KHNIBCBKHUH HALIIOHAJIBHUM YHIBEPCUTET
IMEHI TAPACA HLIEBUEHKA

BICHHUK

KHUIBCBKOTI'OHALIOHAJBHOI'O
YHIBEPCUTETY
IMEHI TAPACA LIEBUYEHKA

CEPIA OIBUKO-MATEMATHUYHI HAYKH

Ne3 2019



Bicunk KniBchbkoro HanionanbHoro yHiBepceurery iMeni Tapaca IlleBuenka,

Bumyck Ne3, 2019,

Cepisn dizuko-MaTeMaTHYHi HAYKH

3 1991 poky cepii BicHuKiB KuiBchkoro yHiBepcutery “Maremarnka i mexaHika”, “®usuka”, “MonxenupoBaHue u
ONTHUMU3AINS CIOXKHBIX cCHCTeM’ peopraHizoBano y “Bicauk KwuiBckkoro yHiBepcurety. Cepist: izuko-mareMaTHdHi
Hayku’. Y BICHHUKY MICTSITBCS Pe3yJIbTaTH HOBUX JOCII/KCHB Y PI3HUX Taly3sX MaTeMaTHKH, iIHPOPMATHKH, MEXaHIKH,
¢izuku Ta paniodi3uKu I HAYKOBUX IPAIiBHUKIB, BUKJIaa4iB, acCIipaHTIB, iIHKeHepiB i1 CTyAeHTIB. JpyKyeTbes 3a
pexomennaitissMu Baenux Pax Giznaaoro, MexaHiko-MaTeMaTHIHOTO (DaKyJIbTETiB, PaKyIbTeTy pamaiodizuku,
€JIEKTPOHIKH Ta KOMIT IOTEPHUX CUCTEM 1 (paKyIbTEeTy KOMIT IOTEPHIX HAYK Ta KiOEpHETHKH.

Kypnan “Bicuuk KuiBcpkoro HanioHadpHOTO yHiBepcuTeTy iMeHi Tapaca IlleBuenka. Cepis ¢izuko-MaTeMaTH4HI
HayKu” BKJIIOYEHO 10 repeniky (haxoBux Buganb BAK Ykpainu, B SIKHX MOXYTb IyOJIIKYBaTHCS PE3yJIbTaTH
JHcepTaliiiHUX poOiIT Ha 3100y TTsl HAYKOBHX CTYIIEHIB JIOKTOPA i KaHAWAaTa HAayK (3aTBEPIXKEHO HAaKa30M
MinicrepcTBa ocBiti i Hayku Ykpainu Nel1222 six 07.10.2016), ta pedepyerses B PedeparnBrHoMy KypHai,
Zentralblatt MATH.

Penakuiiina xoJieris:
Kozauenko FOpiii Bacunbosud, 1.¢.-M.H., Ipod., TOJTOBHUI peIaKTop;
Po3opa Ipuna BacuniBHa, k.(.-M.H., I0II., 32aM. T'OJIOBHOT0 PeIaKTOPa;

Bartlova Milada, Ph. D., Brno University of Technology, Brno, Czech Republic;
Bavula Vladimir, Prof., University of Sheffield, Great Britain;

Beghin Luisa, Prof., Sapienza Universita di Roma, Italy;

Futorny Vyacheslav, Prof., Universidade de Séo Paulo, Brazil;

Giuliano Rita, Prof., Universita di Pisa, Italy;

Gorlatch Sergei, Dr. Sci. (habil.), Prof., University of Muenster, Muenster, Germany;
Hudak Stefan, Dr. Sci., Prof., Technical University of Kosice, Kosice, Slovak Republic;
Kukhtarev Nickolai, Prof., Alabama A&M University, Alabama, USA;

Leonenko Nikolay, Prof., Cardiff University, Great Britain;

Medvids Arturs, Dr. Phys. (habil.), Prof., Riga Technical University, Riga, Latvia;
Olenko Andriy, Prof., La Trobe University, Australia;

Orsingher Enzo, Prof., Sapienza University of Rome, Italy;

Ostrovsky Eugene, Prof., Bar- llan University, Israel;

Pogany Tibor, Prof., University of Rijeka, Croatia;

Ront6 Miklés, Dr. Sci., Prof., University of Miskolc, Miskolc, Hungary;

Silvestrov Dmitrii, Prof., Stockholms universitet, Sweden;

Sottinen Tommi, Prof., University of Vaasa, Finland;

Toru Aoki Ph. D., Prof., Research Institute of Electronics, Shizuoka University, Shizuoka, Japan;
Trofimchuk Sergey, Prof., Universidadde Talca, Instituto de Matematica y Fisica, Talca, Chile;
Volodin Andrei, Prof., University of Regina, Canada;

Aximenko Biraniit Bomomqumuposud, 1.T.H., mpod.;

AmicimoB Irop OnexkciitioBud, 11.¢.-M.H., pod.;

AmicimMoB AHaTosmii Bacunbosud, ui.-kop. HAH Ykpaiuu, 1.¢.-M.H., mpod.;
Besymak Oxcana OmensiHiBHA, K.(.-M.H., JOICHT;

Bosomua Onekciit @egopoBud, 1.T.H., Ipod.;

Tapamenko @exip ['eopriiioBud, 1.T.H., Ipod.;

€xoB Cranicnas MukonaiioBud, 1.¢.-M.H., npod.;

Kyx Spocnas Onekcanaposud, A.}.-M.H., Ipod.;

3acnaBcekuii Bonogumup AHaTonniioBud, 1.T.H., Tpod.;

Kypuenko Onexcanap Onexciiiosud, 11.¢.-M.H., mpod;

Kynin Bonoaumup IBanoBHY, A.T.H., C.H.C.;

JIbBoB BikTOop AHaromiioBuy, A.¢.-M.H., Ipog.;

Maxkapa Boogumup ApceniiioBud, wi.-kop. HAH Ykpainu, 1.¢.-m.H., mpod.;
Makapers Muxkosna Bornogumuposud, 11.¢.-M.H., pod.;

Maiibopona Poctucnas €srenosuy, a.¢.-M.H., npod.;

Moxnsayk Muxaiino [TaBnosud, a.¢.-M.H., ipod.;

[Mamko Anaromii Onexciioind, x.¢.-M.H., 1pod.;

[Nepectiok Muxkona Oxekciiiouy, akan. HAH Ykpainu, 1.¢.-M.H., mpod.;
[letpaBuyk Anatomniii [lerpoBud, 1.¢.-M.H., Ipod.;

IMoropinuii Cepriit lem’ssHOBHY, A.T.H., TPO.;



Casenkos Cepriit MukonaiioBud, a.¢.-M.H., JIOIL.;
CkpumeBcrkuii Banepiit AHTOHOBHY, A.().-M.H., Tpod.;
CrnuBka-Tunmmak ['anna [BaniBHa, A.¢).-M.H., Ipod.;
Xycainos Jlenunc SIxpeBud, 1.¢.-M.H., pod.;
Penakuiiinmii Bigmia:
3aryna JImutpo BacunsoBuy, BinnoBinaJbHmii cekperap;
Besymak Oxcana OmensHiBHa, bezusch@univ.Kiev.ua;
Crykasenko Bikropis Biraniigna, stu@univ.kiev.ua;
Ponionosa Tersana Bacunisna, rodtv@univ.kiev.ua;
[M'arenpka Onena Bacuinisna, visnyk.phys-math@ukr.net;
Orro I'eopriit KoctstHTHHOBHY, TexHiYHUI pegakTop, ottogk@gmail.com.
Anpeca penakuiiHoi KoJerii:
dakynbTeT KOMI'TOTEPHUX HAaYK Ta KibepHeTHKH, KniBCchKHii HallioHaNbHUI yHIBepcuTeT iMeHi Tapaca [lleBuenka,
np. Cnymkosa, 4 1, 03680 Ten. (044) 259-01-49
fm.visnyk@ukr.net
ISBN 978-966-2142
ISSN 1812-5409

3acHoBHuK: KuiBchkuii HanioHansHui yHiBepcuTeT iMeHi Tapaca I1leByenka
Csinourso npo aep:xkaBHy peecrpanio:KB Ne16299-4771P Bin 11.12.2009 poky
DOI: https://doi.org/10.17721/1812-5409.2019/3

BeskomToBHO


mailto:ottogk@gmail.com
mailto:fm.visnyk@ukr.net

3MICT

AJITEBPA, TEOMETPISI TA TEOPISI KUMOBIPHOCTEM

Mipomaraenko O.B. AHani3 3aMUIIKIB Y MOJIENi perpecuBHOT CyMili

[Mamko A.O., Cunscbka O.0. BakTepiBchki OIliHKH apameTpa XropcTa IpoOoBOro
OpOYHIBCBKOTO PyXy

[Tamxo A.O., SlaeBnu T.O. Meronu monemoBanHs nporecy OpHinreliHa - YieHOeka
JUOPEPEHIIAJIBHI PIBHAHHSA, MATEMATHYHA ®I3UKA TA MEXAHIKA
Batiok JI. B., Kizinosa H. M. MaruitoriapouHamivHi Te4ii MiKpo/HaHO PiZIMH 1O TOHKHUX Kariispax

I'ycak B.O. 3akonu 30epexxeHHs B 3a/1a4aX JHHAMIYHOTO pyHHYBaHHS

KOMIT'IOTEPHI HAYKHU TA IHOOPMATUKA

Jlmxeuko M. C., Pozopa 1. B., MozxentoBaHHSI TEXHIYHHUX pe3epBiB CTPaxoBOi KOMMIaHi1

VYcap L.A., Makymenko [LA., [Tpotomon F0.0. IBuaKiCT 301KHOCTI CTAIliOHAPHOTO PO3MOILTY
CHCTEMH 3 MOBTOPHUMH BHKJIUKAMU 1 YEPror0

3aBancekwii [.O. [Tomyk psiika B TEKCTi 3 ypaxyBaHHAM OOMEXEHb Ha 00CST Kell-TiaM’ sITi

CYYACHA ®I3UKA

Ortro I'.K. InTephepomeTpist 3BOpOTHROTO 3B’SI3KY B Ja3epHOMY pe3oHaropi. [lapamerpuuna
MOJEINb

18
24

32
38

46

52

56

62



CONTENTS

ALGEBRA, GEOMETRY AND PROBABILITY THEORY
Miroshnychenko V.O., Residual analysis in regression mixture model

Pashko A.O., Synyavska O.0., PhD. Baxter estimates of the Hurst parameter of fractional Brownian
motion

Pashko A.O., lanevych T.O Methods for modeling the Ornstein-Uhlenbeck process

DIFFERENTIAL EQUATIONS, MATHEMATICAL PHYSICS AND MECHANICS

Batyuk L.V, Kizilova N. M. Maghetohydrodynamic flows of micro/nano fluids through thin capillaries

Husak V.O. Conservation laws in dynamic fracture tasks

COMPUTER SCIENCES AND INFORMATICS
Lyzhechko M.S., Rozora I.VV. Modelling of technical reserves of an insurance company

Usar I.Ya., Makushenko I.A., Protopop Yu.O. The convergence rate of stationary distribution of
retrial queueing system with queue

Zavadskyi 1.0. Pattern matching by the terms of cache memory limitations

MODERN PHYSICS

Otto G.K. Interferometry feedback in the laser resonator. Parametric model

18
24

38

46

52

56

62



AJTEBPA, TEOMETPISI TA
TEOPISI IMOBIPHOCTEH






Bicnux Kuiscvkoz2o nayionansvbro2o yrisepcumemy
iment Tapaca Ilesvwernra
Cepia: Pizuro-mamemamusti HaYKY

2019, 3

Bulletin of Taras Shevchenko
National University of Kyiv
Series: Physics & Mathematics

YK 519.21 https://doi.org/10.17721/1812-5409.2019/3.1

B.0O. Mipomauyenko!, acn.

Amnaniz 3aaumikiB y Mojiesi perpeciiinol
cymirrri

'KuiBcbkuil HaIioHaJIBHUI yHIBEpCHTET iMe-
i Tapaca Illepuenka, 01033, Kuis, Bya. BoJo-
JOUMUpChbKa, 64.
vitaliy.miroshnychenko@gmail.com

V.0. Miroshnychenko!, PhD stud.
Residual analysis in regression mixture
model

!Taras Shevchenko National University of
Kyiv, 01033, Kyiv, 64 Volodymyrska st.
vitaliy.miroshnychenko@gmail.com

Poseaarymo ouinky xoediuienmie Heainitinol peepecii 36 CNOCMEPENHCEHHAMU 3 CYMIWT 31 CKIHYe-
MO0 KIABKICTIO Kommonenm. Konuenmpauii xomnonenm y cymiwi € pisnumu 048 PL3HUL cnocmepe-
otcenn. Jaa nobydosu ouiHok pezpecii UKOPUCTNOBYEMBCA Y3G2aAAbHEHUT MEMOOD HATUMEHWUL KEadpa-
mie Ilobydosani ouinku 6UKOPUCTAHT OAA OUIHKY GyHKUil po3nodiay i ducnepcill 3a/uWki8 PIBHUT
xomnonenm. Ouinku nepesipeni CuMyAAUITHUM MOJEAIOBAHHAM 1 BUKOPUCTAHT OAA AHANIZY COUIONO-
etunur danux. Ilobydosani diaepamu muny KeaHMUAD NPOMU KEAHMUASL OAA GI3YANDHO20 NOPIGHAHHA
PO3NOJIAY 3AIUUKIE.

Karwmwosi caosa: acumnmomuuha nosedinka, Memod OUTHIOOYUL PIBHAHD, MOOJeAd CYMIULL, HEAT-
HIUHG PE2PECIA, MIMIMAKCHE 68a2U, OUTHKG JuCnepcii.

We consider data in which each observed subject belongs to one of different subpopulations (components).
The true number of component which a subject belongs to is unknown, but the researcher knows the
probabilities that a subject belongs to a given component (concentration of the component in the mi-
zture). The concentrations are different for different observations. So the distribution of the observed
data is a mizture of components’ distributions with varying concentrations. A set of variables is observed
for each subject. Dependence between these variables is described by a nonlinear regression model. The
coefficients of this model are different for different components. An estimator is proposed for these
regression coefficients estimation based on the least squares and generalized estimating equations. Consi-
stency of this estimator is demonstrated under general assumptions. A mixture of logistic regression
models with continuous response is considered as an example. It is shown that the general consistency
conditions are satisfied for this model under very mild assumptions. Performance of the estimator is
assessed by simulations and applied for sociological data analysis. Q-Q diagrams are built for visual
comparison of residuals’ distributions.

Key Words: asymptotic behavior, generalized estimation equations, mizture model, non-linear regressi-
on, minimax weights, variance estimator.

Communicated by Prof. Sugakova O.V.

1 Bcryn

Mopmesni perpeciitHux cyMitiei mupoKo BUKOPUCTO-
BYIOTHCS I ONHCY NTPHUKJIATHUX CTATUCTHIHUX
JaHux. fIK mpaBmiio, Ha OCHOBI mux mojeseit Oy-
JIYIOTH OIHKK HeBijomux napamerpis [3], [6] i qo-
Bipui MHOXKUHE st Hux |9],[13]. Bazkimsum este-
MEHTOM CTATHUCTUIHOI'O JIOCJII/?KEHHS € TaKOXK JIi-
arHOCTHKa MOJe i, ToOTO mepeBipKa i1 BiAmoOBi-
HOCTI peajbHUM jgauHuM. s perpeciitHux mose-
Jiefl OJTHOPITHUX CIIOCTEePEeXKeHb TaKa JiarHOCTH-
Ka 3a3BUYall CIUPAEThCA Ha aHAJII3 3aJIUIIKIB, 110
BU3HAYAIOTHCS SK BIIXWJIEHHS CIOCTEPEXKYBAHUX
3HAaYEHDb BiTYKYy BiJl pPe3yJIbTATiB TPOTHO3yBaHHS
Ha ocHOBI Mogzesi [4]. V Bunajky perpeciiinol cy-

© B.O. Mipouamnuaenko, 2019

Ml JOCJITHAK IIPAIIOE HE 3 OJMHUM IIPOTHO30M,
a 3 HabOPOM KiJTbKOX ITPOTHO30BAHUX 3HAYEHB, IO
Bi/IIIOBiTaOTH Pi3HUM KOMIIOHEHTaM cyMiri. Tomy
Moytudikallisi CTaHJIAPTHUX TEXHIK aHAJ3Y 3ajIu-
IIKiB Ha BUIIQJIOK PErPECITHUX CyMIIIeil sSBJISIE€ CO-
0010 HeTpPUBiaJIbHY 3a/a1y.

Y nmasiit poboTi AjIsT HETIHITHUX MOmesei pe-
rpecifinux cyMimeit po3rigialoTbed Bl 3ajad4l
aHaJII3y 3aJ/IUIIKIB: OIIHIOBAHHS JIUCIEPCI MOXU-
00K 1 BidyaJibHa IE€peBipKa MPUIYIIEHb PO PO3-
MTOJIJT TTOXMOOK 38 JIOTIOMOT0 MOAU(IKOBAHOI JIi-
arpaMu KBaHTHIb-KBaHTUIb (QQ-miarpama). st
PO3B’d3aHHsd IUX 3aJa4 BUKOPUCTOBYIOTHCA 3a-
rajbHi MeToju craructuku cymimeit [1], [2] [7].
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Omnwmc momesn HemiHifiHOT perpeciitHol cyminri
HaBeeHO y po3aiii 1. YV po3mini 2 onucani MiHiMa-
KCHi KoeDillieHTH, Ki BUKOPUCTOBYIOThCS Y PO3Ii-
Ji 3 711 OTPUMAaHHsI OIIHOK KoeillieHTiB perpecii.
Bukopucranns mapamMerpiB perpecii fjis aHaJisy
3aJUIIKIB onmucano y posdaumn 4. Y posarn 5 m1o-
BeJIeHa KOHCUCTEHTHICTh OIHOK JIMCIIEPCiil MmoxXu-
OOK perpecil /jist pi3HUX KOMITOHEHTIB cyMimri. TTo-
BEJIIHKU OIHOK JIJ1s BUOIpOK (hiKCOBAHOTO 06CATY
JIOCJILI?KEHO Ha, MOJIeJIbOBAHUX JAHUX 1 3aCTOCOBA-
HO JIUIST aHAJI3Y COIOJIOTIYHUX JIAHUX Y PO3Jii 6
i po3mini 7.

2 Mogeasb cywmitri

Posryisiremo mofmenb cywiri 31 3MiHHUME KOHIIEH-
Tpamismu. Koxken mocaimekyBannit 06’ekt O Haje-
JKUTB OjiHOMY 13 M KiiaciB (KOMIOHEHTIB cyMiri).
Homep xoMmmmoHeHTa, TKOMY HAJIEXKHUTH 00’ €KT, I10-
saaunmo k(0) € 1,..., M. Ila xapakrepucTuka He
CITOCTEPITa€ThCsI. BEKTOP CITOCTEpE:KyBAHUX 3MiH-
Hux o6’ekra O nozuaunmo &(O). Bynemo BBaxka-
TH, IO POIIOJLI CIIOCTEPEXKYBAHNX 3MIHHUX JIJISA
KOX>KHOTO KOMITOHEHTA OIMICYEThCSI MOJIEJIIIO HEJTi-
HIITHOT CTPYKTYPHOI perpecii.
Takum yuHOM

£(0) = (Y(0), X1(0),.... X¥(O))",

e Y(O) — siaryk, X(0) = (X'(0),..., X4(0)) -
perpecopu y MOJIei.

Y(0) = g(X(0),b")) 1+ £(0)

ne g — geska Bigoma dyuximis g 1 x4 x © = R,
b = N e @ CRY, Kk =1,.., M -
HeBigoMi KoedilieHTn perpecii m1st k-1 KOMIIOHEH-
Tu cywmini, €(0) — Bunagkosa noxubka. [Ipumycka-
emo, 1o £(0):

Ele(O)|k(O) =m] =0,m =1,..., M,

02, = Var[g(0)|(0) = m] < cc.

2

& HeBiLoMi).

Fem(A) = P(e(O) € Alk(O) = m) mnst no-
BlTbHOT BuMipHOl A C R — PO3MOMALT BUMAIKOBOT
TOXUOKM.

BekTopu perpecopis

(o

X(0) = (X1(0), ..., X4(0))

BBaKaEMO BUITQJIKOBUMH 3 PO3IOJILIOM, IO 3aJIe-
xkuth BiJ £(0). JomaTkoBo MU IPUILYCKAEMO, 110
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perpecopu X (O) ta £(O) — HesasexHi nupu dikco-
Banomy k(O) = m, m = 1,.., M. Ilosnaunmo
HeBiOMYy (PYHKIIIO PO3MOIIIY CIIOCTEPEXKYBAHUX
smiranx X (O)

Fxm(A) =P(X(0) € A[s(0) = m)

JIst JoBiabHOI BuMipHol A C R,

Bubipka Z,, mo cmocrepiraerbcsi, CKJaac-
thest 31 snavens & = (Y;, XI)T = €(0y),]
iy ...,n, jge O1, ..., 0, - HE3aJIeKHI 00’ €KTH, SIKi MO-
JKYTh HaJIEXKaTH J0 PI3HUX KOMIIOHEHTIB 3 TMOBIp-
HOCTSIMU

P =P(k(0;) =m),m =1,M;i=1,n.

(ui fiMoBipHOCTI 3MilTyBaHHSI BIJIOMI JIJIs1 KOXKHOTO
006’eKTy)

3 MiuimakcHi eMnipuyHi HaBaHTA>KE€HHSsT

Hexait mami k — dikcoBanuit HoMep KOMIIOHEHTA,
JJIS IKOT'O OIIIHIOIOTHCS IIapaMeTpu bk, st ortin-
K1 pyHKIil posnoginy i Fx j MOXHa BUKOPUCTATH
HaBaHTaYKeHy eMIPUIHY (DYHKIO PO3IO/ILLY, SIK
1e 3pobuteno y [8]:

FE (@) = i, el 11X < ]

(%)

MinimakcHi Baru a,,, , siki Busnadeni [10] i siki ma-

IOTH BUIJIA

M
(k) _ 1 _1\m+k m
iy = det Fn mZ::l( 1) YemnDP; >

ae i — momep 00’eKTy y BUOIDPIU, & Yim.n — km-it
Mminop marpumi I'pamma I', = (<pk,pm>)£/[m:1, ne

Pr = (Pf)?:l‘

4 Oiinku mapamMeTpiB, 1[0 OTPUMAaHI 3a J10-
MOMOTIOIO OI[iIHOYHUX PiBHSIHb

st oImiHIOBAHHS HEBIIOMHUX IIapaMeTpiB perpe-
cil TpUPOTHO BUKOPUCTATA HABAHTAXKEHUI METO/T
HafiMeHImUX KBaJapaTiB. st mMbOro CKJIaIa€THCs
dyukmionas MHK

GE() =3 all(vi — g(Xi,7))?
=1

Oninku mapameTpiB perpecii € po3B’si3KOM
OIIHOYHOT'O PIBHAHHS, $IKE€ OTPUMYETHCH ILISA-
xoM JindepEeHIIOBAHHS HABEIEHOIO (PYHKIIOHAIY
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Gﬁ(b(k)):
VG(Y) = D V(g (V; — 9(X;,9))) =
j=1
= > (=2)afls(€7) = 0, (1)
j=1
Jie

s(z,7) = (y — 9(z,7))Vg(x,7), z = (z,y)

BekTop orminok Oyme cTamioHapHOIO TOYKOIO
dyukiionany ajne He 3aBXKJu OyJie TOYKOIO Mi-
HIMyMy. ¥ HedKHUX BHIIQJIKAX PO3B’I3KOM DPiBHS-
uHs (1) Gyie MHOXKHHA TOYOK. Y TAKOMY BHUIIAJIKY
sIK OI[IHKY MOKHA 00paTu Oy/ib-sIKnil eJleMeHT I1iel
MHOXKUHH, ajle MH BHMAaraemo, mob oIinka Oysra
BUMIPHOIO (DYHKITIEIO BiJl TaHUX.

Hosmaunmo J¥ (v) =%/ VGE (7).

O3HayeHHd: lA)ng) — PpO3B’SI30K OI[IHOYHOI'O
piBusiHHg (1), ToO6TO Taka BUMIpHA (DYHKIS BiJ
JIAHUX Zp, IO Jﬁ(é&’“’) 0 M.H., HA3UBAETLCS
OIIIHKOIO METOJIy HAWMEHIIUX KBaIPaTIB.

Bsenemo HacrynHe mo3HavYeHHS:

n
I'w = lim nilrn = lim nil(Zpépé?)%g:1
Jj=1

n—oo n—o0

Hami X ™) Y (m) £(m) — pumaskosi Besmammm
i3 po3noilamMu:

X.(m) ~ Fx m, 5Fm) ~ F_ , — He3asexHi,

Ta

Y = (X)) 4 el

5 3acrTocyBaHH#A /0 JAiarpamMm KBaHTUJIb
MPOTHU KBAHTUJISA 1 OIiHKU JIMCHEpPCil 3a-
JUIMIKIB

Y posmiai 3 Oyaum mobyIoBaHI OIHKH l;%k),k:

1,..., M. Ix MoKHa BUKOpPHCTATH 15T OIUHKH (DyH-

KIil po3MoJiyly HOXUOOK pizHUX KOMIOHEHT. Jljst

IIFOTO PO3TJISTHEMO 3AJIUINKH, 110 BiAMOBiZaI0TEH k-

TOMy KOMIOHeHTY: u; = Y; — g(Xj, Bﬁl’“)

y CyMIiIi mpucyTHI 00’ €KTH, IO HAJIEXKATh PI3HAM

KOMITOHEHTAaM, JIJIsl OIIHIOBaHHS (PYHKIT PO3IIOIi-

JIy TIOXubOK, 110 BiAIOBimae k-Tilt KOMIIOHEHTI, BU-

KOPHUCTAEMO HABAHTAXKEHY (.p. 3aJIUINKIB 3 MiHi-

(k)

in

). Ockinbku

MaKCHUMHM KoeilieHTaMu: a
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Fop(u) =Y all) I[u; < ] (2)
=1

Ominka (2) Moxke OyTH BUKOPUCTAHA JIJIsi TI0-
Oy10BU JliarpaMu TUITY KBAHTUJIb TPOTU KBAHTUIS
1 JJIs OIIHKW MOMEHTIB 3aJIUIIKIB, B TOMY YHCJI 1
JUCIiepcil.

s BizyasibHOI epeBipKU rinoTes mpo po3Iio-
i oxnOOK 38 OJHOPIAHUMHU JAHUMHI BUKOPHUCTO-
BYIOTbH J{iarpaMi KBaHTWJIb TpoTH KBaHTHIsSA (QQ
Jiarpama).

106 mobymyBaTn aHAJJOTIdHY giarpamy s
3aJIMINKIB Yy MOJIeJI CyMiIll, pO3IVISTHEMO OIiHKU
KBAHTHUJIIB Ha OCHOBI HaBaHTaXKeHUX .p., 3aIIpo-
nonosani y [6].

Q™+ (0) = 5@ (@) + QW (a)),
TYT
Q(f)(a) =sup(z €R: ng(w) < a),
Qgg)(a) =inf(z €R: Fak(:v) > ).

Axmo noTpibuo mepeBipuTH, 1Mo ¢G.p. 3aau-
MIKiB HAJIEKUTE ciM'T posnofinis Fy i, 3a7a€M0 Ha-
6ip piBHIB a1, ..., any € [0, 1]. Ha giarpami Bio6pa-
YKAIOTLCs TOUKH 3 Koopunaramu Q=+ (a;) mo ro-
pusonram, i QF=*(a;) no Bepruxami,i € 1,...,N.
Ty QF=k (o) - kBaHTHIB po3HOLLY Fy 1, i3 piBHEM
a. [lomaTkoBo Ha JiiarpaMi IMPOBOIUTBLCS IpsiMa 3i
sMmimienHam 0 1 koedirienrom naxmiy 1.

Ha ocuoBi (2) MoxKHA Takox M0OYy/yBaTH
OIHKY M mucrepcii moxubkum perpecii k-Toro
KOMITOHEHTa, CYMIIITi.

62 (1) =Y ally; — g(xi, )2
=1

. ~927(k) .
Toni crarucruka 64 (by *) - ominka ucnepcii 3am-
KiB k-r0 KOMIIOHEHTA.

6 KoncucrenrHicts ominku gucmnepcii 3a-
JINIIKIB

JJtst ToBeIeHHS KOHCUCTEHTHOCTI 6’,% (l;%k)) Oy1e BU-

KOpHCTaHe HACTYIIHe TBep/KeHHs 3 [9]:
TBepakeHHs 1
IIpumnycrtumo 1o det I'oe > 0. Tomi

k _
1. sup;_yppm1 v labl = O(n 1)

. _ _ (k) (k)
2. SUDP; j=1n,k=1,M i#j ’a’j:n — Q5

| =0(n"?)



Bicnux Kuiscvkoz2o nayionansvbro2o yrisepcumemy
iment Tapaca Ilesvwerra
Cepia: Pizuro-mamemamusri HOYKY

Teepemzkennst 1 3 [12] nae upuxiaagaum ymos

. . 7 (k
KOHCHUCTEHTHOCT] OIIIHOK b; ), Hacrymna teopema

JIOBOJINTH KOHCUCTEHTY 30i’KHICTH OIiHOK &,3(135{“))
JI0 TIapaMeTpiB O']%.

Teopema

Hexait by —P b®) Vy € © FE[W]* < oo
ta JEg(X®) 4)* < co. Tomi Va > 0 mae wicre
MicIie BiTHOIITEHHS:

Ecla(X®),7) — o(X® 5N = op(n/2)
(3)

Ko 0/IATKOBO IPUIIYCTUTU PIBHOCTYIIEHE-
By HeIlepepBHICTh ¢(T,7y) y JeIKOMY OKOJII TOYKU
v = by 1 HEIIEPEPBHICTH 10 T, TO:

(4)

Hosedenna. st nmoBenieHHst Gyjie BUKOPUCTAHO
HACTYIIHE TBep/KeHHs 3 [11].

TBepaxeHHs 2

Hexait &, - mocaimoBHICTD BUMIAIKOBUX BEJIU-
YUH, 4 9KOl icHye nepiuit momenT EE, i moma-
THa aucnepcig D &,. Tomi:

&n — E€, = Op([D &) Y?).

[ITo6 mosectn piBHicTh (3) 3HaligeMo MaTe-
MaTU4He CIIOIIBAHHS E&i(’y), OIIHUMO JIHCIEPCiIO
D 62(v), i sacrocyemo Trepiukennst 2.

3amnuInemMo Nepimii MOMEHT OIIHKY JUCIIEPCil
IOXUOOK B 1HITIOMY BUIVISIJIL:

=3 dME[Y; - g(Xi, )2 =
=1
Zaz n ZptEt —g(X® ) =

ZIEt [Y® —g(x® ~
t=1

Zampz =

Ep Y™ — g(x®, )] ()

OcraHHs PIBHICTb BUILIMBE 3 13 BJIACTUBOCTI

(k)

He3MileHocTi KoedinienTis a;., :

S P pt = Ik = 1),

m™n
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1o sietasbHime onucana y [10]. 3 Bupasy (5)
MOXKH& BUOKPEMHTH MapaMeTp JIUCHepcii 3a/im-
IIKiB a,%, AKINO 3raJlaTH 1IPO IEHTPOBAHICTD I0-
xu6km ) i, mo Y *) = g(X®) p*)y 4 £-) Toni:

E67(7) = B[y, — g(X®) )] =

o2 + Eplg(X® 6Py — g(x®) )2

Jaii omiHmMO AUCHEPCII0 CTATUCTUKH (3,%(7).
fKmo BuUHECTH CyMy i HaBaHTayKeHHS 31 3HAKY
Jcriepcii, To

D7(7) = 7 oyt DIY; — (X, 7))

3a IpUIyIIeHHIM TeopeMu yei auciepcii icHy-
IOTh 1 CKiHYEHHI. 3ayBayKWMO, 110 BUKOPUCTAHHS
Teepmxkenns 1 gaa MiHiMakcHUX KoediIieHTIB qae
BiJ{HOLIIEHHST Y \a(k)lz = O(n™1). e osmavaru-
me, mo D62(y) = O(n~!) = o(n?*~1),Va > 0.

Y pesyiabrari 3acTocyBaHHS TBepKeHHS 2,
MaeMmo Vv € ©,Va > 0:

G2 (7)—o2—Ei[g(X®),~)

i e joBo/uTh BijHOIIEHHs (3) HpH mijcTaBIeHH]

v = b,

Hosenemo signomenns (4). st nporo moka-
weno, mo R(y) = Elg(XH),7) — g(X*),p(0)]2
menepepsua y bk
Hocti g(x,y) y Toumi v = by:

Hnst mosibHOrO A > 0, icaye § > 0, s
Beix x € RY iy Beix v i3 oxomy b*) raknx,
mo |y — b*)| < §, surmsae:

. 3 pIBHOCTYIIEHEBOI HEIepepPB-

l9(z,7) — gz, 6" < X (6)

Otxe, 3 (6) orpumyemo

IR(Y)| = [Exlg(X P, y) — g(X®) 50))]2] =

[ late =gt b PiR@) < & [ R -

Rd

To6ro R(7) € nenepepsuomo y toum b*). 3a mpu-
YIIEHHSIM KOHCUCTEHTHOCTI OIIHOK b P bk,
R(Aﬁf)) —P R(b®) = 0. Tomy 3 (3) Bummsae
(4). O

—g(XW 02 = op(n112),
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7 MogaeaoBaHHS

Byso nmposeneno cepito iz H = 1000 ekciepumen-
TiB Jyis1 pizHux posmipiB Bubipku. [lumu excre-
PUMEHTAMU TepeBipsiiacsd KOHCUCTEHTHICTb OIfiH-
K1 62(651k)) y piBHOCTi (4) Ta 11 yrouHeHHs y piB-
Hocti (3). st 1poro GyJio MOPaxOBAaHO CEPETHE
abCoTIOTHE 3MIIEHHsT CIIPABXKHIX ITapaMeTpiB Bif
ix ominok y (4) i okpemo 3 yrounennsim (3). Tomxa-
TKOBO paxyBaJiacsd 1 JIUCIIEPCid OTPUMAHUX OIIHOK
Jutst piBaOCTi (4).

Homepa KOMIOHEHT TreHepOBaHUX 00 €KTIiB

ki = k(0;),i = 1,..,n obupajmucsi BiAIOBITHO
: : 1 Myn k

JI0 BeKTOpiB posmominy (p;,...,p;" )i—i. Tyr pi -

MUMOBIPHOCTI, IO 3reHepOBaHl HACTYITHOIO TPOIIe-

2019, 3

0 KOMITOHEHTa, CyMiIi &
pyBaJncs HACTYIITHUM YUHOM:
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k
pf = Jztlilutvuf ~ U[Oa 1]

t=1"

st MomesmoBaHHs perpecii BUKOPUCTOBYBa-

JIach JIOTiCTUYHA MOJEJIb.

1
9(X.7) = =

. XapaKTepUCTUKHU, SKi CIIOCTEePiraloThes I M-

(m) _ (Yi(m),Xi(m)) reme-

i

Y = g (X H0) 4 e

XM o N(utm, £0),
ez(m) ~ N(0,07)

ITapamMeTrpu po3moiiiB Ta perpecii HaBeneHi y

Iy POIO: Tabaumi 1.
KOMIIOHEHT
1 2
p™ 0.0 |1.0
>m 120 |20
o™ 105 |05
™ |2 |-1/3
o? | 0.05 | 0.05
Tabsms 1

Pesynprarn momemoBanns st pisnocri (3)  Jlucmepcii omiHOK 6,%((;55)) HaBeJsieHi y Tabuurg 3.

npu o = 0.25 i piBrocti (3) nHasexeno y rabumi 2.

piBaicts (3), @ = 0.25 | piBHicTb (4)
n'\Kowmmonent | 1 2 1 2
100 0.039 | 0.050 0.01615 | 0.0099
500 0.0268 | 0.0191 0.0058 | 0.0044
1000 0.0145 | 0.0152 0.0027 | 0.0028
5000 0.0090 | 0.0101 0.00099 | 0.00122
7500 0.0077 | 0.0097 0.00092 | 0.00091
10000 0.0073 | 0.0089 0.00068 | 0.00076

Tabauist 2. 3Mirenns

12
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n'\Komnonent | 1 2

100 0.0048 0.00021

500 1.88e-3 | 4.31e-5

1000 3.005e-5 | 2.17e-5

5000 3.61e-6 | 5.03e-6

7500 2.89e-6 | 3.02e-6

10000 1.68e-6 | 2.15e-6

Tabmung 3. ducnepcil ominok

8 3acTocyBaHHS A0 COIIOJIOTIYHUX JAHUX

st memomHcTparii miarpaMn KBAHTUIb IIPOTH
KBAHTHJIS 1 OMIHKHY JUCIEPCil 3aJIUIIKiB O6ys10 0bpa-
HO COITIOJIOTi|H] /TaHi. ¥ HAIIOMY IPUKJIAJI TI€ - pe-
3yJIBTATH 30BHINIHHOTO HE3AJIEKHOTO OIIHIOBAHHS
(3HO) 3a 2016 pik (aus [13]), sike ckiagao0Th abi-
Typientu y Buiii. CriocTepexKyBaHi XapaKTepUCTH-
KU: Pe3yJIbTaTh ICHuTiB i3 MareMaTuku (perpecop)
Ta YKpalHChbKOI MoBH i Jsiiteparypu (Biaryk). Ao6i-
TYPIEHTIB, fK1 MOJ0Ja/IN MiHIMAJIBHUN HOPIT yChO-
ro 94 Tucsdi ocobu. Mu po3rJIsHy/ M BUTIAIOK, KO-
Jin PYHKIIisT 3aJI€KHOCT] - JIOTICTUIHA:

9(X,v) =

OcCKiJIbKE pe3y/IbTaTh ICIUTIB - 1€ YHuCJIa B iIHTep-
BaJyti Big 100 mo 200, To BoHU Oysim TiepeBejieHi B
inTepBas Bijg 0 mo 1 BigHiIMaHHSM 1 JUJIEHHAM Ha
100.

JlomaTKoBO JJIsT KOYKHOI'O abiTypieHTa CIIOCTe-
piraeTbcst 0bstacTh, y sKiit Bin ckaamas icrut. e
3HaHHS HEeOoOXi/He is HMO0Yy/I0BM KOHIIEHTPAITii
koMmmoHeHT. KoxkHa 3 KOMIIOHEHT y cywMimi - Iie
ykpaiucbki mosituaui Tedil 2014 poky, mo o6’e-
HaHl y 3 rpynu:

1
14+e—70-71X1

1 Koamninis (npoykpaincski): BIITI, Hapogamit
®ponT, barpkiBmunaa, PagukaibHa napTis,
Camornomid.

2 Omnosuris (KOHTpYyKpaiHchKi): Onosnriiinmii
0JI0K, MAJIEHBKI ITapTii, TPOTU BCiX.

13

3 He 3arikaBiieni y moJriTuiii, - rpoMaJisiHA, IO
HE IIPOTOJIOCYBAJIH.

YHacTky OTpUMAaHUX TOJIOCIB TiJ Yac mapja-
MeHTChbKuX Bubopis 2014 poky 1Mo pizHuX 06/1acTaX
BBaXKaTUMEMO KOHIIEHTPAIigMu KoMImoHeHT. JlaJti
KOXKHOMY aliTypi€eHTy MOCTaBU/IN Y BiJIIOBIAHICTE
KOHIIeHTpaIlil Tediil Mo Ha3Bi 0bJsacTi B gKiil BOHI
CKJIQJAJIN ICIIUTH.

Hagenenol indopmariii mocrarHbo, mob moody-
JyBaTH MiHIMaKCHI HaBaHTa)KeHHsI, 1 OI[IHUTH Ia-
pamerpu perpeci. Oninku napameTpiB perpecii i
OITiHKA JucIepcil 3aaniKiB HaBegeHi y Tabsmuri 3.
3a mUMU 1apaMeTpaMyd Ta MiHIMAKCHUME HABaH-
TayKeHHsAMU OyJiu oriHeHi (pyHKIIT po3nomiiy 3a-
JINIIKIB 1 MOOyI0BaHi JiarpaMu KBAaHTHUIb ITPOTH
KBAHTWIA y TPUIYIIEHH] 0 alpiopHUNl PO3IMOIi
3aJIAIIKIB MA€ rayciB PO3MOJILJL.

I'padiku nepinoi KoJIOHKY - MOPiBHSAHHS OIiH-
K QYHKIH PO3MOJLITY KOMIIOHEHT (CYIIbHA JIi-
Hisl) 1 HOpPMAJBLHOrO po3nomiay (IyHKTHpPOM) i3
BIJITIOBIJTHOIO JIUCIIEPCIEIO 0’2. VY npyriit KoJIoHII 30-
OpazkeHi JiiarpaMu KBAHTUJIb IPOTU KBAHTUJIS JIJIsT
OITIHOK POBIIOJIIB i HOPMAJIBLHOTO PO3IOLITY.

dx BuaHO 3 JiarpaMu, KBaHTHJ/I T'ayCOBOI
GbyHKITT PO3MOIiy 3 OIIHEHOIO JUCIIEPCIE0 CXOXKi
Ha KBAHTWUJI OIiHeHWX posnoaurs. Ile kaxke Ham
1Ipo Te, IO NPHU MNPUILYIIEHIN JIOTiCTUYHIN 3aJie-
JKHOCTI, 3aJIUIIKA MOYXKETH OyTH PO3ITOIiIeHI HOP-
MaJibHO. [J1s1 BIIEBHEHOCTI CJIifl pO3pPOOUTH CTaTH-
CTUYHUI TeCT HepeBipPKU IilioTe3 Ipo PIBHICTH PO3-
MOJ1JTIB.
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9 BucHoBKHu

VYV pesyabrari Oysin o0y I0BaHI OMIHKN PO3MOILITY
3a/IMINKIB y perpeciiiniit cymimii. Ile nabimxen-
Hsl Oy/I0 BUKOPUCTAHO i MOOYIOBH JiarpaM Th-
Iy KBAHTWJIb ITPOTU KBAHTUJIS 1 OIIHKY JIUCIIEPCIT
sanniKiB. s omiHKy quciepcil 3aIuIKiB 10Be-
JIEHO TeopeMy PO KOHCUCTEHTHICTh 1 pe3y/IbTaTh
nepesipeni iMiTariitnum MozesoBannsIM. Voro pe-
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3yJILTATU MOKA3YIOTH IO SIKICTh OI[HOK I BUOi-
pok monas 5 000 crocrepekeHb He JTyKe CUIBHO
BipisHAOTHCS Bij pesysabraris Ha 5 000. SHaiire-
HI OIIIHKM 3acTOCOBaHi s anamizy gaaux 3HO Ta
BubopiB 2014 poky. IlobymoBani jiarpamu kKBaH-
TUJIb TPOTU KBAHTWJIA MMOKA3YIOTh, PO3IMOIIIN 3a-
JIMIIKIB JJTs1 JIOTICTUYHOI (PYHKINI JOCUTH OJIN3b-
Ki JI0o HOpMaJIbHUX pO3MoiLIiB. Tounuil pe3yiprar
MOXYTh JaTU CTATUCTUIHI TECTH.
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B pobomi ompumani xoncucmenmui oyinku napamempa Xiopcma 0pob08020 OPOYHIBCLKO20 pyXy md
no6yo0o8ami 008ipyi iHmepeaiu OmpuMaHux OYiHoKk.

B 6azamvox npuknaonux saoauax, wo nog’sizani 3 06pobKow O0aHux, HeoOXIOHO OYiH8amu
napamemp Xiopcma. Ceped makux 3adau - 3a0aua oOpoOKU i aHANi3y CUSHANIB, KOAU CUSHAT
MOJHCHA  pO321a0amu K HAKIAOEHHs KOPUCHO20 CUSHANLY i ¢honoozo wymy. DOHOBUL WyM €, AK
npasuno, Kombinayiclo cmoxacmuyHoi i ppakmanvnoi ckradosux. Hucnosumu nokasHuKamu
3A3HAYEHUX Glacmusocmell €, 6IONOGIOHO, NOKA3HUK Xwopcma, iHoekc cmiukocmi, Koegiyienmu
83AEMO38'A3K) IHKpeMeHmIB, 5K Y3a2albHIOIOMb A8MOoKopetayiuny ¢yukyito. Ouesuoro, wo oyinka
inoexcy Xwopcma € npiopumemuum 3a860aHHAM NPU AHANIZE CAMONOOIOHUX NPOYeECis.

B oanuii uac icuye b6esniv memoodis oyinku napamempa Xwopcma, aie 8Ci 60HU OPIEHMOBAHI HA
OKpeMi 8UNAOKU NpoYecis, KOIU 1ACMUBICMb CAMONOOJIOHOCMI NOEOHYEMbC abO 3 MPUBALOIO
3anexcHicmio (0pooosull OPOYHIBCHLKULL PYX), AOO 3 BAHCKUMU XBOCMAMU.

Ilpu oyinyi napamempa Xiopcma naubinvw uacmo guxopucmosyiomocs RS-ananis, oucnepcto-
yacosull aHaniz i amaniz GIOXUleHb. 3a2aibHOI0 81ACMUBICMIO YUX MemoOdie € me, uo 6CI 6OHU
30ACHOBAHI HA BUKOPUCTAHHI CIMAMUCMUYHUX 8l1ACUBOCmell 8UOIPOK Opy202o NopsaoKy (oucnepcii,
CepeoOHbOK8AOPAMUYHO20 BIOXUIEHHS, KOe@iyicHmie Kopenayii).

Kurouosi cnosa: indexc Xiopcma, 0pobosuii OpoyHiecoKuil pyx,KOHCUCTIEHMHA OYIHKA.

In the paper consistent estimates of the Hurst parameter of fractional Brownian motion are obtained
and confidence intervals of the obtained estimates are constructed.

In many applications related to data processing, it is necessary to estimate the Hurst parameter. Among
such tasks is the task of signal processing and analysis, when the signal can be considered as the imposition
of a useful signal and background noise. Background noise is usually a combination of stochastic and fractal
components.

Numerical indicators of these properties are, respectively, the Hurst index, the stability index, the
coefficients of the relationship of increments, which generalize the autocorrelation function. Obviously, the
estimation of the Hurst index is a priority in the analysis of self-similar processes.

Currently, there are many methods for estimating the Hurst parameter, but they are all focused on
individual cases of processes where the property of self-similarity is combined with either long-term
dependence (fractional Brownian motion), or with heavy tails.

RS-analysis, disperse-time analysis and deviation analysis are most often used in estimating the Hurst
parameter. A common feature of these methods is that they are all based on the use of statistical properties
of second-order samples (variance, standard deviation, correlation coefficients).

Key Words: Hurst index, fractional Brownian motion, consistent estimate.

Cratta npencrasnena Pozoporo [.B., kanz. ¢i3.-Mat. HayK, IOLEHT.
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Hexat nns HatypanbHOro umcina ABIE%)

VY rpaHUYHMX TeopeMax i BHIAAKOBUX HPHPICT P -ro MopsiKy ApoGOoBOro GpOyHIBCHKOro
mporeciB MOKHA BUIUTUTH OKpeMo TeopeMu pyxy B, k=0,...,a, —1. Tak, 30kpema,

0aKCTepiBCBKOTO  THITy.  baKCTepiBCBKUMH
CyMaMH  Ha3WBAaIOTh  IOCIIZOBHOCTI  CyM
HENHITHIX byHKITIH BiJ IPUPOCTIB
BUIIAJIKOBUX TIPOLIECIB. 3a TICBHUX YMOB

MOCIITIOBHOCTI OAaKCTEPIBCHKUX CYM 30IraroThCst
y TOMY 4YHM IHIIOMY CE€HCI JI0 HEBHUIIaJKOBOi
cranoi. Teopemu, B SIKHX BCTAHOBIIOETHCS Taka
30DKHICTh, Ha3UBaIOThCA Teopemamu JleBi-
bakcrepa abo Teopemamu OakCTEpPIBCHKOTO
THUITY.

PobGoTa mpucBsiueHa 3aCTOCYBaHHIO METOLY
0aKCTEpIBCHKUX  CYyM JUIs  OLIIHIOBAHHS
nmapamerpa XiopcTta JpoOOBOro OpPOYHIBCHKOTO
pyXy.

CTaTHCTUYHOMY OIIHIOBAaHHIO y MOJEIISIX 3
IpoOOBUM OpOYHIBCHBKUM pPYXOM IIPHUCBSYEHA
Oarato poOir. B poboti [1] HaBemeHo orusia
JITEpaTypu 1 aHali3 3a7a4 3 BUKOPHUCTAHHSIM
0aKCTEPIBCHKOTO MIAXOTY.

B poGoTti oTpumaHi KOHCHCTEHTHI OIIIHKH
napameTpa Xopcra.

Orinkn napamerpa Xropcra
BUKOPUCTOBYIOThCSI B 0ararboxX MNPUKIAJIHUX
3amadax [2, 3].

KoncucrenTHi oninku mapamerpa Xwpcra.

B={B,, t>0}
OpOYHIBCBKMH pyX 3 MapaMmerpoM Xiopcra o —
raycCoBUM BHUIIQJKOBUH IpOLEC 3 HYJbOBUM
CepeHIM 3HAUYEHHIM Ta KOPEIALIHHOI (PYHKIIIEI0

r(s,t)zéﬂsfa +[t** s —t|2“) 5,t>0.

IIpunyctumo, mo mnapamerp XoOpcTa o

Hexait IpoOOBHiIt

nesigomuii, Takuii mo « € (0,a’], ne a  €(01) —

¢ikcoBane. Takok, MPHUITYCTHMO, IO BUMAJKOBHI

poriec B={Bt, tZO} CIIOCTEPIraeTbcss B TOYKAX
k

{—,OSkSan}, ne a,eN,n>1; a
a

n—)OO,
n
n—oo.

[punyctumo, 1o s posinbHOro >0 psan

0
Ya.” — 36ixmuit.
1
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ABY, ~B,.. -8, .

k
an

an

AB{) =By.; = 2By, + By

an

AB{) =By.; —3By., +3B.; - B

a, an

k 1
aﬂ an an g
................................... ,
AB® =3 (~1)iCi B
k.,n — Z - p“k p-i -
i=0 —+—
n n
PosriisHemMo  mociioBHOCTI  0aKCTEPIBCHKUX

CyM JUTs IpOOOBOr0 OpOYHIBCHKOTO pyxy By :
2

_ a,-1
Srgp) =a2! Z (AB'E%)) ' (1)
S1p) —aze 5o
nx>1.

IToxmagemo

1 P 4l i o .\ 2a
Vlka)=1 3 (el G- D @
i,j=

k>0, p>1.

3okpema,

Vi(0,a)=% V,(0,a)=4-4% (3)

V,(0,a)=15+3** —6-2%*, (4)

besnocepenHiii miapaxyHOK J03BOJSE OTPUMATH
HACTYyIHI (pOpMYIH IJIs MATEMAaTUIHOTO CIOJIBAHHS

Ta JUCIEPCii BUMAIKOBOI BETMUMHN §np , p=11[1]:
k

ES(P) =V, (0, ), (5)
+ 4nzl(1 -—

) n}/;(k,a)]. (6)

()

1
vars(? =H(2vp2(o,a)

Teopema 1. Cratuctuka
@)
a¥ = 1(1——'” il J n>1

"2 Ina,
€ CHJBbHO KOHCHCTEHTHOIO OIIIHKOIO TapamMmerpa
XmopcTa o .
Hoseoennsn. Hexait p=1, toxi i3 piBHocreit (1)
Ta (2) oTpuMaemo, 1o
2

Bk+l - Bk

(1) B a,-1
ESV=E¥
k=0

a, a,

(8)

a,-1
= Z E BE‘FI _2Bk+lBk + sz
k=0 - o -

an ap an an
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2a 2a
[k +1™ [ |k+ | 1
k=0 | ay | | a | a"
20
k
+|l—| |=ar*
an
3  ocTaHHBOi  PIBHOCTI  BUIUIMBAE, IO
ESW = a2 tEsW =1, To6o, niiicHo,

ESW =V,(0,H)=1.
Jnst  3HAXOMKEHHS  OLIHKH Jmcnepci'l'DSAS)

BHUKOPHUCTAEMO HACTYITHY JIEMY.
Jlema 1. [1] Hexait B = {Bt, tZO} — ApoOoBHiA

OpoyHIiBCBKMH  pyX 3 mapamerpom  Xropcra
aec(0,a’]. Tomi mpu «a” €(01) cnpaBemiusa
HACTYITHA HEPIBHICTh:
sup D S() 5 ,
ae 0 a ] an
ne
* * 3
28+20(a-20")) o 0.5}
. 3
D,=1{23+2(+Ina,)) = 9)
40" -3
2342 | o e(g,lj,
4a” -3 4
> 1
{(s)=X =, s>1
n=1N

3 mpurymmeHHs mpo 30DKHICTE paxy Y. a,” mwit
n=1

Oynmp-sikoro ¥ >0 BHIUIHBaE, 1O ISl JOBLIBHUX

a <1 psn ZDS <+00, a ToMy i3 [4] BUILIMBaE
n=1

30DKHICTB S,g)—ES,g)—>O,n—>oo 3 HWMOBIpHICTIO

OIMHUIIA. 3BIICH OTPHUMAEMO:

SW=a21sW 51 n o0,
(1)
(20 - 1)+ In Sy —->0,n—>oo0,
Ina,
1 InS()
—1- —>a
2 Ina,

3 UMOBIPHICTIO OJUHUIIS P N —> 00 .
Otxe, cratuctrka (7) € CHIIBHO KOHCHCTEHTHOIO
OLIIHKOIO TIapaMeTpa « . O
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Amnajgor i'-IHO, MOXHa IIOKa3aTH, 10 CTaTUCTHUKU

&r(]p) :1(1— In Srgp)
2

, p>2 € CUJIBHO
Ina,

KOHCHCTCHTHHMH OI[IHKaMH mapamerpa XwopcTa o .

Jema 2. Hexai B={Bt, tZO} — JpoOoBuit
OpOyHIBCHKUH pyX 3 mapamerpoM Xtopcra ¢ . Tomi
BUKOHY€ETBCSI HEPIBHICTB:

— D
sup DSr(,p) <P
ae(0,1) an

(K TR Mp§(4p 4)]
1
2i

3 () reiclme G- ko0,

K, = sup VZ(0,c),
ae(0,1)
L,= sup V}(La),
ae(0,1)
M, =
= sup |2a(2a -D2a-2)-...-2a - (2p —1))|,
ae(0,1)
p 2 2 1

. . 9
¢ () — meera-¢yukuis Pimana. )
06eoenHs. 3HAWIEMO OHUCIIEPCII0 BHITAIKOBOL
A P

BETUYHHH §rgp) p=2;3,

DS =
a,-1 2 a,-1 2 (10)
- % e | (e o f | -
k=0 k=0
a,-1 2 2 a,-1 2
_2% (E(ABg’n))j +4% (EABPAB®) |
k=0

k,1=0
k>1

Tomi, oOYMCHIIOOYM MaTeMaTH4YHE CIIOJIBaHHS
MOOYTKY TIPHPOCTIB P-TO TOPSAKY ApOOOBOTO
OpOYHIBCBKOTO pyXy 3 HYJIBOBUM CepeIHIM
3HAYEHHSM Ta KOPEIALIHHOI0 (YHKIIEI0 r(s,t):
EABS" ABP) =%an2“ x

P
x 2 (YT Ck-n+a- 0. @y

ij=
0< k,I <a, -1
e C! __ P p= (12)
Pilp-i) T
IToznauumo
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( ~la)= Jnga m-1<6,,,m>2 maemo:
_ 12 i+j+1 j 2 M 5
_E zz ( 1) C C |k—|+(|_J)| (13) Vp(m,a)ﬁ(m_l)w,
k,I1>0. ne
pu k= | waemo E(AB f'=a;2V,,(0,a). M = sup Ra(a-1)Ra-2)-..-2a=2p-1),
IMokmagemo k—l=m,1<m<a,-1. Tom i3 p=>2. (15)
dopmyi (10)—(13) BurumBac: ITpu « € (0,1) maemo:
DS, = S (4p-4a)<Cap-2)
n =({(dp-4a)<l(4p—-4),
2 740‘ - =, (m _1)2(2 p—2a) é’ p g p
=2 a, (arj 2”‘Vp (0, a)) Z \ ( ) = ge {() — mera - pynkuis Pimana.
ko 3 ocraHHBOI HepiBHOCTI Ta HepiBHOCTI (14)
gt 5 BUILIMBAE, I110:
- z(aﬁ-““v;(o,a) z (a, m)sz(m,a)] < Ds(P) <
1 1 31 1
1-4q L-da VL
<2a, " x <?a (K +2L +2Mpm_z—(m—1)2(2"2“)]s
1 1 a,-1 (14)
x|V0,a)+=V Z V j e 1 1
[ (0,0 2 La)+ s () <2a:* (Kp+§Lp+§M;§(4p—4)j, (16)
3ayBakumo, 1o Tpu P = 2 1a p = 3 i3
criBBimHOMIEHD (3)—(4) OTpUMaEMoO, I110: Ae
oy 2 20 K,= sup VZ(0,&), L, = sup V:(Le).
Vy(ma)=6m** —4m+1™ +|m+2™ - ac(0) a=(0.)
B 4|m _]42,1 N |m B 2| 2a , HOKnaﬂeMlo .
— — —_ 2 —
Vy(m, @) = 20m?* —15/m +1°“ + jm+2** - Dy ‘Z(KP oLy +oMpcap 4))
—|m+3* —15m-1* + p>2. (18)
6 S 20 Toni 3 nepiBHocti (16) Ta dopmyn (17)—(18)
+Gm -2 ~jm -3, orpumaemo sup DS(P) < a, *“D,,
m>1, ae(0,1)

Ockinbky, QyHKia V, (m,a) € TIPUPOCTOM 2p—
ro mopaaky ¢bymkuii f(x)=x**,x>1, @ € (0,1)
Ha BIOpPI3KYy [m —p,m+ p], TO 3 dopMynH A
n-ro mopsaky Qymkumii f(x) [5]
OJICPIKUMO, IO
AV F(x)= (g, AX" = 2a(2a —1)§7* 2,
ne 6, e(m—p,m+ p),
f(x) Taka, mo Mae N-1 HemepepBHUX MOXiTHUX
£/(x), £"(X)..., f " (x) na sigpisky [m—p,m+ p] i
CKIHYeHHY N-Ty TOXimHY
(m-p,m+p),
A £ (x)
O, €(m—p,m+ p);
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PUPOCTY

f™(x)na inTepBani

npupict  n-ro  mopsiaky  f(X),
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a JUT BUTIAIKOBOI BETMYMHH S,(,p) = aﬁ“flSAr(‘p) , p=2

MaeMo  SUp Dgrsp)s—p, ne D,, p>2 BusHaueHo
ae(0,1) n

B (18). Jlemy moBeneHo. O
3 nemu 2 Ta piBHocTi (13) s p=2 1a p=3
OTPUMAEMO:
V,(0,a)=4-4%;
Ta
V,(La)=7-4-22* +3%,

V,(Lar)=26-16-22% +6-3% —4%%

V,(0,a)=15+3%* —6.2%*.

Teopema 2. Hexaii B={B,, t>0} — xpoGosuit
OpoyHiBChKHH pyx 3 mapamerpoM Xtopcra « . Tomi
S:Em —)VP(O,a), p=>1 3 HMOBIPHICTIO OXMHHLS MPU

n—oo.

JloBenenHs. OcCKUIBbKHT MaTeMaTH4YHE
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Bicnux Kuiscbroeo nayionanvbhoo yHieepcumemy
imeni Tapaca Lllesuenka
Cepin ¢izuxo-mamemamuyni HayKu

E§rgp) =Vp(0,a), TO 3 neM 1, 2 Ta 36bKHOCTI pALY

Zagﬂ ,f>0, BumnmMBae, mO i JOBUILHOTO

n=1

ae (0,1) pax > DSAr(]p) 30iraetecs.  Tomy
n=1

SP)_ESP) 50 3 iimosipHicTio omuHMIS TpH
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Teopema 3. [HTepBan
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criBBimHOMIEHHSNM (18), € MOBIpYMM 1HTEPBAIOM IS
napamerpa Xiopcra « 3 piBHem noBipu 1—¢ € (0,1).
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Xropcra
Tomi 3

a 3
BUTTIAOY

HAJIMHOCTI Ui Tapamerpa
koedirienrom goBipu l-—¢.
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Po3B’spkeMO  OCTaHHIO HEPIBHICTH BIJHOCHO

2D,
P>0.
6‘an

Rt

>0

l,(n) 3a ymoBwm, mo 1—

I
Tomi I,(n)>

I\JII—‘

HepiBhicte 1— BUKOHYETHCS  JJIA

a.e

n
JMOCTATHBO BEIMKHX N, OCKUIBKU Dp la, >0 npu
n—oo.
Teopemy oBeNI€HO. O

BucHoeku
Otpumani pe3yabpTaTti MO>KHa
BHUKOPHUCTOBYBAaTH B 0araTbOX TMPHUKIAJTHUX

3a/layax, IO TOB’s3aHI 3 OOpPOOKOIO JTaHMX.
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OcobnmBe Micue 3aiimae 3amada oOpoOKHM 1
aHaJi3y CUTHAJIIB, KOJIM CHUTHAI DPO3IJISAAE€THCS
SIK KOMOIHAI[isi KOPHCHOTO CHUTHAIY 1 mymy. A

IIyM € KOMOiHaIi€e CTOXaCTHYHOT i
dbpaxTanbHOT CKJIQJIOBHUX. Yucnosumu
NOKa3HUKaMH 3a3HAYCHHX BIIACTHBOCTEH €,
BIMIOBI/IHO,  TIOKa3HUK  XIOpCTa,  IHJEKC
CTIAKOCTI, KoeQiieHTH B3a€MO3B'SI3KY
CKJIaJIOBHX, K1 y3arajibHIOIOTh

ABTOKOPEJALINHY (YHKIIIIO.

[Ipu ouinmi mapamerpa XropcTa HalOUIbII
4acTo BUKOPHUCTOBYIOTBCS RS-ananis,
JUCTIEPCHO-YAaCOBUM aHAIII3 1 aHAI3 BIIXUJICHB.
[li meromu He M03BOJSIOTH OTPUMATH SIKICHI
OILIIHKHM — HE3MIIIEeH1, KOHCUCTEHTHI, TOIIIO.

B pobori oTpuMaHi KOHCHCTEHTHI OIIIHKH
napamerpa Xropcra IpoboBOro OpOyHIBCHKOTO PyXy
Ta mo0y/10BaHi JIOBIpYi IHTEPBAIIH.
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VY pobomi susuaromuvca dea memodu modearosars 6unadkosozo npovecy Oprwmetina- Yaenbexa.
Ileti npouec mae 6e3niv 3acmocysans - y Gisuyi, Pinancositc mamemamuyi, 6i0a02it, momy expat
BANCAUBOIO € MONCAUBICIND MOOJEA0BATNU UeT NPOUEC OAA BUPIULEHHA PISHUT MEOPEMUNHULT Ma NPG-
kmunHuz 3adad. OcobAuBICMI0 4b020 NPOUECY € ME, U0 BiH MGE DA2AMO UIKABUL 8AGCTNUBOCTNET - 8TH
€ 2aYCCOBUM NPOUECOM, € CMAULOHAPHUM TPOUECOM, € MAPKIBCHRUM NPOUECOM, € PO3E A3KOM CMOTG-
cmunH020 piekanta Jlanocesena mowo. Kootcha 13 yux saacmusocmeli 00360A4€ 3aCMOCO8YEAMYU 00
Ub020 npouecy pisHi memodu modearwsanus. Mu poseasnyau auwe dea memodu, roua ix € nabaeamo
oinvwe. Odur mMemod 6UKOPUCTNOBYE Me, WO Uell NPOUEC € 2aYccosum. Tnwut — 6a3yemuvcs Ha PO3KAA-
i Qyp’e. Jlaa 060x yur memodie 6YA0 OMPUMGHO KOHKPEMHT YMOBU, KOAU Ui MOJeAl 6idnosidaromob
3a00HUM PIBHAM TMOYHOCTNE Ta HAAITHOCTI.

Kaouosi crosa: npouec Oprwmetina- Yaenbera, modeatosanms 13 3a0a1010 mounicmio ma Haditi-
Hicm10, yenmposanull 2ayccosuti npouec, poskaad Dyp’e.

Two methods of modeling for the Ornstein-Uhlenbeck process are studied in the work. This process
has many applications in physics, financial mathematics, biology. Therefore, it is extremely important
to have instruments for modeling this process to solve various theoretical and practical tasks. The
peculiarity of this process is that it has many interesting properties: it is Gaussian process, is a stationary
process, is a Markov process, it is a solution of the Langevin stochastic equation, etc. Fach of these
properties allows you to apply different methods to this process modeling. We have considered only
two methods, although there are many more. One method uses the fact that this process is Gaussian.
Another is based on the Fourier expansion. For both of these methods there were specific conditions are
obtained when these models satisfy the given levels of accuracy and reliability.

Key Words: Ornstein—Uhlenbeck process, modeling with given accuracy and reliability, centered
gaussian process, Fourier series.

1 Bcryn

IIponec Opuinreiina-YiaeHbeka Mae JyzKe JIOBLY
Ta IiKaBy icTopito. BiH BWHUK #K a/JbTepHATH-
Ba BinepiBcbkoM mporiecy mpu moOyI0BI Mozesi
PYyXy 3BaKeHOI YacCTUHKH, IO PYXA€ThbCs B DPi-
muHi. B 30-x pokax JaBaJIsITOTO CTOJITTSA JaH-
cbKi isuku-reoperuku Jleonapy OpHIITEH Ta
JzxopK Yiaenbek |7| 3anpornonyBain MOJIeIb, 1110
BPaxoBye, Ha BiaMiny Bij mporecy Binepa, Hbi0TO-
HIBCbKY B3a€MOJIiI0 YacTUHOK. Il Mojesb onucy-
BaJla MOBEIIHKY YaCTUHOK 3a JIOIMOMOTOI0 PiBHS-
uns Jlamkesena. HeBupomkenuii po3s’si30K 11b0-
0 CTOXACTUYHOTO PIBHAHHS i HA3BaJIU IIPOIECOM
Opmurreitna- Yirenbeka. Bin mae 6e3mia 3acrocy-

© A.O. TTamko, T.O. fduesud, 2019

24

BaHb B bisurl, piHAHCOBI MATEMATHIN, €BOJIO-
i Giosoril Tormo. ToMy MoIe/IIOBaHHSI TAKOTO
IIPOIteCy MA€ JIyzKe BarKJWBE 3HAYEHHS JJIsd Ipa-
KTUYHUN 3aCTOCYBAHHS y PI3HUX IMPUKIQTHUX 3a-
Jadax.

IIponec Opumreiina-Yienbeka € craiioHap-
HUM, TayCCiBCLKUM Ta MapKiBcbkuM. Haiibigbimo-
ro pO3MOBCIO/KeHHs HaOyB mporec Opuirreiina-
Vienbeka, 110 Ma€ HYJIbOBE MaTeMaTHJIHE CIIOJIi-
BaHHA, TOOTO € IeHTPOBaHUM. Pi3Hi MeTo u Moe-
JIIOBAHHS CaMe TAKOT'O MPOIeCcy MU OYIeMO JTOCITi-
JIPKYBATH B Il CTATTI.

Hapenemo maTeMaTUIHO CTPOTe O3HAYEHHS
ITHOT'O TTPOTIECY.
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Osnavennsa 1.1. Ilponec Opuinreitna- Yierbeka
X(t) — me crarioHapHUl EHTPOBAHWI TayCcciB-
CBHKUI IIPOTIEC 3 KOPEJISIIIIHHOI (DYHKITIEIO

B(t) =EX(t+71)X(t) =ocexp(—a|7|), o,a > 0.

IIpu wmopemoBanni mporecy OpHinreiiHa-
Vitenbeka MOXKHA BUKOPHCTOBYBATH:
® 300parkeHHs poriecy Opurmrreitna-

Vienbeka K TaycCiBCBKOTO CTaIliOHAPHOTO

LIPOIIECY;
)

e 300pazkeHHs Dyp’e JUIsL [IPOLIECY
OpHireitaa- Yienbeka,

e 300pakeHHs IIPOIIECY Opumrreitna-
Yirenbeka K TPOIECY 3 JUCKPETHUM CIie-
KTPOM;

e 300pakeHHs IIPOIIECY Opmirreiina-
Vilenbeka sIK pO3B’A3KY CTOXaCTHYHOI'O PiB-
HSTHHS.

B namniit crarTi MU JIOKJIJTHO PO3TJISTHEMO TMEPII
nBa migxoau. Jpa iHIINX 3aadIImMo Ha MaiOy-
THE. TaKoK BapTO 3ayBarKUTH, 1110 HABEICHU CITHU-
COK METOJiB MoJieioBaHHs Ipolecy OpHIITeiiHa-
Viienbeka JaJieKo He HOBHUM - MU HABEJHU JIUIIIE
OCHOBHI. 30KpeMa, JJIsl IEPIINX JIBOX IIiIXOIIB MO-
JKHA BU3HAYUTH IIE€BHI YMOBH, KOJHU JJIsI MOJEJI
MOXKHA 3HAUTH YMOBH, IIPH AKHX BOHA OyIe MaTh
3ajJaHi TOYHICTh Ta HaiiHiCcTh. /loktaaninme mpo
METO/I MOJICJIIOBAHHS PI3HUX IPOIECIB i3 MOTPi-
OHOIO TOYHICTIO Ta HATIHHICTIO MOXKHA O3HANOMIU-
TuCh B KHU3i [5].

Osnavenns 1.2. Hexait BumajkoBuit mporec
X (t),t € T ra iioro mozmenb X, (t, A) HanexaTh
JeTKOMY (DYHKIIIOHAJILHOMY OaHAXOBOMY ITPOCTO-
py A(T) 3 mopmoro ||||. Hexait 3a/ias0 jgBa qucia
0 >01a0 < e < 1 Mogemv X, (t,A) nabiu-
»kae nporec X (t) 3 HagiitaicTio 1 — € Ta To4HiCTIO
0 > 0y mopmi npocropy A (T), sakmo mae micie
HEPIBHICTD

P{IX(#) = Xn (£, A) ]| > 6} < e

2 MogesnoBaHHS TayCCiBCbKHUX CTallioHap-
HUX BUIAJKOBUX MPOIECIB

Hexait (T,B,u) - jgeskwit Bumipnuii mpoctip 3

p(T) =1
Hexait X (t),¢t € Rt — rayccosmuii cramionap-
Huit Bumakosuii nporec, EX (t) 0, B(7)
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EX (t+7) X (t) = [, cos(ur)dF (u) — xopens:-
miiina dyukis nporecy, F (u) — cmekrpaibHa
dbynxuis. Bunagkosnii mponec X (t),t € R' mae
300parkKeHHsT

X (t) = /Doo cos (tu) d¢; (u) + /000 sin (tu) d¢s (u)

ne (1 (u), o (u) — neHTpoBaHi HEKOpeJILOBAHI BHU-
MaJIKOBI
CcTaMHU TakKi,

HPOIECH 3 HEKOPEJIbOBAHUME IIPHPO-
mo g JgoBuibHEX 0 < up <
uy mae micre pismicrs E () (ug) — ¢ (u1))?
E (G (u2) = Co (w))? = F (ug) = F (w1).

J11st MOJIeJIFOBAHHST BUIIA/IKOBOI'O IIPOIIECY JJIst
nesikoro A > (0 BUKOpucTaEMO 300parKeHHsI:

X)) = /OO cos (tu) d¢y (u) +
+ /0 sin (tu) d¢z (u) =
A
= / cos (tu) d(y (u) +
0
A
+ /0 sin (tu) dC (u) +
+ /A cos (tu) d(y (u) +
+ /A sin (tu) d¢2 (u) .

Osnavenns 2.1. Hexait A > 0, D (A, n)

0 = Uo < Ui < < Unp == A —
posburTs inTepsasy [0,A]. Bunajakosuit nporec
n (A t) = 32070 cos (uit) (Gr (wig1) — Ci (w)) +

sin (u;t) (G2 (wi+1) — C2 (u;)) Ha3UBa€THCST  anpo-
KCUMaIliiiHoo Mozesutio nporecy X (t) (A - mo-
JICJIb).

Orxe, A — wmomens muporecy X (t)
JKHA OTpUMAaTH 3MojetoBasum cymy X, (A, t)
Soico (cos (uit) nf + sin (uit)n?), xe {n},n

=0 ) -

He3aJIEXKHI CTPOro CyOTrayCcCcoBi BUITAIKOBI BEJIUYIN-

En! = En2 = 0 ma E(n})? = E(n2)°
nu 3 En; n; Ta n; n;
F(qu) - F (ul)

Posrnsimatorbest crporo cybrayccosi Buirako-
Bl BEJUYWHM TOMY, IO BOHU OTPUMYIOTHCS MPH
MO/IEJTIOBAHHI TayCCOBUX BUITAIKOBUX BesJmunH. e
BUKJINKAHO TOYHICTIO TIPEJICTABICHHST IHCET B 00-
YUCTIOBAJIBHAX CUCTEMAX T4 HAOIMKEHIX AJITOPU-
TMaX MOJIETIOBAHHS TAYCCOBUX BUIATKOBUX BEJIH-
qnH. Jlok/IaJHile mpo Teopito cTporo cyoraycco-
BHUX BUITa/IKOBUX BCJINYNH MOXKHaQ 03HalOMUTHUCH B
kHu3i [1].

MO-
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B po6ori [2| orpumano oniHKu ToYHOCTI 1 Ha-
niftrocti B piBHOMIpHIH Merpuri. B poborax [3] -
[4] orpumano oriHKEM TOYHOCTI 1 HAAIHHOCTI B IPO-
cropax Opuiiva. [Ipocropu Lo(T) -
maioK mpocropis Opiiiya.

it omiHKY TTapaMeTpiB Mofesel i3 3aJaHnMI
TOYHICTIO Ta HAJINHICTIO CKOPUCTAEMOCH PE3YJIb-

YaCTUHHUN BU-

TaTaMMl TaKUX TEOPEM:

Teopema 2.1. [2] Modeav X, (t,\) nabauorcae
npouec X (t) 38 naditinicmio 1 — & i mounicmio §
6 nopmi npocmopy Lo (T), axwo das wuces A ma
N BUKOHYIOMDBHCA HEPIBHOCTN:

B2,z < 6% ma exp{%}\/ﬁexp{ 232nA} <
e, de B2,n = [p E(X (t) — X, (t,A))* dpu (t).

Teopema 2.2. [3, /] Modeav Xy, (t, A) nabauorcae
npouec X (t) 8 naditinicmio 1 — & i mounicmio §
6 nopmi npocmopy Lo ([0,T]), axwo dan wucea A
ma n BUKOHYIOMBCA HEPIBHOCII:

B3, < 6% ma exp{ }33 exp{—%} <,
e

B3, = 2T ;)fj;ﬂ (1- =L F ) ax+
T3 F (A d)\).

Hexait nasa po3ourtst D BUKOHYETHCS YMOBa
T (XNi+1 — N\i) < 1, Toai maroTh Miciie Taki HaCIiI-
KH:

Hacainok 2.1. Modeav X, (t, A) nabaustcae npo-
yec X (t) 3 naditnicmio 1 —e i mounicmio 6 6 nop-
mi npocmopy Lo ([0,T7]), axwo das wucea A ma n
BUKOHYIOMBHCA HEPIBHOCTN!

Glpa < 62 ma exp{%}\/cTexp{ 2G1nA} <
LD fAfl A=X)2F (M) dX +

g, de Gl,n =
T(flfof()\)d)\).

Aximo po3durta BubpaTu piBHOMIpHUM, TOO-
TO, Aig1 — A = 2 i

=i T—A < 1 Toxi MmaTuMeMo iHIINI
HACJIJI0K.

Hacuinok 2.2. Modeav Xy, (t, A) nabauorcae npo-
yec X (t) 3 naditnicmio 1 —e i mownicmio 6 6 nop-
mi npocmopy Lo ([0,T]), axwo das wucea A ma n
BUKOHYIOMDHCA HEPIBHOCTN!

G2, A < 5% ma exp{l} GQ‘i/\exp{—%} <,
de G2un = TR [N (N AN+ T (f3° (A dN) .

Ilns nporiecy Opainreitna- Yiienbeka

O'2Oé

f()\):m,
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/‘f —4nmg(g).

Tomi

Hacuainok 2.3. Modeav Xy, (t, A) nabauorcae npo-
yec Oprwmetina-Yaenbexa X (t) 3 mnaditinicmio
1 —¢& i mounicmio 6 6 nopmi npocmopy Lo ([0,T7),
AKWO Oas wucen A ma n eukonyomouea nepieHo-
cmi:

G2,A < 5% ma exp{%}

\/GTeXp{ 2G2n A} <
F(A)+ T (F(c0) = F(A) =
T2A2 1}

3n?
Tabauns 2.1 Ouinku pisaux ymces A ta n s
Mojiesti nipotiecy OpHinreiina- Yienbeka Jijist 3a1a-
Hux HagiitHocti 1 — & Ta Tounocri § ko T = 1
Ta =0 = 1.

T3A2
g, de G2, 5 = 3.2

%02 + T";arctg (%) [

Ne A n 4] €

1 1000 13000 0.1 | 0.1
2 2000 65000 0.05 | 0.1
3 | 50000 | 8000000 | 0.01 | 0.1
4 1000 15000 0.1 | 0.05
5 2900 95000 0.05 | 0.05
6 | 55000 | 10000000 | 0.01 | 0.05
7 2000 33000 0.1 | 0.01
8 | 11000 350000 | 0.05 | 0.01
9 | 300000 | 47000000 | 0.01 | 0.01

Puc 2.1. Peasizamnil upomnecy Opuinreiina-

Vnenbeka sIK rayccoBOro MpoIecy

1
0.689,

§=01,e=01,T=1,a=0=1
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Puc 2.2. Peamizanii nponecy Opumreiina- [0, 7], maemo:
Virenbeka gK raycCcoBOrO MPOIECY

1ms, ' ' ' ' /B (1) cos <k;7—> dr =

exp (—art)
a4+ d2

[disin (diT) — acos (dgT)] ,

ne dy = %’“ Toni

T
kmT
2=k B (1) cos <> dr =
T Jo T

% ao ( k1
1+ (1) exp (—=aT)), (2)
§=005¢c=01,T=1a=0=1 a+d}

a orTKe, BumaakoBuii nporec X (t) Ha TPOMIXKKY
3 MopemoBanass uponecy Opnmreitna- [0, 7] moxua npejcrasutu y Bursii (1).
VYienbeka i3 BUKOPUCTAHHSAM PO3KJIATY

Dyp’e Osnavenns 3.1. Bunagkosuit npomec Xy (t) =
224:0 (&kcos (”Tkt) + misin (”Tkt)), e BI/IH'a,ILKOBi

Hexaii na inrepsani T = [0, T] xopensiiiiny dyn- Bemmmmn {&,nx},k = 0,1,... susnaveni B (1)
kuiio mporecy X (t) Moxma poskimacti y psag  Ta (2), 6ynemo nasusaru mojestio Pyp’e nporecy
Dyp'e Opuinreitna- Yien6eka X (t) 3 KopeJsiiiiiinoro dbyH-

kuieio B (1) = oexp (—ar), 7 € [0,T].

kmt
Z bkcos ( ) ,
Teopema 3.2. Modeav @yp’e npouyecy Xy (t) na-
o ) - . baustcae npoyec X (t) 3 mounicmio § > 0 ma Ha-
Je xoedinienTn by = ka o B (7) cos (%) dT Ta  Gitiniemiw 0 <1—c< 16 npocmopi Lo (T), axwo
e = {27 k=1 - M 3adosoavnae nepicrnocmi:

1 k=0 € HeBlJI EMHUMHA. L s 52

9 - . o > AM+]_, exp {5} mexp ( 242

Posrisinemo BumiaikoBuii mporiec 9 ~ ) M+1
AM+1 =T Zk:M—H by

o0
Y (t) = Z <§kcos <7Tkt> + nsin <7Tkt>> ’ Hacninox 3.1. /Jas npouecy Opnwmetina-
T T Vaenbera X (t) seaununa

)és,de

k=0
(1)
ne {&k, etk = 0,1,... — He3ajexKkHl BUIIAIKOBI W ao ( k4l 7aT> B
BestmunHu Taki, mo E&, = En, = 0, £k = 0,1, ..., AM+1 =T Z 2 —|—d2 1+(-1) € =

k= M+1

EE2 = En? = b2 /
k k k 1+ (_1)k+1 e—oT

IIporiec Y (t) — cramioHapHuil BHIAIKOBHI  — 9,4 _
IpoItec. ZKINO el mporec Po3ryIssHyTH Ha Biipis- k=M1 o? + (%k)
Ky [0,7T], To iioro Kopessitiiina dyHKIis 36irae- © 14 (_1)k+1 o—aT
Thcs Ha inrepsaii [0, 7] 3 kopensiiinono Gyskni- = 20012 Z T907 252
ero0 B(t) => 72 Obkcos(k”t) Omrxe, nporec Y (t) k=M+1 o+

MOXKHA POBIVISIZIATH K MOjiesib mporecy X (t) Ha
T = [0, T]. BisbIu jok/aHo i3 Teopi€o po3kiaiiB
dyp’e A5l BUNAIKOBUX IIPOIECIB MOXKHA O3HAO-

OCKUJIbKE TOYHO MOPAaxXyBaTH IO BEJIMYUHY
QHAJITUYHO HE MOYKJIMBO, TOMY OIIIHUMO i1 3Bep-

MUTHCH B KHU3] [6]. Xy

. . Jlte ol &K1
Teopema 3.1. [6] ‘dxwo xopesauitina Pymryis A3 <2a0T — Z — =
B (1) onykaa na sidpisky [0,T], mo koepivienmu T k=M+1

Qyp’e uiei pynryit bi He610 eMHI.

1—|—e oT
2
= 2a0T (— g k:2>

st kopenamifinol  GyHKINT  mporecy
Opuurreitna-Yienbeka B (T) = oexp (—art), T €

27
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Tabuauiig 3.2 Oninku pisHUX 3HaAYeHb qncen M
st mogiesti @yp’e mporecy Opuinreiina- Yienbeka
JJIsL 3aJaHUX HaiiiHocTi 1 — & Ta TouHOCTI § KOJIN
T=1maa=0=1.

Ne M ) €

1 230 0.1 | 0.1
2 900 | 0.05| 0.1
3 | 21500 | 0.01 | 0.1
4 270 0.1 | 0.05
5 | 1050 | 0.05 | 0.05
6 | 26000 | 0.01 | 0.05
7| 370 0.1 | 0.01
8 | 1500 | 0.05 | 0.01
9 | 36000 | 0.01 | 0.01

Puc 8.1. Peanizamii mpomnecy OpHinreiina-

Vnenbexka meromoMm poskiaagy B pam Pyp'e

§=01,e=01,T=1,a=0c=1

Puc 3.2. Peamizanii uponecy OpHinreiina-
Vienbeka MeTOIOM po3KIany B psia Pyp’e

5
S

\.'*V’%u’hf

0=005,e=01,T=1a=0c=1

2019, 3

28

Bulletin of Taras Shevchenko
National University of Kyiv
Series: Physics & Mathematics

Puc 3.3. Peasizanii upomecy OpHinreitHa-

Vitenbeka MeTojioM po3kiay B psii Pyp'e

6=001,e=01,T=1,a=0=1

4 BucHoOBKHN

B crarti 6yn0 pO3rigHYTO OBa METOAU MO-
JIeJTIOBaHHsT TIeHTpOBaHoro mporeca OpHirreiina-
Vnenbeka. Ilepmuit meTon 6a3yerhcs Ha 3arajib-
HUI TPUHIIATIAX MOJIETIOBAHHS T'ayCCOBUX ITPOIIE-
ciB, ockiibku mportec OpHITeiiHA- YIeHOeKa € Ta-
yccoBuM tporecoM. OIiHKH TOYHOCTI 1 HaiitHOCT
3HAWJ/ICHO B 3araJbHOMY BUIIQJIKY, BOHU Mali>Ke He
3aJIeKaTh BiJ BUIY KOPEJATiitHOl DyHKITII.

Jpyruit MeTos BUKOPUCTOBYE PO3KJIAIN KOpPEe-
samniitaol GyukIl nporecy B pam @yp’e. I ominku
TOYHOCTI 1 HAJIINHOCTI 3HAWIEHO JIjIsi KOHKPETHOL
Kopessniiinol Gyukiii. ToMy Taka BeswKa pi3HU-
11 B KIJIBKOCTI JIOJIAHKIB Yy MOJIEIIX.

st obox MeToiB Oy HaBe/IeHI OCHOBHI Te-
OPEeTUYHI PE3YJILTATH, IO JT03BOJISIOTH MO/IE/TIOBa~
TH IIPOIEC 13 3aJaHNMH TOYHICTIO Ta HaMIHHICTIO.
Bynu 3pobseni BinmoBigHi migpaxyHKn Ta BU3HA-
qeHi YMOBH Ha IIE€BHI ITapaMeTpH, IO JT03BOJISIOTH
OyayBaTu peastizaril i3 HEOOXiITHUMHM TOYHICTIO i
HaIAHICTIO.

Jpyruit MeTo/1 MOJETIOBAHHS OLJIBIT TPOCTUit
B 3acTocyBaHHHI. AJjie 00HIBa BOHHU IOTPEOYIOTH
IIOIIEPEJIHIX 3HAHD T HABUYOK MOJIETIOBAHHS TayC-
COBHUX BUIIQJIKOBUX BEJIUYUH. 30KpeMa, Tpeba Ma-
T Ha yBa3l, MO NIPHU 1X MOJEJIOBAHHI OTPUMYIO-
ThCsI CTPOTO CyOraycoBi BUIIAQIKOBI BEJIMINHI.

B wMaitbyTHBOMY IMJIaHYETHCS TOCTIINTHA iH-
mi MeToam MojetoBaHHs mporiecy OpHirreiina-
Vnenbeka, X TouHicTh 1 HamdifiHicTh. HabyBaioThb
MIOITYJISIPHOCTI METO/TU  MOJIETTIOBAHHA T'ayCCOBUX
BUITQIKOBUX IIPOIIECIB 3 BIIOMUMU KOPEIAIAHIMN
dyHKIIAME, 10 TAKOXK OYAyTh 00’€KTaMM HAITHX
ITOJIAJIBIITUX JIOCTIiJI2KEHb.
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Steady magnetohydrodynamic (MHD) flows of suspensions of conducting micro/nanoparticles through a
thin tube of a circular cross-section in a transverse constant magnetic field driven by a constant pressure
drops at the ends of the tube is studied. The governing MHD system of equations for a viscous
incompressible micro/nanofluid in the non-induction approximation is solved with the second order velocity
slip boundary condition at the wall of the tube. The material parameters of the fluid are considered as non-
linear functions of the particle concentration according to the mixture models of suspensions and electric
conductivity theory. The velocity field, pressure, electric current and magnetic field have been computed as
series expansions. The influence of two non-dimensional slip coefficients of the flow rate and wall shear
stress is studied. Optimal concentrations of the micro/nanoparticles in the suspensions have been computed
from the minimum entropy production condition for different slip conditions, material parameters, magnetic
fields and flow regimes (Reynolds and Hartmann numbers).

Key Words: Microfluids, Nanofluids, Magnetohydrodynamics, Steady flows.

Jlocnioocytomves cmayionapui  maerimo2iopoounamiuni (MI]) meuii cycnewnsitl enekmponpogionux
MIKPO/HAHOYACMUHOK KPi3b MOHKY MPYOKY Kpye080o2o nepepizy 6 NOonepeyHoMy NOCMIUHOMY MASHIMHOMY
noJi 3a PaxyHoK NOCMIlHO20 nepenady mucky Ha Kinysx mpyoxu. Cucmema piensno MI/[-meuii 6's3xol
HeCucaugoi MIiKpO/HAHOPIOUHU 6 Oe3IHOVKYIUHOMY HAOAUNCEHHI D036 SI3YEmbCs 30 HAAGHOCMI  OJisl
WBUOKOCT 2PAHUYHUX YMO8 NPOCIUZAHHS OPY2020 NOpPsOKY Ha cminyi mpyoxku. Mamepianvui napamempu
PIOUHU PO32T0AIOMbCA K HeAIHIUHT QYHKYIT KOHYeHmpayil YacmuHok 8i0n08IOHO 00 mMoodenell cymiwel ma
meopii  enexmponpogionocmi. Bupadicenns 0 noas WeUOKOCMI, MUCKY, e1eKmPUYHO20 Cmpymy ma
MAZHIMHO20 OIS OMPUMAHT Y 8UTIA0L PO3KIAOCHb Y padu. Bueueno enaus 060x 6e3po3mipHux Koegiyicumis
NPOCIUZAHHA HA WEUOKICb meyii ma HAnpysceHHs 3¢y8y Ha cminyi. Onmumanbhi KOHYyeHmpayii Mikpo /
HAHOYACMUHOK ) CYCHEH3IAX 0O0UUCTICHT 3 YMOBU MIHIMYMY UPOOHUYMBA eHMPONii 6 KaHA O/ PI3HUX YMO8
NPOCAU3AHHS, NAPaAMempie mamepiany, MASHIMHUX noaie ma pexcumie meuii (yucra Petinonvoca ma
Tapmmana).

Kurouosi cnosa: Mikpopiounu, Hanopiounu, Maenimna 2iopoounamixa, Cmayionapmi meuii.

CratTiOo ipencTaBuB 1.¢.-M.H., ipod. Kyk A.0

1. Introduction. Significant success in material
sciences and electronics, medicine and biology,
chemical and power engineering is tightly connected
with novel micro- and nanotechnology that had been
developed during the last decades. Precise
‘molecular’ assembling of nanocomposites, coatings,

© N. M. Kizilova, L.V. Batyuk, 2019

molecular motors, and other nanoscale analogies of
macroscopic  materials and machines allow
elaboration of microgears, molecular motors, and
microelectromechanical  systems (MEMS) for
detailed manipulations with nanoparticles, fibers,
biological cells and extracellular materials [1].
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Suspensions of micro or nanoparticles (microfluids
and nanofluids) possess unique physical, chemical
and biological properties due to high surface-to-
volume ratio for the small particles. Mictofluidic and
nanofluidic systems are widely used in modern
technologies, biology and medicine for mixing or
separation of fluids, water purification and
desalinization, heating of small volumes of materials,
cooling of the MEMS, drug delivery to the target
tissues, medical diagnostics with lab-on-a-chip and
other promising technologies [2].

The micro- and nanofluids used in such systems
have complex mechanical, thermal, electromagnetic
and optic properties which depend on the
concentration, shape, size and material parameters of
the micro/nanoparticles. Therefore, even low-
intensity external electric or magnetic fields may
significantly influence the flows of micro/nanofluids
through the tubes or ducts [3]. Weak electric and
magnetic fields generated by the heart and muscle
contractions, brain and cell activity could influence
the drug delivery to tumors inside the organisms [4].
Electromagnetic properties of the blood cells used
for early diagnosis of cancer [5] may also influence
the measurement results and, therefore, the accuracy
of the diagnostic test.

In the moving suspensions the Fahraeus-
Lindquist effect produces a low viscosity boundary
layer free of the particles (apparent slip layer, ASL)
that accelerates the flow [5]. In the suspensions of
microparticles (1<d<100um) or nanoparticles

(1<d<100vm) the Knudsen layer produced by the

complete or partial diffusion scatter of the particles
at the wall roughness appears and influences the flow
velocity and wall shear stress [6]. Its thickness is
compatible to the mean free path A of the particles
that is much smaller than the thickness of the ASL
[7]. As it was shown in numerous experiments with
the flows in micro and nanotubes, the measured
volumetric rates and wall shear stress differ in 5-60%
from the corresponding values computed on the
classical Navier-Stokes equations for convenient
incompressible fluids [2,6,7]. The main reasons of
the differences are velocity slip and temperature
jump boundary conditions (BC) at the solid walls
and complex dependencies of the material
parameters on the particle concentration ¢ and other
properties. The heat conduction, electric and other
physical parameters of the micro/nanosuspensions
are increasing functions of ¢, while the fluid
viscosity and energy loss for viscous dissipation also
increases with ¢ . Therefore, the solution of the
optimization problem for the values ¢ when the
physical properties are high enough and the viscous
dissipation is reasonably low is of a great importance
for micro/nanofluid dynamics applications.
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In this paper the influence of the BC and
suspension parameters on the MHD flow and the
field strength is studied. The optimization problem
for the particle concentration at different material
parameters and flow conditions is solved based on
the minimum entropy production approach.

2. Problem formulation. Steady flow (0/06t=0,
V=Vé,, B=B§, +BE,, cylindrical coordinates) of
a uniform suspension of the micro or nanoparticles

of diameters d, with concentration ¢ in an

incompressible Newtonian fluid through a thin tube
of a circular cross-section with radius R and wall
thickness h<R in a transverse external magnetic

field By =Bye,, By= const and the pressure drop
AP =P* —P~= const (Fig.1) is considered.

Puc.1. Scheme of the flow geometry.

The flow is governed by the following system of
equations in the non-induction approximation [8]
v,

ax (1

2)

where v, =c? / (470 4) is the magnetic viscosity, B

is the field inside the tube.

The BC for (1)-(2) are the 2-nd order velocity
slip condition at the wall and the flow symmetry at
the axis [6,7]

1 -
UergAV +—By - VB=AP/L,
4r

vinAB+ B -VV =0,

r=0: Yo, 3)
2
r=R: VzalKna—V+a2Kn26—V “)
or or?

where Kn=A/Ris the Knudsen number, o, are
constants  (according to [6], oy e[l;1.15],

a, €[-0.5;1.31]), a, =0 for the microfluids.

The second BC at the wall for (1)-(2) is [8]
r=R: %3 =0 for ideal conducting wall, (5)
27 . . .

r=R: B="— for ideal insulating wall, (6)

C
where j=o,4VxB/c is the electric current, o, is

the wall conductivity.
Solution of (1)-(3), (5), (6) for the velocity non-
slip BC has been obtained in the approximations of
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large and small Hartmann numbers, walls with zero
and small conductivity, thin wall with arbitrary
conductivity and the wall with finite thickness and
conductivity [8,9].

As it is well-known from the general MHD
theory, with two new parameters introduced as

B/ 47 F zcAP / BOLJexp (o) o

\ Oeff Heff
|9t Bo -
where m = TS the system (1)-(2) gives

Heff =€
second-order equations

V1,2 = (V +

Avl’z - m2V1’2 =0 (8)

with boundary conditions (3) and

2
Vi +V, = ClKn—a(Vl *V2) , C,Kn? T MtVs) ;Vz) )
or
and  2M=V2) | Gett (y vy (10)
or owh

or Vl—VZ =27Tj/C, (11)

instead of the conditions (4)-(6) accordingly.

The effective density pg , electric conductivity
o and dynamic viscosity . of the suspension
can be introduced by one of the formulae accepted
for mixtures and corrected for the micro/nanofluids
in the experiments [2,3,6,7]

Pefr = Pp®+pPr(1-0), (12)
3 —
our =0 | 14— 2| (3
Op +20¢ +¢(o¢ —crp)
Her = pp(1-9) >, (14)

where the subscripts (.), and (.)¢ stand for the
particles and basic fluid accordingly.

3. Problem solution. In the non-dimensional
variables T=r/R, X=x/R, B=B/(Vy/orus),

V=V/V,, where V, is the characteristic velocity
the solution V,,(r,4) of (8)-(10) can be found by
using the technique of separation of variables in the

general form

Vi = 21 (HF) (€ cos(nd) D sintn ), (1)
n=0

where H=ByR.op/u; is the Hartmann number,
I,(y) are modified Bessel functions of order n.
The magnetic field in the wall has the form [9]
By, = Ay +ByIn(T)+ Y (A,T" +B,T ")cos(nd), (16)

n=0
and the field continuity equations
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1 6B 1 0B,

1: —
W’Geff or Ow or

T

(17)

where o, is the wall conductivity are satisfied.

Unknown constants Cln’z, Dln’2 , Ay ,Ag, By have
been found from the algebraic system of equations.
The complex expressions for them are not presented
due to brevity.

Numerical computations have been carried out
for the material parameters taken for blood as a
microfluid [4,5] and some technical diluted
nanofluids of rigid nanoparticles [7]. The most
interesting results are presented in Fig.2-5. Entropy
generation due to viscous dissipation in the flow has
been computed as a function of the concentration
¢ in the form:

1 2r 1 —\2 —\2
S=|dx [ do|dr (a_q +(6—V] (18)
o o0 o oF o0

Optimal values for the particle concentration
have been found from the following conditions

. 2 .
ds d=S
—=0, —> 0. (19)
do do
Numerical solutions of the corresponding

transcendental equation (19) have been found for
different sets of material parameters, external
magnetic field (H number) and flow regime

(Reynolds number Re = p (VoR/ piy).

4. Results and discussion. At the first stage of the
study, the obtained results have been compared to
similar ones computed in [9] with non-slip BC. The
same material parameters and values Re, H have
been used. The velocity profiles at different angular
coordinates 6 are presented in Fig.2a,b. In the
velocity slip BC noticeable flow acceleration near
the wall due to the Knudsen layer is observed.

V
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v

15
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12+

10

0 02 04 06 08
b

Fig.2. Velocity profiles V(T) at 6 =90° (a)and 6 =45°

(b) at Re=100, H=500, h/R=0.5, ¢ = 5% ; the curves 1-5

correspond to o, /0,=0.1,1,10,100,1000.

The flow is no axisymmetrical due to the
magnetic field distribution; at low wall conductivity
the profiles are close to the parabolic at any 6 while
at low relative conductivity of the wall the profiles
are flattened (curves 2 in Fig.2a,b) that is proper to
MHD flows in comparison with Poiseuille-type
flows [8]. At high wall conductivity the M-shaped
velocity profiles (curves 3-1 in Fig2a,b) are
developed. Similar results have been obtained in the
rectangle ducts [8] and the circular tubes without slip
[9]. The flow velocity at the wall always increases
with a;, while the velocity at the axis is negligibly

increased with «a;, became more flattened at higher
a, and the maximal axial velocity at 0.5<T <0.81s
smaller when a, <0 due to negative curvature of the
flow profile in the Knudsen layer. At a;, =0 all the

profiles pass through a common point [9]
(intersection points in Fig.2a,b) while when «; #0

the intersection points could differ at some angles 0

(Fig.2b).
The dependence of the non-dimensional pressure
2
gradient P =w on the relative wall
He LR Vg

thickness h=h/R is presented in Fig.3. It is shown,
the thick electrically conducting wall significantly
influence the pressure drop needed for the steady
flow of the micro/nanofluid with the same flow rate
or the flow with the same wall shear stress that is the
main factor of the entropy production (18). This
conclusion corresponds to the computational results
presented in [9] for the no-slip BC.

Such characteristic dependence  P(h)gave

already been founded for the MHD-flows between
the parallel conducting and insulating thin plates, in
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the rectangular ducts with conducting and insulating
walls, and in the circular ducts with thin and thick
walls with arbitrary electrical conduction.

0

0 04 08 12 16 2n
Fig. 3. Dependencies of the nondimensional pressure
gradient of the wall thickhess; the curves 1-6 correspond
to o, /0,=100, 10,5,1,0.5,0.1; other parameters are the
same as in Fig.2.

The aim of this study is computation of the
optimal concentration of the micro/nanoparticles in
the suspension. As we can see from the Fig. 2-3,
high concentration of the micro/nanoparticles
increases the density, electric conductivity and other
useful properties of the suspension for the heat/mass
transfer abilities. As it is shown in Fig.2a,b, in this
case the suspension in the presence of the external
magnetic field will benefit in the flow acceleration in
the core of the flow, but due to the lower flow
gradients the rotational Magnus forces exerted onto
the micro/nanoparticles will produce thinner wall

layer free of particle [5].

5. Conclusions. Numerical computations on the
detailed MHD flow model of the -electrically
conducting suspension of micro/nanoparticles
through a circular tube with a wall of finite thickness
and electric conductivity with the second order
velocity slip BC proper to the micro- and nanofluids
in comparison to the velocity non-slip BC accepted
for convenient fluids, revealed significant differences
in the velocity profiles, pressure gradients governing
the fluid flow, the magnetic field distributions inside
the fluid flow and the thick conducting/insulating
wall. The most interesting results for the macrofluids
with no-slip boundary conditions at the walls have
been obtained before, but the same conditions for the
micro/nanofluidics are still of a great interest in
relation of numerous applied applications for the
micro/nanosuspensions used for the purification and
desalinization of natural waters, different biological
fluids, environmental waters polluted by different
microparticles and nanoparticles like Dbacteria,
wastewaters, wicro/nano wastes, etc.
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3akoHu 30epeskeHHS B 3a1a4ax Conservation laws in dynamic fracture tasks
ANHAMIYHOTO PYHHYBaHHS

Kuiscbkuii HamioHansHuii yHiBepcurer imeni | Taras Shevchenko National University of Kyiv,
Tapaca Illepuenka, 03680, m. Kuis, np-r. Akax. | 03680, Kyiv, Acad. Glushkova av., 4-¢,

['nymikoga, 4-¢, e-mail: gusakw7(@gmail.com
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Posenanymo 06i moodeni pyiinysanHs cmpudicus nio 0i€lo npyxicHoI Xeuni: 3 oucunayicio enepeii npu
pyunysanni ma 6e3 oucunayii enepeii. JJocniodiceno 30epedcents iHmespanié NOGHOI MexXaniuHol enepeii ma
Kinbkocmetl pyxy gpaemenmie cmpudichs. [{ns mooeni pyunysanus 6e3 oucunayii enepeii noHa Mexaniuha
eHepeis 30epicacmuvcs. st mMooeni pyuny8anus, wo nepeddauae OucCuUnayilo emepeii, noeHa MexXauiuHa
eHepzis 3MEeHWYEMbCA, Xoua pyx uyeHmpy IHepyii 36epicacmbca. A omoice, OuHamiune pYUHYBAHHA
8100Y8AEMbCS 34 PAXYHOK 3MEHUIEHHs eHepeii X8UNb08020 npoyecy 8 cmpudicHi. 3acmocyeantns moodenell
NPOLIIOCPOBAHO HA NPUKAAO] QOCTIONCEHHS KBASICAMUYHO20 PYUHYBAHHSA WLIAXOM HOUWUPEHHS KPUXKOL
mpiwuny. Ompumano 3anedxcHicmo eHepeii pyUHy8awHs 6i0 po3mipy mMpiWuHU ma NOGHY eHepeilo
DPVUHYBAHHSL.

Kurouosi cnosa: ounamiune pyiny8anus, nowUperHs X6uib, eHepeisa pyuHy8aHHs.

Two fracture model under elastic wave action are considered: with energy dissipation while fracturing
and without energy dissipation. The conservation of integrals of the complete mechanical energy and the
quantities of motion of the fragments of the rod is investigated. For the model of fracture without energy
dissipation, the complete mechanical energy is stored. For a fracture model involving energy dissipation, the
complete mechanical energy decreases, although the motion of the inertia center remains. Therefore,
dynamic fracture occurs due to the dissipation of the energy of the wave process in the rod. The application
of the models is illustrated by an example of a study of quasistatic fracture by the propagation of a brittle
crack. The dependence of the fracture energy on the crack size as well as the complete fracture energy were
obtained.

Key Words: dynamic fracture, wave propagation, energy of fracture.

1. Beryn

o . . . ITlig mi HABAHTAXXEHHS B TUIl HAKOMUYYETHCSI
PylinyBaHHs - 11e Ipolec PO3AUICHHS Tijla Ha JBi A ZUEI0 HAaBaHTAXE 711 HAKOMHUMYETHC

abo Oinblie YacTWH, MPH NPHUKIAJCHHI HANPYXCHb HOTeHma{H’H? CHEPIIA HPYXKHOL He(bf)pMaH{l’ a Hp?
o 3pOCTaHHI TPIIIMHA YaCTHHA MOTEHIIATBHOI eHeprii
pO3TArY, CTHCKY a6o 3cyBy. Bymb-sikmii mpoumec P i 1 P

pYilHYBAHES BiIGYBA€THCH B IBA eTami: crouarky PABLUIPHAETHCA. I'pipdirc mokaszas, 1Mo 3pocTaHHS

3apOJIKY€ETHCS TPIIMHA, a OTIM BOHA MOMIAPIOETECA P lm'l/_I'HH MO)KHPTBO H'Hme B TOIYIy BHHaHKy’m’IKHIO
[1,2] npu 1l 3pocTaHHi BUIUISEThCS OiNbIIe eHeprii, 4uM
b N .

. . . . MOTPIOHO ISl YTBOPEHHS HOBUX IOBEPXOHb IPH
Haiigactime  pydHYBaHHS  KOHCTPYKIiH € A
. 3pocTaHHi TpimuHu [6,7].
KpUXKAM abo kBaziumactuuauM [3]. Y Bumaaky

KPUXKOTO pYHHYBaHHS, TPIIMHA MOUIMPIOETHCS 2. 3anaua

MIBUKO 3 TPAHUYHOIO IIBUJIKICTIO C, 0€3 MOMITHHX
Posrnsmaerbess 3amaya  mpo  MOIIMPEHHS B

mIacTHYHuX  aepopmauiii. TpimwmHy B 1bOoMy CTPWXKHI CKIHYCHHOI JOBKHMHHU NPYKHHX XBHIIb
BUINAJKY XapaKTePU3YIOTh SIK HECTIHKY, a PO3BUTOK 30ypeHMX OOMEKEHHM IMIIYILCOM HAIpPyXKeHb,
TPilIMHM ~ WicAs  TOro, $K BOHA BUHMKIA, NPHKIageHoro ao topus (Puc. 1).

BiIOYBA€ThCS AOBUIBHMM YHHOM 0€3 30UIbIICHHS

MPUKIAICHUX HanpykeHb [4,5].
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xf

-
<€

Y

1

Puc. 1. Moaens HaBaHTa)KEHHS CTPIDKHS

o'u  0u
———=0, xe(0,), t>0 1
FRCRY 0,1) (D
% 0.=-5(). L1n=0,
ox Ox )
Ou
u(x,0)=—(x,0)=0,
(x,0) Py (x,0)
S(),0<t<r,
S@t)= , S(1)€[0,1].
0,t>7,

[IBuaKiCTh pyXy LIEHTPY 1HEPIIIT Ta EHEPriro
(KIHETMYHY Ta TOTEHIIAJIBHY) CTPUKHSI MOXKHA
MopaxyBaTH sIK 0€3M10CEPEAHBO 3 PO3B’A3KY, TaK 1
yepes IHTerpaibHi neperBopeHns Bupasy (1).

1 t
v, = [ (Qu 06)(x, ydx = = (Bu / dx)(0,1)dt =
0 0 (3)

= jS(t)dt

Puc. 2. lIBuakicTh pyXy LEHTPY iHepIIil
[ToBHi KiHETHYHA Ta TOTEHIIIAJIbHA CHEPTi:

T=1/2f(6u/ot(x,0)) dx 4)

=1/2[(u/ox(x,0)) dx (5)
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Kinernyna eHepris pyxy pa3oM 3 IEHTPOM
iHepIii Ta BIAHOCHOTO PYXy BIJHOCHO IICHTPY
IHepIIil:

T =1/ 2vc2 6)
T =T-1/2v} @)
1.0
‘\‘ 0.0
0.06
0.04 Te
0.02
0.00
0.0 05 t
Puc. 3. Kinernuna eHepris
min(¢,7,)
E=T+M= [ §(x)dx (8)

0
30epira€TbCst TAKOXK 1 BHYTPILIHS €HEPTis CTPHIKHS
TicIsl 3aKiHYeHHsI 30ypeHHs ¢ > 7, .

Puc. 4. IloBHa MexaHIYHA EHEPTis

Omxe, 111 XBHJIBOBUX IPOIIECIB B TBEPIOMY T
CIpaBeUIMBI TEOPEMH IMPO PyX ILEHTPY IHepil
MaTepialbHOI CHCTEMH Ta TMPO 3MiHY ITOBHOL
MEXaHIYHOI eHepril MatepiaibHOl cucTemu [8].
Hubpakiis npyxHoi XBWII  IPHU3BOIUTH  JO
3MEHIIICHHS TOTEHIIaIbHOT eHeprii Ta 30UIbIICHHS
Ha TaKy JK 4YacTKy KiHeTn4yHoi eHeprii. IloBHa
MEXaHIYHa €HEpris He 3MIHIOEThCS B MpOILEci
mudpakiii. KinetnuHa eHepris TBEpAOTUILHOTO PyXy
pa3oM 3 IEHTPOM IHEpIil He 3MIHIOETHCS B MPOILEC
nmugpaxitii. J{ist KOpOTKUX IMITYJIbCIB HaBaHTaKECHHS,
yacTKa GHEprii TBEPAOTUILHOTO PyXy IIPOHOpIliiiHa
MPOMDKKY HaBaHTaXKCHHSI.
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3. ®parMeHTYBaHHSA CTPUKHA 0e3 Aucunmanii 1772
eHeprii ' =— j S*(x)dx
0
B E— e 1 )
T =2 [ 87()ax
- — 0
tf+xf72
2
1 xf 2 [ 8°(0dx
0
Beaxaemo, 1o B mepepizi x, B MOMEHT 4acy /, 1 ty+xp=2
T' =11 j S (t)dt 12
(ymosa 0<(z, —-1)—(1-x,) <7, 3abe3nedye yMoBy (@) (12)
MOXKJIMBOTO PYWHYBaHHS B 30HI PO3TATY) CTPYKEHb  JIns 2-ro q)parMeHTy,
pyHHY€ETBCs Ha 2 pparMeHTH. 1
3a Mozens pyHHYBaHHS TNPUHAMEMO YMOBY - J‘ S*(t)dx
PO3IUTEHHSI CTPUKHS Ta MPHUKIAJAHHSI 0 TOPIIIB, 10 2 [+ -
YTBOPWIIHCS,  HAIPYyKEHb,  MPOTWISKHHUX [0 1
XBHJIOBUX HAIPYKEHb B CYIUIBHOMY CTPHIKHI, IO — j S*(t)dx
3a0e3revuye YMOBY 3BUIBHEHHS BiJl HANpYyXeHb JUIS 2zf+v
cymeprosuilii ~ po3s’s3kiB.  [lomibHa  Moxpenb
pyHHYBaHHS HE Mepeadayae, BOYEBUIb, JUCHIIALT j S 2(t)a’K
eHeprii. JlificHo, Hexail MaeEMO CKJIQIEHUH CTPHKEHb tp+xp-2
(3 ¢parmentamu 0<x<x, Ta x,<x<l). Ilpu 1 5,
0 _ i _ /. 2
HABaHTa)XEHHI XBWJICIO CTUCKY ()parMeHTH He rm=1 = EE - I S (0)dt (13)
posnunsttotbest.  [licmst BigOUTTI Ta QopMyBaHHS a2 ) )
XBHII pO3TATY, (DparMeHTH pO3AUILIOTBCS Oe3 A OT)KE, TOBHA CHiTbHA MEXaHiuHa eHepris
BiICYTHOCTi KOHTAaKTy IO Mepepisy CKiajanHs jyis (PPAarMEHTIB 30epiracTecs:
. . . ;
HACTYIHHUX MiC/Is PYHHYBAHHS MOMEHTIB Hacy. B J-Sz (vt (14)
30epekeHi BEIWYMHU 3HAXOIATHCS 33 METOIOM
. 0
MIOTIEPEeTHHOT0 PO3ALTY. . . . .
EI::HHKOCT? ;TyiB isepuiii (parmenTis: Hnst  takoi Mojeni pyWHYBaHHS, CIPaBEINBI
R HeHTp pHit Op ’ TEOpEeMHU TIPO 30epeKEHHS PyXy LEHTPY iHEpIi Ta
o= b ! J‘f S()dt ) 30epeXKeHHS TOBHOI MEXaHIYHOI eHeprii s
¢ X% CHCTEMH MaTepiaJbHUX TOYOK [8].
. [ToBHa MexaHiuHA €Hepris JBOX (parMeHTIB Ta
- 1 J‘ S()dt (10) MIBHJIKICTD CIUTBHOTO IICHTPY 1HEPIIil 30epiratoThCesi:
1- xf {x, -2 Tp T
: : o E=[S? =
a OTKe, WIBHJKICTh CIUIBHOTO IIEHTPY iHepIii ) §7()dx, v, ) S()dx (13)
(dparmeHTiB 30epiraeThes: 5
< T
. 2
I i _ S (k)dx
xvl+ (1= x, V! = [ S0t (11) | { (1)
0 T.|E=—— <
. b
110 30iraeTses 3 Bupasom (3) wis 1>, > 1. jS2(K)dK
MoykHa TMOKa3aTd, M0 KiHEeTHYHI, MMOTEHIIadbHi (a 0

OT)XKE 1 TIOBHI) MexaHiuHi eHeprii (parMeHTiB He
3anexars Bij yacy. s 1-ro ¢pparmenry:

40

®dparMeHTH PO3’€nNHYIOThCS 0€3 yaapy (IIBHUAKOCTI
pyxy mueHTpiB iHepmii HemepepBHi). ®Dparment I
rajbMYy€ThCs, (dparmeHT II pO3raHs€ThCA.
IToBTOpHUIT KOHTAKT HEMOKIIMBUH.

4. PyiiHyBaHHS CTPUKHA, 10 BPAXOBY€
JAUCHUIIALiI0 eHepril

PosrnsiHyTa Monens pyiHHYBaHHS HE MOXe OYyTH
3acTOCOBaHA Ui BHUNAJKy, KOIMH pyWHYBaHHS
MOB’s13aHE 3 PO3BUHEHHIM TPIIIMH a00 YTBOPEHHSM
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30HM IUIaCTHYHOI Jjedopmamii. JiIsi ocTaHHBOTO
BHUIIQJIKY, 3allPOIIOHYEMO MOJENb PYyWHYBaHHS, IO
3BOJINTHCS JI0 TIOCIA0ICHHS TTepepi3y pyHHYBaHHS 32
3a/1aHUM 4acOBUM 3akoHOM. Hexait

E=E,(1-f(@—1,)d(x=x,)), f(1):f(0)=0, (16)
f(Tf) _Lf'(T) = O:T € [Oarf]

[llykaeM0O TTOBHH# PO3B’SI30K I MOJENII y BHUIJISL
po3B’s3ky (1) s t €[0,7,) Ta po3B’sA3Ky 3amadi:

o’u  Ou 0 Ou
=f(t—-t)—|d(x—x,)— |,
Sf( f)ax( (x xf)axJ

o o
xe(0,1), ¢, <t

(17)

Ou Ou
—(0,))=—(1,1) =0, 0,1), ¢, <t
6x( ) 6x( ) xe(0,1), ¢,

u(x,t )=u0(x),%(x,t )=v,(x), 0<x<1

ae  uy(x), v,(x) - mepemilleHHs Ta HMIBUAKOCTI

pO3B’s3Ky (2) B MOMeHT 4acy f,. Jlus 3py4Hocti, B
MOJANBIIOMY TIpH PO3B’s3aHHI (8) mim ¢ Oyaemo
posymitu £ —1,.

BukopucraBmm apyry ¢opmyny [pina s
XBHJILOBOTO  omepatopa 3  (yHAaMEHTAIbHUM
PO3B’SI3KOM:

u (x,t;7,E)=—1/2H(t—1—|x— &)
min($+(z,—7)1)
1 ou
M(537)=—5 j — (%7, )dx —

max(§—(7,-7),0)
U&= e VHE -, o)
w(E+(, —1),1 YH(E - (1, -1)| -

(18)

1 . 1%
—Eszgn(xf —<";)f(1+|x—§|)xa—Z(xf,r+‘xf - &‘)

H(Tf—r—‘xf—i‘)
Po3p’si30k Mae yTpuMyBaTH HENEpepBHY YacTUHY
uy(x,t), 10 TOB’A3aHa 3 IPOXOUKEHHSIM XBHII

nmepepisy x=x, Tak i pospusny U (X,f), mo

BU3HAYAEThCS NUQPAKIIEI0 XBHJII B Iepepisi
pyVHYBaHHS.
Orxe, u(x,t)=u,(x,t)+u,(x,t), 1e
min(&+(t,-1),1)
1 ou
uE=-= [ (ot )dx-
‘ 2 o

max(§—(t,-1),0)
—%{uo@—(rf SO )HE (T, — )+
0 HE- (1, 1)

(19)

+u(§+(t,
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1y (&,0) =1, (€)
Ou )
% €, 0)= 0
X
HENEpEpPBHA YaCTUHA pO3B’$[3Ky, a

ou,
=—(x,-&,1
ax(f 1)

1

<g< (20)

21
(x -&1)

- PO3pHBHA YaCcTHHA PO3B’SI3KY.
Y MoBa aBTOMOJEIBHOCTI UIs U, (X, 1)

Ou,
-7

e +0,1)=

22
i a ” (22)
= g(xf + (Tf
(18) 3 BpaxyBauusm (19), (20) ta (21) mae BUTISI:

[aﬂ(x 0= (f( )(6”0 a”])(x ,r)J

0]

10 1 BU3HAYA€E MOACIL PyHHYBaHHsI, MOOyI0BaHy Ha
HAIIIi rinoTesi.

Ou
_T):Tf)_a_t](xf +(Tf _T):Tf)

(23)

IurerpyBannst 1mono crpubka  TepeMilieHb
JI03BOJISIE OTPUMATH:
[#]=[w ]G, = f(r)(a% %j(x oo 24

OcCKiNbKM 1€l BHpa3 OTPUMAHO 3 IHTErpaIbHOIro
MPEICTABJICHHS PO3B’SI3KY, BIH IOJA€ 3B 30K MIDK

CTpHOKOM TIepeMillleHb Ta HANPYXEHHSIMH B
nepepizi pyWHyBaHHsA. [lns  BBemeHoi  Mopedni
pyHHYBaHHS, SK 1 paHille MOXHa BHU3HAYUTU

30epeXeH] BEJTUUMHH:

jf(z—zf)dzj§(5(x—xf)‘2—’:

_ 'If(t —1,)dr x (!5'(x—xf)(;—l:dx+

| (25)
62ud )
+|8(x—x,)—dx) =
! (x=%,)—5
T 62
=jf(t—zf) — o (x ,t)++ 2(x )t =
0
A omxke, pyiiHyBaHHS HE NPH3BOIUTH JO 3MIiHU
IIBUJIKOCTI LIEHTPY iHepii cTpuxkHst: Av, =0.
e,
AE() == [ f'(t=1,) ) f(=1,)
v (26)
Ou(x,,1)
6—[ u](x -, t)dt
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Enepris pyiinysanus (AE(f) qma ¢ >, +17, - e

yacy) BH3HAYAEThCS  PIBHEM

ou(x,,1)
ox
[u,](x,,f) B mnepepisi
pYHHYBaHHS 1 3aJIeXHUTh Bil IMHAMIKH PYHHYBaHHS
f@®). v BUNAJKY, KOJIH [u](x )  MoxHa
AE(t, +1,)=0

BiOyBa€eThCs Oe3 AucUIIallli SHEpTii.

3aJIEKATh  Bif

HaIpy>KeHb PO3TATY Ta (PIKTUBHUM

CTpHOKOM TIepeMillleHb

3HEXTYBAaTH, Ta pyHHYBaHHA

5. KBazicraTnuHe Kpuxke pyiiHyBaHHA

B  skocti mpukiamy — peamizamii  apyroi
IMHAMIYHOI ~ MOJENi  pyWHYBaHHS  PO3TIISTHEMO
pYHHYBaHHS CTPIDKHS 4Yepe3 BHHHUKHEHHS Ta

PO3BHHEHHS B Tepepi3i pylHYBaHHS BHYTPIIIHBOT
LEHTPaIbHOI TUCKOBOI TpimuHu. [l CHIPOIICHHS,

BBXATUMEMO, [0 pPYHHYBaHHA BiIOYBa€ThCS
KBa3iCTaTHYHO.
Jdnst  KBazicTaTU4HOI  PIBHOBAXKHOI  TPIIIUHH

paliycy r B Iepepisi 3 HalpyKeHHAMH PO3TATY G,
10 pO3TaIlIOBaHa [EHTPATbHUM YHHOM B CTPHIKHI 3
paaiycoM R HaOMMXKEHUN 3a METOAOM IIJIOCKUX
mepepi3iB  Ta  YCEpEeAHCHHMH MO  mepepizy
00e3p0o3MipeHHit CTPUOOK IepeMillleHh MOXe OyTH
3HaiaeHo 3a [9]:

- 2
CaEENAN
3 [ R

27

C[L)_(L)sl arcsin(r / R) &7
R) \R) 2| (+/RW\1-(r/RY

neV - koepiumient Ilyacoma, [ -  noBxuHa
CTPHIKHSL.

[ToxnaBmm B 1poMy BUNAIAKY f(f)= (r(t) / R)2 Ta
3acTocyBaBIH (26), OTpUMAEMO:
8(1-v)(R) ,

AE(r)=- o, %
(7) 3 7%
(28)

x(ﬁ +7/3-N1-7 arcsin(ﬁ))
IloBHa  eHepris, MO  JUCHUIYETbCA  TIPH
(parMeHTyBaHHI CTPYIKHS:

32(1-v*)(R )
AE()=————| —|O 29

o 1 \7)° (29)
Ax  BummmBae 3 (28), ang  MaidMx  TPINIUH,

A A3

AE(r) Aio_ Ar, a ISt PO3BUHEHUX

AE(?) ~~ B~ 4'(1-7)".
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Oxkpim toro, (—AE(7))'> 0, (-AE(#))">0. 1ix
BIIACTUBICTh Ja€ 3MOTY TIOSICHHUTH PE3yJIbTaTH
SKCIIEPUMEHTIB B SKUX IMOIIMPEHHS NPYXHUX XBUJIb
MPHU3BOUTH 70 YaCTKOBOTO pyHHYBaHHS
(TIOIIKO/IKEHHS ) : JIACKOIIOX10H1 TPILIMHA
HIMIIOIOTHCS alle He JIOCATAIOTh TOBEPXHI CTPHIKHS,
OCKUTBKH BITHOCHWI TNpHpICT eHeprii pyHHyBaHHS
CTPIMKO 3pOCTa€ MpHU HAOIMKEHHI KPUXKOT TPIIIUHH
1o IPaHUII. Mognens MOIIKODKEHHS

0'=E0(1—f(t—tf)8(x—xf))2—z

BpaxyBaTH CKIHYCHHY EHEpPTilo pyHHYBaHHS.

[lpu pyiiHyBaHHI, MBHIKICTH CHUTBHOTO LEHTPY
iHepuii (¢parMeHTiB (a OTXKe, TOBHA KiHETHYHA
SHEprisi pyxy SK TBepAHMX Tin) 30epiraerbes. Ilpu
pyHHYBaHHI,  IIBUAKOCTI  pyXy  (parmeHTiB
3MIHIOIOTbCS CTPHOKOM. PyiiHyBaHHS BinOyBaeThcs
3a  paxyHOK nmoBHOT eHeprii crpwxkHs. [lpu
MoJaNbIOMy pyci (parMeHTiB micis pylHYBaHHS
MOBHA MEXaHIYHA EHeprisl pparMeHTiB 30epiraeThes.
I[lpu  kBaszicraTHYHOMY  pYHHYBaHHI  IUIIXOM
MOUIMPEHHS KPUXKOI TPIIIUHK, EHEeprisi pyWHYBaHHS
HE 3aJeKUTh BiJ TMeEpiofy pyHHYBaHHS Ta BiJ
MIBHJIKOCT1 IOIIMPEHHS TPIIHA. B 11b0My BHUMIAAKY
MpH TOMIMPEHHI TPINMHKA, CHEepris pyHHyBaHHS
3aJIeKUTh BiJ JTHIAHOrO pO3MIpy TpIMHA 32
JHIMHMM 3aKOHOM [UIi MaluxX 3HAYeHb Ta 3a
KyOIYHUM 3aKOHOM IPH BETUKUX 3HAUCHHSIX.

JO3BOJIAE

6. BucnoBxku

[porec momwupeHHs Ta BiAOUTTS MPYKHUX XBHIIb
B CTPHIKHI, 1110 HaBaHTaKeHUH (PIHITHUM IMITyJTLCOM
HaTpyXeHb MIJAKOPSIETbCI TEOpeMaM Tpo  PyX
HEHTPY iHepHil Ta Mpo 3MiHy IMOBHOI MEXaHIYHOI
eneprii cucremu [8]. Ilicns 3akiHUEHHS MPOIECY
HABaHTaXEHHS, PyX IEHTPY IHeEpLii Ta TOBHA
MexaHiuHa eHepris 30epiratotbcs. BimHomeHHs
KiHETHYHOI eHeprii pyxy pa3oM 3 IIEHTpOM iHepIlil
JI0 TIOBHOT MEXaHIYHOI €HEeprii 3aBxau MeHIe 1/2.

B wmogeni pyiiHyBaHHS, IO 3BOJUTHCS IO
MPHUKIAJaHHS TPOTHIIIOYMX HABaHTaKEHb JI0 TOPIIIB
(hparMeHTiB, 1110 PO3ALISIOTHCS TAKOXK BUKOHYIOTHCS
TEOPEeMH TIPO PyX IEHTPY iHEepHii Ta Mmpo 3MiHy
noBHOI MexaHiyHO1 eHeprii cucremu [§]. Kinernuni
Ta TOTEHI[ialbHI eHeprii (parMeHTiB He 3aNeXKaTh
BiJl Yacy, NOBHA CIUJIbHA MEXaHIYHa CHepris He
3MIHIOETBCSA B PE3YJIbTATI PO3AUICHHS, HE3MIHHUM
3aJIMIIAETHCS PYX CHUTBHOTO IEHTPY iHEpIIii.

3anpornoHoBaHa JIpyra MOJEIb OIHOBHMIPHOI'O
JMHAMIYHOTO pYHHYBaHHsS, 110 Oa3yeTbcs Ha
(GiHITHOMY B Yaci MocjiabiieHH] )KOPCTKOCTI mepepizy
pyiiHyBaHHs. PyliHyBaHHS 32 I€I0 MOJEIIIIO
CYNPOBOIKYETbCS TUCHIIAINIEID CHEprii, a OoTKe
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JIONYCKa€ BUKOPHCTAHHS EHEPreTHYHOTO KPUTEPIro
pyiHYBaHHS. 3acTOCYBaHHS TaKOTO KpPHUTEPIlo,
BOUEBH/Ib, JIO3BOJISIE IOBHE BU3HAYCHHS PYHHYBaHHS
CTPHIKHS: nepepis pyHHYyBaHHSI, MOMEHT
pyiiHyBaHHS, (parMeHTYBaHHS YU TIOIIKO/KCHHS.
B Tolf e wuwac, Moxmenb Mae€ KiHEMaTHUYHY
iHTeprnperamiro  4epe3  (QIKTUBHUH  CTpHOOK
nepemiiieHb B nepepisi pyiiHyBanHs. [lokazaHo, 1m0
3a II€I0 MOJEJUTI0, IIOBHA MeXaHIYHA CHepris
3MEHINYEThCA,  XO04a  pyx  IeHTpy  iHepmil
30epiraeTbcs. A OTXKe, JWHAMIUYHE pyHHYBaHHS
BiZIOYBa€THCS 32 paXyHOK 3MEHIICHHS BHYTPINIHBOT
(moteHtianbHOI eHeprii nedopmarliii Ta KiIHETUIHOL
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SHeprii BITHOCHOTO PyXy BIITHOCHO LEHTPY iHEpIIii)
€Hepril XBUIBOBOT'O MPOIECY B CTPHIKHI.
3ampornoHoBaHa ~ MOJENb, IO  BPaxoBYE
JACUTIAIIIO eHeprii pu pyHHYBaHHI
MPOUTIOCTpOBaHA Ha WPUKIANI pyHHYBaHHS, MIO
BHU3HAYAETHCS KBa3iCTAaTHYHUM MOUIHPEHHSM
BHYTPINIHBOT KPUXKOI TPIIIMHY, 1[0 PO3TAIIOBaHA B
nepepizi  pydHyBaHHS. OTpUMaHO  3aJISKHICTh
eHeprii pylHYBaHHS BiJi BIAHOCHOTO paJiycy
TPIIMHYA, ACHMOTOTHYHY TIOBEIIHKY EHeprii s
MaJMX Ta PO3BHHYTHX TpPINMH, a TaKoK,
MiipaxoBaHy MOBHY €HEPTii0 PYHHYBaHHSL
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In the modern rapidly evolving society, the science and the business are facing new needs and challenges
constantly. The insurance industry and its mathematical foundation, the actuarial science, are not exceptions.
Currently, the greatest challenge that the insurance system has to cope with is the issue of the new international
financial standard that affects the calculation of reserves among other things. So far, insurers have mainly
used common classical deterministic methods. However, the new standard emphasizes the necessity of the
realistic prognosis that is best achieved with stochastic modelling tools since deterministic models do not
represent the uncertainty and the random nature of future possible losses. This article considers the advantage
of using stochastic modelling for reserve calculation in comparison to the deterministic approach.

The article consists of five sections.

In the first section, we briefly present the technique that lies in the basis of technical reserves calculation.

The second section is devoted to such deterministic methods of reserve calculation as the Bornhuetter-
Ferguson method and the chain-ladder method.

In the third section, we consider modifications of two stochastic models — the Mack method and the
bootstrapping technique.

The fourth section considers the adjustment of reserves for the time value of money and inflation.

In the fifth section, the results of modelling in the programming language R are presented.

Key Words: reserve calculation, Mack method, bootstrapping, Bornhuetter-Ferguson method, chain-
ladder method.

CrarTio npencrasmia K.¢.-m.H. [lamko A.O.

Introduction — the Unearned Premium Reserve (UPR)
for the insurance risks that have not
expired at the reporting date,

— the Outstanding Claims Reserve (OCR)
for known but not yet settled claims and

— the Reserve for Incurred but not
Reported Claims (IBNR).

However, on January 1 of 2023 the new standard
(IFRS 17) comes in force. It creates challenge while
estimating the IBNR since it requires very realistic
prognosis whereas so far insurers have calculated the
IBNR using mainly deterministic methods that do not
take into account the random nature of loss processes.

In general, the insurance industry is divided into
two sectors: life and non-life. Technical reserves are
amounts set side by non-life insurers to ensure the
fulfillment of their obligations in respect to
policyholders and shareholders.

According to the Ukrainian law that does not
contradict the current International Financial
Reporting Standard 4 (IFRS 4) for insurance
contracts, non-life insurers are obliged to form three
types of reserves:

© M.C. JImxeuxo, [.B. Po3zopa, 2019
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Moreover, they have not adjusted reserves for the time
value of money and inflation impact.
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To predict future losses based on the losses that
have already been reported, we use the technique

The aim of this work was to compare two known as the cumulative run-off triangle.

deterministic methods — the Bornhuetter-Ferguson

The enumeration of the development periods

Table 1
Run-off triangle of cumulative losses
Accident Development period

period 0 1 k n—i n—1 n

0 CO,O C0,1 CO,k CO,Tl—L CO,n—l CO,n

1 Cl,O C1,1 Cl,k Cl,n—z Cl,n—l Cl,n

k Cr0 Cra Crk Cren—i Cren-1 Cin
n—i Cn—i,o Cn—i,l Cn—i,k Cn—i,n—i Cn—i,n—l Cn—i,n
n—1 Cn—l,o Cn—l,l Cn—l,k Cn—l,n—i Cn—l,n—l Cn—l,n

n Cn,o Cn,l Cn,k Cn,n—i Cn,n—l Cn,n

and the chain-ladder methods with modifications of
two stochastic models the Mack and the
bootstrapping methods. We have calculated
deterministic results and built loss distributions using
stochastic methods. Afterwards, we have estimated
approximate quantiles of these distributions to which
the deterministic results correspond in order to find
out if any additional sums have to be reserved to
achieve a certain confidence level, i.e.,, a certain
probability level of a company not becoming
insolvent and being able to fulfill its liabilities.

Cumulative run-off triangle

Let (Q, F, P) be a probability space on which all
random variables are defined. Assume all variables
are square integrable. All equalities and inequalities
involving random variables hold almost surely with
respect to the probability measure P.

We consider a portfolio of contracts that are
subject to similar risks and managed together.
Assume that each claim of the portfolio is settled
either in an accident period or in the following n
periods that are called development periods. Periods
are usually taken on a quarterly, monthly, half-year or
annual basis.

Definition 1. Consider a family of random

variables {Ci'k}i,ke{o,l,...,n}' Let C;  denote the loss of

an accident period i that is settled with a delay of at
most k periods, in other words, not later than in a
development period k and in a calendar period i + k.
C; x is called a cumulative loss of an accident period i
and a development period k.
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represents delays of claims settlement with respect to
the accident periods.

Definition 2. A cumulative loss C; j is said to be
observable if i + k < n, non-observable or future if
i+ k >n,currentif i + k = nand ultimate if k = n.

Our main goal is to predict all non-observable
losses and calculate a total reserve:

n n
R = z R; = Z(Ci,n = Cin—i)-
=1 i=1

A total reserve is a sum of all accident period
reserves. An accident period reserve is a difference
between corresponding ultimate and current claims.

Deterministic methods

One of the most commonly used deterministic
methods is the Bornhuetter-Ferguson method. It is
based on the assumption that there exist parameters
Qgy, Aq, ..., Ay AN Vo, V1, -, ¥ With y,, = 1 such that
the identity

E[Cixe] = vieas
holds for all i, k € {0, 1, ..., n}. Then we have
E[Ci,n] = a;
and hence
E[Cix] = vkE[Cinl-

Additionally, we assume that prior estimators
ay, &4, ..., @, of the expected ultimate cumulative
losses E|C; ] and prior estimators 7, 74, ..., 7, Of the
development pattern are given with 7, = 1.

The Bornhuetter-Ferguson method offers the
following formulas for estimators of ultimate losses,
future losses and accident year reserves:

CBF = Cipy + (1 — P55 )miks,
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ABF __ ~CL ~CL ~o.
Cix =Cin- l+( — V- l)niki,l+k >n,
A BF ~CL 7
Rl - (1 Yn- l)”iki
where
~CL _ 1
1 ?=k+1ﬁ’
k
YkCik
~CL __ j=0 *~],
P 1)

Z?;é‘cj,k—f
m; are the earned premiums (shares of sums of
insurance premiums corresponding to insurance risks
that have expired at the date of the liability
calculation) and k; are estimators of loss ratios

k; = E[ ] that can be obtained, for instance, from

market statistics. The product 7;k; is taken as the prior
estimator @; (i € {0, 1, ..., n).

Another famous method is the chain-ladder
method. It is based on the assumption that there exist
parameters ¢, ..., ¢, such that the identity

E[Cix) = 0kE[Cipe-1]
holds for all i € {0, 1, ...,n}and k € {1, ..., n}.

Under this method, estimators of ultimate losses,
future losses and accident period reserves are
calculated as follows:

n

ACL _ ~CL
Ci,n - Ci,n—i [
c X l=n—-i+1
ACL _ ~CL ;
Cix = Cini[ljzp_is1 @1 i+ k>n 2

n

R{' =Ciny- (

pCL are from ().

~CL __ 1)

Stochastic methods

l=n—i+1
where @

The modification of the Mack method we have
used in this work is a stochastic model underlying
pure chain-ladder. The aim is not only to predict non-
observable losses C;j, i +k >n and reserves for
accident periods R; but also to calculate the standard
error of the chain-ladder reserve estimate.

The model has three explicit assumptions.

Assumption 1. The expected value of cumulative
losses at the development period k is equal to
cumulative losses at the development period k — 1
multiplied by the development factor

E(Cix|Ci0, City s Cim1) = Cin-19k
wherei € {0,1,...,n}and k € {1, ...,n}.

Assumption 2. The cumulative losses are
independent between accident periods for all
development periods, in other words,
{Ci0,Cir) o Cin}and {Cio, Cj1, v, G} With i # j
are independent.

Assumption 3. The variance of the cumulative
losses at the development period k is proportional to
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48

Bulletin of Taras Shevchenko
National University of Kyiv
Series Physics & Mathematics

the cumulative losses at the development period

k — 1, in other words,
Var(Ci,lei,O, Ci,l! ey Ci,k—l) = l-,k_la,?

wherei € {0,1,...,n}and k € {1, ...,n}.

Theorem 1. Under the assumptions 1, 2 and 3 the

mean squared error mse(R;) can be estimated by:
n
1

A2

R

mse(R,) = C2, @2 @ (F—+
k=n-i+1 lk—l
+ ! )
Z?;é{ G k-1
where @¢t are from (1), C; . are from (2) and 62 are

estimators of the variance calculated as follows:

2
~ Ci, A~
6 =Tk G (Z - 08) . @

Definition 3. The square root of an estimator of
the mean squared error is defined to be the standard
error of R; and is denoted by s. e. (R;).

Corollary 1. The mean squared error of the total
reserve estimate R can be estimated by:

se(R)

n

Z{se(R) +C1n Z (fj,n

j=i+1
2 6’?
(pih)? )
k=n—i+1 Zi=s Cok
where @f~ are from (1), C; . are from (2) and 67 are

from (3).

The chain-ladder reserve estimate and its
standard error are then used as parameters to build the
loss distribution. The question is what distribution to
choose. The most famous ones are normal and
lognormal.

Generally, bootstrapping is a resampling method
of independent sampling with replacement from an
existing sample data with same sample size n, and
performing estimation of the sampling distribution
based on these resampled data.

The bootstrapping technigue that is going to be
considered in this work involves the following steps:

1. We calculate the age-to-age factors froma run-
off triangle of cumulative losses using the data
observed so far:

Cl k .
Yix=7",itk<n
T G-t
These factors represent the ratio of loss amounts
from one valuation date to another, and they are
intended to capture growth patterns of losses over
time.
2. The previous step results in an upper triangle
of age-to-age factors. Then a lower triangle is built

using a technique known as “resampling with



Bicnux Kuiscbroeo nayionanvbnoeo yHieepcumemy
imeni Tapaca Lllesuenka
Cepin ¢izuxo-mamemamuyni HayKu

replacement”. When an age-to-age factor is sampled,
it is not removed from the upper triangle and can
hence be sampled again. Age-to-age factors in each
column of the lower triangle are sampled from the
known age-to-age factors in the same column of the
upper triangle. The possibility to choose any age-to-
age factor in a column is uniform.

3. The age-to-age factors in the lower triangle are
then applied to the corresponding values of the run-
off triangle of cumulative losses to project the future
claims. Then the reserve estimates R; = C; ., — C; n_;
are found.

The results of this step are saved as the results
produced by one simulation.

4. Further simulations are produced by repeating
steps 2 and 3.

In the end, we can build the distribution of future
losses.

These are considered to be the results of one
simulation. The procedure is then repeated arbitrary
number of times.

Time value of money and inflation

The time value of money is the concept that
money a person has currently is worth more than the
identical sum in the future due to its potential earning
capacity. Discounting is the process of determining
the present value of payments that are to be received
in the future. According to the new standard, insurers
are obliged to adjust the estimates of reserves to
reflect the time value of money if the claim settlement
exceeds 12 months. Besides, the impact of inflation
that measures the rate at which the purchasing power
of currency is falling has to be taken into account.

Suppose we have projected the values C;; with
i+ k>n using one of the modelling methods
mentioned above and we have estimated the inflation
rate r™! as well as the discrete values of discount

rates for future years {r®*¢} where m is a
Jj€E{1,...m}

number of future years in the run-off triangle. Then in

order to adjust the cumulative losses for the time value

of money and inflation impact we can apply the
1+ rinfl

following formula:
= Cig <1 + T}disc>

where i +k >n, j € {1,..,m}, C;; is one of the
cumulative losses in the future year j, Y is a number
of days in the year (usually 365) and y is the
difference in days between the valuation date and the
future date. The future date can be taken, for instance,
as the middle of the last month of the future period.

y
. Y

Adj
I ]

ik

Modelling results
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For the modelling purposes, the programming
language for statistical computing and graphics R has
been used.

As the input run-off triangles of the cumulative
losses, we have taken a built-in dataset of R — Genlns
that is a run-off triangle of accumulated general
insurance claims data. We assume this triangle is
formed on the quarterly basis.

We have also set the desired probability of a
liability fulfilment as 80%. As the inflation rate we
have considered the European Union annual inflation
rate in 2019 according to the World Bank (1.631%),
as the discount rates — the risk-free rates with
volatility adjustment for Euro calculated by European
Insurance and Occupational Pensions Authority as of
31/03/2020 (year 1 — 0.055%, year 2 — 0.045%, year
3 -0.065%).

(All' sums of money hereinafter are in
conventional units.) For the Bornhuetter-Ferguson
method, we have used the following values of earned

premiums: 2017Q3 - 3,802,596; 2017Q4 -
6,993,203; 2018Q1 - 7,105,451; 2018Q2 -
6,907,309; 2018Q3 - 5,470,946; 2018Q4 -
5,247,609; 2019Q1 - 5,375,851; 2019Q2 -
9,143,934; 2019Q3 - 6,389,883; 2019Q4 -
5,980,535; and the following values of loss ratios:

2017Q3 — 1.016; 2017Q4 — 0.767; 2018Q1 — 0.747;
2018Q2 — 0.757; 2018Q3 — 0.878; 2018Q4 — 0.964;
2019Q1 — 1.043; 2019Q2 — 0.732; 2019Q3 — 0.873;
2019Q4 - 0.821.

We have chosen the lognormal probability
distribution for the Mack method and performed
10,000 simulations under the bootstrapping
technique. All calculations have been done as of
31/12/20109.

As the result of modelling, we have obtained that
the desired reserve (i.e., the 80™ quantile of the
distribution) under the bootstrapping technique is
equal to 19,531,742 (without adjustment for the time
value of money and the inflation) and 19,741,101
(with adjustment for the time value of money and the
inflation). According to the Mack method, these
values are equal to 20,671,824 and 20,892,024
respectively.

The analysis of the deterministic approach has
shown that both the Bornhuetter-Ferguson method
and the chain-ladder method have produced results
that are not enough to achieve an 80% confidence
level. Therefore, we have calculated additional sums
that have to be reserved to ensure that an insurance
company will be able to fulfill its obligations with the
probability 80%. The calculation results are provided
in the tables below.
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Table 2
Chain-ladder results

Reserve 18,680,856
Reserve* 18,889,151

BS Mack
Order of 0.656 0.526
guantile
Order of
quantile* 0.657 0.526
Additional 850,886 1,990,968
amount
Additional
Amount* 851,950 2,002,873

BS — bootstrapping

*the time value of money and inflation impact

Table 3
Bornhuetter-Ferguson results

Reserve 18,460,879
Reserve* 18,666,725

BS Mack
Order of 0.609 0.490
quantile
Order of 0.611 0.489
guantile*
Additional 1,070,863 2,210,945
amount
Additional 1,074,376 2,225,299
amount

BS — bootstrapping

*the time value of money and inflation impact

To illustrate these results, we have also built plots
of the cumulative distribution function using
stochastic methods and shown the location of

deterministic results on these plots.

Bootstrapping Technique

* base
* discainfl

+ BF(discainfl)

Probability

00 02 04 06 08 10

1.4e+07 1.8e+07 2.2e+07 2.6e+07

Reserve
Gernlns
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Bootstrapping Technique
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Fig. 2. Close-up
Fig. 3.
Fig. 4. Close-up
Conclusions

The insurance industry and the actuarial science
are currently facing quite a lot of fascinating
challenges. One of them is new requirements for loss
reserves calculations.

In this work, we have considered two common
classical deterministic methods for loss reserving —
the Bornhuetter-Ferguson method and the chain-
ladder method as well as two modifications of famous
stochastic models — the Mack method and the
bootstrapping technique. In order to achieve the

Mack Method

sse
iscBinf
_| - cLigiscainm
+ BF(discainfl) /

Probability

00 02 04 06 08 10
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realistic prognosis of future losses, we have set the
desired confidence level, in other words, the
probability of a liability fulfilment. We have also
juxtaposed deterministic and stochastic results and
calculated the additional amounts that have to be
reserved in order to reach the confidence level if this
additional reserving has been needed. Furthermore,
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the time value of money and the inflation impact have
been taken into account in all cases.

In order to perform these calculations and build
plots that illustrate the obtained results, we have used
R — the programming language and environment for
statistical computing and graphics (IDE: RStudio).
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IIBuakicte  30i:kHOoCcTi  cramionapuoro | The convergense rate of stationary
po3mominy  cucremu 3 moBropHmmu | distribution of retrial queueing system with

BUKJIMKAMHU i 4eproio queue

KuiBchbknii HamioHaJ bHUN yHIBEPCHUTET IMEHi Taras Shevchenko National University of Kyiv,
Tapaca IlleBueHka, 03680, Kyiv, Glushkova st., 4d,
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Y cmammi posenadaemovca mapkoscvka moodenv cucmemu 3 NOBMOPHUMU GUKIUKAMU 3 OOHUM
00C1Y208YI04UM NPULAOOM, OOHUM Micyem 8 4ep3i ma HeCKiHYeHHOI0 OpOIimoio 3i 3MIHHOIO [HMEHCUBHICTNIO
6XIOHO20 NOMOKY, KepO8aHAd NOPO2080I0 cmpamezicio. [[nsa maxkoi mooeni 3HAUOeHO YMOBU ICHYBAHHA Md
Gdopmynu 0ns epeoOuyH020 pO3NOOLLY KITbKOCMI 8UMO2 Y GUNAOKY CKIHYEHHOI ma HecKiHueHHOi uepeu
noemopHux eumoe. Ompumano weuoKicms 30IICHOCI CMAYIOHAPHO20 PO3NOOLTY CKIHUEHHOI cucmemu 3
NOBMOPHUMU BUKIUKAMU OO0 CMAYIOHAPHO20 PO3NOOINY HECKIHUEHHOI cucmeMu 3 OOHUM 00CIYy208YHOYUM
NpUIAOOM ma 0OHUM Micyem 8 yep3i.

Kniouosi cnosa: cmoxacmuuma cucmema, NOSMOPHI GUKIUKU, NOPO208A CMpamecis, cmayioHapHuu
pedcum, WeUOKIChb 30idCHOCHI.

This paper describes a steady state behavior of the retrial system in the case of one server, one place in
the queue and an infinity orbit. We research Markov's models of retrial systems and variable rate of input
flow controlled by threshold strategy. We defined stationary regime existence conditions and investigated
probability characteristics of process for two-dimension Markov process with continuous time which we took
as a main model of the specified system. In stationary regime for probability characteristics of the service
process were found explicit formulas. Research methods which we used are based on the initial process
approximation by the process with bounded state space. Results of the research allow us to evaluate
convergence rates of stationary distribution of finite systems with repeated calls to stationary distribution of
infinite systems. Method of probability flow equating is used for obtain explicit expressions for stationary
system probabilities through the closed path which are defined in a special way. We considered model for
one service devices and one place in the queue, which are controlled by threshold strategies.

Key Words: queue, repeated calls, threshold strategies, stationary regime, convergense rate.

CratTIO IpencTaBuB 1. T. H., Tpod. 3acnaBcekuii B.A.

Teopis cucreM 3 NOBTODHMMM BHKIMKAMH € [IyacCOHIBCBKMH 3 IHTEHCHBHICTIO /Ij , AKa 3QJICKUTH
OJJHUM 13 BaXXIUBHUX PO3JAUTIB Teopii MacoBOro
oOciyroByBaHHs. Taki cHCTeMH PO3IIISHYTI B
MoHorpadisx [1], [2]. MaremaTnuHi MOJENi CUCTEM
3 TMOBTOPHUMH BHKJIMKAMH  MalOTh  [IMPOKE
3acTOCyBaHHs B mpaktuili (muB. [3], [4]).

Y pmanii  poOOTi pO3TISAAOTECS  CHUCTEMHU
00CIIyTOBYBaHHS 3 TOBTOPHUMHU BHUKJIUKAMH THITY

[M/M/1/1+1] Ta [M /M /1/1+1™.
CTaH)_'[apTHy CUCTCMY TAaKOr'o TUITY MOXHa OIlKuCaTu

TakuM uMHOM. CHcTeMa CKIAQAAa€ThCs 3 OAHOIO
oOcnmyroByrouoro — mpwiagy. — BXigHu#  mOTiK

BiJl | - KUIBKOCTI JDKEpPEa IOBTOPHHUX BHKIIHKIB.
Bumora, ska wHagpidinia B cHcTeMy 1 3HaWmIIa
npuiajg ~ BUIBHAM,  HeraiHO  HAaJIXOAWTh  Ha
0o0CIIyTOBYBaHHS, a OOCIY)XHBIIWCH, 3aJIHINAE
cucreMy. Yac oOcCiyroByBaHHS BUMOTH Ma€
MOKa3HUKOBHUI PO3IIONLT 3 MapaMeTpoM 4 . SIKIo x

npuiaj 3aiHATHHE, TO 1 BUMOra CTa€ MOBTOPHOIO i
HaJIXOAUTH Ha Tak 3BaHy opOity. KokHa BuMora, sika
3HAaXOAUTHCS Ha OpOiTi HaMaraeTbcs MOTPANMTH HA
00CITyroByBaHHS yepes BHUIIAIKOBHUH yac,
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po3moaiIeHuH MOKa3HUKOBUM  3aKOHOM 3
mapaMerpoM Vv, 1 SKIIO B MOMEHT 3BEpPHEHHS
00CNyroByrounii mpuiaa BUIbHHH, TO L BUMOTra
HAJAXOAWUTH HA OOCIyroByBaHHS. B iHIIOMYy BUIIaAKy
BOHAa TOBEpPTa€Tbcss Ha  opOiTy 1 mporec
MOBTOPIOEThCS. TakuM 4YMHOM, Ha BIIMIHY BiX
Tpaauuiiinux cucrem (muB. [1],[2]) maemo cutyaiito,
KOJI IHTEHCHBHICTh BXIJIHOTO ITOTOKY 3QJICKHUTH Bill
KUTBKOCT1 BUMOT' B CHCTEMI.

[lpomec  kepyBaHHS  POOOTOIO CHCTEMHU
BHU3HAYAETHCS HAa OCHOBI TOPOTOBOi CTparerii, sika
peanizye  HACTYIIHUH  alroOpuTM  YIpaBIiHHSA
IIPOLIECOM  OOCITyrOBYBaHHs: BBaXaemo A; =4,
H,il=4,smo j=H+1... H
MPEJCTaBJIsE COOOK0 TOpIr, HpU Tepexoil depes
SKHH  CTPUOKOM  3MIHIOETbCS  IHTEHCHBHICTB
BXIJIHOTO MOTOKY. 3MiHHHI XapaKTep IHTEHCUBHOCTI
BXIJIHOTO TIOTOKY B MOJIENISAX TAKOTO THUIY J03BOJISIE
PO3B’SI3yBaTH I HUX ONTHUMI3aIiKHI 3aa4i.

[Ipomec obGcmyroByBaHHsS OyaeMO MOIETIOBATH
JIBOBUMIPHUM MPOIIECOM MapxkoBa

Q(t)z(Q1 (1).Q, (t)) 3 HENEpEepBHMM HYacoM Yy
asoBomy mpocropi S =1{0,1,2}x{0,1...}, ne O,(¢)
— KUTBKICTh 3alHATHUX MPHIALIB Yy MOMEHT Hacy !,
0, (t) — xinbKicTh /KEpeT MOBTOPHIX BHKIHKIB.

3a

sk j=0,1,...,

3’scyeMO  YMOBH ICHYBaHHS  CTaIliOHAPHOTO
pexumy st nporecy Q (t) t>0.
Jlema 1. Hexaii /l_llmi <oo. Tomi npu
J~>oo
Aju<1l  naugor Q(t) eproauuHuii i Horo
TPaHWYHAKA  pO3MONIT  CIIBMAAaE 3  €IUHUM
CTaIllOHAPHUM.

JoBenenHs nemu 0a3yeTbcs HA 3aCTOCYBaHHI
teopemu TBixi ([1], cTop.97).

Jns mobymoBHM pO3paxyHKOBHUX AaNTOPUTMIB i
SIBHUX (OPMYNT PO3TIISANIAETHCS CKiIHUEHHA MOJENb

[M/M/1/1+7™,
posriozin 7z —IImP(Ql( )=1,Q,(t)=

icHYyE.
I[lpu BukOHaHHI yMOBH Iemu 1

2"

IUIS  AKOi  CTamlioOHapHUH

j ) 3aBKIN

1 N—>w

CTamioHapHi  WMOBIPHOCTI HAOIIMKAIOTh

T

BIMOBi/IHI ~ CTalliOHapHI HMOBIPHOCTI pIUE!

cucremu [M /M /1/1+1].

Bigmitumo (muB. [1]), 1m0 3aBXIH BUKOHYETHCS

.. N
HEPIBHICTb 7T Sﬂ'i(j ).

OLIHIOETHCS IIBUIKICTH 301KHOCTI
(N)

T

B pobori

CTaLIiOHapHOFO pO3HO,I[iJ'Iy CUCTEMU
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[M/M/1/1+1]™ no Bimnosizxoro posmoxiny 7;

CHCTEMH [M/M/1/1+1] 3  MOBTOPHUMH
BUKJIMKaMH.

[To3znaunmo
1+ POM+ s + (K+Dv
L0, +kv) ko]
1, i=],

Al = e

ki
ne P, =% - 3aBaHTAKEHHSA CHCTEMH MEPBUHHHMH
BUKIIMKaMH, Komu opbita Q, (t)=k.

=01,...,N

HMOBIpHOCTI

Teopema 1. Slxkmo 4; >0, j
N
cucremu [M /M /1/1+1 (N) Marors BUTIISIT
N)w
j!
v +JV)A(N)

Ju
J+1+(J+1)V)AJ+1(N)
A

j=0,..,N-1,
) ﬂ-ON (NV+2/ )

N = )

7,
(N) (N Nv) + Nvu

1

, TO IS

Oy/Ib-SKOTO CTalfioHapHi TUTS

(N) _

7Ty =

(N) =

2l N

ON

W N2
my) =

0N

2N

2N

il

N
”(gN) =

NlV

N'Z

+N'Nzlv :u+ij+1;'J(J/jl)V) ]+1(N)

PosrnﬂHeMo teriep cuctemy [M/M/1/1+1].

Hdnst  Toro, mio0 3HAWTH TPEACTaBICHHS JUIA
CTaIliOHAPHOTO PO3IOAUTY TPH BHUKOHAHHI YMOB
nemu 1, HeoOXimHO B popmynax Teopemu | mepeiTu
JIo TpaHutli mpu N — o .

BBenemo no3HaveHHs

= lim Z{ON VN A (N).
N—w

" j(,u‘*'/lj + jV)Aj(N)+

1+£(/1N+Nv -
U Nu

((/1 +Nv)? + va)}_

Hepaxkko IIOoKa3aTu, 110

j (4 +1V)A() 5 ptA+iv
2; i .%invyA(o
S (ut Ay +(+DVALG) S pt A +i+Dv ]|
+Z AW zm W A (i +1)



Bicnuk Kuiscbro2o nayionanvbrozo yrieepcumenty 2019, 3 Bulletin of Taras Shevchenko
imeni Tapaca Illeguenka National University of Kyiv
Cepis: ¢izuxo-mamemamuyni HayKu Series Physics & Mathematics

BHUKOpPHCTOBYIOUHM TPEACTABICHHS IS 72'(()::“) 3 Wy _ A tiv |
7y =7 = S R = 2NN A (N,
TeopeMu 1, MaeMo 'v 7
: o (N)_ﬂ+/11+1+(1+1 R _ VNI A (N
lim 7z N1 A (N) = {nmz(“_*'ﬂ“; +/LV2|’\T)(N)+ AR a1 Ry~ NI A (V)
—>00 0 I.V ) . )
° s 3 mmx PpIBHOCTEH BHAHO, II0 HAM MOTPIOHO
+ lim z(’u+ .+1+('+1)V)A+1(N) OLIIHUTHU MIBUAKICT 301KHOCTI ESE)N!VN Aj(N) JI0
N0 &= Ailv! uA(N) R; . Ilo3Haunmo
Komnu i,j<N B i /Ll+j,+|V - +J1 |+1 )V)A+l(j),
| |
G [ Al mao i<, w0 W T Al
QEN)) A()=1 saxmo i=]j, ®j:Bj+ZfL:+il'+|_V+Z’u ' '*1+(|+1)V.
: AT o 0> ]. iV uA ) T AT uA (i +])
Toxi CKOpHCTAaEMOCH HACTYITHOIO JIEMOIO
lim z(,quﬂu, +iv)A(N) _ Jlema 2. Hexait E/IN l u<1. Toni

N €= i!vi,uAj(N)

2

lim R, =z N1 A (N)[(N =2)1 M A (N) = =

_i(wmlvm(n S p+ iy 207
- iv'u Sail! wA (1) ’ Beenemo nesxi nozHauenns. Hexait N, BuGpano
. Tak, mo SUpA=q, <1,a 1<y, <1/q,. IMoknamemo
hmZ(‘” Aug + (I +DV)AL(N) Ny P
N f il A(N
1A (N) I(v):inf{|>0 [( +(2ﬂ+1)w)+(w) Ju+(+1v) O}’
‘it
JZ(IH+ |+1+(|+1)V)A+1(J) Zﬂdl—ﬂ’wl_l_(ldl—l)v Y i
-0 AiW'u AWV uA (i +1) D,(N) =B, +Z/J+/1I+Iv[1+l_vj.
Ma€M0 i J+l| V/UA (I) ﬂ‘i—l

Teopema 2. Sxmo mm [M/M/1/1+1] -

CHCTEMH BUKOHYETHCSI yMOBa JeMd 1, To sl Hel
ICHYIOTB CTaIlioHapHI HMOBIPHOCTI

Teopema 3. Hexait B cuctemi 3 IOBTOPHHUMH
ukimkamd tany [M /M /1/1+1] BukoHYIOThCS

ymoBH Jiemu 1. Toxi st OyJb-9KOTO |

R (A + jv)R. : N (N) 1
-1 M AT I N-2)Iv"A (N = e——
ﬂ-Oj = j!Vj y 7Z'1j = lejlu NI—IIL( ) v J( )‘7[0] 7[0] ‘ j!VJ_Z,U2®?’
(/u+/1]+1+(j+1)v)Rj pj[(ij"'jv)z"'jvlu] Iim(N —2)|VNA-(N)71'1. _ﬂ.l(!\‘)‘z ﬂ'i T
i 7 - ) : 1.2, 202"
T 4w @ep)utd (T T A A
+A4,+(j+1
. “m(N Z)IV AJ+1 )‘”21'_779}1)‘_‘” JJrlJ 2(12 z)v
R — Z‘:(u”v.”V)A(J’)+ o M4 +iv N Ao
i . iWv'u i,jﬂilvi,uA-(i) i Ui KOKHOrO (hiKCOBAHOTO | Ta  BCIX

N >max{N,, 1 (v), j{ +1 cnpaBequBi OMIHKH
]Z + (|+1)V)A+1(J) Zﬂ+ﬂ”|+1+(l+l)v { ° }N (N)
= AiW' i AW uA (i +1) (N-2)v Aj(N)‘ﬂoj_”'Oi ‘S

2
Tenep  po3risiHEeMO — IMIBHIKICTH — 30DKHOCTI < _RJ' (#+Nv)"+Nv 1 2u+v(N+l) 1 ,
CTaIliOHAPHOTO po3mnoziny cHCTeMH j"v'D;(Ny) NZu? vN 1-74%
(N) . . .
[(M/M/1/1+7] 10 BIILHOBLZ[H-OFO p.o3r‘[0z[1ny (N —2)!VN A(N) ‘71'1,' _ﬂ_l(JN)‘ <
cucremu [M /M /1/1+1] npu ymMoBi, 1110 BiH iCHYE.
Toni maemo R; (/1 +Jv) (u+ NV) + NV
~ jwiuD (N N2
‘ﬂoj_ﬂéT)‘:FR —ﬂ(()N)N H% A(N) J H ( 0)
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N 21+ v(N +1)
(N =2)0" A (N) | =8|

vN

{1

<

et A+ (D). pil(4; + iv)* + jvul y
A+ ppu+ A+ (1+D)v

{“ 2u+v(N+1) 1 }

vN 1-7%
Posrnanemo MpUKIa] CHUCTEMU
[M/M/1/1+1]® . Hexait 4, =11, u=1,v=0,1.

[Iporpama, Hammcama Ha OCHOBI OTPUMAaHHX
dopmys, ma€ HACTYIHI 3HAYEHHS CTallOHAPHOTO
pO3MOAUTY

7y;(20) =

0.00734806, 0.0177823, 0.0264239,

0.0310369, 0.031622, 0.0292629, 0.0252561,
0.0206734, 0.0162316, 0.0123223,
0.00909825,0.00656287, 0.00464089, 0.00322603,
0.00220929, 0.00149327, 0.000997633,
0.000659625, 0.000432092, 0.000280672,
0.00018093.

m;(20) =

/1jj!vj,u
Ri  (u+Nv)>+Nv
Dj(NO) Nzﬂz
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0.00808286, 0.0213388, 0.034351, 0.0434516,
0.047433, 0.0468206, 0.0429354, 0.0372121,
0.0308401, 0.0246446, 0.0191063, 0.0144383,
0.010674, 0.00774247, 0.00552322, 0.00388249,
0.00269361, 0.00184695, 0.00125307, 0.000842016,
0.00056087.

7,;(20) =

0.00355646, 0.01105, 0.020315, 0.0287473,
0.0345834, 0.0371954, 0.0368362, 0.0342339,
0.0302457, 0.0256405, 0.0210012, 0.0167072,
0.0129628, 0.00984138, 0.00733058, 0.00536908,
0.0038738, 0.00275753, 0.00193919, 0.00134874,
0.00105029.

VY cTarTi OTPpUMaHO HOBI pe3yJbTaTH Ui KIAcCy
CHUCTEM 3 IIOBTOPHMMH BHKIUKAaMHU 1 Yeprorw, 3
KEPOBAHOIO IHTEHCHBHICTIO BXIJIHOTO TOTOKY, SIKi
PO3BUBAIOTh TEOPIFO CTOXAaCTUYHHMX CHCTEM 3
MOBTOPHUMH BHUKJIMKaMH. PO3IJISIHYTO MOJENIb 3
OJTHUM OOCJIYTOBYIOUUM IIPHJIAJOM 1 OJHMM MiCIIeM
B 4ep3i Ta 3HAWJCHO OIIHKY IIBHJKOCTI 301KHOCTI
CTaIlIOHAPHOTO PO3IOAUTY CKIHYEHHOI CHCTEMH 3
MOBTOPHUMH  BHKJIMKAMH  JO  CTaI[ilOHAPHOI'O
pO3MONTy HECKIHUEHHOI CHCTEMH, IO MOXe OyTH
BHKOPHUCTAHO TPH IMOOYIOB1 AJITOPUTMIB PO3PAXYHKY
CTaIliOHAPHOTO PO3IOILTY.
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Iomyk psiika B TEKCTi 3 ypaxXyBaHHAM
o0MeKeHb Ha 00CAT Kel-nmamM’AaTi

Pattern matching by the terms of cache
memory limitations

Taras Shevchenko National University of Kyiv,
03680, Kyiv, Glushkova av., 4d

KuiBchkuit HanlioHATFHUHN YHIBEPCHUTET IMEHI
Tapaca IlleBuenka, 03680, m. Kuis, np-T.
I'nymikoBa 41, e-mail: zava@ukr.net

Yoockonaneno xinvxka sioomux nioxodie 00 po36 ’a3anHs 3a0aui NOULYKY PAOKA 6 MEKCmi, MAKUX 5K
0gobatimue YUmManHa ma Yuki nponycky. Y zacmocysamHi 00 3adaui nowiyky psoxa 6 mekcmi Ha 256-
CUMBOIbHOMY anpasimi yi 600CKOHANEHHS OAIU 3M02Yy NoOYOy8amu pOOUHY NOULYKOBUX AN20PUMMIB, 5Ki
nepesepuyioms 3a WEUOKOOIEI 6C 8I00MI AHANO2U 05l 8CIX OOCAIONCYBAHUX O0BHCUH PAOKA.

Kniouoei cnosa: nowyk psoxa ¢ mexcmi, aneopumm boepa-Mypa-Xopcnyna, 6ikHo nouyxy.

A few known techniques of exact pattern matching, such as 2-byte read, skip loop, and sliding search
windows, are improved and applied to pattern matching algorithms, performing over 256-ary alphabets.
Instead of 2-byte read, we offer “1.5-byte read ”, i.e. reading more than 8 but less than 16 bits of two sequential
bytes of a text at each iteration of a search loop. This allows us to fit the search table into L1 cache memory,
which significantly improves the algorithm performance. Also, we introduce the so-called double skip loop
instead of single one, resolve problems caused by endianness of a machine, and adopt the sliding windows
technique to our algorithms. The experimental results averaged over 500 runs of algorithms on 40 different
computers show that our algorithms outperform all other tested methods for all tested pattern lengths.

Key words: pattern matching, Boyer-Moore-Horspool, fast search, text search, sliding windows.

Crattio npeacTaBuB 1.¢.-M.H., mpod. AHicimoB A.B.

1. Bcryn Srizto 3 [1] Ta HamMMH  BIACHUMH
» . . eKCIIEPUMEHTaMM,  HaWBHILY  MIBUAKOMIO Y
Y nmamifi  pobOTI JOCHUDKYETBCA OAHA 3 granapomy  BHMAAKy — AEMOHCTPYIOTb  Taki

HaWBaXXIMBIMKX 33724 KiOEPHETUKHU: TOIIYK YCiX
TOYHHMX BXO/DKEHb 3aJaHOTO pAOKA y BEIUKHUN
TEKCT. Hapani BUKOPHUCTOBYIOTHCS Taki
MO3HAYCHHS:

T — BXiIHUH TEKCT;

P — mykxanuii psiiox (marepH);

N — IOBKUHA BX1THOTO TEKCTY;

M — TOBKMHA NAaTEPHA,

Y — andaBit BXiJHOTO TEKCTY 1 MaTepHa;

|Z| — po3mip andasity

Sk npaBuiio, eheKTUBHICT aJITOPUTMIB TOLIYKY
OLIIHIOIOTH Ha TuTotuHi (|Z[,m). Mu po3risaaemo Ha
i wronmHi  cmyry [X[=256. Ile BaximBHii
YaCTUHHUHN BUNIAJIOK, OCKUIBKU y 256-CHMBOJILHOMY
TEKCTI KOKeH CHMBOJI 3aiiMae 1 OaiiT 1 Bci Oitn
pOTr0 0alTy 3HaUyIi, a OTXKe, OiHapHi JaHi (MOTIK

anroputmuy, sik Fast Search (FS, [2]), mo 6a3yetncest
Ha TIOPIBHSHHI CHMBOJIB TEKCTy, Ta pOJIUHA
anroputMie. BNDM, mo BUKOPHCTOBYIOTH i1€10
OiToBoro mapanenisamy. «llepmonpeakom» ycix
BUILECHA3BaHUX QJITOPUTMIB € anroput™m boepa-
Mypa-Xopcmyiaa (BMH, [3]).

Sk mokazano y [4], mBuakoxiro BNDM-
AJITOPUTMIB MOXKHA CYTTEBO HOKPAIIUTH 3aBJISKH
0godatimuomy 4umawHioo, TOOTO QOPMYBaHHIO
iH/IeKCy TaOJMII 3CYBIB Ha OCHOBI HE OJIHOTO, a
JIBOX TIOCTIIOBHUX OaiTiB Tekcrty. OmHak Iei
MiIXiJT TPU3BOJUTH JI0 CYTTEBOTO 301UIBIICHHS
obcsary  momrykoBmx — Ta0Ommimb. Sk CcBimuaTh
EKCTIEpUMEHTH, YaC BUKOHAHHS allTOPUTMY CTPIMKO
3pocTae, IIOWHO TIONIYKOBI TaOnMIl, $Ki BiH
BUKOPUCTOBYE, Pa3oM i3 iHIIUMH IOTOMIKHUMHU

0iTiB) MOXHA PO3TISAAaTH SK TEKCT Ha 256-
CUMBOJIbHOMY andaBiti. ToMy Bci aaropuTMmu
nouryky OiTOBOro psiika B OiHApHHX JIAHHMX
0a3yI0ThCsI Ha TIEBHUX allTOPUTMaX TONIYKY psIKa B
TEKCTax Ha 256-cUMBOJIBHOMY an(aBiTi.

© 1.0. 3aBancekmii, 2019
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JAaHUMH, TIEPECTAIOTh BMIILYBATUCS B KEII-11aM’ SITh
L1, TumroBwmii 00csr sIK01 cTaHOBUTH Bix 16 1m0 64 KO.
Hnst 256-cuMBostbHOTO a1daBiTy 00CAT TOLTYKOBOT
Tabnumi 13 ABOOAWTHUMHU IHAEKCAMU CTAHOBUTH
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akpa3 64 KO, mo B Oimemocti BumaakiB cramosutEme  ((21-1)/ 2'%)%1%0,97, mo Bcworo

TIPU3BOJIUTHME JIO 3TaJaHOTO CIIOBLTbHEHHS.

Inma  BigoMa  MeTOJIWKA  TPUCKOPCHHS
PI3HOMaAHITHUX AJITOPUTMIB MOIIYKY psAKa B TEKCTI
MOJISITa€ 'y BHUKOPUCTaHHI TaK 3BaHOTO YUKIY
nponycky [5], 1m0 nae 3MOry yHHKaTH MEpPEBIpKH
MOJKJIMBOTO 30iry marepHa 3 BiKHOM MOIIYKY Ha
KOXKHIH iTepalii momryKoBOro UK.

V miii poOOTI MH BIOCKOHATIOEMO TEXHIKH SK
MBOOAWTHOTO YWTAHHS, TaK 1 IUKIY IPOITYCKY, i
Pas3oM 3 IIe OJHI€I0 BiIOMOIO METOIUKOI0 — GIKOH
HOWYKY, WO KO083alomb, 3aCTOCOBYEMO iX JIO
amroputMy BMH sx mo 6azoBoro pimenHs. Y
pe3yabTaTi MU KOHCTPYIOEMO POJUHY alrOPUTMIB
MOLIYKY PsiiKa y 256-CHMBOJIBHOMY TEKCTI, SIKi, 32
JAHUMH  CKCIICPUMCHTIB, TEpPEBEpIIYIOTh 32
IIBUIKOJIIEF0 BC1 1HII BiJIOMI PIlIICHHS.

2. OnpautoBaHHA Hewjinoro yucna 6aiitis

B anroputmi BMH noBxuHa MakcuManibHOTO
3CYBY BIKHAa TOIIYKY 32 EBPHUCTHKOIO «IOTaHOTO
CHUMBOITY» JOPIBHIOE M, a HOro WMOBIPHICTH IJIS
BUNIAJIKOBUX TEKCTy Ta TMaTepHy CTaHOBHUTH
(255/256)". Ile mocraTHRO GaraTo, SIKIIO MATEPH
KOPOTKHWH, OJTHAK SKIO, HAPUKIaA, M=512, To us
BeJIMYMHA CTAaHOBUTH Jjwmiie npuoauzno 0,135,
Cutyalnito MOKHa BHUTPAaBUTH SKILO, HAIPUKIIAL,
BUKOHYBAaTH 3CYB 332 €BPHCTHUKOIO JBOX CYMDKHHX
cumBoniB. Toxi mans M=512 ns WMOBIpHICTH CTae
oinpmoro 3a 0,99. EdektuBHa peanizailis I[bOro
migxomy obroBoproetbesi B [4]: Bupas Z[TIi]]
neperBoproetbess Ha  Z[word(T[i], T[i+1])], ne
¢yHkiis word mepeTBoproe 2 MOCIiIOBHUX OalTH
mam’sITi Ha IBOOAMTHE CJIOBO B PEricTpi mpolecopa.
Y wmoBi nporpamyBanHs C 1m0 QYHKLII0O MOXHA
peaiizyBaTu 32 JIONOMOTOIO MEXaHi3MiB
NEPEeTBOPEHHSl THIIB JAaHWX, HANpUKIa] SK
*(unsigned  short*)(T+i). ®aktuuno, wdacosa
CKIagHicTe oOumcineHHs s3Hauens Z[T[i]] Ta
Z[word(T[i], T[i+1])] e omHakoBoOMO, poTe
BUTpaTH TaM’sTi  3pocTaloTh 13 256 Oaiitis,
noTpiOHUX A 1-6aliTHOTO 3uKMTYBaHHS, 10 64 KO,
noTpiOHUX Juis 30epiraHHst Tabimili 3CyBiB i3 2-
OalTHUMH 1HIEKCAMU.

OpHak 11 pO3yMHUX JIOBKHH ITaTEPHA, B MEXaX
1000 cumBomniB, BUTpaTH MaM’STi MOXYTb OyTH
CYTTEBO 3HWXXEHI, i TIPU 1[bOMY BIUIUB Ha JIOBKUHY
3cyBy Oynme He3HauHuM. Jlyis 1mporo B iHAEKCI
Ta0JIUIIi 3CYBiB JIOCTATHLO BUKOPUCTOBYBATH HE BCi
O0iTu nBOOalTHOrOo cioBa. Hampukiaz, Mo)kHa
3acrocyBatn macky: Z[word(TTi]; T[i+1])&mask].
SIkmro, ckaximo, m=512 i macka mask mictuts 14
OJIMHWYHHX OiTiB, TO WMOBIPHICTh MaKCUMAILHOTO
3CyBY JJISi BHUIQJKOBHX TEKCTYy Ta  MaTepHY
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mume Ha 0,022 MeHIIe, HDK O JBOOANTHOTO
3unTyBaHHs. BojgHOYac TaOnuIls 3CyBiB MiCTUTHME
2% enemenriB, a me 2%, T06TO Oyme MeHmIOHO
BUCTBEPO. 3BUYAWHO, B TMOIIYKOBOMY IIMKJI
HeoOXiZHO OyAe BUKOHYBaTH JOJATKOBY OIEpPaLlilo
&mask, ommak BHTpaTH Ha Hel  ILIKOM
KOMIICHCYIOTBCSL THM, III0 TIOIIYKOBa TaOIHIIS
BMIIIyBaTHMETbCA B Kem-iaM’siTh L1,

3. NoaBilHMI LMKA NPONYCKY

Iamum HenmonikoM anroputmy BMH € morpeda
mepeBipATH 30iT maTepHa 3 BIKHOM ITOIIYKY KOXKHOT
iTepanii nmomrykoBoro nmkiy. IIpoTe wiei omeparmii
MOKHa YHUKHYTH, 3aCTOCYBaBIIM TaK 3BaHHUI
«UHKJ IPOIYCKY», 10 OyB BIepiie BBeAeHuUit y [5],
a 3roJIOM peali3oBaHUi y HH3I AallTOPUTMIB.
Oco6muBO eeKTHBHUM Lici TpUHOM cTae, KOIU
3CYB BHKOHYETHCA 32 EBPUCTHUKOIO OUIBIN HIX
OJTHOTO CHMBOJY i MMOBIPHICTH MaKCHUMAaJIbHOTO
3CyBY € BHCOKOI0. To/i TOUHE 3HAUCHHS JAOBXHHHU
3CcyBY MOXKHa B TaOnmii 3cyBiB He 30epiraTw.
JlocTaTHRO ~ 3HATH JIMINE, YW € 3CYB IEBHOI
(bikcoBaHOi MOBKWHHW, Hampukiax M wm m-1
0e3rmeyHnM, TOOTO TaKuUM, IO HE MOXKE MPHU3BECTH
70 TIPONIYCKy MaTepHa. SIKmo me Tak, TO MH
BHKOHYEMO IIeH 3CyB (piKCOBAHOI JOBKIHH, 1HAKIIIE

nepepipseMo  30ir 1 OOYHUCIIIOEMO  3HAYCHHSI
MOJIANIBIIOTO 3CYBY 32 JIESKUM 1HIIIMM aJITOPUTMOM.
BpaxoByroun, o PO3IIISIHY TUI y

MoTepeIHbOMY MiJPO3aiii 3cyB «3a 1,5 Galitamu» 3
BHCOKOIO WMOBIPHICTIO € MaKCUMaJbHUM, MU
PO3BHHEMO 17I€10 [TUKITY MPOMYCKY, 3pOOUBIIH HOTO
noBiHUM. Ba3oBe MpuUMyIeHHS TOJSIrae B TOMY,
mo 3HauenHs Z[word(T[i-1], T[i])] wmoxe
CUTHAIII3yBAaTH MPO MAaKCHMAIBHUI 3CYB 3 TIi€H0 K
iMoBipHicTIo, 110 1 3Havenns Z[word(T[i], T[i+1])].
Le o3nayae, 110 HABITH SKIIO YMOBA MPOJIOBKECHHS
UKy TPOIMYCKYy HE BUKOHYETHCS, MH MOXKEMO
Bimctymutd 1 KpOoK Hazan i, Iyxe HWMOBIpHO,
MIPOJIOBXKUTH IIMKJI MIPOITYCKY 3 i€l mo3uitii. Takwuit
MOABIMHUN IMKJI MPOMYCKy Oyae OCOOIMBO
e(pEeKTUBHUM Ui  JOBTUX  IIaTepHIB, KOJH
HMOBIPHICTB 3aBEpIICHHS LUKy IPOIYCKY BHIIE,
a BIUTMB KPOKY Ha | CUMBOJI Ha3aJl — HUXYE.

4. [osuwi3cyBu

[Mpunyctumo, mo T[i] Ta T[i+1] — aBa ocranHix
CHMBOJM BIKHa TOWIYKy. SIKIIO 3HA4YeHHS
Z[word(T[i]; T[i+1])&mask] cBiguurte mpo
MOXJTHBICTh MAKCHUMAJIBHOTO 3CYBY, 1€ 03HAYAE M0
napa cumBouiB T[i] Ta T[i+1] He moxe Hanexatn
narepHy. [Ipore cumBon T[i+1] moxe 30iraTucs 3
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P[0] i ToMy BiKHO TOIIYKy MOXHa O€3MEYHO
MepeMicTUTH Ha M—1 cuMBOIT BIpaBo, aje He Ha M.
SIKmo marepH KOPOTKUM, TO 1€ 3MEHIIEHHA
JIOBKMHHM MaKCHUMaJIbHOTO OE3MEeYHOT0 3CYBY MOXKE
CYTTEBO 3HIKYBATH IIPOAYKTHBHICTh aITOPUTMY.

Lo cutyarito MOXHa BHIIPABHUTH, SKIIO BCIM
eneMeHTaM Tabmuii 3cyBiB Z Burisay Z[word(c,
P[0])&mask], ¢ € X, mpucBoiTH 3HAYEHHS, IIO
CUTHAIII3ye MpOo HEMaKCUMalbHHK 3cyB. ToOTO
AKIIO OCTaHHIA OalT BiKHA TOUIYKYy MICTUTHME
cumBon  P[0], TO 3cyB  BBaKaTUMEThCS
HEMAaKCHUMaJIbHUM, a BEJIMYMHA MaKCUMalbHOTO
3CYBY TOJIi MOKE JIOPIBHIOBATH M. 31aBAJIOCH OM, 11¢
T ABUIINATH UIMOBIPHICTH HEMaKCHMAIBHOTO 3CYBY Y
BUTIAJKOBOMY TEKCTi He OinmbIn HiX Ha 1/256, mo
HeOarato. OpHak moTpiOHO Opatm A0 yBaru
MOPSAZIOK 3YNTYBaHHs OalTIB MAIIMHHOTO CIIOBA i3
mam’siTi B pericTp mporecopa (endianness). Sk yike
3azHavanocs, ¢yukiis word(T[i], T[i+1]) moxe
Oyt  peamizoBaHa y  BUIJLIAI  omepamii
neperBopennst tumiB  *(unsigned  short*)(T+i).
OpHak pe3ynbTaT Li€l omneparii 3a1eXuTh BiJl TOTO,
K OalTM MalIMHHOTO CJIOBAa 3aBaHTAXKYIOTHCS 3
mam’sITi y Tporiecop: 31iBa HapaBo (HAMPHUKIAL, Y
koMmir’torepax ~ Apple) um  cnpaBa  HamiBoO
(manpukinan, B IBM-cymicHux komm’rotepax, X86).
34nTyBaHHS CIpaBa HalliBO € HeOaXaHUM, SKIIO
IHIeKC TaONmUIl 3CYBIB KOMIOHYETHCS 3 TIOBHOTO
OCTAaHHBOTO OaiTy BIKHA MOLIYKY Ta HEITIOBHOTO
nepe0CTaHHbOTO, OCKIJIbKH pe3yibTyroue
3HaueHHS Oyie 3CYHYTO JI0 JIiBOT M€Xi IBOOAMTHOTO
cioBa (puc. 1a), i o0csT NonrykoBoi Tabiui cTane
TaKUM CaMHM, sIK 1 B pa3i BUKOPUCTaHHS TaOHIIi
3CyBiB i3 ABoOaiiTHUM iHAekcom. [Ipore curyaris,
300pakeHa Ha puc. 10 — HemoBHUH ocTaHHi# OalT
BiKHA TIOIIYKY 1 MOBHHUI TIEPEIOCTAaHHI — TaKOX €
HeOaKAHOW,  OCKUIbKM, 100  3CyB  CcTaB
HEMaKCHMAJIbHUM, JOCTAaTHBO, 100 JINIE YacTHHA
OCTaHHBOTO OailiTy BIKHA IIOIIYyKYy 30irajgacs 3
yactuHoto Oaiity P[0], a omxke, HMOBIpHICTH
HEMaKCHMAIIEHOTO 3CYBY 3pocTatuMe He Ha 1/256,
a Ha 1/2°% ne kK — KijbKicTh OJMHUYHKX OiTiB y
MaCIIj.

s |

7 ?ﬁ
pericrp (777 7/
16 8 1

(a) (6)

Puc. 1. 3aBaHTakeHHs ABOOAWTHOIrO CJIOBa 3
nam’sTi 10 pericTpa mpolecopa Ha KOMIT I0Tepi 31
3YMTYBaHHSAM OaiTiB cripaBa HaliBo: (a) TMOBHHI

MOJIOAIIMK  OaiT, HenoBHMH crapiuid; (0)
HETIOBHUI MOJIOAIINMA OalT, MOBHUI CTapIINi.

.
8 1

1

o
6

2019, 3

Bulletin of TarasShevchenko
NationalUniversity of Kyiv
Series Physics& Mathematics

TuMm He MeHIe, cuTyallis, 300pakeHa Ha pHC.

10, cTae mpUHHATHOIO, SKIIO MOMIYK BiAOyBa€ThCS
CIIpaBa HaTIBO: TOJI 30IIBIICHHS MaKCHMAaJILHOTO
3cyBYy 3 M—1 10 M GaifTiB MPU3BOIUTH 10 3HHKCHHS
1oro MMOBIpHOCTI He Oinbile HiX Ha 1/256, a iHACKC
TaOMUIi 3CyBiB (OPMYETHCS 3 MOJOMIMIMX OiTiB
IBOOAMTHOTO ClIOBa. MU Ha3MBaTUMEMO aJTOPUTM

MOIIYKY

crpaBa  HAliBO  pPesepCHUM i

no3HagatuMeMmo uoro Ak RZK, ne k — kimpkicTh
OIMHUYHUX OITIB y MacIli.

Ha
MIOITYKOBOi  Tabmuili  Z,

INceBnokon anroputmy RZK HaBeneHo Ha puc. 2.
cramii mepenoO0YHCIIeHb, KpiM  OCHOBHOL
IHIIIAMI3Y€ETBCS  TAKOXK

nornomikaa Tabiums RQS, mo peamisye 3cyB 3a
anmroputmMoM [6], ame B peBepcHOMY BapiaHTi.
[loxBifHHI MK MPOITYCKY peayi30BaHO B PsIKaX
11-16. TakoX NPHUITYCKAETHCS, IO TEKCT 3JiBa
JIOTIOBHEHO «CTOT-TIATCPHOM.

O NO Ol b Wi —

9

10
11
12
13
14
15
16
17
18
19
20

mask <« 2¢-1; Il NMepepo6yncneHHs
foreach i e [0; 2¥) do Z[i] « 1;
fori< 0tom-2do
Z[word(PJi]; P[i + 1])] < 0;
fori<« 0to2k8do
Z[(i <<b) | P[m - 1]] < O;
foreach ¢ € ¥ do RQS[c] «— m+1;
for i <— m—1 downto 0 do RQSI[PJi]] < i+1;
pos < n; Il Mowyk
repeat
repeat
POS <— pos—m;
while Z[word(T[pos]; T[pos+1]) & mask]=0 do
pOS <— pos—m;
pOS <— pos+1;
until Z[word(T[pos]; T[pos + 1]) & mask]0;
pos «— pos—1;
nepe.ipuTK 36ir y nosuuji pos;
pos < pos — RQS[T[pos — 1]] + m;
until pos = m;

Puc. 2. PesepcHuii momrykoBuii anroputm RZK

5. TMopiBHAHHA WBMAKOAii anropuTmis

Hapemenmit wa puc. 2 aiaroputMm Oyio

pearnizoBano MOBOIO C++ sIK B «peBepCHiil», Tak i B
«TIpsIMiiD» Bepcii, a TaKoXk 3aCTOCOBAHO JIO HHOTO
BIIOMY METOIHUKY 6iKkoH, wjo kosezaioms (sliding
windows). KinbKicTh TaKuX BiKOH y Ta0J1. 2 BKa3aHO

icist

mitepy  W. PeBepcHi anropurmMu 3

MaKCUMaJIbHUM 3CyBOM BiKHA MOIIYKY Ha M OaifTiB
MO3HAa4YeHO JiTepamMu RZ, a «mpsiMi» anroputMu 3
MaKCUMaJbHUM 3CyBOM BiKHa MOLIYKy Ha M1
OaiiTiB — Jiteporo Z. J{ist TOpiBHAHHS OyiH B3STI
HaMKpalii 3 BiJIOMUX aJTOPUTMIB y 0a30Biii Bepcii,
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13 BIKHaMH, [0 KOB3alOTh, a TAKOXK, 1 11e JopeuHo, | RZ13-wb 50.89 [16.04|9.50 |8.09 |4.32
13 3acTocyBaHHSAM JABOOaiTHOro umTtaHHi. Yac | RZ14-wb 51.38 [16.31|9.70 |8.19 [4.06
BHKOHAHHS HAUTIBUAIINX aITOPUTMIB IS KOXKHOI Z13-w3 94.31 [15.95(9.44 (7.90 |3.83
JOBXKMHH NaTepHA 3a(apOOBaHO CIPHM. Z14-w3 99.79 [16.21]9.60 [8.03 |3.71
Houryx BukoHyBaBcst y ¢aiini obesirom 10 M6, | RZ16-w2 49.87 [17.94/10.86(8.29 [4.43
0 sABJIAB COOOK apXiB AaHIJIOMOBHHMX TEKCTiB, | ESBNDM 69.76 120.29/11.61112.04/12.26
CTBOPEHHMH ~OJIHUM i3 CY4acHMX apXiBaTopiB. | FSBNDM- 90.33 |30.55|16.47|17.02|17.13
Pesynpratn  ycepemHeno 3a 500 mpobiramu 2byte
KOXXKHOTO anropuTMy Ha 40 pi3HHX KOMIT IOTepax i GSBNDMq2 |- 20.84111.45/11.70(11.82
HOPMOBAHO TaKWM YWHOM, MIO0 3HAYYIIICTh YCiX GSBNDMq2- |- 20.15/15.67116.06/16.19
KOMIT'10TepiB OyJia 0IHAKOBOIO. 2byte
Anropurm/m 12 |8 182 |128 |512 | "sBNDMq2  [130.04 |21.44[11.50(11.69|11.82
Z8-W2 40.63 |19.64]14.58|1252|12.35|  "spNDMq2-  [199.07 [37.28(16.89]17.32[17.43
RZ13 67.50 |21.21|11.80/8.82 |4.51 2byte
RZ14 67.92 |2116/11.8518.92 14.40 | "SBNDM/BMH [152.10(43.68]19.86/20.38|20.51
RZ13-w2 49.34 115.9010.36)8.33 13.50 | [ BNDM 118.87[38.6318.9313.83(7.33
RZ14-w2 49.59 |15.97]10.47(8.41 |3.41 FSwa 7747 121.9119.96 1923 8.80
RZ13-w3 49.45 |15.67/9.59 [7.93 |3.86 FSW6 62.46 118.2319.65 18.97 17.56
RZ14-w3 49.78 |15.91]9.74 [8.02 |3.70 FSw8 57.15 119.1119.62 18.88 |7.07
Tabn. 2. PesynmbraTH eKCHEpUMEHTIB 3 aJTOPUTMHU i3 3alPOIIOHOBAHOI POAWHHA MArOTh

BUMIpIOBaHHS IIBUIKOIT alrOPUTMIB (MC)

BUIIY IIBHJIKOJIIO, HIX YCI BIZIOMi aHaJIOTH.
3 orysay Ha MIUPOTY EKCIICPUMEHTAIBHOI 0a3H,

6. BuCHOBKM i pe3yJbTaTH MOXKHAa BBaKaTH JIOCTATHBHO
) ) HaJIHHAMH.
Sk CB1II4aTh pPE3YJIbTaTUu CKCICPHUMCHTIB, IJId
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Cmamms npucesyena arbmepHamueHomy no2iiaody Ha NOSCHEHHA MeXanismy 0ii npuiadie, nooyoo8aHux
Ha inmepghepomempii 360pomuoco 36’a3xy (LFl- modens), axuil suxiuxanuii npomupivyamu Misc meopieo
icHyrouux mooenell ma npakmusHumu pesyromamamu. Ilpononyemocs 8iominna 6io mooeni Jlenea - Kobasci
(LK- mooenv), napamempuuna mooervs LFl (P- moodens). Ha 6aszi meopii, sxa Ipywmyemscs Ha
napamempuunux enacmugocmsax LFI- modeni, xinokicno obrpynmogyemuvca pigenv nepesazu mexnonoeii LFI
HAO mMpaouyiinumu mexnono2ismu. B cmammi nasedenuil npuxiad pospaxyiHKy HOMYHICHOCHI KOPUCHO2O0
cuenany. Pospaxosano, wo na giocmani 500 mempie, cuenan 3eiono P- moodenv na 34 0b suwuii Hidic cuenan,
pospaxosanuii mpaduyitiHumu mooenamu. Tax, i3 mpaouyitinux mooeiel GUNIUBAE 360POMHO K8AOPAMUYHA
3anedcuicmo gionoutentnsi cueHan/wym (SIN ratio, naoani — SNR) 6i0 eiocmani 00 miweni - l;, mo6mo
SNR~I72. Ha npaxmuyi, SNR 3uauno euwuii. Y pamkax P - modeni, meopemuuno 0o6odumvcsi ma
excnepumenmanvho niomeepoxcyemocs inwa sanexcuicms SNR 6i0 1, a came:SNR~(l, * Inl?)~1/2,
Tpaouyitini moodeni e po32n10aioms HAABHICMb KOPUCHO20 CUSHATY 8 CIMPYMI HAKAYKU, MOoOi K, (axmuuno,
tioeo nomyxcuicmo 6 Oinbw Hidic 10 pazie nepesuwyc nomMydxdcHicms SUNPOMIHIOBAHHS 6 pe3oHamopi. P -
MOOeb YCysae nPOMupPiuys MisC MeopemuyHUMU MOOESIMU Md NPAKMUYHUMU Pe3YTbmamamu.

Kmouosi cnosa: inmepgepomempis, napamempuuna LFI-mooenv, cmpym naxauxu.

The article is devoted to an alternative view on the explanation of the mechanism of action of devices
based on laser feedback interferometry (LFI-model), which is caused by contradictions between the theory of
existing models and practical results. A view other than the Lang-Kobayashi model (LK model) and the
parametric LFI model (P model) are proposed. Due to the theory, which is based on the parametric properties
of the LFI-model, the level of advantage of LFI technology over traditional technologies is quantitatively
substantiated. The article gives an example of calculating the useful signal power. It is calculated that at a
distance of 500 meters, the signal according to the P-model is 34 dB higher than the signal calculated by
traditional models. Thus, from the traditional models follows the inverse square dependence of the signal-to-
noise ratio (S/ N ratio, hereinafter - SNR) on the distance to the target [,, viz.: SNR~I72. In practice, the SNR
is much higher. Within the P-model, another dependence of SNR on [;, is theoretically proved and
experimentally confirmed, viz.: SNR~(l, * Ini?)~1/2. Traditional models do not consider the presence of a
useful signal in the pump current, while, in fact, its power is more than 10 times greater than the radiation
power in the resonator. The P-model eliminates contradictions between theoretical models and practical
results.

Key Words: interferometry, LFI model, pump current..

CrarTro nipescTaBuB K.¢-M.H. Po3opa 1.B.

Beryn 3 yacoM 3BEpHYJIH YBary Ha KOPHCHI BIaCTHBOCTI
poro edekry. Tak BUHUKIA TexHojoris self-mixing,
sIka BUKOPUCTOBYBaJia iIHTEp(PEepOMETPir0 3BOPOTHOTO
3B’s3ky Laser Feedback Interferometry (LFI). Po6otn
no LFI HocaTe sk TeopeTW4yHWil Tak 1 (TOJOBHUM
YUHOM ) TIPUKJIATHAN XapakTep 1 MPUCBIICH]I BUMipaM
napameTpiB pyxy: BiJICTaHi, IIBUJIKOCTI, TTapaMeTpam

HeaBTroHOMHI MOjeni na3epiB BUBYAIOTHCS BIKE
oinpine 50-Tu pokiB. [HTepec 10 HUX OYB BUKIMKAHUI
TOJIOBHHUM YHHOM TIparHEHHSM BHUBYHTH BIUIHUB
BHITPOMIHIOBaHHS, MTOBEPHYTOTO 30BHINTHIMH
MOBEPXHIMH BCEPEIUHY pPE30HaTOpy, OO0 BOHO
TIOTIPITYBAJIO SKICTh JIA3€PHOTO TIPOMEHSI.
© Orro I'.K., 2020
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BiOpariii. Bci BoHn 3acHOByrOThCS Ha LK- abo 3-
J3epKaNbHil mosen [1], [2].

Hana  pobota  3’sBHIach
eKCIIEpUMEHTIB, TIOB’SI3aHUX 13
BHMipaMH¥ BiIJJaJICHUX BiOpaIliid.

B HACJII0K
JUCTAHIIHHUMA
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3a3HAYCHUMH MOJCISAMH.

[1ig 9yac eKCIePUMEHTIB CIIOCTEPIraioch
3Ha4HO Oinpuie (>10 pa3iB) BiAHOMIECHHS
curHa/mym (S/N) mpu BuALICHHI
KOPHCHOTO CHUTHAITy i3 CTpyMy HaKauku

s excnepyuMeHTIB Oyl BUKOPHUCTaHi Ja3epHi jmasepa, HDK 13 BUIPOMIHIOBAHHS
aioan #LD-1060-0200-AR-2  BupoOHHUITBA pe3oHaropy, AKe 3a3BUyail
TopticaPhotonics 3 aHTH-peIIEKTOPHUM OKPUTTSIM BUKOPUCTOBYEThCS.

(AR-coating) mepemHBOI TMOBEpXHI  KpHCTaja.
JloBxuHA aKTHMBHOTO €JIeMeHTa CTaHOBUTH ~ 300 .
30BHIMHIA pe3oHaTOp AOBXHHOIO ~ 320 MM 3
IudpakUiiHIM BUBOJOM BHIIpOMiHIOBaHHs. [liameTp
nydka B pe3oHatopi 30 MM, OiameTp TOJOBHOTO
m3epkana 0.3 mMM. KoedillieHT BIZOMTTSA CTaHOBUTH
~0.99 1o iHTEHCUBHOCTI.

[lig gyac excnepuMeHTiB Oynu BusiBIEHI (akTH,
K1 HE TOSCHIOBAJIUCH BIJIOMUMU MoOAesIMU: JleHra-
Kobasici (LK — monens) [1] Ta ii pisHOBHAOM — 3-
J3EPKATBHOI0 MOJEILTIO [2], X04a 10 MBOTO Yacy Bci

Buirie 3ramani Mozielti He epeBilaloTh
HaBiTh HASBHICTH KOPHUCHOT'O CHTHATY B
CTpyMi HaKayK{, HE KaXy4d B¥KE€ IPO
HOTO TIOTYXKHICTb.

3 OUUII0 YCYHEHHS 3a3HAYCHUX HEIOJIKIB
3araJIbHONPUHHATAX ~ MOAENEeH Ta  MOSCHEHHS
EKCIEpUMEHTAIbHO  BUsIBICHMX  (akTiB  Oyna
3amnporoHOBaHa iHINa, mnapaMmerpuuHa (Parametric)
[7] momens LFI (B momansmomy P- Mmonens).

AHanmizy NOpUYMH ~ 3HAYHOTO  30iNbLICHHS
YYTJIIMBOCTi, TOOTO MEPIIOMY 3 HaBEJCHUX Ta HE

JOCIIDKCHHs,  siKi  IpyHTyloThesi  Ha  LFI  3’gcosanmx daxtis, mpucssuena s po6otal,
KOPUCTYIOTHCSI UMM MOJICTISIMH.
Ocb 1i daxh: Teoperu4yHa 4YacTUHA
e BussneHo Habarato ciadkime HaBenmemo TeopeTHmyHe OOIpYHTYBaHHS Ta
3MEHIIECHHS BIJHOIIEHHA CUTHAI/IIYM EKCIIEPUMEHTAIbHE MiATBEpKEeHH P-Momerni.
(S/N) nipu 36inbmieHHi Biactani (I;) mo Cxema 3zaranpHOmpuitHsatux LK- Ta  3-

MillleHI HDK 3BOPOTHO KBaJpaTHYHE:

J3epKaNbHOT Mojeni  [3] BUINIAga€ HACTYITHUM

S/N o I 2 gk 1e BHUIUIMBAE i3 YHHOM:
pO3paxyHKiB, BHKOHaHHMX 3TigJHO 3
NPUAHITAMH Ha CbOTOJHI, BUIIIE
M, N> N5 M, Meft'
E,; E;
l";_‘ r> r; r!_q Feff
< ol ) |l |
= > > I~ ol

Laser cavity
a

External feedback cavity

Compound cavity
b

Puc. 1. Cxema LK- Ta 3-m3epkansHOi Moaemi

The schematic diagram of three-mirror model in the laser feedback system (a). The standard three-mirror model
(b). The simplified model of the compound cavity. M1, M2, mirrors of the resonant cavity; M3, the equivalent
reflective mirror of the target; Meff, the compound reflective mirror of M2 and M3

13’qcyBaHHI0 NPUUMH HAaABHOCTI Ta KiIbKiCHOTO
BM3HAYEHHA KOPUCHOTO CUrHaNY B CTPYMi HaKauyku byae
npucesaYeHa HacTynHa poboTa.
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Ha Puc. 2 maBeaeno cxemy P- momeni:
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2 3 4 5
_.’/‘
- - = —
- - ——
- —— ==
T e —_— = —
\\ -3
20M0GHULL PE3OHAMOp pe3onamop MiuieHi
= pos
Puc. 2. Cxema P- mogeni cuctemu LFI
1-nazepHuii 1iox i3 TIYXHUM 3aJHIM I3epKaioMTa 1«3 - 13epkaia TONOBHOTO pe3oHATopy, 1«5 —

MIPOCBITJICHOIO TIEPEIHBOIO TPaHHI0, 2-KOJIIMaTOPHUN
00’€KTUB, 3-A3€pKaji0 TOJOBHOIO PE30HATOPY, 4-
AKyCTOONTUYHUN MOMYJISITOpP, S-TIOBEPXHS MIIIICHI.

LE () = iw(N) - E*(2) +%(G(N) - ip) B ()

dN _
pr ®=J-

N(t)

Ts

J3epKajia pe3oHaTopy MillleHi.

B sikocTi BignpaBHOT Oy/eMO BUKOPHCTOBYBATH
cuUCTeMy OallaHCHHMX piBHSIHb, SIKa OITUCYE POOOTY
KJIACHYHOTO OJJTHOMO10BOTO Ja3epy 0e3 LFI, [4]:

1)

— G(N) - E%(t)

E*(t) = E(t) - exp (iwt)

ae:
iw(N)- pi3HUISI MiX PE30HAHCHOK YacTOTOO
pe3oHaTopa Ta 4acTOTOIO TeHepartil;
E(t)- ammmityna  enekTpuuHoro  moisi;N(t)-
KOHIICHTpAIlisl eJIEKTPOHIB B  pe3onatopi;G(N)-
TiJICUIIEHHS; Ty~  TPUBANICTh KUTTA  (QOTOHIB Yy
pPE30HATOPI;Tg- TPHUBANICTh JKHTTA CIIEKTPOHIB;/-
3MiHHA, POTOPITiHA TOKY 1HKEKITii.

3a3HauuMo, 110 CKJIaJACHUN PE30HATOpHA pHC. 2
Oyae MaTH yCEepeAHCHWH Ha CBOId JTOBXKHHI
KOeQILIEHT 3aJTOMJICHHS:

Upli+paly I
= — . — +
u L+l, 2251 L Uz,

ne: Uq,li- KoedilieHT 3aI0MIICHHS Ta JIOBXKHUHA
AKTUBHOTO TiNa, Uy, l, - KoeDIlieHT 3aJOMJICHHS Ta
MOBKMHA  TIOBITPSAHOI ~ YaCcTHHM  Pe30HATOopa.

b _10-3 - ~ 1. —
3Ba)kKalouu Ha Te, 1110 o 107" npuiiMeMo u = [, =
2

const, Tak sK 1ie BUIUIMBAE 13 [4], ctop. 29, popmyna
(2.61). IIpu upomy iw(N)-E*(t) = 0, ToX 1€
3MIHHOKO MOKHAa 3HEXTyBaTh. TakuM UYHUHOM
piBHsHHA (1) TpW HAsBHOCTI MOBITPSHOI YacTHHU
30BHIIIHBOTO pe3oHaTtopy 3HauHO (B 1000 pasiB)
JOBLIOMY HDK aKTMBHE CEpeJOBHUINE, MOXKHA AELIO0
CHOPOCTUTH 2

se@=1(cm-1)F© )

2Busig, piBHAHHA (2) HaBeaeHn B goaaTky 1.

64

[NopiBHroroun Mozeni Ha puc.1 ta puc.2, 6aunmo,
110 BiaMiHHICTE P- moaeni Big LK- Ta 3- a3epkanbhoi
B TOMy, mo y P- mozmeni oOuaBa pe3OHATOPH -
TOJOBHOIO J3€pKajia Ta MilleHI MpamooTh
napayieIbHO, TOOTO MICTATh aKTUBHE CEPEIOBHIIE Ta
MalOTh CIIUIBHE «TITyXe» A3epKallo.

Y P- Mopneni TpHUBaJicTh XHUTTS (OTOHIB Y
CKJIaJeHOMY pe3oHaTopi Oyne 3alexaTH BifJ
TPHUBAJOCTI JKHUTTS Ta CIIBBIJIHOIICHHS KIUIBKOCTI
(oTOHIB B MapmialbHUX pPE30HATOpAaX:
f(rmTmiTe,Tt), A€ Ty, Ty~ TPHUBAIICTE  XKUTTA
(oToHiIB Ta KOe(ilieHT BIIOUTTS 1O IHTEHCUBHOCTI B
TOJIOBHOMY PE30HATOPi, T;, 7~ TPUBAIICTH >KHUTTA
($oToHiB Ta KOe(iliEHT BIIOUTTS 1O IHTEHCUBHOCTI B
pe3oHaTopi mimeHi. B 3aransHoMy BUNAIKY Ty, Ty TA
Tt) Ty MOXYTH OyTH (DYHKITISIMU Hacy.

3aransHONPHUUHATI MOJAEII TependavaroTh, 0
BiZIOWTE 30BHIIIHBOIO TOBEPXHEIO BUIIPOMIHIOBAHHS
iHTepdepye 13 BUNPOMIHIOBAaHHAM B CepeAuHI
pe30oHaTOpy, aje MpH IOMY HisIKi TapaMeTpH Jazepy
HE 3MiHIOIThECS. ToOTO MO He € mapaMeTpUYHi.

VY P- Mopzeni BigiajieHa BiiOnBaroya MOBEPXHS €
YACTHHOKO CKJIAJEHOr0 pe3oHaTopy. Moro 3miumi
KOeQIIIEHT BIIOUTTS Ta JOBKHHA MOJIYJIIOIOThH
TPHUBAIIICTh KUTTA (POTOHIB CKJIJIEHOTO PE30HATODY,
0 € MOJIYJIAIIEI BTpaT a0do AOOPOTHOCTI, SKI €
€HEPrOEMHUMH IDapaMmeTrpamMu Jjasepy. Tomy P-

Tp—
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Mooens € napamempuuna. Came 3 1poro T1a «Phc My ckmagarots moBHy cucremy, To6TO: p; +

BUIUINBAIOTH i BIACTUBOCTI, PO sKi Mije MoBa faimi. p, = 1, ne {p,, p,}- winbHicTh MOAITY HMOBipHOCTEN
P- MoJenb I'PYHTYEThCS Ha MEPEIyMOBI, 110 HA  BHIIAJKOBOI 3MIHHOI «IPUHAIEKHICTD (POTOHY», SIKa

IPOTSI31 CHUIBHOI NUISHKM PE30HATOPIB MillleHI Ta mpuilMae OXHE 3 IBOX MOMKJIMBHX 3HA4eHb,

TOJIOBHOTO J3€pKayia, 3YyCTpidyaTUMyThCsl (DOTOHHW, HaBEIECHUX BHIIIE.

BIIOWTI  MILICHHIO Ta TOJOBHMM J3epkaioM. CepelHe 3HAYCHHsS BHIIAAKOBOI ~BEIMYHHH  Tp,

VmoBipHicTs TOTO, 110 06paH1/n71. HaBMaHH (OTOH  po3mofieHOr0 Y  BIiANOBIZHOCTI i3  IIiIBHICTIO

(Ph) manmexxuTs 10 MHOYKHHHI I', BIZOMTHX TOJTOBHUM PO3TIO/IICHHS: P{{Ti =1} =p, {1, =7} = Pz}.

n3epKajoM uu M — MilieHHro, mpu Tomy, mo ['NM = 6yie BU3HAUATHCS:

@, 3a3HAYMMO BIiAMOBIZHO Py Ta p,. IToxii: «Phc I'»

ﬁZZiPi'Tizpl'Tm‘*‘Pz'Tt 3)

3arasipHa KiNbKicTh (DOTOHIB B PE30HATOpI MPU MNPOMOpLiHHA CyMapHOMY KOe(illieHTy BiIOHTTS
CTaJIOMy PiBHI HAKauKH Ta 3 KOS(hIIiEHTOM BIIOUTTSA A3epKas MillleH] Ta TOJIOBHOTO:
IIyXoro JjJ3epkaja  OMM3BKOro 10  OJWHWII,

(L= 12) - 7t @

MOBIPHICTD € BIOHOLIEHHS Koe(illl€HTa BIOHOIIEHHS Koe(ilicHTa BiOOUTTS MIIIEH] Ta

4 1 0 T

BIIOWTTS TOJOBHOTO [3€pKajia 1, Ta CyMapHOro cymapHoro koedimienty (4). Tox TpUBaNiCTh XKHUTTS

koedimienty Bigoutrrts (4). WmoBipHicTs p, € (OTOHIB CKIAAEHOIO PE30HATOPY Y BLANOBITHOCTI 13
®)

—__ " _"m
= Tm+(1-15) 1t Te Tm+(1-12) 1t Tm (®)

BpaxoBytoun, mo 1, > 1;, Bupaz (5) —1 1 n o
MEPEenuIIeMO Y JIeII0 IHIIOMY BUIJISI: Tp = Tm  Tm ) 2, (6)
—1 _ T -1 I e T\t 3azHaunMmo, mio 3rigHo 13 [4], cTtp. 137, 3
Ty =\Tmt+—"7¢ =T, |1+—— b G i
T Ty T ypaxyBaHHAM (a3u BiIOUTTS:
3a3HaYnMO: e = |rel - e”h® (7
Tt Tt ne: @ = @(t) - paza BigOUTTS MOBEPXHI MillIeHi,
——| =x, x K1 .
Tm Tm ska npu BigkiroueHomy AOM, nos. 4 Ha Puc. 2, 6yze

BU3HAYATHCH JIOBKUHOIO XBHJII BUIIPOMIHIOBAHHS Ta
BIICTAaHHIO 110 MimmieHi. B mpucyTHOCTI Hakadku
x+1D)1=1-x+x%—mpulx| < 1. @(t) = sin2wt.

ITincTaBumo (6) Ta (7) y piBHAHHS (2):

CKOpHCTaEMOCH PO3KIIAICHHSIM:

BigkuHyBIIM cTapmii  4ieHH PO3KIaleHHS,
OTPUMAEMO:

1

SEND) =3 GIN)z - E*(t) — > (im)z E*(t) + (:—; : T;)z CE(t) - el 8)

JlomaHkm y ckoOKax € djeHaMH PiBHSHHS, IO
inTepdepytots. Ilicns BpaxyBanHs iHTepdepeHii
piBHSIHHA (8) BUTIIAIATAME TaK:

d _ 1. - 1.1 T Tt _rt_ftl/zl. -
LE®=26m E@m-+= (”H Tpp. (LX) e“P) E©® (9
IMomuoxusmm (9) Ha 2 - E*(t), 3rigHo J[1.2
OTPUMAEMO:
dS — . 1 . Tt . Tt . Tt . Tt 1/2 . i .
E_G(N) S—a (1 +a a)'{'z (a a) e'® S, (10)

65



Bicnux Kuiscorkozo nayionanvhozo ynieepcumemy 2019, 3 Bulletin of Taras Shevchenko
imeni Tapaca Illeguenka National University of Kyiv
Cepis ghizuxo-mamemamuuni Hayku Series Physics & Mathematics

He: S = S(t) - KiabKiCTh (OTOHIB, SKE IOMHOXKCHE
Ha hv (v - 9acToTa, h - mocriitHa [Tnanka)
MPEICTABIISIE CHEPTIEI0 BUMIPOMIHIOBAHHS; T, Ty, -
Koe(ILIE€HTH BiIOUTTS IO IHTCHCUBHOCTI MillIeHI Ta
TOJIOBHOTO PE30HATOPY, BiIATIOBIIHO.

Uu He HaWBaXJIMBIMIMM MapaMeTpoM Oyab
SIKOTO TIPUITaJTy, IKHMi 0a3yeThCs Ha aHaIi31 BIIOUTOIO
BUIIPOMIHIOBaHHS (JIOKATOp, Jigap, BIOpoMeTp) €
XapakTep 3aJIeXKHOCTI TMOTY)KHOCTI MPHHHATOTO
CUTHaJTy BiJl BificTaHi 0 00’ekty. Y ¢opmymi (10) 3-
W J10aTOK OOYMOBJIIOE€ IHTEHCHBHICTH BIJOMTOTO
MIIIEHHIO KOPUCHOTO CUTHANY, SIKUH CKJIQAA€ThCs 13 T =2-l/c-Inr;t (12)
MOCTIHHOTO MHOKHHKA Ta YacTHHH, 3aJIeKHOI Bif
Bicrani 10 06’ exry — I(l)~(1, - 1) V2 :

n=no (%) (11)

He: 1y - koedilieHT BiIOWTTA MillleHI Ha
MIHIMAIBHO MOXJIMBIM BifCTaHi [, Bim mpuIaLy
(anpbeno mimieHi), [, - BigcTanb 10 MimieHi. Bupas
(11) 3a ymoBoro, mo ™ae wmicue JlamOepToBe
BIAOUTTI, € OOHIEI0 3 OCHOBHHUX 3aJIEKHOCTEH
pamioyokartii - KBaIpaTUIHE 3MEHIIICHHS
IHTCHCUBHOCTI BiIOMTOr0 CHUTHAIy NpU BigAaieHHI
BiJ 00’ ety [8].

Hus. lopaTox 2.
TakuM 9uHOM:

. (o 2_ 2 Tto 1/2_ . . -1\-1/2 _
I(lt) x 2 \/T‘to (?) Trt_l =2 ltO (T) 1.41 (lt In Tt ) =
-1 -1/2

2.82 1,y (”70)1/2 (1, -1n (m : (‘;—:)2) (13)

He: I(l;) — iHTEHCUBHICTH 3MiHHOT CKJIAJ0BOT YucsoBi npukaagu
iHTepdepeHIiitHOro  WieHa, SKWH  BimoOpaxkae

. . I3 (10) Ta (14) BumnuBae, 1m0 IHTEHCUBHICTH
IHTEHCUBHICTh KOPHUCHOTO CHUTHAITY, TMOBEPHYTOTO

KOPHCHOTO CHUTHATY HE 3aJICKUTh BiJI IHTCHCUBHOCTI

MIIIEHHIO. :
. . . . 30HIYBQJLHOTO BUIIPOMIHIOBAaHHS, a 3aJICKHUTH JIUIIC
Jnst  Oimpmmoi  HAOYHOCTI  BBEEMO  Taki . L . .
. BiJl CIIiBBIZIHOIICHHS TPUBAJIOCTI JKUTTSA (OTOHIB Ta
KOeQILIEHTH: L .
1/2 Koe(iIieHTIB BiOOWTTS TOJOBHOTO JJ3€pKaja Ta
-1 T : :
ki =282l ((rm “T) 1 %) , MillICHI.
X Ty =4 * 1072 — Koe(illieHT BifIOMTTA TOJOBHOIO
ky =110 lio Ji3epKaiia
8 . .
= 3 % —
3 ypaxysammram (10), ky, k, Ta (13), I(l)) € 3+10 _ZI'HBHI[KICT.B CBITIa o
BUITIAZATHME HACTYITHUM YHHOM: Teo = 1.* 107% — KoedimieHT BiAOUTTSA MilieHi Ha
n-1/2 Bijcrani It0
(o) = ky - (L - In(ky - 177)) (14) 1,y = 2.0 — 3nauenns Bixcranily,

l; == 10,10.1.50 — BigcTaHp A0 MillIeHI

4x10° 8 T T T T

3x10 % .

It(lty 2x10” % .

1x10 -

0 100 200 300 400 500
It
Puc. 3. 3anexHICTh IHTEHCHBHOCTI 3MIHHOI CKJIAIOBOI YaCTHHH BHIIPOMIHIOBAHHS, IO MHPKYIIOE B
pe3oHarTopi, BiJ BiJICTaHi 10 MillleHi.
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og( It(It) ) - 10
1t(10)

201

30

- 40
100
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Puc. 4. 3MeHIIeHAS IHTEHCUBHOCTI 3MiHHOT CKJ1aJ10BOi (B AB) Ipu 301bIIIeHHI BijicTaHi 10 MimeHi. YepBoHa

JIiHiA - P- Moens, CHHS — KJIacHYHa.

I3 Puc. 4 BuminmBae, moO B MOPIBHAHHI i3
KIIACHYHOIO, P- MoJienbh Mae 3Ha4yHy IepeBary npu
poboTi Ha manekux Bigcransx. Tak, Ha Bigcrani 500
METpIiB MepeBara CTaHOBHUTH O113bK0 34 10.

Kopucrytouncrs 3alnexHICTIO, HaBEJEHOIO Ha
Puc.1, 3Haroun piBeHb CTpyMy IMOPOTYy I'€Heparlii Ta
BiJICTAaHh JIO MillIEHi, MOXHa JIeTKO BH3HAYUTH
MOTY)XHICTh KOPHUCHOTO CHUTHany - Ps y cTtpymi
HaKa4KH:

Ipuxnao:
Iop = 50 ma, Up = 2 V,17(200) = 0.8-107°,
toni: Ps =75 lnop " Up - I(I¢) = 100-0.8-1076 =
40 uw.
To6T0 3MiHHA CKJIa10Ba MOTYKHOCTI HAKAYKH JIa3epy
Oyne mopieHtoBatr 40 uW.

I3 nwuraHas  OOTrpyHTYBaHHS

. . 1 .
3p0O3yMisIOro) KoedimieHTy > HPH TIPaxyHKy Ps, nuB.

(iHTYiTHBHO

3HOCKY Ha CTp. 2.
BucHoBKH

Burpam y  iHTEHCHMBHOCTI  IIOBEPHYTOTO
KOPHCHOTO CHUTHATY MpH 301JbIICHH] BiJICTaHI X 0
MimreHi y cxemi LFI, B mopiBHAHHI 13 KiIacCHYHUMU
CXEMaMH TOSICHIOEThCS THUM, IO IOCIa0IeHHS
KOMIICHCYEThCS 30LIBIICHHAM 4Yacy JKUTTS (POTOHIB
Tp. [Nocnabnenns B cxemi LFI

2

nporopuiitao(x In x2)1/2, a ne x2, sx y KiacHaHUX
cxemax.

B cxemi LFI mae micrie moayssitist 1oOpOTHOCTI
pPE30HATOPY — SHEPrOEMHOTO CIIEMEHTY Jazepy. Sk
BiIoMO 13 [7], MOOYJISIIIisl EHEPTOEMHUX TapaMeTpiB
Oyab SKOi PE30HAHCHOI CHCTEMHU € HapaMeTPUYHHM
BIUIMB, SIKMHA TMPH CHPUSATIUBUX YMOBAaX MPHUBOIAMTH
JI0 PO3BUTKY HapaMETPUIHOIO PE30HAHCY.

Y P- Mozeli napaMeTpUYHUN pPE30HAHC Ipa€e
BUKJIFOYHO BaXJIUBY TMO3UTHUBHY pOJb. J[sKyroun
MapaMeTpUYyHOMY pPE30HAHCY KOPHCHUH CHUTHAN
MOJke OyTH mijicuieHuil y Qpasis, ae Q - 1oOpOTHICTH
pPE30HAHCHOT CHUCTeMH. [IpaKTHUHO  BaKJIUBUM
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BOAYaeThCS aHAN3 YMOB BUHUKHEHHS, PO3BUTKY Ta
CTYIIHb BIUIMBY NapaMeTpiB MOJEII Ha JOCSATHEHHS
MaKCHUMAaJIbHOT IOOPOTHOCTI PE30HAHCY.

Oxpemum HAYKOBO-TEXHIYHUM 3aBJIaHHIM
BOaYaeThCs MIATPUMKAa pE30HATOpa B  PEXKUMI
CcmadinbHOe20 TAPAMETPUIHOTO PE30HAHCY.

Honarox 1. Buia piBHsiHHSA 0asaHcy
(oTOHIB 17151 €TeKTPUYHOTO MOJIS.

Bynemo Buxomutu pazom 3 [8] i3 crmporieHoro
piBHSHHA Ansi KinbkocTi (oTOHIB -S, 0e3 wieHa,
BIJIITOBITAJILHOTO 3a CIIOHTAHHE BUITPOMIHIOBAHHSI:

ds/dt = S(G(t) — 1/tpn ) (a1.1)
e:
dS/dt - mBugkicte BHX0Ay (OTOHIB i3
pe3oHaTopy;

S G(t) — WBUAKICTh HAIXOMKEHHS (QOTOHIB B
pe3oHarTop;

S/Tpn - WBUAKICTH BTPAT GOTOHIB HA 3BOPOTHMIA
3B'SI30K.

IaryituBHO piBHsaHHA [ 1.1 Bizazepkaroe e, mo
IHTCHCHUBHICTh KOPHUCHOTO BHUITPOMiHIOBaHHS
JIOPIBHIOE PI3HUIN MiX IIBHIKICTIO HAIXOIKCHHS
¢oTOHIB y pe3oHaTOp (HAKAYKW pPE30HATOPY) Ta
HIBUJKOCTI BUTPAT Ha MiATPUMAHHS PiBHS MOPOTY
reHepartii.

S() = [E@)I% E(t) = /S(8) - e/,
S(t) = E(t) - e/*t - E(t) - e @t
Bynemo BBakaTH, 1m0 YacToTa TeHepamii w
JOPIBHIOE BIacHil 4acToTi pe3oHaTtopa (1. B iHmomy
BUMAJKY TOJIe MaJIo OU OiIbIN CKIaHUN BUTIIS.
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ds(t) d

(E(t)-e/®t) - E(t) - e Tot +%(E(t) e TJON) - E () - eIt

dt  dt
dE(t . . , dE(t . .
= ( di ). el?t + jw - e/t E(t)) E(t) e /%t + ( di ). e =0t — g - emiwt. E(t))
«E(t) - e/t
dE(t . . , dE(t . .
= (% elP 4 - eJ@t E(t)) “E(t)-e7I®t 4+ (%-e“"t —jw - el®t- E(t))

“E(t) et = (G(t) — 1/1pn ) - E(t) - /¥t - E(t) - e @*

Ckopotumo Ha E(t) - e /®t ta npusenemo momiGHi

YJICHU:
dE(t) ; 1 1/2 ;
— e = (GNP = (Vtpn) ) E(t) - eI" (A1.2)
(I1.2) € piBagHHa OamaHcy QOTOHIB 106
CJIEKTPUIHOTO TIOJISI.
das(t)
Honarok 2. BuBin cniBBiqHOMIEHHS 1JIs1 Yacy J SO Jk-dt (A2.4)
KHUTTH POTOHIB - Ty [Ticns inTerpyBaHHs OTPUMAEMO:
. , InS(ty,) =k t, +C (12.5)
Bynemo BBakatu, 0 KOeiMieHT BINOMTTA  Byapagio C, BPAXOBYIOUM HAUAIbHi YMOBH:

TIIyXOro JA3epKaiia TopiBHIOE 1. npnm = 0;
Kinpkicte ¢GOTOHIB B MOMEHT dYacy t;, TOOTO S(ty) = S(ty) Ta t, = 0.
MiCIS0JTHOTOLIUKITYBi IOUTTS: 3 J12.5 BUMIHMBac:
S(t) =R-S(ti-1) (A2.1) C =InS(t,) (J12.6)
Kinpkicts QOTOHIB B MOMEHT Hacy tm, WCHA  [[izcrapnmoun J12.3 ta J2.6 B JI2.5, OTpHMAEMo:

MIUKIIBBIIOUTTS: cInR
S(tm) = R™ - S(ty) (12.2) k=1 (27)
£, = L, (12.3) BpaxoByroun Te, 1O k moBuMHEH MaTH PO3MIpHICTH
Te: c 1/cek Ta OyTH Bif’ eMHHUM, K fe puruiuBae 3 J12.1:
S(ty) — xinbkicTh (OTOHIB B pe3oHATOpi B —k = 7, (12.8)
MMOYaTKOBUI MOMEHT Yacy; Mu oTpuMany CHiBBITHOIICHHS JUIS Yacy J>KUTTS
m — KiTBKICTh IUKIIIB BiJOWTTS B pE30HATOPI; (hoToHIB - Ty
R — xoedinieHT BiOMTTA TO IHTCHCHBHOCTI, 2-L 2L
R<L " TTCmR ¢ InR?
L — noxxuHa pe3oHATOPY; [TpumiTHO, 1110 T; HE 3aNEKUTH Hi BiJ SHiBIAM,
C - LIBUJKICTH CBITJIA B PE30HATOPI. TOOTO BU3HAYAETHCS BUKIIOYHO KOHCTPYKTUBHUMH
Bupasu ([12.1), (12.2) 3a1at0Th mpowec, SIKOMY — mapaMeTpaMH pe3oHaTopy.
II1/IKOPIOIOTBCs 0AraTo iHIIKMX MPOLECiB: NPUPOJHHX, 3a3HaumMMo, 1110 BUIIAAKOBUH XapakTep JOBKIHH
COLIaIbHNX, (PIHAHCOBUX, MEAUYHUX 1 T. I. IIpUHIMI  pponpoty  okpemoro dotony - L, koediuienty
hopmyroeThesL: BIIOMTTS - R Ta MIBUIKOCTI CBITJIA - C, 00YMOBIIIOIOTH
«IIBUAKICTB 3pOCTAHHS IPONOPLIHA BENMYHHI,  pymankoBuii Xapaktep - T, Ta, AK CIiJCTBO,
I10 3pocTaey, T06T0(315 PO3LIMPEHHS CIEKTPY 4acTOT FeHepallii:
% o S(t) Av=(2 m-1,)" %

3 poro BUILUIHBAE MUEepEHITIHHE PIBHAHHS, SKE
ITICIIST PO3AUICHHS 3MiHHUX IHTETPYETHCS:
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