, R;;(cb) ST |=A, RE(D).

RR) R (R} (®)).T|=A < Ry o (©),T|=A; T|=A RY(RY (@) & T|=A, RE % (o).

R-) RY (—@),T[=A < —~RY (), T|=A; T|=A, RY (—®) < T |=A,—RY (@).

Rv) RY (@), T|=A < RY (@) RY (W), T|=A; T|=A, R (VW) < T|=A, RY (@) RY (W).

ONS) RYY(0),T|=A < RY(®),T|=4A; T|=A RYY(®) & T|=A, RY(®) (ymoBa yev(d)).

R3) RY @yd), T |= A < Iy RY(D), T |= A; T|=A RY (3yd) < T |= A, 3y RL(D) (ymora yg{V, X }).
R3S) RY(Iy®), T [=A < 3zRY of (), T|=A; T|=A RY(Fy®) & T|=A, 3zRY o4 (D).

Ona R3S ymoBa: z TOTanbHO CTPOro HEiCTOTHE Ta Z¢ nm(Rg (IxD)) .

X-Y-03HaueHi BigHOLWEHHA noriyHoro Hacnipgky. [Ina 3aranbHOro BMNagky Ioriky KBasiapHUX npeaukaTiB 3HaYeHHs
npeavkata P Ha gaHomy d Moxe OyTu pi3HUM 3anexHo Bif TOro, BXOAWUTb YN HE BXOAUTb A0 d KOMMOHEHTa 3 NEBHUM npea-
METHUM iMeHeM. Tomy npw iHTepnpeTauisx hopMyn Ha Moaensax MoB/M HEOOXiAHO SIBHO BKa3lyBaTW MHOXWHMW O3HAYeHUX Ta
Heo3Ha4yeHUX iMeH. MoHATTS X=Y-03Ha4yeHoT iIMEHHOI MHOXUHW Ta X—Y-03Ha4yeHoro fnoriYyHoro Hacnigky BeBeaeHi [6].

[nst noBiNbHUX AM3'TOHKTHUX X, Y V (X Ta Y AM3'IOHKTHI, AKWOo XNY = &) MHOXMHY X—Y-03HaveHunx V-IM 3agamo Tak:

VXYA={de A | X< im(d) Ta Y im(d)= ).
B X=Y-o3HayeHux IM imeHa i3 X MatoTb 3Ha4YEeHHS, iMeHa i3 Y He MatoTb 3HaYEHHS.
TeepaxeHHsA 3 (auvB. [6]). Hexald Z, W, U< V — 0u3'toHKmHIi MHOXUHU. Todi ViW-Up _ U V. WOY-UUZ\Y) 4
YcZ

[nsa poBinbHUX An3'toHKTHUX X, Y V 3agamo X-Y-03HauyeHi ob6nacTi iCTUHHOCTI 1 XMOHOCTI KBasiapHOro npegukara P:
Txy(P) = {de"A | P(d)=T Ta X< im(d), Y im(d) =2} = {de"*A | P(d)=T}.
Fxy(P) = {de"A | P(d) = F Ta X< im(d), Y im(d) =&} = {de" A | P(d)= F}.
Teopema 2 (ave. [6]). [Tpu ymosi yeY maemo Ty-z( Ry (P))c Tv-z(3x(P)) ma Fy-z(3x(P)) < Fv-z(Ry (P)).

Ona goBinbHUX OU3'TOHKTHUX MHOXWUH X, Y V' BU3HauMmo X-Y-03HayeHe BiAHOLIEHHS HacmigKy a xy|= Ans asox dop-
Myn npu cpikcoBaHin mogeni Moen AC A: @ 4 xy|=Y, aKwo Txy(Pa)NFxy(¥a) = I

Akwo Y= To oTpuMyemo X-03HaveHe BiJHOLUEHHS 4 x|=; KWwo X= — TO Y-Heo3HayeHe BiAHOWEHHS A _y|=.

Y Bunagky X= Y= MaemMo BifHOLLEHHS HAcnigKy a|= npu dikcoBaHin moaeni mosu A.

[Ons 3aranbHOro BUNagKy KBasiapHUX npeaukaTis He 3aBxkau BipHumu € (npuknag 1) Ry (®) a|=3xd 1a VXD 4 |= R} (D).

BogHouac, 3rigHo Teopemut 2, pu yMoBi ze X oTpUMYEMO: R (D) axy|=IXD Ta VXD 4 xv|= RF (D).

MowmprMo NOHATTS X=Y-03Ha4yeHOoro foriYyHoro Hacniaky Ha OOBiNbHI MHOXUHU OOPMYI.

A € X=Y-03Ha4eHnM noriyHnm Hacnigkom I' B AC A (nosHauaemo I a xy[=A), skwo () Tx_y (@) [ Fx_y(¥4)=9.
Oel’ YeA

Okpemunmu BUNaaKamm BiIHOLLEHHS 4 x-v|= € BIOHOWEHHS 4 x|=, a-v|=, al=.

BigHOWEHHS A x-v|=, A x|=, a-v|=, a|= pednekcuBHi, NnpoTe HETPAH3UTUBHI.

13 BU3Ha4yeHb Ge3nocepegHLO BUMMMBAKOTL HACTYMHI TBEPAKEHHS.

TBepaxeHHs 4. HexaliT axy|[FAmaAcZ, moliT axy|=Z; HexalT axvy|=AmaT cA, modi A axv|=A.

TBep,D,)KeHHFI 5. FA|=A = FA,x|=A = FA,x_y|=A ma FA|=A = FA,_y|= A= FA,x_y|=A.

AKWOo z ToTanbHO CTPOro HeicToTHe Ta zgNm(®), To Oa(dVxi—a) = CDA(d||_X) Ons AOBiNbHUX A, de VA, acA. 3sigcu:

TBepaxeHHa 6. Hexal z momanbHo cmpoeo HeicmomHe ma zg nm(I'UA). Todi maemo:
NCa {M_y|=A S Ta xv|FA; 2) F{z)ux_y|=A <T xyl[=EA
Teopema 3. Hexati Z, W, Uc V — 0us'toHKmHI MHOXUHU. TOOi T awu|=A < T awov-usay|=A 0ns koxHoi Yc Z.
Bepyuun oo ysaru Teopemy 2, maemo: Hexan Z, W, Uc V — an3'toHKTHI MHOXWHW, Hexan Y c Z; Togi
T awovuu@n = A, 3xP < T a wor-usay = A, 3xO, R;,(1 ((I)),...,,‘?}’f’7 (®),..., besciyeY.
3Biacu, 6epyun go ysarn teopemy 3, OTPUMYEMO:
TeepmxeHHs 7. Hexali Z, W, Uc V — Ou3'toHKMHIi MHOXUHU ripedmemHux imeH. Todi
Tawul=A,IxD < 0ng KoxHOT Y S Z T A wov-uoizv) |= A, IxD, R}’,‘1 (<1>),,_,,R}’j (®),..., Oe aciyieY.
n

Onsa dopmyn Burnsgy Ry® BeeaeHo [6] noHaTTs U-HeosHadysaHoi (popmu. TyT U V — AoBinbHa MHOXWHA NPeaMETHUX
iMeH, SIKi TPAKTYeEMO K MHOXWHY HEO3Ha4YeHuX imeH. Lle o3Hadvae, Wo npu iHTepnpeTauisx yci imeHa U He MatoTb 3HaYEHHS.

Hexait R ’;‘k’;1 ’;7:;1 “\;"(D TaKa, Wo {Xy,...X,}nU =2, {Vy,...v,}nU=0,ycin,..1s,... Sk ¥1,...,yn €U.
U-HeosHauyBaHa copma chopmMynu R'1 e XX L ”’" " ® - ue Bupas R X" ”1 """ “”’(D ge | — crewjanbHuii cumBon,
S Y 1Y Ve

KM NO3HAYa€ HEBU3HAYEHE 3HAYEHHS.
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Hexawn Rgcb Ta Rgd) MatoTb ogHakoBi U-HeosHauyBaHi hopmu. Toai npu BCiX A-iHTepnpeTauisx npeavkatu RE(DA Ta
Rg(DA nNpUMNMaloTb OOHaKOBI 3HAYEHHS Ha BCiX AaHuX de YA Rg(IJA(d) = Rgd)A(d) . 3BiACM MaEMO TaKy BNacTUBICTb:

UnD) Akwo Rgcb Ta Rgd) MatoTb ogHakoBi U-HeosHavyBaHi (hopmu, TO Rgd),FA,_U|= Rgd), A

Teopema 4 (auB. [6]). Hexall z momaribHo cmpoeo Heicmomke ma zgnm(T, A, @). Todi T, Ry (®) al=A = T, Ix® a|=A.

3rigHo Teopemu 2, npu zeX MaeMo T, IxP 4 x_y |[=A = T, Ry (®) a, xv|= A. 3Bigcu oTpumyemo

Hacnigok 1. Hexali z momansHo Heicmom+e ma z¢nm(T, A, ®@). Todi npu ymosi ze X maemo:

I,3x®axy|[=A & T, R;(q)) Axy|=A

CekBeHUiNHi YACNEeHHs1 KOMMO3ULIIMHO-HOMIHAaTUBHUX JOFiK nepLuoro nopsaaky. Ha ocHOBi BNacTvBOCTEN BiAHOLLEHHS
NOriYHOro Hacniaky Ans MHOXUH cbopmyn nobyayemo uncneHHs cekseHuijiHoro Tuny ans YKHJTP. CekseHuijeto 6ynemo HasusaTu
MHOXWHY dhopmyr, crneumdikoBaHux (BiaMiYeHMX) creuianbHIMM CUMBOMNAMU |- Ta |, SKi HE BXOASATb A0 andasity mosu. Cekse-
HUii nos3Havaemo y Burnsagi |-I'A, abo, He aeTanisyoun, y BUrnsagi X.

Y poni akcioM CeKBEHLiIMHOIO YMCNEHHS BUCTYNalOTb 3aMKHEHi CcekBeHLii. 3aMKHeHiCTb |-I'|A o3Havae, wo I'|=A

BasoBa ymoBa 3aMKHEHOCTI: CekBeHLjist E 3aMKHeHa, SIKLLO icHye dhopmyna @ Taka, Wwo |-PeE Ta [ PeE.

B 3aranbHoMy BMNazKy norik kBasiapHux npeauvkaTie Tpeba BBECTM [0OATKOBY YMOBY 3aMKHEHOCTI CEKBEHLIl B AaHi Bep-
LLUMHI CEKBEHLNHOIO AepeBa.

Hexan U — MHOXMHa BCiX HeO3Ha4eHuX iMeH B AaHili BeplumHi E. CekBeHUia E U-3amkHeHa, SKLLO icHye napa chopmyn

-RyA €ETa RgA cE TaKux, Wo RyA Ta RjA maioTb oHakosi U-HeosHauysaHi hopmu.

I3 BmactmeocTi UnD maemo: akiwo |-I A U-3amkHeHa, 70 T4 —y|=A ansa gosinbHoi A.

OTmxe, AKwWwo |-I A U-3amkHeHa, TO0 T a x-u|=A ansa gosinbHnx A Ta Xc V, pe XN U=(J.

CeMaHTM4YHUM BNacTUBOCTSIM BiHOLLEHHSA |= 3iCTAaBUMO iX CMHTaKCU4Hi aHanorn — ceKBeHUinHi choopmu. BoHn € npasu-
namMmu BMBELEHHS CEKBEHLIIMHUX YNCTEHD.

BuBeaeHHs1 B CEKBEHUINHUX YACNIEHHAX MAaEe BUTNSAA AepeBa, BEPLUMHAMM SIKOTO € CEKBEHLil.

Taki gepeBa Ha3uBatoTb CekBeHUiHUMN. PopManbHO BU3HAYEHHSA CeKBEHLIMHOro AepeBa AaeTbes [2, 4] iHOYKTUBHO.

TpuBianbHe CEKBEHLNHE OEPEBO 3 €ANHOK BEPLUMHOK ¥ 3aMKHEHE, SIKLLO X — 3aMKHEHA CEKBEHLIS.

HeTpuBianbHe CekBeHLUiHE 0epeBO 3aMKHEHE, SKLLO KOXXHUIA AOro JICT — 3aMKHEHA CEeKBEHLis.

CekBeHuis X gusidoHa, abo mae sugedeHHs], AKLO iCHYE 3aMKHEHE CEeKBEHLIHE AepeBO 3 KOPEHEM X.

Take oepeBo Ha3BEMO 8UBEOEHHSIM CEKBEHLT X.

CeKBeHLUIVHI YNCIEHHsT NOTiK KBAHTOPHO-EKBALIMHOIO PiBHSI MOXHA PO3rnsgaTth ik OKPEMUIA BUMAOOK MPUKIadHUX Cek-
BEHLiNHMNX YMCMNEHb KBAHTOPHOIO PiBHSA. BrBeaeHHs B NpUKNagHOMY YMCHEHHI 3 MHOXMHOIO BNacHMX akciom Ax cekBeHLUii X
03Hayvae BMBeAeHHs 3barayeHoi cekBeHLi (CekBeHLii 3 foAaHUMM BacHUMM akciomamm) Zr=2UAX, ge -AX = { A | AcAx}.

B uncneHHax norik KBaHTOPHO-EKBALIMHOIO PiBHA AX CKNaaaeTbCa 3 TAKUX aKCioM Ans PIBHOCTI (TYT X, Y, Z — TOTANbHO Heic-
TOTHI): pednekCnBHOCTI VX(X = X); CUMETPUYHOCTI VXV Y(X =y — ¥ = X); TPAH3UTUBHOCTI VXVYVZ(Xx=y— y=2z— X = Z); 3ami-

HU PiBHUX VXVy(x=y—>(Rf'g(p)eR}f'g(p))) Ong Bcix pePs Ta z,u,v, Oe X, y — ToTanbHO HeiCTOTHI i BIiAMIHHI BiO z,u,V.

Bepy4yn 0o yBarv cemaHTUYHi BNacTUBOCTI BigHOLWEHHS |=, dhoopMyn BBOAMMO Taki 6a3oBi CekBeHUiViHI hopmu:

_|A,2 |_A,2
I__| |7—|A,Z _I_| 7|—|A,Z
LAL | BX LA BE
|_V B — _|V _—
|7A\/B,Z 7|A\/B,Z
RY(A),= RY(A),2
| I-Rx (A), RT zv( )
L RZL(A),x JRZV(A)E
R" " (A R" W (A),x
RR % _RR 4
LRY(R) (A)),x (RE(RY(A)),S
iy —RY(A),= e ~RY(A),E
T RYSA)S T R CA)E
L RY(A)v RY(B),> . (RE(A)VRL(B),Z
T RUAVE)S T REAvE)S
LREA).2 (A) ®NS AREA)2 (A)
¢ —I‘I n yev - —_— n yev
S Ry ™Y P R s ™
aR!A,z _ L 3yRY(A),= __
(R3 = YRy (A) npu ye{v,x } 3 AR (AT npu ye{v,x }

_RE(3yA), T RIGyA)E
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| 3ZRY o (A),Z
IR (3yA).Z

FZRY 4 (A),Z

I-R3S =
,|R; (3yA),x

4R3S

Ons -R3S Ta R3S ymosu: ye{v,X }, Z TOTanbHO CTPOro HeicToTHe, z¢ NM(RY (A)) .

3a ymou yg{V, X } Bukopucroyemo copmu -R3 Ta 4R3, a sikwo ye{V, x }, To BukopuctoByemo cpopmm 1-R3S Ta 4R3S.

Ry (A),Z LRI(A), | IXAS
|-3XA,Z XA

Onsa 3 im'a y ToTanbHO CTPOro HeicToTHe Ta ynm(Z, A); Take y rapaHTOBaHO O3HaYeHe.

CekBeHUIiViHI YMCNEeHHS KBaHTOPHO-eKBaLNHOMO piBHS i3 TakMu 6asoBumn hopmamn HasBemo QEG-4ucrieHHAMU.

Ona QEG-4ncneHb He Byaemo SBHO BHOCUTY 0 hopMyn CeKBeHLii akciomu piBHOCTI, a 6yaemo BpaxoByBaTtH ix npu noTtpebi.
Lle o3Ha4ae BBeAEHHA 4OOATKOBOI YMOBW 3aMKHEHOCTI CEKBEHLLiT Ta AONMOMIKHMX CEKBEHLIINHMX (OOPM.

[onaTkoBa yMOBa 3aMKHEHOCTi CEKBEHLIiT BpaxoBYye akciomy pedreKCUBHOCTI:

CeKBeHLUist E 3aMKHeHa, SKLLOo | X = X € B Ans gesikoro xe V.
[ns BpaxyBaHHSA akCioM CUMETPUYHOCTI 1 TPaH3UTUBHOCTI BBOAMMO TaKi AOMOMXHI hopmu:

m |7X:y, |7y:X, Z ETr |7X=y, |7y=Z, |7X:Z, E
|_x:y,2 -X =Y, |_y:z,2

ES

[nsa BpaxyBaHHSA akCioM 3aMiHW PiBHUX BBOAMMO Taki JOMOMiKHI hopmu:
-a=>b, |_Razy’vg(P). |_R§’H(P), z -a=>b, _|R§”‘[7J(P), _|R§j5(p), 2

zu - _IEPS zu
a=b | Rz (p) X a=b, |Ry7(p) X

Mo6yaoBa cekBeHUinHOro aepeBa. Onviemo npoueaypy nobynoBu CEKBEHLINMHOIO AepeBa AN 3a4aHoi CekBeHUIT X.
[na 3aranbHOro BMNaaKy Norikv KBasiapHuMx npedvkaTis Tpeba BpaxoByBaTW, WO 3Ha4YeHHs npepukata P(d) moxe 6ytn
Pi3HUM 3anexHO Bif TOro, BXOAWUTb Y1 He BXOAWTb 40 d KOMMOHEHTa 3 NEBHWUM NpeaMeTHUM iMeHeM. ToMy npwu iHTepnpeTa-
Lisix hopmyn HeobXifHO SIBHO BKa3yBaTW MHOXMHU O3HAYeHUX Ta Heo3Ha4yeHux iMeH. B npouenypi nobyaoBu cekBeHLinHO-
ro Aepeea Taka OCOONUBICTb NPOSABMASETLCA MpW hopMyBaHHI Mpuknagie ans dopmyn surnsagy 43ud 3a AONOMOrow

|-EPs

-3-cbopm: NpuKnagm MoXyTb MaTm TiflbKU BUMNSAA, | Rﬁ(cl)) , e y 03Ha4eHe.

Taknm 4mHOM, NpK 3acTocyBaHHi 3-hopmmn Tpeba nepebpaT BCi MOXIUBI BUMAAKN PO3MOAINY HAasBHUX NPEAMETHUX IMEH Ha
O3HaueHi ” Heo3HadeHi. Lle MoxHa peanisyBati 3a 4OMOMOrow MobyAoBM BiAMOBIAHMX po3ranyeHb CEKBEHUIHOro Aepesa:
AKWO Y BepLuHi = o dopmynu surmsgy 3ud 3actocoByeTbes j3-popma, To Ans Z byayeTbca He oaHa, a 6arato BEepLUMH-
"cecTep”, ski € 6e3nocepeHiMM NpeakaMun = i MaroTb OHY W TY K MHOXWHY HasiBHMX iMEH Ta BiApi3HSHOTLCA NULLIE Pi3HUMU MHO-

XUHaMV O3HA4YeHVX IMEH Ta BiANOBIOHMMU MHOXMHAMW NPUKNaais BUMMSOY | R;,’(cb) .

Mpouenypa nobynoBu AepeBa ANs CEKBEHLIT ¥ MOYMHAETLCS 3 KOPEHS AepeBa. Taky npouenypy posib'eMo Ha etanw.
KoxHe 3acTocyBaHHS CEKBEHLINHOT hOpMM NPOBOAUTLCS OO0 CKIHYEHHOI MHOXWHW AOCTYNHUX Ha AaHU MOMEHT chopMyI.

Ha no4aTKy KOXXHOro etany BUKOHYETLCS KPOK A0CTyny. Lie o3Havae, Lwo Ao Cnmcky AOCTYNHWUX (hopMyn A0OaEMO MO OAHIN ¢hop-
My 3i CrUCKY |--CPOpPMYIT Ta CrINCKY —-popMyr. SAKLLO B CeKBEHLLT HeAOCTYNMHMX |--popMyI Ymn -popMyn Hemae (BianoBiaHMIA CIMCOK
BMYEpNaHo), TO Ha NoAAanbLUMX KpOKax JOCTYMNY AOAAEMO MO OAHIN dopMyni HEBUYEPMNAHOTO CICKY.

Ha nouaTky nobynosu Aepesa AOCTynHa nuvwie napa nepwmx dopmyn cnuckis (abo eauHa —-popmyna 4mn 4-cpopmyna,
SKLLO OOWH 3i CMIMCKIB MOPOXHIN).

Mepen nobynoBoto aepea Ansa T 3adiikCyeMO AesKMIN HECKIHYEHHNIA cnncok TN "HOBUX" TOTarnbHO CTPOrO HEICTOTHUX IMEH
Takui, Wo iMmeHa i3 TN He 3ycTpidaloTbes y hopmynax cekBeHLii X.

I3 KOXXHOK BEpLUMHOIO AepeBa MOB'A3YEMO MHOXWUHY HasiBHUX Ta MHOXMWHY O3HA4YeHWX npeaMeTHUX iMmeH. MHoXuHa
O3HA4YeHNX iIMEeH ABHO BUAINSAETLCA NULLE Ha LWnsaxax, Ae 6ynu xo4 pas 3actocoBaHi 3-hopMm (40 TaKOro 3aCTOCYBaHHS siBHE
BUAINEHHS MHOXUHU O3HAYeHMX iMeH HenoTpioHe). MHOXWHA HasiBHUX IMEH — Lie MHOXWHA iMeH YCiX OOCTYMHMX B AaHiin
BEPLUMHi (hOpMyn. YCi TOTanbHO CTPOro HEiCTOTHI iMeHa, 3adisHi Npu 3acTtocyBaHHi |-3-hopM, B JaHOMY BUBEAEHHI rapaHTo-
BaHO O3HaYeHi.

Hexait BukoHaHo k eTaniB npoueaypu. Ha etani k+1 nepesipsiemo, 4m 6yae KOXeH 3 NUCTIB fiepeBa 3aMKHEHOI CEKBEH-
uieto (bepemo 4o yBaru Tinbky OCTYNHI OpMynn CeKBEHLiN).

Akwo BCi NCTU 3aMKHEHI, TO Npouedypa 3aBepLueHa NO3UTUBHO, MW OTPMManu 3aMKHeHe CeKBeHLUiliHe aepeBo. Ko
Hi, TO ONS1 KOXXHOIO He3aMKHeHOro nucra & pobrMo HacTyMHWIA KPOK JOCTYMy, Nicns Yyoro AobyaoBYEMO CKiHYeHHe nigaepe-
BO 3 BEPLUMHOIO & HACTYMHUM YNHOM.

(1) AKTKBI3yeMO BCi LOCTYMHi (OKPiM NPUMITUBHUX) chopmynu &.

(2) Mo yepsi 4O KOXHOT aKTMBHOT (POPMYSM 3aCTOCOBYEMO BiAMNOBIAHY CEKBEHLINHY (hOpMY.

CekseHuiviHi bopmu | -IRT T1a RT gonomixHi: nepen 3actocyBaHHsAM ogHiei 3 opm tuny ®NS, RR, R—, Rv, R3, R3S
ycyBaeMOo, y pasi HasBHOCTI, TOTOXHI NepenMeHyBaHHs, 3aCTOCOBYIOUMN HaNeXHy Kinokicte pasis |-RT un 4RT.

CnoyaTky BUMKOHYyeMO BCi |-3-dpopmun. 3acTtocyBaHHA |-3-hOpMM [OAAE HOBE TOTANbHO HEICTOTHE iM'S y A0 MHOXWHU
03Hau4eHuX iMeH BepLUNHM, Take y BepemMo sik nepLue HesadisiHe Ha JaHOMY LUMsSXY Bid kopeHs iM'a 3i cnucky TN. IM's y ra-
paHTOBaHO O3HA4yeHe, AOAAEMO MOro A0 MHOXMH HasBHMX Ta O3HaYeHWX iMeH, Aani Ans KOXHOI AOCTYMHOI (hopMynun Bu-

rnagy o3u® gogaemo npuknag - R;(CD) . Jani BukoHyemo R3S-chopmu, npu ubomy b6epemo zg¢ nm(Rg(EXCD)) i3 3agisgHNX

Ha JaHOMYy LUNSXY Bif KOPeHsA Aepesa iMeH cnncky TN, aKwo Taki €, iHakwe 6epemo z sk nepue im'a cnucky TN. B ocTtaH-
HbOMY BUNaAKy z 40OAEMO [0 MHOXWH HasiBHUX Ta O3HA4YeHWX iMeH, Aani Ans KOXHoi JoCTynHol dhopmynu sumsgy 3u¥
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poaaemo npuknag - RY (W) . Micns uboro [0 KOXHOT 3 peLwTy akTUBHUX hOpMyI 3aCTOCOBYEMO BIiAMoBiaHY (OpMY — OfHY 3

POPM |, -, |-V, 4V, FONS, | ONS, | .RR, |RR, |-R—, jR—, |-Rv, RV, |-R3, JR3.

[ani 3actocoByemo _3-cbopmu. Lie pobrmMo HacTynHUM YMHOM.

Akwo _3-cbopma BnepLue 3acTOCYeTbCA Ha LUMAXY Bif KOpeHs Aepesa, TO i3 AaHOoi BepLUMHU Byayemo posranyXeHHs
aepesa. [Ina KOXHOI BEPLUMHM, Lo € 6e3nocepeHiM NpeaKoM AaHoi, 3a4aeM0O MHOXUHY O3HAYeHUX iMEeH K MEBHY Nia-
MHOXWHY HasBHUX, NPWU LbOMY A0 Hel MYCATb BXOAWUTM YCi TOTanbHO CTPOro HeiCTOTHI iMeHa, 3afiaHi npu nonepegHix
3aCTOCYBaHHSX |-3-pOPM Ha LUNAXY Bif KOPEHs A0 AaHOI BEPLUNHM.

Hexai B gaHin BepLUMHi £ i3 MHOXMHOIO HasBHUX iMeH Z _|3-dhopma 3aCTOCOBYETLCA BriepLle Ha LUMSAXY Bif KOpeHs
0o X. Lle o3Havae, Wo Ha uboMy LWNAXY We He 6yno ABHOro BUAINEHHS MHOXWH O3HaA4YeHUX Ta HEO3HaYEeHUX iMeH,
OKpiM, MOXIUBO, BUAINEHHS rapaHTOBAHO O3HA4YeHWX Npu nonepegHix sactocyBaHHax |-3-popm. Hexan G — MHOXMHA
rapaHToBaHO O3HAYeHUX iMeH, 3aAisHUX NPU 3acTOCYBaHHI |-3-hOpM Ha LWINAXY Bif KOPeHs A0 AaHOi BepLUNHM X, He-
xan | 3x® — Ta cneuudikosaHa opmyna, o Akoi 3acTtocoByeTbes —3-popma. [Jobynosyemo 6esnocepeHix npeakis
BEpLWUHN X Ansa KoxHoT X < Z\G (pakTU4HO po3rnsagaemMo BCEMOXNMBI po3noainu iMeH i3 Z\G Ha 03Ha4veHi i Heo3Ha-
yeHi). Togi XUG Ta Z\(XUG) — ue MHOXMHM 03HAYEeHUX Ta HEO3HAYeHUX iIMEH BiAMNOBIAHOI BepLUMHN-NpeaKa. B KoXxHin

Takii BEpLUUHI-NpeaKy AodaeMo npuknag - R;(q)) dopmynu_3xd Ana KoxHoro ze XUG, Hagani B ycix wnaxax i3 uiei

BepLMHUN-NpeaKa iMmeHa i3 XUG 03Ha4eHi.
Okpemo posrnsHemo Bunagok G=¢. Togi ans BeplumHu-npeaka i3 X=< maemo XUG=J, TOMy Npu goAaBaHHI npuknagy
dopmynmn _3xd Tpeba B3ATU HO8e TOTarlbHO CTPOroO HEICTOTHE iIMS1 (Lie 3yMOBMeHe HeobXiaHICTIo 36epeXxeHHs BiGHOLLEHHS Noriy-

HOTO HacniaKy, AVB. TBEpMIKEHHS 6). Tomy 6epemo B TN TOTarbHO CTPOro HeIicToTHe tznm(X) | 3anucyemo npuknag | R} (@) .

Hexai y BepLUWHi X 3 MHOXMHAMU HaaBHUX iMeH Z Ta o3HadyeHux imeH W no 43xd Bneplue 3actocoByeTbecs 3-hopma,
npoTe 3acTocyBaHHs 3-h0pPM Ha LLNSXY Bif KOPEHS [0 BEPLUMHM X Bxe Bynu, ToMy Ans £ MHOXUHM O3Ha4YeHMX Ta HEO3Ha4YeHNX

iMeH BXe BuaineHi. Todi Ana koxHoro ze W gonaemo npuknag, R;‘(CD) .

PO3LWIMPEHHST MHOXMHN HasSIBHWX iMEH NpUW NOSABi HOBMX AOCTYMHUX chopMyn Micns BUKOHAHHSA KPOKY AOCTyny Befde A0
MOBTOPHOrO 3acTOCyBaHHs - 3-hOpM A0 CTapux AOCTYNHUX dhopmyn Burnsagy 3x®. Hexan X — MHOXWHA AOAAHUX HOBUX iMEH
nicnsi BUKOHaHHS KPOKY OOCTYNY Y BEPLUMHI 3 MHOXUHAMW HasiBHUX iMeH Z Ta 03Ha4yeHux imeH W. MNMoBTopHe 3acTocyBaHHSA

-A-dbopmu o 43xD fae posranyKeHHs s KOKHOI Y C X, B KOXHIil Takil BepLUMHi-NpeaKy Aofaemo | Ry (®) Ans KoxHoro zeY,

npv LbOMY MHOXWHOI HasiBHUX iMEH BepLUMHU-NIpeaka byae ZUX, MHOXWHOI 03HadeHuX imeH 6yaoe WUY.

[na BpaxyBaHHSI akCioM PIBHOCTI MiCMNsi KOXXHOFO 3acTOCyBaHHS 6Aa30BOi CEKBEHLNHOI hOopMU KBAHTOPHOMO PiBHA Npw
notpe6i pobrMo HacTynHi 4OOATKOBI KPOKM.

Hexan Ha nonepefgHeoMy kpoui 6yna otpumana copmyna -a = b, abo |-a = b cTana AOCTyNHOI Ha novaTky etany. Togi
3a gonomoroto dopmn ESm gogaemo cdopmyny b = a (BpaxyBaHHs akciomy cumeTpuyHocTi). [Mpu nosiBi La=b Ta |-b=c 3a
ponomoroto copmn ETr gogaemo -a=c (BpaxyBaHHS akCiOMW TPaH3WTUBHOCTI); hakTUYHO TYT, BPAXOBYIOYM CUMETPUY-
HiCTb, 0 HaaABHUX |La=b, b =a, | -b=c, |-c=b Ooaaemo a=c, |-c = a. icna oTpumaHHsa |-a = b Aani, BUKOPUCTOBYIOUM o-

pmu Tuny EPs, AN KOXHOT 3 HAasBHUX AOCTYMHWUX (DOPMYI BUTMAAY |- Raz'g(p), - Raz‘g(P), - Rg‘g(p), - Raz'g(p) AOAAaEMO Big-

nosigHo dopmyny |- RZ”(p) RZ“( ) Rj”( ), Rz”(p)
Hexan Ha nonepegHbomy Kpoui 6yna oTpumaHa (abo crtana [OCTYMHOI Ha noyaTtKky eTany) dopmyna BUrnsay
- Rg’g(p), npuyomMy cepef AoCTYNHUX hopMyI cekBeHLil € -a = b Ta |-b = a. Togi 3a gonomoroto popm TNy EPs ansa koxHoi

3 Takux hopMyn BUrMSAY |- R;'g(p) um R;:g(p) [002€EMO BIAMNOBIAHO - Rg"g(p) um Rg:g(p) .
Takux gogaTkoBMX KPOKIB Moxe ByTu Aekinbka. Hanpuknag, matoum -a=b, -b=a Ta |-.c=d, |-d = ¢, npu nossi opmynu
FRZL(p) momaemo |- REY (p),  RZL%(p), - RESL (p) -

a,c,v b,c,v a,d,v

Bci nosTopwm cneumdikoBaHnx hopmyn y CEKBEHLT yCyBaemo.

Micnsa BMKkoHaHHA 6a30B0oi cekBeHUINHOT dhopmu (okpim Tuny RT) oopmyna nacmeHa. [1o NacMBHMX Ta YTBOPEHMX Ha Aa-
HoMmy eTani hopmyn 6a30Bi hopMU He 3aCTOCOBYHOTLCS.

Mpu nobynoBi CEKBEHLINHOIO AepeBa MOXINMBI Taki BUNaaKu:

1) Mpouenypy 3aBepLUEHO NO3UTUBHO, MAEMO CKIHYEHHE 3aMKHEHE EPEBO.

2) MNpoueaypy 3aBepLUeHO HeraTMBHO, MaeMO CKiIHYEHHE HE3aMKHEHE EPEBO.

3) MNpoueaypa He 3aBepLUYETHCA, MAaEMO HECKIHYEHHE CeKBeHLiiHe aepeBo. 3a nemoto KeHira [2] HeckiHYeHHe OepeBo
3i CKIHYEHHMM po3ranyXeHHAM Mae xo4a 6 OOUH HECKIHYEHHWUI LUNSX.

OTxe, y Bunagkax 2) i 3) y Aepesi iCHye CKiH4E€HHUA ab0 HECKIHYEHHUI LINAX @, BEPLUMHWN SKOTO HE MOXYyTb OyTu 3a-
MKHEHMMM CEKBEHUISIMU, aaXe Npu NOsiBi 3aMKHEHOI CEeKBEeHLiT 0 Hel He3acToCoBHa XoaHa dopma, i npouec nodyaosu ae-
peBa Ans uporo Wnaxy obpusaeTbes. Takmi LWNAX Ha3BeMO He3aMKHeHUM. KoxHa 3 (bopMyn cekBeHLii X 3yCTpiHeTbCS Ha
LUAAXY g | CTaHe JOCTYMHOH.

KopekTHicTb Ta noBHoTa QEG-uncneHb. Hexan gnsa cekseHuii |-IA nobyaoBaHe 3amkHeHe AepeBo. |3 HaBefeHo! Bu-
e npoueaypu nobyaoBM CEKBEHLINHOMO AepeBa BUMMUBAE, WO AN KOXHOI Moro BepLumHn ALK 3 MHOXWHaMMN 03HaYeHMX
imeH W Ta Heo3HayveHux imeH U cnpaBoxyeTbcs A a w-u|=K ansa koxHoi mogeni Mosu A.

[ns nucTiB gepeBa ue BUNNMBaE 3 BU3HAYEHb 3aMKHEHOT Ta U-3aMKHEHOT CEKBEHLLIN.

30epexeHHs CekBeHUIMHMMM chopMamMm 3a3HAYEHOro BULLIE BiAHOLLEHHS MOMYHOro Hacnigky (Big 3acHOBKIB 4O BUCHOBKIB) BU-
KOHYETBCA Ans cekBeHUinHmx dopm tuny —, v, RT, RR, R—, Rv, ®NS, R3, R3S, a Takox gonomixHnx opm ansi pisHocTi ESm,
ETr, EPs. Lle BunnuBae i3 BignosigHnx Bnactueocten tuny —, v, RT, RR, R—, Rv, ®NS, R3, R3S BigHowweHHs |=, a TakoX i3
TBEpPAXKEHHSA 5; Ana gonomMixHux popm ESm, ETr, EPs — i3 BignoBigH1x BMacTUBOCTEN PiBHOCTI.
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Ans |- 3-dopm 36epexeHHs BiAnoBiAHMX BiAHOLLEHb FOrYHOro HaCcMiAKy Bif 3aCHOBKY A0 BUCHOBKY BUNIMBAE BXe 3 Teopemmn 4
(36epesxeHHs NorivYHOro HacrMiaKy B 3BOPOTHOMY HanpsiMi rapaHTyeTbCs Hacnigkom 1).
Ons _3-dopm 36epexeHHs BigMOBIAHNX BiAHOLLEHb NOMYHOMO HACNiAKy Npy pyci A0 BEPLUMHM E, AKa MICTUTb akTUBHY _3xd,

Bif BepLUVH, sKi € Ti GeanocepeaHiM1 Npeakamu Ta MiCTATb Npuknagu surmsay | Ry (@), rapaHTyeTbCsl TBepMKEHHsAMM 7 Ta 6.

Hexan cekseHuisa | -I'A BuBigHa, ToAi ANA He 3rigHO HaLLoi npoueaypy 36yaoBaHe 3aMKHeHe CekBeHLUiiHe gepeso. [Npu
Takin nobynosi BBeAeHi |-3-hopmamu (B OKpemmx BUMagkax Takox —3-dopmamu) HoBi TOTanbHO CTPOro HEICTOTHI iIMeHa rapaH-
TOBaHO O3HAaYeHi B JaHOMY BUBEAEHHI CekBeHLT |- 1A, TOMy MOXHa OBMEXUTUCL PO3IMAA0M TiflbKW iHTeprpeTaLin (Mogenemn mMo-
BuW) A i3 G-03Ha4yeHMUN JaHnmu, Ae G — MHOXMHA Takux rapaHToBaHO O3Ha4YeHMX iMeH. HedpopmanbHo Kaxyun, rapaHTOBaHO
03HaueHi iveHa BeayTb cebe NoAibHO OO KOHCTAHTHMX CUMBOSIB KNACWMYHOI NOrikv npeaunkaTiB. bepyun 0o yBarv TBepaKeHHs 6,
otpumyemo: T'[=A < ans koxHoi A MmaemMo I' 4 g |[= A, Ae G — MHOXMWHA Taknx rapaHTOBaHO O3HAYEHNX IMEH.

Takum unHom, ansi nobyposaHoro QEG-4YnCreHHst CnpaBaXyeTbCA

Teopema 5 (kopekTHoCTi). Hexali cekseruis | -I4A susioHa. Todi T |= A.

Onsa posegeHHs noBHOTM QEG-4mcneHb 6yaemo onmpaTvcs Ha MeTos MoAernbHUX (XIHTIKKIBCbKNX) MHOXUH [7].

Hexan H — MHOXMHa cneundikoBaHux ¢opmyn i3 BugineHow MHoxuHow Wcnm(H) o3HayveHux imeH; Topi
U=nm(H)\ W — MHOXW1Ha i HeO3HaYeHNX iMEeH.

MHoxuHa H moderibHa, KO BUKOHYIOTLCSH HACTYMHi yMOBM:

HC) Ana koxHoi dhopmynm ® nuie ogHa 3 |- un @ Moxe Hanexatn go H.

HCU) He icHye napu cbopmyn |_R;‘7A eHTa RgA eH Takux, Wwo R;A Ta RgA MatoTb OfHaKoBI U-Heo3HadyBaHi hopMm.

HCE) XoaHa dopmyna BUrnsigy - x = x He Moxe Hanexartu go H.
HES) Akwo -x=yeH, 10 |-y =xeH.
HET) Akwo -x=yeH 1a Ly=zeH, 70 -x=zeH.

HEP) Sikwo |_x=yeH Ta |- R;g(p) €M, 70 -RZ¥(p) eH; skwo | x=yecH Ta R;"z(p) eH, 10 RZY(p) H.

WV

HRT) Axwo |_R§¥(<D) eH, T0 |_R}‘7(q)) eH; aKkwo Rzz'g(tb) eH, 10 R;V(CD) eH.

H®N) Akwwo |- R%’g(q)) eH 1a yev(®), T0 |- R%(®) eH; siKuwo R%"}Z((I)) eHTa yev(®), To | R%(®) eH.

H-) Akwo | —PeH, To | PeH; akwo —~deH, 10 | PeH.

Hv) Akwo - dvW¥eH, 1o | 1DeH abo | \WeH, akwo (dvW¥PeH, To [ deH 1a |YeH.

HRR) Akwo - Ry (R (®))eH, To |- Ry o (P)eH; sKkwo 4Ry (Ry (@))eH, To 4Ry o (®)eH.

HR—) Axwo |- Rg (—®)eH, To |_ﬁRg (P)eH; sAkwo Rg (—®)eH, T0 _|—.R¥; (®)eH.

HRv) Akwo |- RY (0v¥)eH, To | RY (D) RY (¥)eH: srwo 4 RY (dv¥)eH, To | RY (O)v RY (¥)eH.

HR3) Axwo Rg (3yd)eH 1a yg{v,x }, T0 |_3yR¥ (®)eH; Ko Rg (Ayd)eH Ta yg{v,x }, T0 _|3ng (d)eH.

HR3S) Skwo | RY (yd) eH Ta ye{v,x }, To |- 3zRY ¥ () eH; skwo o RY(Iy®) eH 1a ye{V,X }, To ;3zRY o4 (®) eH.

TyT Z CTPOro ToTanbHO HEICTOTHE Ta Z¢ nm(Rg Fy)).

H3) Akwo |- 3xPeH, To icHye ye W Take, Lo |- RJ’,(((D) eH; akwo IxPeH, To aAnsa scix ye W maemo R;,‘(d)) eH.

Teopewma 6. Hexali g — He3aMKHeHUU wWiisiX y cekeeHuitiHomy depesi, H — MHOXUHa 8cix crieyuchikosaHux gbopmyr1 CEKeeH-
uiti ypozo wisixy. Todi icHyroms AC A= (A, ) ma 5 "A maki: 1) FPeH = Dy(8)=T; 2)PecH = D(8)=F.

HoeedeHHs1. Hexaln g — He3aMKHEHWI LWNAX Y CeKBEHLiINHOMY Aepesi. Mepexoaun Big HMKYO0i BEPLUMHU LWINAXY A0 BULLOT
BUKOHYIOTBLCS 3rigHO 3 6A30BMMM YM LOMOMDKHUMU CEKBEHUINHMMK hopmamu. [epexoamn, BUKOHaHI 3rigHO 3 Takumu cop-
MaMmu, BiAMNOBIiAaloTb NyHKTAM BU3HAYEHHS MOAENbHOI MHOXMHU. KoxHa HenpumiTuBHa opmyna, Lo 3yCTpivyaeTbCcs Ha
LMAXY g, PaHO 4M MisHO Gyae posknageHa Yv CnpolleHa 3rigHO 3 BigMnoBiOHOK CeKBEHUiHOW hopMoto. YCi cekBeHLUil

LMAXY g HEe3aMKHEHi, TOMy BuKoHytoTbes ymosu HC, HCU, HCE kopekTHocTi MogenbHoi MHOXMHWU. OTxe, H — mogenbHa.
Hexann W — MHOXMHa yCix 03Ha4YeHNX NpeaMeTHUX iMeH, LWo dirypytoTb y H.

PiBHicTb iHOyKYye Ha W BigHOLIEHHSI eKBiBanNeHTHOCTi: X~y < |-x=yeH. Hexan A = V% — (hbakTOp-MHOXUHA MHOXWHM

W 3a BigHOLWEHHAM ~. [To3Ha4Mmo [v] Knac ekBiBanNeHTHOCTi 3 MPEACTaBHUKOM V.
BusHaummo tenep & = [vo[v] | ve W]. Take & — ctop'ekuis W—A.

3apgamo 3HaveHHs 6a30BuX NpeamkaTiB Ha & Ta Ha IM Burnagy rg (9).

Axkwo -x=yeH, To x~y, Tomy (x = y)a(8) = T 3a nobyaosoio 3.

Axwo - peH, 1o 3a0amo pa(d) = T; AKwo peH, To 3aaamo pa(d) = F.

Akwo - Rg (p)eH, To 3apamo pa(r% (8)) = T; sKWO Rg (p)eH, To 3apamo pa(r % (8)) = F.

B ycix iHWMxX BUNagkax 3HayeHHs 6a30BMX NpeavkaTiB 3a4aeMOo OOBINbHUM YMHOM, 6epyun 0o yBarm oBMeXeHHs woao
CTPOro HeiCcTOTHOCTI: Ans BCiX d, heA Takux, wo d||-v(p) = h||—v(p), HeobxiaHo pa(d) = pa(h). Ue rapaHTye, Wwo imeHa
yev(p) CTpOro HeiCTOTHI ANs pa.

[ani noBeaeHHs BeaeTbCs iHOYKLIEK 3a cKNaaHicTio opmynu 3rigHo 3 NnobyaoBOK MOLENBHOT MHOXWHM.

[Ons atomapHux dopMyn i hoopMyn BUrmsAY R%(p) TBEpmKeHHs 1) Ta 2) TeOpeMu BUMIMBAIOTH i3 HABEAEHOTO BU3HAYEHHS]

3HayeHb 6asoBux NpeamkaTie. Kpok iHayKLUil Ana TBepaxeHb 1) Ta 2) [OBOAUTLCS CTaHAapTHUM YMHOM (avB. [4, 6]).
HaBepemo aons npuknagy gosegeHHs ans n. H3.
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Hexaw |- 3xPeH. 3rigHo H3 Toai icHye ye W Take, wo |_R}’,‘(CD) eH. 3a npunyweHHAM iHAYKLii (R;((cD) )a(d) = T. 3Biacu
DA(8VXx—5(y)) = T. OpHak 8(yN 3rigHo 3 5c"ATa ye W, Tomy ansa a=3(y) maemo ®4(8Vx—a) = T, 3Bigkn (IxD)a(8) = T.

Hexan 3x®eH. 3rigHo H3 ans Beix ye W maemo R}’,( (@) eH. 3a npunyLweHHAM iHayKLji (R;,‘ (@) )a(8)=F pnsa scix yeW.
3Biacn ®4(6Vx—3(y)) = F onsa Bcix ye W. 3rigHo 3 5e"A, maemo 8(y) ons Bcix yeW. Mosask & € clop'ektiieto WA, To KoxHe

beA mae Burnsag b = 8(y) ana geskoro ye W. Omxe, @4(8Vx—b) = F ons Bcix beA, 3Bigku gictaemo (IxP)a(8) = F.

Ha ocHosi Teopemu 6 oTpuMyeMo TeopeMy NOBHOTU ANst QEG-4ymcneHb.

Teopema 7 (nosHoTH). Hexali I' |= A. Todi cexkseHuisi | T'A eugidHa.

HosedenrHs. Mpunyctnumo cynpoTtusHe: I' |= A 1a |-I'_JA HeBmBigHa. AKWwo |-I' A HEBMBIAHA, TO CeKBEHLIiiHe AepeBo & Ans
|-I-jA He3amkHeHe. OTxe, B 8 iCHye He3aMKHeHu Wwnsx g . Hexan H — MHOXMHA BCiX cneumdikoBaHnx dopmyn CEKBEHLN
wnaxy g. Taka H— mogenbHa. 3rigHo 3 Teopemoto 6 icHytote AC A = (A, ) Ta 5e"A Taxi: -PeH = Da(8)=TT1a WeH =
Ya(8) = F. 3rigHo 3 | .TJA c H ans Bcix ®cI” Maemo ®@4(8) = T, ans Bcix WeA maemo Wx(8) = F. Lle cynepeuntb ymosi I' [= A.

BucHoBku. B po6oTi gocnigkeHo nepLlonopsiakoBi KOMMO3ULIMHO-HOMIHATUBHI NOTiKM KBasiapHUX NpeaukaTiB KBaHTOP-
HO-eKBaLiiHOro piBHA. HaBe4eHO OCHOBHI CEMaHTWMYHI BRACTMBOCTI TakMX MOriK, 30Kpema, BNacTMBOCTi X—Y-03Ha4yeHOoro
BiJHOLLEHHS foriYyHoro Hacnigky. Ha uint ocHoBi NoOya0BaHO YMCNEHHS CEKBEHLINHOIO TUMNY ANS 3aranibHOro BUNaaKy norik
KBasiapHWX NpeaukaTiB KBAHTOPHO-eKBALMHOrO piBHA. [ns 36yaoBaHUX YncneHb OBEOEHO TEOPEMU KOPEKTHOCTI Ta MOB-
HOTW. Hagani nnaHyeTbca NPOAOBXUTM OOCHIAKEHHS ANSA NOriKk HEOAHO3HAYHMUX KBasiapHMX NpeanKkarTiB.

1. Handbook of Logic in Computer Science. Edited by S. Abramsky, Dov M. Gabbay and T.S. E. Maibaum. — Oxford Univ. Press. — Vol. 1-5, 1993-2000.

2. KnuHu C. MaTemaTtuueckasi noruka.— M.; 1973. 3. HukumyeHko H.C. KoMNO3“LMOHHO-HOMUHATUBHbIN MOAXOA, K YTOYHEHUIO MOHSATUS nporpammsl // Mpo6n.

nporpammupoBanus. — 1999, Ne 1. 4. Hikimyerko M.C., LWWkinbHsik C.C. MaTtemaTnyHa norika Ta Teopis anroputmis. — K., 2008. 5. LlkinbHsk C.C. BigHoWweHHs

TOriYHOro Hacniaky B KOMNO3WLiiHO-HOMIHATUBHUX norikax // Mpo6n. nporpamyBaHHs. — 2010, Ne 1. 6. LkunbHsik C.C. Jlorvkv kBasuapHbIX NpeankaToB NepeBo-
ro nopsigka // KubepHetuka u cuct. aHanua. — 2010, Ne 6. 7. CmupHoea E.[]. Noruka n dounocodus. — M.; 1996.
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FORMALIZATION OF THE OOP PARADIGM: INHERITANCE OF ABSTRACT AUTOMATA

B po6omi npedcmaeneHo cnpoby euzHa4yumu maki moHimmsi 06 ‘ekmHo-opieHmoeaHoz20 npozpamyeaHHsi (O0I) sk abcmpakmHul
mun AaHux, Knac, 06'ekm, npouec, HacnidyesaHHs1 Yepe3 npsiMi 006ymku, eiGHOWeEHHsI Ha MHOXXUHax, (hyHKUii ma abcmpakmHi aemo-
mamu. 3anponoHoeaHa ¢hopmanizayiss noHssms OOI cymmeeo eidpi3Hsembcs eid ¢hopmanizauiii Jlroka Kapdenni, sky MoXHa eeaxa-
mu 3a2a51bHOMPUUHSIMOK.

In the paper some important terms of object — oriented programming (abstract data type, class, object, process, type, inheritance)
are mathematically defined through relations, functions and automata. Proposed formalization of OOP notions significally differs from
the formalization of Luca Cardelli, which could be considered as generally accepted.

1. Introduction

Following B. Mayer,

* by an abstract data type, we mean the quadruple: (type; function signatures; axioms connected the functions; precon-
ditions of function execution) (see Abstract data types, Formalizing the specification, [1]);

* by a class, we mean an abstract data type (in what follows, ADT) equipped with a possibly partial implementation (the
static structure: classes, [1]), i.e., implemented in a programming language.

Since the definition of a class implicitly contains the notion of programming language, it should be formulated more rig-
orously in the following form:

By a A -class, we mean an ADT equipped with a possibly partial implementation in the programming language A .

If, as the implementation language A , we take the language of formal specifications, which admits an implicit description of
functions (i.e., with the help of signatures, axioms, and preconditions), then we should agree that the notion of ADT cannot be
distinguished from the notion of A -class. For example, as such a language, we may use Z [2] (a method of mathematical notation
adapted for requirements of programmers) or, furthermore, RSL [3], which allows any style of program writing from functional to
imperative one. In [4] one can find an examples of algebraic design of ADT via RAISE developer method. In this method, one
uses the implicit description of functions of ADT on early stages of designing; then, one passes to the imperative style of function
writing in a subset of the RSL language such that it admits an automated translation of the RSL-code into C++ (or ADA). This im-
plies that the notion of RSL-class is equivalent to the notion of C++-class (ADA-class).

Thus, we assume that ADT, as well as a class, are synonyms of the pair (type, set of functions). Then, in the paper, we
pass from the pair (type, set of functions) to the triplet (set of states, next-state function, transition function), i.e., to an ab-
stract automaton and specify inheritance relations on the sets of automata.

The inheritance condition for output function of the Mealy automaton, which is added in this paper, allows us to general-
ize in a natural way the definition of polymorphism introduced in [5] for the Moore automaton.

2. Main Definitions and Results

2.1. Main definitions

Semicomputable function. A function fis called semicomputable [6] if there exists a program

such that:

« it returns a value f(x) if a value x from its definition domain dom fis given to the input;

« it never stops if a value which does not belong to its definition

domain xgdom fis given to the input.

Mealy automaton. Assume that Q is a set of states, X is a set of input signals, Y is a set of output signals.

© MickyHoB A., MeTtpeHko C., 2011
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Then the triplet (Q, 6 - Q x X - Q, 1 :Q x X = Y ) where § is a next-state function (transition function) and A is an out-
put function, is referred to as an abstract Mealy automaton.

Diagonal product of mappings. Let mappings g+ : X — Y7, ..., gk - X — Yk be given. Then, the mapping
(91,---, gK) - X = Y1 x ... X Y, specified by the condition (g1 ,..., gi)(X)= (91(X), ..., gk(x)) for any xeX, is referred to as the di-
agonal product of mappings g, ..., gk. The mappings g1, ..., gk are components of the diagonal product.

Projection. The mapping my : X7 x... x Xk — Xj specified by w, (xl ,xk): x;, where 1 <j <k and x; € X will be re-

J J A
ferred to as a projection.

2.2. Proposition

Let T, X, and Y be some sets. Then, any function f : T — X xY can be represented as the diagonal product of com-
positions of function f and corresponding projections of X xY onto the its factors.

Proof. Suppose that f satisfies the condition f(t) = (x, y), teT, xeX, yeY. Then, by the definition of projection, we have:

(x’ y) = (TCX(xa y)’ 7TY(xa Y)) = (TEX(f(t))a TcY(f([)))
=(my o f(1), my o f(1) = (ny o f, My o [)O) = f(D)
Thus, fis the diagonal product of the functions my o f and =y o f.

2.3. Corollary

Any (semicomputable) function % :T — OxY may be derived from two (semicomputable) functions g and f, where
g:T>Qand f: T>Y.

Discussion. In the proof of Proposition 2.2 , we have used the simplest functions, namely, projections and elementary
operations over the function, namely, composition and diagonal product (partial recursive functions, [6]). Therefore, if a
function fis partially recursive, then the functions-components f; = Ty © f and f, =my o f are also partially recursive and,

hence, semicomputable. Thus, we may assume that function f is derived from simpler functions-components. We will con-
sider the semicomputability of a function as a synonym of the possibility to write this function in some programming lan-
guage.

Remark. In the Rogers paper (example: primitive recursive functions, [7]) there is primitive operation (IV) for the con-
structing of primitive recursive functions. This operation substitutes operations of composition and diagonal product used by

Manin [6]. This operation maps some functions f: Y x..xY, > Z and g : T —>Y,,..,g,: I, >Y to the function

Ax: Tef(g(x), ...gc(x).

As we can see: it in one partial case (k = 1) it is equivalent to definition of composition; in other partial case (f is identity
function, f(x) = x) it is equivalent to definition of diagonal product.

A is symbol of 1 -expression.

Next-state function and output function. Let, for some sets Q, X, Y (such that Y cannot be represented as the

Cartesian product of Q with any other set) function g: QxX — Q will be referred to as a next-state function, and

function f: QxX —Y will be referred to as the Mealy output function (function f: Q >Y

will be referred to as the Moore output function).

Remark. It seems that, in [8, pp. 47, 95] a next-state function is called a generator, an output function is called an ob-
server, and set Q — a type of interests.

2.4. Proposition

Let Q be a set, | be a set of indices {7, ..., n}. Then, any set of functions {,: QxX; —» QxY; | iel} specifies a

Mealy automaton.
Proof. First, in accordance with 2.3 , we construct two sets of functions

Gz{gi (0% X; —>Q|ie[},
F={f,:0xX,>Y|iel}.
Then, by the first set of functions, we specify the next-state function
§:0xIx X x..xX, >0 asfollows: 5(q,i,x,...,x,)

case i of

1>g(¢.%), 228 (4:%), .. n—>g,(4.x,)
end
By the second set, we specify the output function A:Qx/xX;x..xX, =Y, x..xY, as follows:

K(q,i,xl,xz,...,xn) is (fl (q,xl),fz (q,xz),...,fn (q,xn)).

Denoting Ix X, x..xX, byX and ¥, x..xY, by Y, we may see that, by construction, the obtained triplet (Q,S,l)
satisfies the definition of the Mealy automaton.
Class, type. For any Mealy automaton (Q,S,k) , the set of its states Q will be referred as the type. We consider the

term an automaton as a synonym of the class term.
For an automaton A, we denote its type by Q(A).

By virtue of Proposition 2.4, by a class, we may also call the triplet (Q,{g1 0% X, —>Q|iel},{fj 1OxX; >, |jeJ}),

where [, J are set of indices.
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Object, process. Below, for any class 4=(0,F,,F,):

* we may use the notation of class A instead of the type of class Q(A) in the signature of functions, in particular, from
sets Fs and Fy;

« the notation a € 4, instead of a € Q(A) is also accepted. This means that value a being a tuple as any element of Q(A),

may be used in no expressions either than functions with class A (or with a derived class A) in the signature.

The concepts of object (process) are meaningless if the program is written in the applicative style. Maybe, it is meaningful
to refer to a tuple a as a € 4 as to an object. If, in the set of next-state functions Fs, there is at least one function with the
empty second factor, i.e., of the form g: 4 — A, then the tuple a may be referred to as a process.

In the imperative style of a programming, for an abstract automaton A, by an object (process), we mean the variable
declared by this automaton.

Note that, since the notion of type Q(A) is different from that of class A, we may speak about an object of class A and an
object of type Q(A).

Associativity of the Cartesian product. Note that the operation of joining and, hence, Cartesian product, is associative, that is
(AxB)xC=Ax(BxC)=AxBxC [9,p.153].

The associativity of the Cartesian product means that, for X = Ax B , function f: X — T, may be treated as a function
with the signature f: AxB —>T .

Lambda expressions. Below, we use the symbol A to write a function expression. An expression
Aval, - T,,...,val, : T, e exp ression (vall,...,valn) representing a function7; x...x7T,, &> T, where T is the type of expression
(vall s val, ) .

For example, the expression Ax:Int,y : Int ® x + y determines the function of addition of two integers with the signature

Int x Int — Int .
3. Conditions of Function Inheritance

Suppose that some sets 0;,0,,0,,0, , connected by the relation O, =0, x0, x0, .Let g, €0,, g,€0,, g, €0.,.
Inheritance of next-state functions. A function g,:0,xX — O, is in the inheritance relation with a function

g0 xX >0 if g,=7(q,.9,,9,,x): 0, % xXO(ql,ql (ql,x),qr) , where x € X , i.e., function g,is the diagonal prod-

uct of functions of the form g, = (nQ[ » 81 O(TCQI ,TCX),TEQ ) (figure 1).

e

%4
(ﬂy Orct 7
g2
0> xX > 0= 01x01x0,
oy
7Z'QV v
0,

Figure 1. Inheritance of next-state functions, ve {l, r}

Inheritance of the Mealy output functions. A function f,:0,xX — Y is in the inheritance relation with a func-
tion f,:QxX —>Y if f;=%(q. 4, q,, x): :Q,xX e f(g,,x), where xe X , i.e., function f, is a composition of
functions of the form f, = £ o(nQ], nX) (figure 2).

Figure 2. Inheritance of the Mealy output functions

Inheritance of the Moore output functions. A function f, : O, — Y is in the inheritance relation with a function f,: O, —>7Y

if f5= k(ql,ql,q,,x) 10,0 i (ql) , i.e., function f, is a composition of functions of the form f, = f; o m, (figure 3).
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7Z'
Q2—>Q1

P

Figure 3. Inheritance of the Moore output functions

Inheritance of functions of the general form. A function g, : 0, x X — O, xY is in the inheritance relation with a function

8O xX > O xY if g =h(q,4.9,.%): 0y % xXO(ql,Tch (g (ql,x)),qr,ny(gl(ql,x))) , where x € X , i.e., function g is
the diagonal product of functions of the form g, = (TCQ/ T ° & ° (an sy ), Ty » Ty © ) o(nQ1 ,Ty)) (figure 4).

Remark 1. In the definition of inheritance of functions of the general form, we use different projection functions
Mo O xX >0 and ny 1O xY > 0.

Remark 2. The discussion of the inheritance of functions of the general form is beyond the scope of this paper due to
Proposition 2.2 . We gave the definition in order to show that a general definition of inheritance exists.

Y
/ 1
ty
o xY
o ’
0
e
O xX / A
o 9 v 07
X &4
(”QI ’”X) Ql x
QZXX/ i — 0,=0,x0,x0,
7Z'QV
7Z'QV
v
o,

Figure 4. Inheritance of functions of the general form, vefl, r}

Visible and true signatures of functions. Let an object q and a function f belong to an automaton A. By virtue of programmers'
tradition to record expression f(q, x) as g - f(x) the signature f:Ox X — OxY we'll be referred to as to a true signature. The
signature of the same function written in the brief form f : X — Y will be referred to as a visible signature.

4. Inheritance of Abstract Mealy Automata
Suppose that we have an automaton B=(0,,{g,;: O, xX,; >0, [ism}{f, ;0 =Y ;| j<my}) and an automaton

A=(0.48, O x X, >0 lismp{f ;G > Y ;| j<sm}).

We say that automaton B is in the inheritance relation with automaton A (inherits automaton A) ( Class B inherits class
A), if:

* Q:is a Cartesian product O, x O, x Q,., where Q; and/or Q, may be empty sets;

« there exists a partial injection ©:{i|i <} ~>{i|i<n,} such that, for anyi <n, the next-state functions g, ., and
g,; are in the inheritance relation;

« there exists a partial injection p:{i|i<m} ~>{i[i<m,} such that the output functions f, ,; and f,,,i<m, arein
the inheritance relation.

Remark. Function f: X — Y is injection if f maps different elements of the domain X to different elements of the rang

Y, thatis f(x1) = f(x2) implies x1 = x2.

Automaton A be referred to as a parent and automaton B will be called child.

Then, for each pair of the parent automaton A with type Q; and child automaton B with type Q», the inheritance condi-
tions for next-state and output functions allow one to specify the inheritance operators (¢ similar to S and 6 similar to O):

« for any next-state function g from A, by ¢s:a(g), we denote the function (nQI ,go (an Ty )T ) s
« for any function g of the general form from A, by ¢g.4(g) we denote the function

(TCQ, »Tg, °8° (7‘ch Ty )s Mg, Ty © g © (TIQ] Ty))

+ similarly, for any output function f from A, 6,.,(f) = f o(my ,my) (the Mealy output function),
0p.4(f)=f-° Ty, (the Moore output function).



~ 44 ~ B 1 C H MU K Kuiscbkoro HauioHanbHoro yHisepcurety imeHi Tapaca LleByeHka

We will omit one subscript or both subscripts B:A if it is clear what automata are discussed.

5. Construction of the Child Automaton for a Single Inheritance

Single inheritance [10] occurs when a subclass (child class) inherits attributes from only one class. We define the follow-
ing procedure for constructing the child automaton B = { Qz, G, F2 } by the parent automaton

A= {Q1, G1, F1}.'

» We specify a factor Q, (maybe empty) by enumerating (as programmers use to do) types of its components to the right
from automaton A;

* Let for any next — state function g of automaton A there is its image ¢g.4(g) in the set of next-state functions of automa-
tonB: G2o{B.Ag|BAg: Q2xXy— Q2°BAg=¢saQ) n9eG1};

« Similarly, let for any output function f of automaton A there is its image 6s.4(f) in the set of output functions of B: F» > {
B.A.fl B.Af: Qz x Xr— Yo B.A.f= HB;A(f) A fEF1 }

If, for a function denoted by B.A.h, sets G, or F, contain no other function denoted by h with the same signature, then
we may omit references to automata B.A in the notation B.A.h or explicitly give a synonym as one uses to do in SQL. For
example, Gg:4(f) as fi.

The automaton B constructed in this way is, by construction, in the inheritance relation with automaton A. Note that this
procedure allows one to construct only partial cases of pairs of automata in the inheritance relation.

5.1. Remarks about the Syntax

For access to an attribute x of the class, i.e., in our terms, to an element of a type T of some proper tuple, the next-state
function x: Q x T — Q and the output function x: Q — T are used. In the notation system from "Variant Definition" [11], these
functions may be written in the form x : T «» x. The first occurrence of x (namely, x: T) denotes the output function x : Q —»
T, the second occurrence (T+»x) denotes the next-state x - Q x T — Q. In that case it is not necessary to mention functions
such as x in the next — state functions set and the output functions set. The other functions of the automaton must be explic-
itly defined indicating the visible signature.

Consider an example of a class in terms of the C++ language:

class A { public: int a; public void g (int b) { a+=b;} };

this class may be written, for example, as follows: A = (‘a: Int <»a, { g = A b: Int « a(this, a(this) * b) }, 0 ) where the full
form of the 1 expression defined function g must be:

g=A this: Int, b: Int « a(this, a(this) * b).

In the following example, class B : A { public: float x;} the inheritance operator may look like this:

B =A x (x: Float «<»x, 0, 0).

6. Multiple Inheritance

Suppose that we have automata A = (Q(A), Ga, Fa), B = (Q(B), Gs, Fs), C, such that automata C and A are in the inheri-
tance relation and automata C and B are in the inheritance relation. Then, automata C and A, B are in the relation of multi-
ple inheritance if

« the sets of states Q(A) and Q(B) are direct factors of the set Q(C);

« for any pair gaeGa and gsGsg holds ¢c:a(9a) # sc:8(98);

« for any pair faeFa and fgeFg holds Oc.a(fa) #0c:8(f).

It is rather simple to generalize the definition of multiple inheritance from two parents to an arbitrary number of them.

6.1. Remarks about the Syntax

Consider an example of multiple inheritance in terms of the C++ language.

class A { public: int a; };

class B { public: int a; };

class C : public A, public B{};

In our terms, it is written as follows:

A=(a:Int <a, 0, 0)

B=(a:Int ¢<»a, 0, 0)

C=AxB

The notation a ((x,y), z) for some x, y, z :Int means usage of the next — state function

a: (Int x Int) x Int — (Int x Int) inherited from class A (as the first one met from the left) is applied. So, we will assume
that it is the brief form of the C.A.a((x, y), z) notation. To apply the second function, we must either specify it explicitly
C.B.a((x, y), z) or declare a synonym, for instance, in the form C=A xB (aasaft).

It also seems rational to introduce synonyms for classes. Then, for the C++ text

class A { public: int a; };

class C : public A, public A{};

an analogue could be the following:

A=(a:inta, 0,0)

C=AxAasB(aasal).

1.Bertrand Meyer. Object-Oriented Software Construction. Second Edition. Santa Barbara, USA: Prentice Hall Professional Technical Reference, ISE Inc.,
1997. 2. Jonathan Bowen. Formal Specification and Documentation using Z: A Case Study Approach, 2003. www.jpbowen.com/pub/zbook.pdf. 3. Chris
George. Introduction to RAISE. UNU-IIST report No. 249, 2002. www.iist.unu.edu/pub/techreports/report249.pdf 4. The RAISE Method Group. The RAISE
Development Method, 1999. www.iist.unu.edu/pub/RAISE/method_book/book.zip. 5.Piskunov A.G. Formalization of the object-oriented programming paradigm
(In Russian), 2007. www.realcoding.net/article/view/4570. 6. Manin Yu.l. Computable and incomputable (in Russian), 1980. agp1.nm.ru/arts/manin2.html. 7.
Podxepc X. Teopus peKypcuBHbIX YHKUMIA 1 adbdekTuBHas BbluncnnmocTte. Mocksa: Mup, 1972. 8. Chris George. Introduction to RAISE. UNU-IIST report
No. 249, 2002. users.iptelecom.net.ua/~agp1/arts/report249.pdf. 9. Date C.J. An Introduction to Database Systems. Sixth edition. New York: Addison-Wesley
Publishing Company, 1995. 10.Jamie Shield. Towards an Object-Oriented Refinement Calculus, 2001.Thesis. 11.Chris George. Introduction to RAISE, 2002.
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YOK 519.664.7; 519.688; 531.37
. CnaBKo, KaHA. TEXH. HayK, AOL.

3BEAEHHA NOBTOPHOI0O KOHTYPHOIrO IHTErPANy
A0 OAHOKOHTYPHOI'O NPU MOAENIOBAHHI MAFHITHOI NIABICKU

Po3pobeHo MemoQd 38e0eHHs1 M08IMOPHO20 KOHMYPHO20 iHmezpasny 6o 0GHOKOHMYPHO20 O71s1 06YUCIeHHS 83aEMHOI iHOyKmue-
Hicmi @ 3adayax MaeHimHoI neeimauii einbHo2o0 mina. Memod 3acmocoeHul 0nsi 008iNIbHO20 MPOCMOPO8020 PO3Mauly8aHHs1 Kpyeo-
8UX CMpyMo8uUX KOHMYypie.

A method to reduce the iterated line integral to the line integral to calculate the mutual inductance in the tasks of magnetic suspen-
sion of a free body is represented. The produced method is applicable for the arbitrary space disposition and orientation of circular loop
current carrying elements.

B 3agavyax MarHiTHOI NigBICKM Ha OCHOBI CMIOBOI B3aeMopii HAaONPOBIAHMX CTPYMOHecyuYnx BuTkiB [1, 2] BUHMKAE Npo-
6rnema ob4MCneHHs iIHOYKTUBHOCTEN, siKi BU3HAYalOTbCS NOBTOPHUM KOHTYPHUM iHTerpanom (Tak 3BaHa doopmMyna HenmaHa,
OvB., Hanpuknag, [3]). B 3aranbHoMy BUrnsaai o6YMCreHHs BOAETbCS BMKOHATU TiMbKM B MPOCTMX BUMNagkax. Yacto Taci
cnpobu NpMBOAATbL OO OTPUMaHHS  LuykaHuxX hopMyn y BUrMsAi cneuianbHUX YHKUIN ans Tux abo iHWKMx gonylieHb 3a
napameTpamu KOHTypiB. Came UMM NOSICHIOETLCS NPEACTaBMNEHHST YUCENBbHUX 3HAYEHb IHOYKTUBHOCTEN | B3aEMHUX iHOYK-
TUBHOCTEN Y BUMMSAI AOBIAKOBMX Tabnuup, LWO € pe3ynbTataMy 064YMCNeHHs 3Ha4YeHb crnevianbHux yHKUin [3].

3a3Bunyai BMpiLLEHHs1 NPObneMun 3HAXOA4ATb B 3aCTOCYBaHHI YACENbHUX METOAIB ANnsl 00UMCNEHHS NOABIMHUX iHTerpanis 3
ypaxyBaHHsIM crnieuundpiku iHTerpoBaHux BupagsiB. Arne 3acTOCYBaHHS YACENbHUX METOAIB BUSBNAETLCA MarnoedekTMBHUM Anst
0BYMCEHHA 3HAYEHHs1 B3aEMHOI iHOYKTUBHOCTI He Ansi BU3HAYEeHOI KOHdirypauii po3tallyBaHHsS efleMeHTIB CUCTEMW Mpu Mne-
BHMX FEOMETPUYHUX | ENEKTPOMEXaHIYHNX NapamMeTpax, a aAngd ix AOBiIfbHUX 3Ha4YeHb. Taki 3aBOaHHS BUHMKaOTbL Npy AOCHi-
DPKEHHI AMHaMiKM eneKkTpoMeXaHiYHMX CUCTEM, 30KpeMa CUCTEM MarHiTHOI fneBiTaujii. AKLLO rOBOPUTU TiflbKM NPO B3aEMHe Npo-
CTOpPOBE pO3TallyBaHHS MarHiTHUX eNeMEHTIB, BigKMOa4un TEXHIYHI NapamMeTpyu cUCTEMU, TO HaBiTb B LibOMY BUNagKy MoBa
nae npo oBYMCNEHHsT B3AEMHOI iHAYKTMBHOCTI 3aneXHO Bif, LUeCTV NapaMeTpiB — KOOPAMHAT, L0 BU3HaYaloTh NOMOXEHHS Of-
HOro enemeHTy LWoAO iHWoro. B 3HayHii mipi 3aBOaHHA yCKNagHIETLCH, KOMW BkasaHi (hOpMyny 3aCTOCOBYIOTLCSA AN OTpU-
MaHHS1 PO3MoAiny MarHiTHOrO Nons, 00YNCNEHHsSI B3aEMHMX iHOYKTUBHOCTEWN OOBINbHO PO3TALLIOBAHNX KOTYLLOK, BUBYEHHST OU-
HaMiku MarHiTHoi nesiTauji.

OcobnnBo 3aBAaHHS YCKNAAHKETLCA NPU BUKOPUCTaHHI hOPMyI B3aEMHOI iHOYKTUBHOCTI ANst AOCHIOKEHHS CTINKOCTI
piBHOBary CUCTEM MarHiTHOro nmiaB.icy i AuHamiku konneBaHb abo 06epTaHHs BiNbHO MiABilLEHOro 6e3KOHTaKTHOrO ENEMEHTY.
KpuTepii cTiikocTi nopoaxyoTb He0bXIigHICTE AMdepeHLilOBaHHS Nif 3HAKOM iHTerpany aHaniTM4Ho cknagHux Bupasie. 3a-
CTOCYBaHHSI YMCENbHUX METOoAIB AUEPEHLiIOBaHHS Y MOEQHAHHI 3 YMCENBbHMMU METoAaMU iHTErpyBaHHS MpUBOAUTL 00
HaKoMU4YeHHs1 0b4McnoBanbHOI NOXUbKN. AK Bi4OMO, B3aeMHa iHOYKTUBHICTb YyTNMBa 4O NPUBEOEHOT cepeaHboil BiACTaHi
MK erneMeHTaMn CUCTEMM: HEBENUKI 3MiHM BiACTaHi MOXYTb NPMBOAUTM OO0 3HAYHUX 3MiH BEINMYMHMN iHOYKTUBHOCTI. BinbLu
TOro, BENnYnHa iHAYKTMBHOCTI MOXEe MaTu 3Ha4YEeHHsi TOro XX NopsaAKy, WO W BeNnYnHa HakonuyysaHoi noxubku. A ue npu-
BOOUTb A0 BTPaTU CTINKOCTI YnNCENbHUX METOLIB.

OCHOBHMMYM eneMeHTaMU eNTeKTPOMEXAHIYHMX CUCTEM € CTPYMOBI KOHTYpU. 3aMiHa CTPYMOBUX KOHTYPIB TOHKMMMU MiHis-
MU O03BOSISIE CNPOCTUTU MOAENb | BBaXaTu, WO CTPYM PiBHOMIPHO pO3MoAineHun nNo nepeTuHy. BiaMiHHICTL nonis 3HUKae

Npu HaBNVXKEHHi [0 HyNs napameTpa T =d/a , WO xapakTepuaye BiAHOLIEHHs AiameTpy nepeTuHy d [0 pagiycy a Kpyro-
BOrO KOHTypa, TOMYy pPO3rnsAatMmMeMo BUMadoK Manux T (TOHKI KOHTypw). Takui niaxia [A03BOSISE BUKOPUCTOBYBATU AnS
OTPUMaHHS B3aEMHMUX iHOYKTUBHOCTEN enemMeHTiB cuctemmn cdopmMyny HertmaHra.

PosrnsHemo (pu1c.1) TOHKUIA NiHIMHWUIA OPIT KPYroBOro nepeTuHy, 3irHyTui No Aysi kona, Npu4oMy ApiT MOXe 3amMuKaTucs
B MNOBHe KinbLe (Hagani ctpymoBui enemeHT 1). CTpymMOBUA eneMeHT 2 — NoBHe KinbLe, )XKOPCTKO MOB'A3aHe 3 BicecumeT-
PWYHMM HE MarHiTHMM TifoMm, BiCb Kinbus cniBnagae 3 BicClo Lporo Tina. LleHTp mac O 3B'A3ku nexuTb Ha 3ararnbHii oci.
3B'sI3Ka Mae WICTb CTEMEHIB BINMbHOCTI i MOXe 3aiMaTth byab-ske MOMOXEHHS LOAO NepLIoro CTPYMOBOro ernieMeHTy. Bee-

[AeMo cucTeMn KoopauHaT (Mpasi), K nokasaHo Ha puc.1. Hexan q;, a, - pagiycu kineub 1 i 2, signosigHo. LieHtp mac O
BigAaneHuin Big NIOLMHK KinbUSA 2 Ha BiAcTaHb S, TOOGTO |020| =5 . AKLWO 3a noyaTok BiAniky y3saTu Bick O,;, To NoyaTok
AyroBOro NpoBiAHWKA 3aJacTbCsA KyTOM f3;, @ 3aKiHYeHHSI — KyToM 3, .

Hexait p,a.,C - umniHapuyHi koopamHaTh LeHTpy mac O y cuctemi O, M, C; (p - BiACTaHb 3a NOMSIPHUM MPOMeEHEM, No-
BEPHYTUM Ha KyT o BigHocHo Bici O\, y nnowwuHi O\, NpoTh YacoBoi CTPINkM i NnepeHeceHMM naparnenbHO Y340BX BiCi
O,L, Ha BenuuuHy C ). KyToBa opieHTaLlis 3B'A3ku BU3HavaeTbes kyTamu Einepa (0 - kyT HyTauii, y - KyT npeuecii, ¢ - kyT
BlacHOro obepTaHHs), AKi BUsHa4aoTb nonoxeHHss O&(n,C, BiaHocHo O&ng .

Y pobotax [1,2] ana o64ncrneHHs B3aEMHOI iHOYKTUBHOCTI, BUKOPUCTOBYETLCA chopmyna, oTpumara 3 dopmynn Henmana [3]
i, NpegcTaBneHa y BUrMsaj NOBTOPHWX iHTerpanis:

Ly = %Tﬁff[sm(xl —)sin(h, +) +cosOcos (A, +§)cos (A, )]
><{a12 +a2+p>+C% +5> —2apcos(hy — o) —2as -sinB-sin (y — 1) -
~2aa, [ cos (A, +¢)-cos (X, —y)+sin (%, —y)sin (L, +¢)cosd |+
+2spsin Bsin (y — o)+ 25C cos 0 + 2a,¢ sin Osin (1, +¢) +
+2a,p[ cos (2, +¢) cos(y - ct) +sin (o~ y)sin (%, + ¢) cos e]}_l/2 dn,.

© Cnaeko I'., 2011
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BukopucTaHHs HaBedeHoi hopMynu, CTano NpUYMHOLO BiACYTHOCTI JOCNiAKEeHb CTIMKOCTI CUCTeM nesiTauii Ans Hecume-
TPUYHMX BUNAAKIB CTPYMOBUX enieMeHTiB. Taka dhopmyrna, B OKpeMux BUNaakax CriBBIiCHUX Kinelb, Moxe OyTu 3BefeHa o
NOBHUX eNiNTUYHKX iHTerpanis. Y pewTi BUNagkis AoBeAeTbCA BUKOHATU NOABIVHE iHTerpyBaHHs. Y Aesknx okpemux Bunag-
Kax B3aEMHOrO po3TallyBaHHS KOHTYpIB MOXHa OTpumaTu aHanituuHi (y BUrnsai psgis cneuianbHux yHKUiN) npeacTas-
NeHHs1 B3aEMHOI IHAYKTUBHOCTI, arne BOHU MatoTb CnabKy 30iKHICTb, rPOMI3AKi Ta MaloTb XOPCTKI 0OMEXEeHHs1 Ha napameTpu
i He MOXYTb OYTM 3aCTOCOBAHI 4119 AOCTiAXKEHb.

Cnupatoumce Ha poboTy [3] MOXHa 3pobuUTK NPUNYLLEHHS MPO MOXUBICTb BUKOHAHHSA B aHaniTM4HOMY BUMMSAi OOQHOrO 3
[ABOX iHTerpyBaHb, SIKLLO XO4 61 OAMH 3 KOHTYPIB € 3aMKHEHUM KPYroBuM KOHTYpoMm. [Mobyayemo anroputm 3segeHHs hopmynm
B3aE€MHOI iHAYKTUBHOCTI 4O BU3HA4YeHOro iHTerpana Ans BUunagky, Koy OavH i3 CTPYMOBUX €MTEMEHTIB € 3aMKHEHUM KPYroBUM
KOHTYPOM, @ iHLUMM eneMeHTOM — NiHINHWIA OpIT, 3irHyTUiA 3a Ayroto kona abo NOBHWIN 3aMKHEHWI KPYrOBUIA KOHTYP.

PosrnsiHemo enemeHT AoBXUHW d{,; APOTY CTPYMOBOrO enemMeHTy 1 (y 3aranbHomy Bunagky, d{, moxe 6yTu enemeH-
TOM [OBXMWHM ByAb-AKOro KpuBOniHiHOro apoty). Hexan df, posrnspaetbcs y Touui P. Yepes Touky P napanenbHo nno-
Wi O,&,1, NPOBEAEMO KOO 3 pafiycoMm 7, = |Q2P| 3 LeHTpoM y Touui O, , Lo po3TalloBaHa Ha nogoexeHHi sici 00,
(puc.2). MosHaunmo koro -y, (puc.2). Posknagemo df, Ha cknagosi: dCy, no oci y,, dr, no npamin Q,P , nepneHau-
KynspHini go sici Cy,, i dy, 3a gyroto kona Yy, . 3po3ymino, B3aemMHa iHAYKTVBHICTL enemenTa d(, i KOHTypa 2 JOpiBHIOE
Hynto, Yepes Te Wo dC, nepneHAnKYNspHWU NNowWmHi kona. BaaemHa iHOYKTUBHICTb dr, i kona 2 Byae Tex HynboBa Ye-
pes cMMeTPilo KOHTYpa BiQHOCHO HanpAMKy dr, . Ha niactasi LIbOro MoxxHa 3pobuTi BUCHOBOK MPO Te, Lo B3aEMHa iHOYKTU-
BHICTb dL;, enemeHTta d/{, i KOHTypa 2 AOPIBHIOE B3AEMHII IHOYKTUBHOCTI sz“/z enemeHTa dy, i kOHTypa 2. BpaxoByto-

4M KoaKcianbHICTb Kona Y, | KOHTYpa 2 (CMMETPUYHICTb), MOXHa 3anucaTti:

_ dvy, _ dy,
Ys 2nr,

dé,
A
dny,
dr,

P

S

2

72

Puc.1. Cuctemu koopauHat CTPyMOBUX €fieMEHTIB Puc.2. JonomixHi no6yayBaHHsA

KopucTytounce pyc.2, oTpuMaemo:
dyy = cos(h,)dng, —sin(h,)dEy, =
= (c0s(A,) cos(B,) — sin(,) cos(cty))d
Ae cos(a.,),cos(B,) - HanpaBnsitoui KOCUHYCK eneMeHTy df; Mo ocsix &y, Mo, @ Ay = artg(Mp, /Epa) -
Toai

_cos(A,) cos(B,) —sin(A, ) cos(ar,) d, .

dlLy, = dM2Vz = MZYz 21,
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BukoHytoum iHTerpyBaHHs 3a BCi€to AOBXMHOW Ayrn £, matumemo [3]:
1 . _
L,= %j M 2, (cos(,)cos(B3,) —sin(A, ) cos(a, )7, dv 1- (1)

Bupasumo 7,,cos(a,),cos(B,) Ta iHwi cknaposi dopmynu yepes p,a,C,0,y,d . Ao cTpymoBuii eneMeHT 1 — kinbLe
abo gyra Kinbus, TO LMNIHAPOBI KoopAMHATK Aeakol Toukn enemeHTy df; y cuctemi O§m,¢, wactynHi: a;,A,0, ge a;-
papiyc Kinbus A, - KyT NoBopoTy (Bianik Big oci O,&; NpoTU roanHHWKoOBOI CTpinku), 0 — annikata. Todi MoXHa 3anucaTy
ONsi pagiyc-BekTopa Kona i Ans enemeHTy ayru:

d, = ay(cos(A, )i +sin(),) (2)
dly = a(=sin(M )i, +cos(r,) )M (3)

HeobxigHo 3HaiTh HanpaBnAtoyi KOCUHYCK enemMeHTy ayrn d{; no ocsax &p,, Mg, - 3 Lieto MeToo BUPasMMo BEKTOP d?l

yepes koopauHaTtu cuctemn O,&,N,Co, KopucTytounce Matpuueto nepexoay Big 0§ m,&; oo O&my&y:

dl, =a ((—all sin A, +ay; coshy )iy +
(—ay; sink; +ay, cosh, ) jo +
+ (@ sin ., + ay cosh, ) Ky ) -
TaknM YMHOM, OTPUMAHI HaNpaBnAloYi KOCUHYCU eNEeMEHTY d?l Mo ocax Epy, Mgy
cos(a,) =—a;; SinA; +a,; cosA, cos(B,) =—a;, sinA; + ay, COSA, .

Papiyc ysiBHOro Kinbus Y, MOXHa 3HaNTW, SKWO crnpoekTysaTh Bektop O,P Ha nnowmny O,&),Mg, , @ NOTIM 3HaNTK
[OBXMWHY BeKTopa-npoekuii. AHanoriyHo 3HaxoauTbCA BiACTaHb MK MNOLUMHAMM Kinbus 2 i Kinbusa 7y, . HeobxiaHo Tinbku
cnpoektyBam O,P Ha Bicb O,&,. 3Haligemo Bektop O,P =Ry koopauHaTtax cuctemun O&mC,. 3 puc.1 Bunnueae
oYeBUOHa BEKTOPHA PiBHICTb

Ry =d=pp -5,
ne
ay = ay(cos My +sinhyfy), Prp =peos(ai +psin(a)jy + k-

Micns nepexogy Ao cuctemmn koopamHat O&ym,E, maTumemo :

i =aq ((al1 coshy +ay sinky )iy +(ay, COSA; +ay, sinky)- jo +
+(a13 COS A +ay;sin ) -ky),
Py = (allp cosa + aypsina + a31(;) g+ (alzp cos oL+ ay,psina + a32(;) o+
+(a3pcos o+ aypsina +asl)-ky, §=sk .
Toai

R, =i [al (a;; cosh; +ay;sin)) —p(a;, cosa+a,; sina) — a31(;]+
+Jo [al (a5 cos k| +ay, sink;) —p(a;, cosa + a,, sina) — a32C]+

+ky [al (a13 €08 A +ay38in k) —p(a; oS o+ ay; sina) — a6 — s].

3Hanpemo npoexkLito Bektopa R, Ha nnowuHy O,&,1g, a noTim Ha Bick O, . MaTtumemo BignosigHo:

P Riy | 0,e,my, = ol (@1 COSAy +ay sindy) —p(ay cos o +ay sina) - ay L]+

+Jola (@5 coshy +ay sink; ) —p(ay, cos o+ ay, sina) —az,C]
k,

P Ry |o,c,, = kola (a3 coshy +ayysindy ) —p(ay; cosa+ay; sina) - az;¢ 5]

CKOpUCTaBWNCH TUM, WO iy = jo =1 iy~ j, =0, oTpumyemo:
KL =al +p? —2a;pcos(h, — )+
+(? sin? O —sin? 8- (g, sin(A, — ) — psin(a —y))* —
—a,Csin 20sin(A; —y) + pLsin 20sin(o — ) .
3Haiigemo BiacTaHb /1, MiX NMOLLMHOLO KinbLs 2 i NMOLLMHOI YABHOTO KinbUSA Y, :

hy, = |a1 (a3 cos ) +ayy sink;) —p(ag; cos oL+ ays sina) —as 6 —s| .
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3 ypaxyBaHHAM KoediLjieHTiB a; nicnsa 3MiHW 3HaKy, MaTtUMeMo:

h, = |sin 0 (a;sin(A; —y) —psin(a—y))+Ccos O + s| .
3Haligemo BMpasmn Ans cosi,,sin A, . [ins Lboro 4OCUTb Po3risiHyTW TPUKYTHUK O, P&, Ha puc.2 i ckopucTaTucs cnis-
BiAHOLUEHHAMMU:

sink, =Mgy /1y, c08hy =& /75,

ae r, — pagiyc kona y,, a &g, i Mg - KoedilieHTn npu opTax (koopauHaTu) npoekuii Bektopa O,P Ha NNOLWMHY
Or€0aMp, - Toni

sinh, =[a;(a, COS A + ay, sin k) — p(ay, COS oL+ ay, sina) —apll-ry

cos A, = [a;(ay, cosh + ay, sind,) —p(a;, cosa +ay, sina) —ay,C]-7; .

BpaxoBytoun octaHHi BMpa3n Anst sin,,CosA,, a TaKoX paHille OTPUMaHi BUPasW Afs HanpaBMsiloyMX KOCUHYCIB
€OS 0Ly, C0s B, , MiCNs NepeTBOpPeHb MaTUMEMO:
CosA, cosf3, —sink, cosa, =
=[a, cosO—pcos(r; —a)cos 0 —Csin(r; —y)sin 0] rz_l.

MipcTaBnsitoun BUpasn ans 7, i cosi, cosP, — —sini, cosa,y popmyny ans L;, oTpumaemo:

L,= i(j szz [a; cosO—pcos(r; —a)cosO —Esin(h; —y)sin O] x
1

-1
><[al2 + p2 + é;z —2a;pcos(h; —a) = (L cos O +[a; sin(A; —y) —psin(o — y)]-sin 6)2] -d?,

Kpusa /- pyra (abo Bce kono) pagiycy a;. Ckopuctaemocsi popmMysioo nepexoay Bid KpWUBOMIHIMHOMO iHTerpana Ao

3BMYaiHOro, BPaxoBYIOYM, LUO 3MiHHOK iHTErpyBaHHA € KyTOBa BeNMYMHa A;, @ PIBHAHHA Kona B MOMAPHIA opmi

r =a, cosh,. Topi

3 ypaxyBaHHSIM OCTaHHbOTO BUpasy copmyna anst L, npuiimMe Burnsia;

B,
L, = 21_75 ) My, [af cos 0 + pa; cos(), —a) cos B — Ca, sin(h, — ) sin 0] x 4)
By

-1
x[af +p2 + % = 2a,pcos(h, — o) — (C cos O + [, sin(h, — ) — psin(a — )] -sin 9)2} -d\,
ne Py <A <p,.
Ak ykasyBanocs panille szz - B3aEMHA iHOYKTUBHICTb KoaKcianbHMX Kineub 2 i v, , WO MaloTb BiACTaHb MK MOLK-

Hamu piBHY h, ipagiycu a, i r,, BianosigHo. KopucTytounch Bigomoto chopmysoto [1] Ans B3aeMHOT iHAYKTMBHOCTI CriBBIC-
HUX Kineub MaTMMeMO:

12 12

rna
=2 [— 2% (5)
12 (ry +a,)> + 12

ne K(k,),E(k,) —noBHi eninTuyHi iHTerpanu mogyna &, .

2 2
M2Y2 = Hoy 128y Hk__klzjl((kn)_k_E(kn)]

[Micna BBeAeHHs NO3HaYeHb 3 ypaxyBaHHSM OCTaHHbOI (POPMYNK, 3anulemMo B3aeMHY iHAYKTUBHICTb KinbuUdA 2 i AiNsHKK
ayrn (CTpyMOBOro enemMeHTty 1) B HacTynHoMy BUrmsg;:

= = 1 PMm,f
Ly =woyaay Ly, Ly :Eg %dl, (6)
1 12

2 2
My =(——kp)K(kyp) ——E(kyy) ,
ki, ki

(az/al)’Alz ,
|:(a2/a1)+A12]2 + H,

ki =2-
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2 2 2

A122:1+ L s —2£cos(k—a)— £t:os@-i—(sin(?»—\y)—ﬂsin(ot—\p))sine ,

9 q 9 a q

J1o =cos(0) - ﬁcos(k —a)cosO— isin(?» —y)sin0,
q 4

H,, =|sin B(sin(A —y) — ﬁsin(oc -y))+ iCOS(G) + i‘ ,
a a a

ne K(k,),E(k;,) — nosHi eninTuyHi iHTerpanu moayns ki, , L, - MarHiTHa KOHCTaHTa.

3ynmMHMMOCSH Ha AesIKMX BaXKNMBMX 0COONMMBOCTAX OTpUMaHoi cpopmynm (6). Bigpasy BigsHauumo, Lo Ha BigMiHy Big dopmyr,
Lo BUKOpMcTOBYBanucs B [1,2], TyT BiACYTHA koopauHaTa (¢ , WO BU3HaYae BnacHe obepTaHHs Kinblsi 2 HAaBKOMO CBOEI oci. Ye-

pes3 0CbOBY CUMETPIO 3B'sA3kK Lie 06rpyHTOBaHO. KpiM TOro, 3amicTb NOABIMHOIO iHTerpana, My oTpuMany 3BUYaiHUI iHTerparn.
Opyruii iHTerpan Baanocs 3Becty 4o yHKLT NOBHUX eninTuYHUX iHTerpanis. OTpumaHa opmMyra 403BOSISE 3HAaX0AUTUN B3aEMHY
iHOYKTUBHICTb HE TiMbKW ABOX Kinewpb Npu AOBINbHOMY pO3TallyBaHHi, ane Takox i Ans Ayru i kinsbud. MoxHa, Hanpuknag, oTpu-
MaTu BigoMy popMyry B3aeMHOI iHAYKTUBHOCTI [3] Anst BUNagdKy cniBBiCHUX Kineub. [ns uboro AocUTb NPUAHATM p=0=10.

lonosHoto nepesaroto hopmynu (6) € onTMmManbHe NOEAHAHHS @aHaNITUYHOTO | YNCENbHOro iHTerpyBaHHs, 0cobnuBo nig,
Yac 3HaxXOOKEHHsI MOXiAHUX B3aEMHOI iHOYKTMBHOCTI NO KoopAauHaTax. PopmMyrna nerko TeCTYETbCS Ha BCiX Npuknagax ans
KinbLeBUX KOHTYpIiB 3 gosigHuka [1]. LLe ogHa nepesara popMynu B TOMY, LLO NIiCAS BUKOHAHHS aHaniTUYHOro AndepeHLi-
HOBaHHS NPU OTPUMaHHI YaCTUHHUX NOXIAHWMX ANS OOCNIOXKEHb CTINKOCTI, HeMae HeOOXiAHOCTI 3BOAUTM OTpUMaHi BUpasn o
NOBHUX ENINTUYHUX iHTerpanis. ®opmMyna (6) B3aEMHOI iHAYKTUBHOCTI ICTOTHO CNpOLLYE NPOBEAEHHS OOCTiAXKEHb CTiNKOCTI
CUCTEM MarHiTHOI neBiTauii i pobuTb MOXNIMBUM OOCNIAXEHHS CTIAKOCTi CUCTEM 3 FOPU3OHTANbHOK BicClo 06epTaHHs, a
TakoX He BicecMmeTpuydHnx cuctem. Kpim Toro, Ao Hei edpekTMBHO 3aCTOCOBYIOTLCH YMCENbHI METOAM iHTerpyBaHHSA. binbLu
Toro, chopmyna moxe GyTU BUKOPUCTaHa B CTaHAAPTHUX MaTemMaTUyHMX naketax Tuny MathCad, Matlab.

Mpuknagm 3acTocyBaHHsA hOPMYNM B3a€EMHOI iHOQYKTUBHOCTI

Ha rpadikax B Tabnuuax 1, 2 B3aeMHUX iHAYKTUBHOCTI npeactasneHo B 6e3po3mipHOMY BUrnSAi

le :le/(uo,/alaz), ae le — 6esposmipHa BenuuunHa, L, — po3mipHa BenuuuHa. B tabnuui 1 nokasaHi npuknagu

3anexHoCTi B3aEMHOI iHAYKTMBHOCTI Big koopauHaT, a B Tabnuui 2 Big BigHOWEHHS pajiyciB CTPYMOMNpPOBIAHUX BUTKIB.
Bci 064ncneHHs BuKoHaHi i3 3actocyBaHHaM cdopmynu (6).

Ta6bnuuys 1
3anexHicTb B3a€EMHOI iHAYKTMBHOCTI Bif koopauHaTt
[lBa NOBHi CTPYMOBI Kinbusi MapameTpu cuctemmu
3 | | | a=0,0=0,y=0, s/q =0, a,/a, =0,95
L

HOMep KpUBOI C/a1

1 0.1

2 0.2

3 0.5

-1 L | I
0 0.5 1 1.5 2 4 1.0
MNiBkinbUe i Kinbue MapameTpu cuctemu
a=(3n)/2,6=0,y=0, s/aq =0,
a,/a; =0,95
2 L T T T

12 HOMep KpUBOi C/a1

1 0.0

2 0.1
3 0.3
4 0.5
5 1.0
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a=0(m)/2,0=0, y=0, s/a, =0,

2 L T T T
= a,/a; =0.95
HOMEpP KpUBOI p/a1
1 0.0
2 0.3
3 0.5
4 1.0

a=03n)/2,p=0,y=0, s/aq =0,

2 T T T
L
g - | a,/a; =0.95
’ HOMep KpUBOi ¢/ay
1
1 1 1 0.0
2
0.5 3 1 2 0.3
4
0
) 3 0.5
- 1 1 1
0.5 4 1.0
0 0.5 1 1.5 2
[Ba NOBHi 3aMKHEHi KOHTYpHU MapameTpu cuctemmu
E . T T T (LZO,@:O,\]/:O,S/CZ]:O,p/a1=0
H HOMep KpUBOi C/a1
1 0.1
2 0.5
3 1.0
4 1.5
Y, ' ' ' a=0,0=0,y=0, s/a,=0, p/a,=0.5
HOMEpP KpUBOI p/a1
1 0.1
2 0.5
3 1.0
4 1.5

" I I I a=0, 0=n/6, y=0,s/a, =0, p/a,=0.5
12

0s b _ HOMeEp KPUBOT ¢/a
1 0.1

06 - 1 5 -
3 2 0.5

04l -
4 3 10

0z 5”’_—__“‘“—%%‘
[ — 4 1.5

o | | | !
1 2 3 4 5 20

1. Ko3sopes B.B. luHamnyeckvie cucteMbl MarHUTHO B3auMogdencTBylowumx Ten.- Knes: Hayk. aymka, 1981. 2. MarHutHasi noTeHumanbHasi sima — acpcpekr
cTabununsaumm CBepXNPOBOASLLMX AMHAMUYeckux cuctem / Muxaneeuy B.C., Kozopes B.B., PawkosaH B.M., XycanHos [.4., Ye6opuH O.I.: — Kues: Hayk.

aymka, 1991. 3. KanaHmapos [1.J1., eldmnuH J1.A. PacyeT nHayktmBHocTew: Cnpas.kH.—f1.: QHeproatomuagar, 1986.
Hapinwna no peakonerii 06.09.10



KIBEPHETUKA. 11/2011 ~ 51~

YOK 517.929
A. WaTtupko, kaHA. pi3.-MaT. HayK, CT. HayK. CMiBpoOG.,
. XycaiHos, a-p ¢i3.-maT. Hayk, npod.

AOCHNIMKEHHA ABCONMIOTHOI PIBHOMIPHOI CTIMKOCTI CUCTEM PErYJIIOBAHHA
3 nicnapielo METOAOM ®YHKLIA NANYHOBA

OmpumaHo docmamHi ymoeu abcosiromHoi cmitikocmi HesliHIlIHUX cucmeM pe2yJsTto8aHHs1 HelimpasibHo20 mury. [To6ydoeaHo ouiHKu
€KCIMOoHeHUianbHO20 3amyxaHHs1 po3e’a3kie. Pe3ynsmamu npedcmaeseHi y auansidi KOHCMpPYKMuUeHUX aneebpaidHux Kkpumepiie. Anapa-
mowm docnidxeHHs1 ob6paHo npsimuli Memod JlsanyHosa 3 ¢hyHkyiero muny Jlyp'e-lfocmuikoea ma dodamkosoro yMogoro PasymixiHa.

Sufficient conditions of absolute stability of nonlinear regulator systems of neutral type are received. Estimations of exponential
dumping of solutions are constructed. Results are presented in the form of constructive algebraic criteria. The instrument of research
chooses Lyapunov's direct method with function of Lurie-Postnikov's type and an additional condition of Razumikhin.

Bctyn

ACUMNTOTUYHA CTIRKICTb B LiNTIOMY HYNbOBOrO PO3B'A3KYy CUCTEM 3 HEMIHINHICTIO "CEeKTOpHOro BUrnsay" otpumarna Ha3By
abcontoTHOI cTimkocTi [1,2]. B cTtaTTi po3rnsgaoTbes cuctemn audepeHuianbHO-pPisHULEBUX PIBHSAHb HEMTpanbHOro Tumy.
JocnimkeHHs NpoBOANTLCA METOAOM (byHKLUIA JisnyHoBa 3 (OyHKUiEW BMAY CyMM KBaapaTU4HOI hopMuM Ta iHTerpana Big,
HeniHiHocTi [3]. [eski pesynbtatv JochifKeHb B LibOMY HanpsiMky, OTpMMaHi 3 BUKOPUCTaHHAM dyHKLioHaniB JianyHoBa-
Kpacoscbkoro, onybnikosaHi B poboTtax [4-7]. B gaHin ctatTi oTpumaHi octaTHi yMOBKM abCOMnOTHOI CTIMKOCTI i KoedilieHTn
€KCMoHeHLjanbHoro 3aTyxaHHs po3B'sa3KiB.

AGcontoTHa CTilKiCTb cMCTeM NPSAAMOro perynioBaHHSA

Posrnapatotbca cuctemu 3 nicnagicto HeMTpanbHOro TUNy

i[x(t)_Dx(t—r)] = Ax(t)+Bx(t—r)+bf(G(t)),

dt
o(t)=c"x(t), t>0. (1)
Tyt x(t) eR", A, B, D - kBagpatHi matpuui 3 ctanumu koediuieHtammn, b, ce R", t1>0 — cTane 3anisHIOBaHHs,
f (o) — HenepepaHa dyHKuisi, 1o 3ap0BonbHsiE ymoBy Minwmus it £ (0) = 0 . Mig po3s'siskom cuctemn GyEMO PO3YMITH KyCKO-
BO HerepepeHO AU(EepeHLoBHY dyHkuilo x (1), WO TOTOXHO 3apoBonbHsiE cucTemy (1) i nodatkosi ymosu x(¢)=¢(7),
x'(t)=wy(t).me ¢(¢), w(r)— nosinbHi HenepepsHi dyHkuii, BU3HaYeHi npn —T <7< 0.
O3HaueHHs 1. HynboBuUi po3B'A30K CUCTEMM HENTPAribHOro TUMY EKCMOHEHLIanbHO CTIMKUA B METpuL c’, AKLLO iCHYIOTb

crani N;>0,i=1,2ivy>0 TaKi, Lo ANs JOBINLHOTO Po3B'A3Ky X(¢) PIBHAHHSA BUKOHYETLCA HEPIBHICTD

x(0)

O3HayeHHs 2. HynboBuiA po3B'A30K CUCTEMW HENTPANbHOrO TUMY EKCMOHEHUianbHO CTiKUA B MeTpui Cl, SAKLLIO BiH

(1) <| M (O + ¥

exp{—%yt}, t>0. (2)

CTifKMI B MeTpuLi cli icHytoTb ctani R, >0, i=1,2 i >0 Taki, Wo Ana A0BINbHOro po3s'a3ky x(f) PiBHAHHS BUKOHY-
€TbCH HEPIBHICTb

x(1) x(0)

TyT i fani BUKOPUCTOBYKOTLCA HACTYMHI HOPMU

<| R [[x(0)]_ + R,

exp{—%nt}, t>0. (3)

b2

1 n
= a0} 0] - £
||x(t)||T = max {|x(s + t)|} . (4)

—1<s<0
A nax (') s Ain (o) — eKCTpeMmaribHi BNacHi YvMcna BignoBigHUX CUMETPUYHMX, LOAATHO BU3HAYEHUX MaTpULlb.
O3HauveHHs 3. Cuctema (1) abcontoTHO CTilika, SIKLLO 1T HYNbOBUIA PO3B'SI30K €KCMOHEHLianbHO CTIMKUA ANnst AOBINbHOI

yHkuii f (c) , Lo 3a0BOMbHSE "ymoBam cektopa”

[ko—f(c)]o>0, k>0. (5)

Ona pgocnigxeHHs abComnTHOI iHTepBanbHOI CTINKOCTI Oyae BuKkopucToByBaTUCA (yHKUiA JlsnyHoBa Buay Jlyp'e-
[MocTHikoBa 3 eKCroHeHLianbHUM MHOXHUKOM

o(x)
V(x,t)=e" x"Hx+B | f(o)doy, B>0, (6)
0

3 JoAaTHO BMU3HadeHow matpuueto H . Ana dyHkuii llanyHoBa (6) cnpaBegnunsa HacTynHa ABOCTOPOHHS OLiHKa

i (H ) <V (3,0) < € Rmax (HLB)A" ) Ftmax (.B) = Mgy (H)+%Bk|c|2. (7)

© WaTtupko A., XycaiHoB 1., 2011
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Bynemo BBaxaty, Wo cuctema 6e3 BiAXUNEHHS apryMeHTy

%(]—D)x(t) :(A+B)x(t)+bf(6(t)) co(t)=c"x(t), t20

aCMMMTOTMYHO CTinka. OCKiNnbku 3a YMOBOIO, |D| <1, TOX Tl MOXXHa 3anucaTtu B BUrNA4j

K(0)= (1) (4+B)x(0)+(1-D) b (o1(1).
G(t):ch(t), t>0. (8)
I, aKwo maTpuus (I —D)_1 (A + B) aCMMNTOTUYHO CTilKa, TOAi MaTpuUyHe piBHAHHSA JlanyHoBa
[(1 -D) ' (4+ B)]T H+H(I-D) ' (4+B)=-C (9)

npuv OOBINbHIA JoAaTHO BU3HadeHin matpuui C Mae equHUIA po3B'SI30K — A04AaTHO BU3HaYeHy matpuuio H .
HacTynHi gocnigxeHHs 6yaemo npoBoauTn 3 BUKOpPUCTaHHAM dyHKLUiT JlanyHoBa Bugy (6) n ymosu b.C.PasymixiHa [8].

Mo3Haunmo yepes 8Vt°"7 NMOBEPXHIO PiBHSA V(x,t) = o dyHKuii JlanyHoBa (6), a Vta’y — obnacTb B po3wwmpeHomy ¢a3oBo-
My npoctopi R" x R , siky BoHa obmexye, To6To
oV = {(x,t) €R"xR:V (x,t)= oc} ,
vt ={(xt) e R" xRV (x,1) <af. (10)

HaBegemo psa LONOMIXKHUX TBEPOKEHD.
Jlema 1. Hexan (m — 1)7: <t <mt.Toai cuctema piBHAHb HENTPANbLHOrO TNy (1) ekBiBaneHTHa cMCTEMi PiBHSAHb 3 3ari-

3HHOBAHHAM

X(0)= D" x(t—m) + Ax()+ S DI (DA+ B)x(t— i)+ D" Bx(t —mr) + S Divf (o(t-iv)) (11)
i=1 i=0

3 noyatkoBuMM ymoBamu x(1) = ¢(1), x(t) = y(t), —t<t<0.
HeedeHHs. Mepenuwemo cuctemy (1) y Burnsai

).c(t) = D;c(t — 1)+ Ax(t) + Bx(t - 1) + bf (o (1)) (12)

MNigcTaBMMO 3amicTb X(¢ —T) MOro 3HAYEHHS, LU0 3a4aETLCA aHaNOrYHOK 3aneXHICTIo
x(t—1) = Dx(t = 21) + Ax(t ) + Bx(t - 21) + bf (o (¢ - 1)),
OTpMMaeMOo HacTyMHY CUCTEMY PiBHSIHb
x(t) = D x(t = 27) + Ax(t) + (DA + B)x(t = 1) + DBx(t — 21) + bf (o (¢)) + Dbf (o (t - 1)) .

3pobumBLLK e OfHY iTepalLiito, OTpMMaEMO

x(t) = l)3 x(t—3‘t)+Ax(t)+(DA+B)x(t—r)+ bf(G(l))+Dbf(G(t—'C))'FDzbf(G(t—21')) )

D(DA+ B)x(t—21)+ D Bx(t —31) +

Hexaw (m - l)’t <t <mt.3pobumBwmn m—1 - iTepaduito, oTpumaemo cnissigHoLweHHs (11).

TNema 2. Hexait ansa noxiaHoi coyHkuji V' (x,t) (6) B3poBX po3B'A3kiB cucTeMu (1) x(t) npu ¢ > 0 BUKOHYETLCS HEPIBHICTb
d 2
7 vV (x(t) s t) < —Me" |x(t)| + Ne¥” |x(t)| ,

M>0, N>0. (13)
Togi cnpaBeaonueo

(o) < Jo(#,B) [ (0)]exp {—%[ﬁ* YH M (25)\] j) Efxf) (H.5)

1 M xmax (Hsﬁ)
0- - - = O H,B)=———— 14
JloeedeHHs. BUkopucToByt4YM HEPIBHOCTI KBagpaTuU4HMUX popm (7), nepenuniiemo cnissigHoweHHs (13) y Burnsgi
1
d M N (G‘EYJ‘
—V(x(t),t) < —=———V(x(t),t )|+ ——¢ Vix(t),z).
dt (x(1)1) Amax (H,P) (x(2)-1) Anin (1) (()-)
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Po3sB'asytoun oTpumaHy avdepeHuiansHy HEpiBHICTb (TUNy PiBHAHHA BepHyni), oTpumaemo

3 M 7\«max (H B) N
EEOBENEET exp{ e (H.PB) } S (H) M+(28=1) o (H.B)

Jofo-30)-enf- ﬁH

BuKOpUCTOBYOUM ABOCTOPOHHIO HEPIBHICTL KBaApaTUYHUX GhOpM, OTpUMaEmMo
M 7\amax (H B) N
2max (H B \/xmm +(20 =) Amax (H, B)

xlew{e—w e —<H

(0] < Jo B x( "eqﬁk_{__:¥;15+y}}+

Amax (H,B) N y
Kmin () M +(20+7) Amax (H,B)

R e ]
Lo 1 Tpeba Oyno nokasaTw.

Nema 3. Hexam pAnsa posB'asky x(t) cuctemn (1) npu —t<s<7T, T=0 BMKOHYETLCA (x(s),s)eK“’V,

*Y’

mm ‘X <}\,max (H,B)x(O)exp{

3Bigcu

(x(T),T) € oV, *" . Topi cnpaBeanuBa HepiBHICTb

(1) =x(r ) <[ 1+ Jo(.B) ||<(7)]. (15)

LosedeHHs. Ak BUTIKae 3 ABOCTOPOHHIX OLHOK (7) Mae MicLie cniBBigHOLIEHHS

T (H)|x(T =) <V (e(T=7),T=7) < <V (x(T).T) < & max (H.B)|x(T)]-

(7= 7)| < ™[O (H.B) |[x(T).

() (7 (7 (7 o) < [+ OB ().

Nema 4. Hexai ansi posg'ssky x(7) cuctemm (1) mpu —t<s<T, (m—1)t<T <mt BUKOHYETHCS (x(s),s)th‘*’y,

3Bigcu

W otpumyemo

(x(T),T) € 0V,™" . Topi cnpaBeanvBa HepIBHICTb

*(1)-x(T =) :

<2[p["" (1+|D)[x(0)

+K [ 1+e™ Jo(H.8) |[(7)

T
x AL [Bl kB
1-|D]
HosedeHHs. Ak BuTikae 3 Buay cuctemu (1), Mmae Micue HepiBHICTb

(16)

%(T)=x(T =) < |D||e(T = 7) - x(T - 21) + Al (7) = (T = )|+
+[Bl[x(T = 1)~ x(T =27)+ |p||/ (o(T)) -/ (o(T - 7))
MoBTopiotoM oLiky L pas, OTAMEEHO
3(T)=x(T =) < |D [o(T = 21) - (T—3t)+|A||x(T)—x(T—r)|+|D||A||x(T—r)—x(T—21)|+
+[B[x(T = 1) = x(T =2t + |D||B||x(T - 22) - x(T =3¢)|+ |pl|/ (o(T)) - / (o(T = 7))

+|D||b”f(cs(T—t))—f( (T—27:))‘.
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J+

3a ymosotw (m—1)t<T < mt. Topi nposisum (m —1)— iTepaLito, oTpUMaEmo

x(T)-x(T-7) |D|'“{ (7= (m=1)7) = x(0)| + | (0) — x(T — mx)

#|A[x(T)=x(T =)+ DI|AlJe(T =) = x(T = 2¢) . (D" |A]}e(7 = (m = 2) ) = x(T = (m~1)<)|+
+|B||x ©) = x(T = 20)| + |D||B||e(T - 21) ~ x(T = 3¢)| +.. |D|m2|B” (m=1)7)=x(T = mr)+
+pl| 7 (o(7)) = £ (o(7 = 0)| +[DlJel| £ (o(T =)= £ (o(T = 22))|+. |D" 2|b”c (m=2)7)=o(T~(m-1)7) <

<2[p["" (1+|p)[*(0)

o -
1||| ||:1+ " ¢(H B):||X(T)|+ %[14_671 ¢(H,B):||X(T)|

3BiacK OTPUMYEMO TBEPAKEHHS Nemu 4.

MosHaunmo
1 1
Sh _EYBkz St +5VC St Sh
SI[H,[S,V,V]z ro1 | , SO[H,B,y]= o oo |’
() +ovel Sy (s2) %
T
Sh = —yH—[(I—D)_l (A+B)] H—H[([—D)_l (A+B)} , (17)

Sy, =—H[(1—D)‘1b —1[3(A+B)c, S, =—BCT(1—D)“b,

, -DY ‘K}}x [1+e7Jo(r.B)|.

R (B.D) ={ HHB[ D) ‘ ‘HDI D) ‘k}+[&k|c|[

R,(B,D)=2(1+D) ‘HD([—D)’ +Bk|e| cT(l—D)*1 DH,
[ = (5 1.0~ (5.0), M= 22 0] 0y~

Hasegemo TBepKeHHs NpO CTiMKICTb HYNbOBOrO PO3B'A3Ky cuctemu (1) i, BiANOBIGHO, OLiHKM 3GXHOCTI pO3B'A3KiB.

1, 1
Teopema 1. Hexawn |D| <1, i icHye gogaTHO BU3HayYeHa matpuus H i napametpy >0, v>0, 0<y<—In npu
T

D]’
SAKNX BUKOHYETbCS HEPIBHICTb
M[] =iy (S, [H.B,v,7]) = R, (B,D) > 0.

Toai HyNboBUIA Po3B'A30K cnctemu (1) abcontoTHO CTINKUIA B METPULL C! ans gosinbHoro T > 0. Kpim Toro ons gosinb-
HOro po3B'A3Ky x(t) , t >0 cnpaBegnvBa HacTynHa ouiHka 36iKHOCTI

b(5) M(s] s (H.,B) N[e]
| ”x X exp{ 2[m+yjt}+

sin (H) M [0]+(20—7) Amax (H,B)
x[exp{(e—y)} ex p{ 1[#[[{][3)+y]tH, (18)

o rof oL g L2, o,
xexp{ I[M—HHHJMH’B) : N[

Amax (H B)

x[exp{(e—y)t}—exp{—%(ﬁw&t}]} (19)

a ans noro noxigHoi
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HosedeHHs. MNepenuwemo cuctemy (1) B Burnaai
(I—D)x(t) :(A+B)x(t)+B[x(t—T)—x(t)}+D[x(t—r)—x(t)}+bf(c(t)).

Ockinbku |D| <1, Toai MOXHa 3anucatu

;(1):(1_0)—1{(“3) (1)+ B[ x(1—7) ]+D[ —1)- (t)}ﬂqf(c(t))}. (20)

O6umcnumo noBHy noxigHy dyHkuii NlanyHoBa Buay (6) B3gosx po3s'askis cuctemu (20). OTpumaemo

o(r)
%V(x(f),t)=Yeyf{xT(t)Hx(t)+[3 g f(c;)dG}Jr

+e7’{(1—D)_l{(A+B) )+B[x(r-1) ]w{ —1)- (t)}bf(c(t))HTHx(m
+ethT(t)H(I—D)_1{(A+B)x(t)+B[x(t—r)—x(t)}+D{;c(t—r)—;c(t)}rbf(c(t))}+
+eY’[3f(c(¢))cT(1_D)‘l{(A+B) )+ B[x(t—1) ]+D[ -1)- .(Z)}+bf(c(t))}

Mepenuwemo oTpumMaHuin BUpa3 HacTyMHUM YYHOM
div( (1)) = "x" (¢ ){ym[(z_z))l(mg)} H+H[(1_D)1(A+B)]}x(t)+
26" [x(t=7)-x(1)] | (1- D) B]T Hx (1) +2¢™ {;(I —1)- ;(z)}[(z -py" DT Hx(1)+

w2e"s (1) H (1-D) " by (o(r)) +
w6y (o(1))e” (1-D) (4+ B)x(t)+ 87 (o(1))e” (1~ D) BLx(i-1)~x(1)]+

. . o(1)
+eyt[3f(c(t)) e’ (1 —D)_1 D{x(t -1) —x(t)} + "B’ (I- D)71 bf? (c(t)) + yBe” { [ f(o) dc} :
0
BurikopucToByoumn no3HadeHHst (17), nepenmiiemMo oTpMMaHuin BUpa3 y BUMAAI CymMy KBaapaTUYHOT (oopMu 3i "30ypeHHsIMn"

%V(x(t),t) =" (« (1), £ (0(0)))x Sy [H.By] x(x (1), £ (0(1))) +
w20 [x(t-x) ()] [(1-D)" 8] (s )+2e7’[ (t-)—x(s )}[(1—1))1 p| ()
+Be” f(o(t))e” (1-D) " B[x(t-1)-x(r)]+
LT : o)
+Beytf(c(t))cT (I-D) D{x(t—r)—x(t)} +yBe” g f(o)do

BukopucTtoBytoun, Tak 3BaHy, S —npoueaypy [9] i BnactueocTi (5) dyHKuji f(c) , 3anvemMo oTpuMaHuin Bupas y Burnagi

T

d T

—V(x(t),t):—eyt(xT (t),f(cs(t)))x S [H,B,v,'y]x(xT (t),f(c(t))) +

dt
T

12" [x(t-7)-x(0)] [ (1-D)” B]T Hie (1) + 26" {)‘c(t _T)_;(z)}[(z_a)‘l D] Hx()+
+pe f (o))" (1-D) " B[ x(t-1)-x(t)]+ 21)
+Beytf(c(t))cr (I—D)_l D{;c(t—t)—)‘c(t)} —veytf(c(t))[c(t)—zf(c(t))} ,

ne matpuusi S, [H,B,v,y| BusHadena B (17).

Po3rnsHemo koxHe 3 "30ypeHb" B MOMEHT (m — 1)1: <T < mt OKpeMmo.
1. BukopucToBytoun nemy 3, Ans nepLuoro 36ypeHHst OTPUMaEMO HaCTYMHY OLiHKY
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[x(T—r)—x(T)]T[(I—D)‘1 B]T Hx(T) < (7)x(7 e
<|HB(1-DY" [1+eVT ¢(H,B)J|x(T)|. (22)
2. BukopuictoBytoum riemy 4, Ans Apyroro 36ypeHHst OTpUMaEmMo
{x(T—t)—x(T)}[([—D)_l D (7)< ‘HD([—D)_I x(T)[x(T) - x(T )| <
<|HD(1-D) {2|D|m1(1+|D|) +1<[1+eyf ¢(H,B)J}|x(T)|. (23)

3. 3HOBY BUKOpPUCTOBYOUM NeMy 3, Ansi TPETLOIO 36yp6HH$| Maemo
Bf(G(T))cT (1 —D)_1 B[x(T)—x(T —r)] < Bk|c| (1
Bl[1+¢™ Jo(H.B) ||+(T) - (24)

-D)"'B

|x(T)—x(T—'c)||x(T)|S

< Bk|c| ! (I- D)71

4. InsA yeTBEPTOro 36YypEHHSI

Bf(c(r))cf(z_D)—lD[;(T)_;(T }<[3k|c| (1-D) " D|lx(r)-x(r—)x(1)| <
< Bklc||c” (1~ D) D‘
{2|D|(1+|D|) x(0)] +K[1+en ¢(H,[3)]|x(T)|} (25)

Micnsa nigcTaHOBKM OTPMMaHWUX OUiHOK 36ypeHb (22), (23), (24), (25) B noBHY noxiaHy cyHKUii JlanyHoBa B MOMEHT 4acy
t=T oTpumyemo

o (5(1).T) % = (5 [H By (1) + 267 [p15(1- D) | [14+ € o () (7 +
s2erota -y o+l 0] ke BT otrtr)-
+e"Bklelle” (1 - D) B‘ 1+ Jo(H.8) |lx(7)] +
+e!"Bklel|c (1-D) " D {z|p|’"‘1 (1+|p])[x(0) T +K[1+en ¢(H,B)J|x(T)|}|x(T)|

MepeTBOPMMO 3anucaHuii BUpas Ao BUMMIsSay

%V(X(T),T)s "™ { X (S [H.B,v.7]) (‘HB D)_1‘+

HD(1-D)” ‘K)[He” o(.B) |-

—Bk|c|(cT(1—D)‘1 T (1-D)" K)[lJre” ¢(H,[3)}}|x(T)|2+
+2e7T(1+|D|)|D|m1[HD(I D) ‘+Bk|c| (1- D)_ID} ;(O)T|x(T)|.

BukopucToBytoun nosHaveHHs (17), oTpuMaemMo

%V(x(T),T) <= (R (S [H.B,v,7]) - R (B,D)}|x(T)|2 + ¢"|D" ™ R, (B,D)|x(0) (7).

T

Ockinbku, 3a npunywentsim, (m—1)t<T <mt, Toai

1

—mn— ——In—
m-1 1 ol 1 D
|p|"" = 12 e * 1P
Tomy Ans ouiHKM NOBHOI NOXiAHOT MAaEMO

%V(x(T),T) <! {Kmm (Si[H.B.v.v]) - R, (B,D)}|X(T)|2 .

|x(T)|, ezy—llni. (26)

. D]
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Axwo nosHaumTK (3rigHo (17))
R,(B,D
M [o]= o (Si[H.B.v.7]) - R (B.D), N[o]= 2(| | )

x(0)] .

T

Topi oTprmaemo, Wo BUKOHYOTbCSA ymMoBH (13) nemn 2. Tomy npu ¢ > 0 cnpaBegnvea HEPIBHICTb

O N e

max (H,B

Amax (H,B) N[o] | y
+ Momin (H) M [0]+(26+7) Amax (H’B)x {exp{(e—y)t}—exp{—g[mﬁ-y}}]_

W/ oTpmanu neplue TeepaxeHHs (18) Teopemu.

MokaxxeMmo, Lo eKCnoHeHLjianbHa CTivkicTb 6yae n B MeTpuLi C'. Sk suTikae 3 pesynbTaTie nemu 1, onsa noxigHot x(t)

B MOMEHT Yacy (m - l)r < T < mt Gyae BUKOHYBaTUCS CMIBBIOHOLLIEHHS!

<|pf"|x(0)

e ()¢ D+ B S 0] (7 i) +[0f" 8]0

T

G(T—l"t))‘.
BpaxoBytoun obMexxeHHs (5), Lo HaKknaaaTbes Ha dyHKLo f(c(t)) , G(t) = ch(t) , OTPUMAEMO

‘f(G(T—iT))‘ < k|G(T—i'c)| < k|c||x(T—i7:)| .
3Biacu

0)| +

T

+{D[""[][<(0)

c|]|x(T)|+
+’§|D|H [| DA+ B+ D]l (T <) @7)

MigcTaBMBLK 3aMiCTb |x(T)| i |x(T—ir)| iX BEPXHi OLiHKW, OTPUMAEMO

_ k\b||c|+|DA+ B
0) T +|D|m : |B|||x(0) . + {|A|+%} Orilsang x(s)| .
W ockinbku
D" [x(0) +‘D"’_1“B|||x(0)"r <
. || } _Qnﬁ’
<{x(0) ++—=[x(0 e
el -

TO4i ANdA AOBINILHOrO ¢ OTPUMYEMO

{

x(1)

x(0)

18]

T +W||x(0)

Q

1 -ty k|p|[c|+|D4+ B
T D{M %} (B (0],

[ M)
xexp{—g[m+yjt}+

Domax (H,B) N[e] y
Komin (H) M [#]+(26 =) Amax (H.B)

Ml|e
fotomi-eo k) )
Tob6T0 HepiBHicTb (19) Teopemu.

3ayBaxeHHs 1. B ymoBax abcontoTHOI CTIMKOCTI, SKi ccpopmynbOBaHi B TeopeMi 1, BUMaraeTbCs iCHyBaHHS A40AaTHO

BM3HadveHoi matpuui H i napametpiB B3>0, v>0, O0<y<— ln| | npu aKkux matpuus S, [H,B,v,y] TaKkoX AogaTtHo

BU3HaYeHa. 3HaXOKEHHSI KOHCTPYKTUBHUX 3HAYEHb LIMX BENMUYMH NEPEXOAUTL B OKPEMY 3aJayy HemiHiiHOT onTumisauii.
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3ayBaxeHHs 2. B ymoBax Teopemu HaknagaroTbCa 3HaYHi OBMeXeHHs Ha napameTpu cucTteMu. 3aBasku LbOMY OTpU-
MaHO YMOBM abCOnOTHOI CTIMKOCTI, PIBHOMIPHOT 3a 3ani3HIOBaHHSM.

1. Ilypbe A.WN. HekoTopble HenvHenHble 3aAayn Teopum aBToMaTudeckoro perynuposanusi. — M.-J1. Toctexusgar, 1951. — 251 c. 2. Aiidepman M.A., TaHT-
maxep @.P. AbcontoTHas yCTOMYMBOCTb perynmpyemMbix cuctem. — M., M3n.-eo AH CCCP, 1963. — 261 c. 3. XycauHos [.4., WaTtbipko A.B. Viccnepnosanune
yCTOMYMBOCTY AnddepeHumanbHO MYHKLMOHaNbHbIX cMcTeM MeToaom dhyHkumi JianyHosa. — Knes, N3patensctBo Kuesckoro yHuBepcuTeTa, Kues, 1977. —
4. Watmnpko A.B., XycaiHos [1.£1. [JocnigXeHHs iHTepBanbHOi CTIMKOCTI AndepeHLianbHUX CUCTEM perynioBaHHS i3 3ani3HEeHHAM 3a AOMOMOro (hyHKLioHanis
JlanyHoBa-Kpacoscbkoro // BicHuk KuiBcbkoro HauioHanbHoro yHiBepcuteTy iMeHi Tapaca LUeBueHka. disnko-matemaTuyHi Hayku, B.3, 2009. — C.212-221. 5.
LWatupko A.B., XycaiHoB [1.51. ABcontoTHa iHTepBanbHa CTINKICTb AundepeHLUianbHUX CUCTEM perynioBaHHS HelTpanbHoro Tuny // Mpobnemu guHamikn Ta
CcTikocTi GaraToBMMipHKX cucTem. 36ipHuK npaub IHCTUTYTY MaTemaTukn HAH Ykpainu, T.6, Ne3, 2009. — C.232-247. 6. Watsipko A.B., XycanHos [.4. A6co-
NIOTHas MHTepBanbHas YCTOMYMBOCTb CUCTEM HEMPSIMOTO PErynMpoBaHns HewWTpanbHoro Tuna // Mpobnemel ynpasneHust n uHdgpopmatmkmn, Ne3, 2009. — C.5-
16. 7. Watbipko A.B., XycanHoe [0.4., Onbnuk N., BawTtuHew A., Pusonosa A. OLEHKM BO3MYLLEHNIA HEMMHENHBIX CUCTEM HEeNpPSIMOro PerynupoBaHNs HenTpa-
nbHoro Tuna // KnbepHeTuka n BeluncnnTenbHasi TexHuka, B.160 2010. — C.72-85. 8. PazymuxuH B.C. YcTonunsocTtb apuamtapHbix cuctem. — M., Hayka, 1988/
- 112 c¢. 9. Aky6oBuuy B.A. S-npouefypa B HeNnvHeWHOW Teopuu perynupoBaHus // BecTHuk JleHuHrpaackoro yHuBepcuteta. MaTemaTvka-mexaHuka-
acTtpoHomusi. Ne1. 1971. — C.62-77.

Hapinwna no peakonerii 22.03.10

YOK 517.9
C. Yyiiko, A-p is.-mar. Hayk, npod.

HETEPOBI KPAUOBI 3A0AUI 3 IMNY/IbCHUM BMNJIUBOM

Cmamms npucesiieHa G0CliOXeHHI0 NPobrieMu 3Haxo00)XeHHs] KOHCMPYKIMUBHUX YMoe iCHyeaHHs1 ma nobydoei po3e'a3kie Heri-
HillHUX Hemepoeux Kpaliogux 3aday Osis1 cucmeM OugbepeHyianbHUX PieHsIHb 3 iMNYIbLCHUM ennueoM. O0epKaHO KOHCMPYKMUBHI
yMoe8uU icHyeaHHs1 po38'si3kie Hemepoeoi cr1abkoHesiHiliHOI Kpalioeoi 3adayi Ansi cucmem OugbepeHyianbHUX PieHsIHb 3 NepPeMUKaHHSI-
MU ma iMnysbCHUM ernsiueoM y ¢hikcoeaHi MOMeHmMu 4acy. 3anpornoHoeaHo 36ixHi imepayiliHi anzopummu nobydoeu po3e'sa3kie He-
mepoeoi criabkoHesniHiliHoT Kpatiogoi 3adayi Anisi cucmeM iMMyIbCHUX OughepeHyianbHUX PieHSHb.

The abstract is devoted to the problem of finding constructive conditions for existence and construction solutions of non-linear
boundary-value problems for the systems of differential equations with impulse influence. The constructive conditions for the existence
of solutions Noetherian semi-nonlinear boundary-value problem for the semi-nonlinear system of the differential equations with switch-
ing and impulse influence have been proved. The convergent iteration algorithms for the construction of the solutions of the Noetherian
semi-nonlinear boundary-value problems for the impulse differential equations have been proposed.

HocnigxeHo 3agavy Npo 3HaXOMKEHHSA YMOB iCHyBaHHSA | nobyaoBy po3s'askis [1 — 5]

1
z(-, e)e C'{[a,b]\{T}};, z(t,-) € Clo, &)]
CUCTEMW 3BMYANHMX AndbepeHuianbHNX PiBHAHb 3 NepeMUKaHHAMMN

dz/dt = Ai(t)z +fi()+ € Z(z, ¢, ¢), t=1;, i=1,2, ..., p, (1)
SIKi 3240BOSBHSAIOTE KpaioBy YMOBY
Lz(s,8) = a+&J(z(s,8),8), o € R" 2)
i npn € =0 NepeTBOPHOIOTLCS HA PO3B'SI3KM MOPOXKYHOYOT 3aaavi
dzo/dt = A; (Vzp + f(¥), t=5,i=12, ...,p , Lzy(*) = 0. (3)

Tyt A () — HenepepBHa 3a BMHATKOM TOYOK 7; MaTpuuda (B Touykax 7 MaTpuuda A; (f), MOXNIMBO, 3a3Hae po3pvBU
nepworo poay), Lz(: ,&) — NiHiiHNIA BEKTOPHUIA byHKLMOHAN BUrNagy

Lz(oe) = 3 £,2(v.0),
i=0

pe (;z(e): C[t;,1,.4[ &> R™, f{(t) — HenepepBHa, 3@ BUHATKOM TOYOK 7; BEKTOP-(PyHKUis (B TouKax z PYHKUis fi (1),
MOXNNBO, 3a3Hae PpO3pMBM Meplioro poay). HeniHiiHa BekTOp-yHKUIA Z(z,t€) HenepepBHO-OUMEpPEHUINOBHA MO
nepLIoOMy aprymMeHTy B Mariomy OKOMi pO3B'A3Ky NOPOAXKYHYOI 3adadi, HenpepepBHa No Apyromy aprymMeHTy Ha Bigpi3ky
[a,b] 3a BUHATKOM TOYOK 7; Ta HenepepBHO-AMMEPEHLUINOBHA MO TPETbOMY apryMeHTy Ha Bigpisky [0, &)]. HeniHinHun
BEKTOPHUI (PyHKLiOHanN
. 1
J(z(+,€),€): C{la,b]Mz}h— R™, m=2n

HenepBHO-AMdEPEHLIVOBHUIA MO NepLLIOMY apryMmeHTy (y ceHci ®pelue) B Manomy Okoni po3B'A3Ky MOPOMKYHOYOi 3afadi
Ta HenepBHO-AMEPEHLINOBHWIA NO APYrOMY apryMeHTy B ManomMy JOAaTHOMY OKOJi Hyns.

MocTaBneHa 3agava y3arasnbHIOE BidOMi 3aaadi Npo 3HaXOMXKEHHS YMOB iCHyBaHHS i NOOY0BY PO3B'A3KIB CrabKOHENHINHMX
KpamoBMX 3a4ay 3 HEBUPOMKEHNM iMMNynbCHUM Brnveom [1,2] Ta BinueBom Tuny "interface conditions” [6], a Takox 3agadi npo
3HaXO)KEHHS HENepepBHO-ANMEPEHLINOBHUX PO3B'A3KIB CNabKo-HENIHIMHNX KpaoBux 3adad [2].

MosHaunmmo X (f) — HopmanbHy (X,(a)=1,) dyHaameHTanbHy MaTpULIO OAHOPIQHOI YacTuHM cuctemn (3),
0= [lXo(),6,X0(), - 0, X0()]—  (mxn(ptl)) - BUMIpHY maTpuLio Ta i OpTOMNpoeKTop [4]

Py =col [PQ(O),PQ(”, ,PQ(p)] :R"P*D 5 N(O) poamipom (n(p+1)xn(p+1))), a Takox AiaroHarbHi GOV LbOro OPTOMpPO-
eKkTopy PQ([) ={;X,(-) . MpynycTmMo Takox, Lo
max rank PQ(i) =(;X,(-) =rank PQ(iO),

| Xo(x, +OPS || = py .

© Yywiko C., 2011
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Matpuuto [4,5]
1

— X, (P, tela,],
Po

1 1)
_XO(I)P( s telt, 1l
X(1)=1 Po

1
— X, (OEY, te[r,.bl,
Po

Ha3BEMO HOPMOBaHOHO (|| X(rio +0)||=1) cdoyHaameHTanbHO MaTpuueto 3agadi (3).
Nema 1. 3a ymosu F, # 0 o0HopidHa yacmuna (fi(t)=0, a=0) 3adaui (3) mae cim'io po3e'siskie z, (t,c)=X(t)c, ceR".
Nema 2. Y kputnyHoMy BUNaaKy PQ* # 0 3agava (3) po3B'sidHa ToAi i TiNbKM TOAi, KONW BMKOHYETLCSA yMoBa [4,5]
Pyl =LK/ (5)](); =0 (4)
i Ans koxHoro ¢, € R” mae pose'sok zy(f,c,) =X, (e, +, +G[f(s);al(?) ne PQ* ‘R™ = N(Q")- (mxm) — BuMipHa
MaTpuLA-0pTONPOEKTOP, PQ; — (d xm) — BumipHa maTpuusa-cknageHa 3 d — niHiNHO-He3anexXHux psakiB opTonpoekTopa

PQ* ,r=max rank X;(1),i=L2,..., p,

Xo(t)vo + KLA()I), t ela;t[,
Xo(t)yy, +KLA$)IWE), t€[t57,0,

Xo(t)y, + KLA©NO), telr,;:b,
— y3aranbHeHuii onepatop Mpia [3-5] 3anaui (3), col (Yo, vy, -, ¥,) = O { a— LK[f;(9)]()};

K[f;()®) =] ;Xo(t)XSI(S)f,-(S)dS

— onepartop [piHa andepeHuianbHoi cuctemn (3), X, (¢)— (nxr) - BUMipHa MaTpULA, CKNageHa 3 7 NiHiHO-He3anexHnX

Gl fi(s);al(t) =

cToBnuis matpuui X;(¢).

Heo6xigHi ymoBM icHyBaHHSA po3B's3kiB BUXigHOI 3agavi (1), (2) BU3Ha4yae HacTynHa nema.

Nema 3. Hexaw kpaviosa 3agaya (1), (2) 3agoBOnbHAE 3a3Ha4YeHUM BULLE BUMOram i mae poss'sasok z(t,) € C[o,&q], akun
npu & =0 NepeTBOPIOETLCA HA MOPOMXYIOUNNA Z((f, c:f) 3 KOHCTaHTOl cj eR’". 3a umx yMoB BMNaaKY BEKTOP cj 3a40B0O-
NBHSE PIBHAHHIO

Fy(e) = By (20 6), 0) = LK[Z(2(5.6,),5, 0)]()} = 0. (7)
Mpuknap 1. YmoBM nemu 3 BUKOHYIOTLCH ANs 3agadi
dz/dt =gcos’ z, te[-1;1], t 0, Lz(-) =&J(2(-,&),¢), (8)
ae
z(-L¢) arctg &
LZ(',€)= 5 5J(Z(~,8),8)= .
z(-0,¢) 0

HopmanbHa cdyHaamenTansHa matpuus X (f) =1, ¢ €[-1;1] niHiHoT YacTuHn andeperuianbHoi cuctemm (5.12) BusHavae

MaTpuui
10 1(1 1 00 11 -1 1
= , 0" == , P, = , P == ,Po=—-(1 -1).
o [1 oj g 2[0 oj © [0 1) © 2(—1 1} o 2( )

Psnku opTonpoektopa £, BU3Ha4alTb HOPMOBaHY (PyHAAMEHTanbHy MaTpULo

RO LR e Uk
0= 0, te[0;1]

3apgaui (5.12). Ockinbku PQ* # 0, To Mae micue KpuTUYHMIA BUNagok. Onepatop piHa 3agavi Kowi ans niHikHOT YacTuHm
AndpepeHLianbHoro piBHsAHHS (5.12) 3 40BINbHOK HeoAHOPIZHICTIO f;(?)
K[ fo()]@) = [ fo(s) ds, t€[-1,0], K[£i()](©) =0 fi(s) ds, t€[0,1]

BW3HA4a€E piBHICTb

0
LK[Z(ZO(S’CV)7S7 O)]() = (lj
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PiBHaHHA (5.11) y Bunaaky 3apavi (5.12) F,(c,) =1+ cos’ 0 =2 He Mae fjiicHnx kopeHis. OTxe, 3riaHo 3 Teopemoto 5.3.1
cnabkoHeniHiiHa 3agayva (5.12) He Mae LWyKaHUX pO3B'A3KIB.
PosB'azok z(t,€) = z,(t, cf) + x(t,€) kpavoBoi 3agadi (1), (2) wWykaemo B ManomMy OKOfi MOPOOXKYH4Oro zo(t,c:). Ons

3HaXOKEHHS 30ypeHHs x(t,€) ec {[a, 6]\ {v;},;}.J0,&,] onepxyemo kpaioBy 3anavy

dx/dt = Ai(t)x +e Z(zptx, t, ¢), 121, Lx(s,€) =&J(z,(s, cj) + x(s,€),8).

BukopucToByloun HenepepBHY AUMEPEHLINOBHICTE 3a MEPLUUMM apryMeHTOM BekTop-dyHKUii Z(z,t&) B manomy okoni
PO3B'A3KYy NOPOAXYKYOI 3agadi Ta HenepepBHy AMdEPEHLINOBHICTL 3a TPETiM apryMeHTOM Ha BiApi3Ky [0,&0] , 0OAepXXyeEMO
PO3BUHEHHS

Z(zo(t, )+ x(1,8),1,€) = Z(z, (1, ¢, ),1,0) +
+A4,(D)x(t,8) + €4, (1) + R, (2o (1, ¢, ) + x(1,€),1,E).
Tyt
OZ(z,1,€) OZ(z,1,€)

e |z - aee ROTT T - e
e = 0 £ = 0

4@)= .Banuwok R, (zy(t,c)) + x(t,€),t,€) 6inbly BUCOKOrO MOPSLKY

mManocTi 3a x Ta € B okoni Todok x =0 i € =0, HiX nepLi TPU YNEHN PO3BUHEHHSI, TOMY

OR,(z,t,€) _
Rzte), 20 (6.c), =0, oz z = zn(r,cf),zo’
g = 0 g = 0
aRl(ZstaS) =0
os z o= z(e),
£ = 0

AHanoriyHo, BUKOPUCTOBYIOUM HeMepepBHY AUGEPEHLIMOBHICTL 3a NepLUnMM apryMeHTOM BEeKTOpHOro dyHkuioHany
J(z(s,€),€) B Manomy okoni po3B'A3Ky MOpOMXKyHYOl 3afadi Ta MOro HenepepBHY AMMEPEHUINOBHICTL 3a ApYrum

aprymMeHTom Ha Bigpisky [0, €] , Buainaemo niHiiHi (,x(-,g) Ta &/,(zy(-,c,),0) YacTUHM LBOro dyHKuioHany i YneH
J(z4(»c)),0) = J(z(-,0),0) HynNbOBOro NOPsAKY 3@ € B OKOMi TOYoKk x =0 Ta €=0:
J(z9(s,¢) + X(s,8),8) = J (29 (¢, ), 0) +
H0(5,8) + 805 (2 (4,60 + 1 (29 (4,6 +x1(5,8), ).

Sannwok J(zy(- ¢ )+ x(:,€),€) BinbLu BUCOKOro NOPSAKY ManocTi 3@ x i € B Manomy okoni Touok x =0 i £=0, Hix ne-
PLUi TPW YNEHN PO3BUHEHHS, TOMY

ot (z(-,¢),e oJ,(z(-,¢),e
Jy(z(e)e)| . .. =0, M ~ .. =0, M - .=
z = zy(tc.), oz z = zy(tc.), oe z = zy(tc.),
g = 0 g = 0 g = 0
[ocTtaTHi yMOBM iCHYBaHHS LLyKaHUX pO3B'A3KiB BUXIQHOI 3agavi (1), (2) BU3Ha4yae HacTynHa Teopema.
Teopema. Hexal O0ns nopodxyroyoi 3adadi (3), (4) mae micue Kpumu4HUU 8unadok i 8UKOHytombcsi ymosu rnemu 3. B

0.

ubomy pasi Orisi KOXKHO20 8ekmopa c: e R" 3a ymos PB{; =0 ma Fl(c:f) =0 kpaliosa 3adaya (1), (2) mae npuHalimHi edu-
Huli po3e'azok z(t,e): z(1,0) = z,(t, c:f). Tym
F(e) = Py Py A0GLZ (2 (5,¢7), 5,001 (204, €,). 0)]() = LKA (8)GLZ (20(5,€,).5, 003/ (2 (+,¢), 0N}
By = Py t641X, () = LK[A ()X, (9)]()} =
(d xr)—eumipHa mampuys, PB; ‘RY 5N (Bg ) — opmonpoekmop. Leli po3g'sa3o0k MoxHa eusHayumu 3a OOrMOMO20t0
36ixHo20 dnsi € € [0,&"] imepauitiHoeo npouecy z, (t,€) = zy(t,c. ) + X, (t,€), k =1,2, ..., de
x,(t,€) = eG[Z (29 (5,¢,), 5,0%5.J (20 (5 ¢, ), 0)1();
X (t,)= X, (e, +x37(t,8), x(t.8) = x,(t,8) + x5V (1, 2),
X2 (t,8) = €GLA (), + &4, (20 ); £13,(, 8) +84,(20)](0),
&y = =By By 10135 () +£L5 (20 (. €1)) + i (20 () + 1, (E).8) -
—LK[ A ($)x3 + 8, (20 (5,¢)) + Ry (29 + x1,5,0)()} + Pyc,

1 1 2
X (8) = X, (D, +x),(t,8), x\),(t,€) = X, (t,€) + x\°), (1, ),

Tes1
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x,({i)z (t,€) = Gl A (5)X} 41 + €4, (24 (5, cj )+ R (zy + xp,8,€);
00X G 8) + 805 (20 (o)) + T4 (29 (o) + X5 (5 €),8)1(0),

€y =By Py (051 (o8) + 80y (20 () + 1 (2 (4 €)) + 3 (1), ) =

Tes2
—LK[ A4 (s)x(), (5,€) + 84y (29 (s,¢)) + Ry(zo(s.¢}) + x,(5,,5,8)]()} + Py o
Tyt ¢, (¢) € Cl[0,€"], F,— (rxp)- matpuusi, cknageHa 3 p niHiNHO-He3anexHNX CTOBMLIB MaTpuLi-OpTONpoeKTopa
Py, :R" — N(B)).

TeopeMma y3aranbHIOe BignoBiaHI TBEpAXEHHS 3i cTaTTi [6] HA BUNAAOK CUCTEM i3 NepeMUKaHHAMN. AKTyarnbHICTb oge-
p>XaHoro TBEpAXXEHHS MOB'A3aHa 3 LUMPOKMM iHTEPECOM A0 TaK 3BaHUX ribpnaHux cuctem [7,8], YaCTMHHMM BUMNAAKOM SIKMX
€ pocnigxeHa 3agava (1), (2).

Mpuknag 2. YMOBM TeopeMu BUKOHYIOTbCA AS19 3agadi
dz/dt=A(t)z+ezlnz, te[-11], t#0, Lz() =a, 9)

05 te [_l> 0[9
A() = :
2%-1, 1e[0:1]

Lt z(-1,¢) (1
“(:6)= 2+0,6)-z(Le) " ¢ " \o)

1, te[-1,0]
Xo(t): 2 s
e 7, tel01]

NiHINHOT YacTMHW AndepeHuiansHoi cuctemu (9) BU3Havae matpui

(10 S_(roy (00 , (00
Q_oo’Q_oo’Q_01’ 2 7lo 1

Pankv opTonpoekTopa PQ BM3HaYaloTb HOPMOBaHy hyHAaMeHTanbHy MaTpuULio

{0, te[-1;0]
X[(t): 2
e, tel0:1]

3agaui (9). Ockinbku PQ* # 0, TO Mae micue KputuyHUIM BUNagok. OnepaTop piHa 3agavi Kowi onst niHiiHOT YacTnHn ou-

e

HopmanbsHa dyHaameHTanbHa Matpuus

dhepeHLianbHOro piBHSAHHSA (9) 3 AOBINBHOI HeogHOPIAHICTIO f;(f) Mae Burnsg

K[ )]0 =, fo(s) ds, 1€[-1,0], K[/()]@)=0] fi(s)ds, te[0,1]
Mopoaxytoun 3agava
dzy /dt = A;(t)zy, te[-L1], t#0, Lzy()=a
ans cnabkoHeniHinHOI kparoBoi 3agdadi (9) po3'BA3HA, OCKINbKM BUKOHYETbLCSA yMoBa (4). P03'BA30K MOPOMKYHOYOI 3adadi
zy(t,c) = X;(t)c+ Glo;a], ce R' mae 306paxeHHsi

{1, te[-1;0],
ZO(taC) = 2

ce ', tel0:1]
PiBHaHHSA (7) ans 3agadvi (9)

0 ! s—s? s —s s2—s _ _E_
E)(c)—j_ll-lnlds+JOe ce’ " In(ce” )ds =clne—-=0
1
He mMae TpumBianbHOro po3s'asky ¢” =0. €auHWIA HeTpMBIanbHWA PO3B'A30K ¢ =e° ~ 1,18 136 Lboro piBHAHHS dikcye no-

POOKYHOUMI PO3B'A30K
. 1, te[-1;0],
ZO (ta c ) = 2

¢t tel01]
i BU3Ha4ae noxigHy
1, r€[-10],

7

A () =
1) t2—t+g,te[0;l],

sika, B CBOIO Yepry, MpuMBoanTb A0 kKoHcTaHTn B, =1. Ockinbkn B, # 0, To ymosa (5.20) BukoHyeTbCA. MNepLue HabnmxeHHs
A0 BiAXUIIEHHS Bif MOPOAXYHOYOro po3B'sa3Ky Mae 306paxeHHs
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0, te[-1;0],

_ 1 S
0O=) oot [ L 22 o
6 3 2

Ockinbkn ymoBa 306KHOCTI Fl(c: ) =0 BMKOHYETbCS, TO 3ri4HO 3 TeOpeMoto, 3adada (9) Mae eauHUIA po3B'a3ok. [pyre Ha-
BGnKEHHs 4O BIOXMINEHHS Bif NOPOLXKYIOYOro po3B'sidky 306pa3vMmo y BUrnai
x,(t,e)=X (e, + Xt €), X (t,8)=x(te)+x7(t,¢),
npu Lbomy
0, t[-1,0],
M IE 2. 1.( 16 1 519 4 1

oL Ly B Lo, 7, ,te[0]
18 6 72 4 72

dyHkuito ¢, (€)= BO*PQ* LK[ A4 (s)xé” (s,8)+ R (z,(s,¢,) +x,(5,€),5,8)](-) He MOXHa BUPa3NTK Yepe3 eneMeHTapHi QyHKLT,
d
arne MoXxHa 3HalTW YncernbHO. Takum YMHOM, Apyre HabnmxeHHa 4o Po3B'sA3Ky 3agdadi (9)
Lte)=e" (e% ‘e, (g)) +x0(t,8),

1) 2
xé (t,8)=x/t¢)+ xé )(t, )
3HalieHo B IBHOMY BUTISAI 3 TOUHICTIO A0 KOHCTaHTK ¢, (€). OcTaHHI0 KOHCTaHTY MOXHa 3HaWTW YMCENbHUMU MeToaaMM,

Hanpuknag c, (0,1) ~—0,000 032 816, ¢, (0,5) = —0,000 820 389. OUIHWUTV BENMNYMHM HEB'A30K NEPLUNX TPbOX HABNMKEHb

00 pO3B'sI3Ky KpanoBoi 3agadi (9) MOXHaA TakoX 3 BMKOPUCTAHHAM CepefHbOKBaApaTUYHUX HEB'A30K PO3B'sI3KY BUXiAHOI
KparoBoi 3agadi (1), (2)

Az (,8) = Il ADx, (1, 6) + Z(z, (1, €),t,8) = dx, (1. €)  dt [y + 1146, () =T (2, c)) +x,(,6),) I}, i =0,1,2.
Ockinbkn Lz, (-,£)=0 3a i=0,1,2, To cepeaHboKBagpaTWyHi HEB'A3KM HabyBaloTb BUrNAAY
Az, (€)=l AWD)x,(1,8) + £Z(z2,(1,6),1,6) = —dx,(t,6)/ dl ||y, -

Hopmy ckansipHoi yHKkuii @(¢f) aHanoriyHo [2] BBaxkaTMmeMo piBHOW || @(f)||=sup|@(¢)|. 3a &=0,1 3Haxoaumo
0

cepeaHbOKBaApaTUYHI HEB'A3KM NepLUMX TPboX HabnuxeHb Jo po3B'aA3Ky 3agadi (9)
Az, (-, ) =sup(eZ(z,(t,c)),t, €)= =¢- %%?(Z(zo (t,c),t,€)) = 0,0196 893.
(=111 ;

AHanoriyHo
A(z,(,€)) =sup(A@)x,(t, )+ £Z(z,(t,€),t,€)— —dx,(t,&)/ dt) = 0,000 163 663,

[-11]
A(z, (-, &)) = sup(A(1)x, (t,€) + £Z(z,(t, ), t,&) — —dx,(t, &)/ dt) =~ 4,01 074-10°°.
[-1:1]
Ona £=0,01 cepeagHbOKBagpaTHUYHI HEB'A3KM NEPLUMX TPbOX HAbMKeHb OO PO3B'A3KY KpanoBoi 3agadi (9) 3Ha4YHO 3MeH-
LyOTbCA
Ay(g) =1,96893 128-107°, A(e)=1,63 550-10°°, A,(g)=4,01 054-107°.

MocnigoBHe CyTTEBE 3MEHLLEHHSI CEpeAHbOKBaAPaTUYHUX HEB'SI30K NepLUMX TPbOX HABMNKeHb CBIgYATE NPO 36DKHICTL iTepavii-
HOI NpoLieaypy 40 pO3B'A3Ky KparoBoi 3agavdi (9).
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