KNIBCHKU HAIIIOHAJIBHUM YHIBEPCUTET
IMEHI TAPACA HIEBUEHKA

BICHHUK

KHIBCBhKOI'O HAINIOHAJIBHOT'O
YHIBEPCUTETY
IMEHI TAPACA IIEBYEHKA

CEPIA ®PIBUKO-MATEMATHUYHI HAYKHA

Ne2 2022



Bicnuk KniBcbkoro HanionanbHoro yHisepcurtety iMeni Tapaca IlleBuenka,
Bumyck Ne2, 2022,
Cepis pizuxo-mareMaTH4YHi HAyKH

3 1991 poky cepii BicHukiB KniBchkoro yHiBepcutery “MaTtemaTnka i MexaHika”, “@usuka”, “MoznenupoBanue u
ONITHUMU3AIHS CJIOXKHBIX CHCTEM” peopraHizoBaHo y “Bicuuk KwuiBcekoro yHiBepcurery. Cepist: iznko-mMaTeMaTHUHI
HayKu”. Y BICHUKY MICTSTHCS Pe3yJbTaTH HOBHUX JIOCIHI/PKEHD y PI3HHUX Taly3sX MaTeMaTHKH, iIHPOPMAaTHKH, MEXaHIKH,
(i3uKku Ta pagiodi3uKy IS HAYKOBUX TPalliBHUKIB, BUKJIaaviB, acIipaHTiB, iHKEHEPIB 1 CTyaeHTIiB. [IpyKkyeTbes 3a
pekomenpanisiMu Buennx Panx  izuuHOro, MexaHiko-mMareMaTHYHOro (axkyiabTeTiB, (AKyIbTeTy pagioQi3uKH,
€JIEKTPOHIKH Ta KOMIT IOTEPHUX CUCTEM 1 (DaKynbTeTy KOMI IOTEPHUX HAYK Ta KiOEPHETHKH.

Kypnan “Bicauk KwuiBcpkoro HarioHanpHOro yHiBepcuteTy imeHi Tapaca llleBuenka. Cepist ¢i3uko-MareMaTHyHi
Hayku~’ BKJIIOYEHO /0 Tepemiky (axoBux BuaaHb BAK VikpaiHu, B SKMX MOXYTh IyOJIiKyBaTHCS pe3YJIbTaTH
JUCepTalifHuX poOIT Ha 3M00YTTS HAYKOBHX CTYIICHIB JIOKTOpa, KaHmuaarta Hayk i PhD 3a cmemiameHocTsiMu 111,
112, 113, 104, 105 (3aTBepmkeHo Haka3oM MiHicTepcTBa OcBiTH 1 Hayku Ykpainu Nell88 Bim 24.09.2020) ta 3a
crierianpHocTsiIMA 121, 122, 123, 124 (3aTBepkeHo Haka3oM MiHictepcTBa ocBiTH 1 Hayku Ykpainum Nel471 Big
26.11.2020), Tta pedepyethes B PedepatuHoMy xypHami Zentralblatt MATH, JournalTOCs, Crossref, IClI World of
Journals, Road, Google Scholar i Haykogiit nepiomuiti Y kpaitu.

Penaxuiiina xoseris:
Mokxkstayk Muxaiino [lasnosud, a.¢.-M.H., npod., roJI0BHUI peJaKTop;

Po3opa Ipuna BacuniHa, 11.¢.-M.H., 101I., 3aCT. TOJIOBHOTO PEAaAKTOPA;

Bartlova Milada, Ph. D., Brno University of Technology, Brno, Czech Republic;
Bavula Vladimir, Prof., University of Sheffield, Great Britain;

Beghin Luisa, Prof., Sapienza Universita di Roma, ltaly;

Futorny Vyacheslav, Prof., Universidade de Sdo Paulo, Brazil;

Giuliano Rita, Prof., Universita di Pisa, Italy;

Gorlatch Sergei, Dr. Sci. (habil.), Prof., University of Muenster, Muenster, Germany;
Hudak Stefan, Dr. Sci., Prof., Technical University of Kosice, Kosice, Slovak Republic;
Kukhtarev Nickolai, Prof., Alabama A&M University, Alabama, USA;

Leonenko Nikolay, Prof., Cardiff University, Great Britain;

Medvids Arturs, Dr. Phys. (habil.), Prof., Riga Technical University, Riga, Latvia;
Olenko Andriy, Prof., La Trobe University, Australia;

Orsingher Enzo, Prof., Sapienza University of Rome, Italy;

Ostrovsky Eugene, Prof., Bar- llan University, Israel;

Pogany Tibor, Prof., University of Rijeka, Croatia;

Ronté Miklés, Dr. Sci., Prof., University of Miskolc, Miskolc, Hungary;

Silvestrov Dmitrii, Prof., Stockholms universitet, Sweden;

Sottinen Tommi, Prof., University of Vaasa, Finland;

Toru Aoki, Ph. D., Prof., Research Institute of Electronics, Shizuoka University, Shizuoka, Japan;
Trofimchuk Sergey, Prof., Universidadde Talca, Instituto de Matematica y Fisica, Talca, Chile;
Volodin Andrei, Prof., University of Regina, Canada;

Aximenko Biramiit Bomomumuposuy, 1.T.H., Ipod.;

AmicimoB Irop OmnexkciiioBud, 1.¢.-M.H., pod.;

AmicimoB AHatoniit BacunsoBud, wi.-kop. HAH Ykpaian, a.¢.-M.H., ipod.;

Besymak Okcana OmensHiBHA, 1.¢.-M.H., Ipod.;

Bomomun Onexciit @emopoBud, 1.T.H., IPod.;

lapamenko ®@enip ['eopriitoBud, A.T.H., Ipod.;

€xoB Cranicnas MukonaioBud, A.¢).-M.H., Tpod.;

XKyx Spocnas Onexcanaposud, 1.¢.-M.H., Ipod.;

3acnaBcekuii Bomonumup AHaromiioBud, A.T.H., Ipod.;

Kypuenko Onexcannp OnekciiioBud, 1.¢.-M.H., Ipod;

2


https://www.journaltocs.ac.uk/
https://search.crossref.org/
https://journals.indexcopernicus.com/
https://journals.indexcopernicus.com/

Kynin Bomomumup IBaHOBUMY, 1.T.H., C.H.C.;

JIeBoB BikTop AHaTtomiiioBud, 1.¢.-M.H., pod.;
Maxkapens Mukona Bonogumuposud, 1.¢.-M.H., Ipod.;
Maiibopona Poctucinas €Brenosud, 1.¢.-M.H., pod.;
Mimrypa FOmist CrenaniBHa, a.¢.-M.H., Ipod.;

[Mamko Anatomiit OnekciiioBud, a.¢.-M.H., Ipod.;
[epecTiok Mukona OnekcitioBud, akan. HAH Ykpainu, 0.¢.-M.H., mpod.;
[erpaBuyk Anatoniii [lerpoBud, a.¢.-M.H., pod.;
[oropinuit Cepri#t Jlem’ssHoBHY, 1.T.H., Tpod.;
CagenkoB Cepriit MukonaiioBud, J1.¢.-M.H., JIOIL.;
CkpuiieBcbkuii Banepiit AHTOHOBHY, 11.(.-M.H., TIpOd.;
Cnueka-Twimmak ["anna IBaHiBHA, 1.¢.-M.H., Ipod.;

XycainoB [lenuc SIxpeBud, 1.¢.-M.H., ipod.;

Pemaxuiiinuii Bigmin:
3aryna [Imutpo BacunboBuuy, BignoBinanbHuii cekperap;
Crykanenko Bikropist BitaniiBua, Stu@univ.kiev.ua;
PonionoBa Tersna BacuiiBHa, rodtv@univ.kiev.ua;
[T'srerpka Onena BacumisHa, visnyk.phys-math@ukr.net;
Ortro I'eopriit KoctsutuHOBHY, TeXHiYHUI pexakTop, ottogk@gmail.com.
Anpeca penakuiitHol KoJierii:
dakysbpTeT KOMITIOTEPHUX HayK Ta KibepHeTrku, KuiBchkuii HallioHanbHMiA yHiBepcuTeT iMeHi Tapaca [lleBuenka,
np. [imymikosa, 4 1, 03022 Ten. (044) 259-01-49
bphm@knu.ua, fm.visnyk@ukr.net

ISSN 1812-5409

3acnoBHuK: KuiBchkuit HanioHansHu# yHiBepcuteT imeni Tapaca [lleBuenka
Caigourso npo aep:xxkaBuy peecrpaniro:KB No16299-4771P Big 11.12.2009 poky
DOI: https://doi.org/10.17721/1812-5409.2022/2

be3komroBHO


mailto:ottogk@gmail.com
mailto:bphm@knu.ua
mailto:fm.visnyk@ukr.net

Bulletin of Taras Shevchenko National University of Kyiv. Series: Physics and Mathematics
No. 2, 2022.

The journal contains results of new research in various fields of mathematics, computer science, mechanics, physics and
radiophysics for researchers, academic staff, postgraduates, engineers and students. It is published on the recommendation of
the Academic Councils of Faculty of Physics, Faculty of Radiophysics, Electronics and Computer Systems, Faculty of
Mechanics and Mathematics and the Faculty of Computer Science and Cybernetics.

Journal "Bulletin of Taras Shevchenko National University of Kyiv. Series: Physics and Mathematics” is included in the List
of scientific professional publications of Ukraine, in which the results of the thesises for obtaining the scientific degrees of a
doctor and a candidate of sciences (PhD) in specialties 111, 112, 113, 104, 105, 121, 122, 123 and 124 can be published
(approved by the orders of the Ministry of Education and Science of Ukraine No. 1188 dated September 24, 2020 and No.
1471 dated November 26, 2020).

Journal is referenced in the abstract journal Zentralblatt MATH (zbMATH), JournalTOCs, Crossref, 1IClI World of
Journals, Road, Google Scholar and Scientific periodicals of Ukraine.

Editorial Board

Moklyachuk Mikhail Pavlovych, Dr. Sci. (Phys.-Math.), Prof., Taras Shevchenko National University of Kyiv, Ukraine,
Editor in Chief;

Rozora Iryna Vasylivna, Dr. Sci. (Phys.-Math.), Associate Prof., Taras Shevchenko National University of Kyiv,
Ukraine, Deputy Editor in Chief;

Bartlova Milada, Ph. D., Brno University of Technology, Brno, Czech Republic;

Bavula Vladimir, Prof., University of Sheffield, Great Britain;

Beghin Luisa, Prof., Sapienza Universita di Roma, Italy;

Futorny Vyacheslav, Prof., Universidade de S&o Paulo, Brazil;

Giuliano Rita, Prof., Universita di Pisa, Italy;

Gorlatch Sergei, Dr. Sci. (habil.), Prof., University of Muenster, Muenster, Germany;

Hudak Stefan, Dr. Sci., Prof., Technical University of Kosice, Kosice, Slovak Republic;

Kukhtarev Nickolai, Prof., Alabama A&M University, Alabama, USA,

Leonenko Nikolay, Prof., Cardiff University, Great Britain;

Medvids Arturs, Dr. Phys. (habil.), Prof., Riga Technical University, Riga, Latvia;

Olenko Andriy, Prof., La Trobe University, Australia;

Orsingher Enzo, Prof., Sapienza University of Rome, Italy;

Ostrovsky Eugene, Prof., Bar-llan University, Israel;

PogV’any Tibor, Prof., University of Rijeka, Croatia;

Ronté Miklés, Dr. Sci., Prof., University of Miskolc, Miskolc, Hungary;

Silvestrov Dmitrii, Prof., Stockholm University, Sweden;

Sottinen Tommi, Prof., University of Vaasa, Finland,;

Toru Aoki, Ph. D., Prof., Research Institute of Electronics, Shizuoka University, Shizuoka, Japan;

Trofimchuk Sergey, Prof., Universidadde Talca, Instituto de Matematica y Fisica, Talca, Chile;

Volodin Andrei, Prof., University of Regina, Canada;

Akimenko Vitaliy Vladimirovich, Dr. Sci., Prof., Taras Shevchenko National University of Kyiv, Ukraine;

Anisimov Igor Alekseevich, Dr. Sci. (Phys.-Math.), Prof., Taras Shevchenko National University of Kyiv, Ukraine;
Anisimov Anatoliy Vasyl'ovych, Corresponding Member of the National Academy of Sciences of Ukraine, Dr. Sci. (Phys.-
Math.), Prof., Taras Shevchenko National University of Kyiv, Ukraine;

Bezuschak Oksana Omelyanivna, Dr., Sci., Prof., Taras Shevchenko National University of Kyiv, Ukraine;

Voloshin Aleksey Fedorovich, Dr. Sci., Prof., Taras Shevchenko National University of Kyiv, Ukraine;

Garaschenko Fedir Georgievich, Dr. Sci., Prof., Taras Shevchenko National University of Kyiv, Ukraine;

Yezhov Stanislav Nikolaevich, Dr. Sci. (Phys.-Math.), Prof., Taras Shevchenko National University of Kyiv, Ukraine;
Zhuk Yaroslav Aleksandrovich, Dr. Sci. (Phys.-Math.), Prof., Taras Shevchenko National University of Kyiv, Ukraine;
Zaslavs'kyj Volodymyr Anatolijovych, Dr. Sci., Prof., Taras Shevchenko National University of Kyiv, Ukraine;
Kurchenko Oleksandr Oleksijovych, Dr. Sci. (Phys.-Math.), Prof., Taras Shevchenko National University of Kyiv, Ukraine;
Kudin Volodymyr Ivanovich, Dr. Sci., Sr. Sci. Researcher, Taras Shevchenko National University of Kyiv, Ukraine;
Lvov Victor Anatoliyovych, Dr. Sci. (Phys.-Math.), Prof., Taras Shevchenko National University of Kyiv, Ukraine;

4


https://zbmath.org/serials/?q=se%3A00002534
https://www.journaltocs.ac.uk/
https://search.crossref.org/
https://journals.indexcopernicus.com/
https://journals.indexcopernicus.com/

Makarets’ Nikolay Vladimirovych, Dr. Sci. (Phys.-Math.), Prof., Taras Shevchenko National University of Kyiv, Ukraine;
Maiboroda Rostyslav Yevhenovych, Dr. Sci. (Phys.-Math.), Prof., Taras Shevchenko National University of Kyiv, Ukraine;
Mishura Yuliya Stepanivna, Dr. Sci. (Phys.-Math.), Prof., Taras Shevchenko National University of Kyiv, Ukraine;
Pashko Anatolij Oleksijovych, Dr. Sci. (Phys.-Math.), Prof., Taras Shevchenko National University of Kyiv, Ukraine;
Perestyuk Mykola Oleksijovych, Member of the National Academy of Sciences of Ukraine, Dr. Sci. (Phys.-Math.), Prof.,
Taras Shevchenko National University of Kyiv, Ukraine;

Petravchuk Anatolij Petrovych, Dr. Sci. (Phys.-Math.), Prof., Taras Shevchenko National University of Kyiv, Ukraine;
Pogorily Serhiy Demyanovych, Dr. Sci., Prof., Taras Shevchenko National University of Kyiv, Ukraine;

Savenkov Serhij Mykolajovych, Dr. Sci. (Phys.-Math.), Associate Prof., Taras Shevchenko National University of Kyiv,
Ukraine;

Skrzyevsky Valery Antonovych, Dr. Sci. (Phys.-Math.), Prof., Taras Shevchenko National University of Kyiv, Ukraine;
Slyvka-Tylyshchak Anna Ivanivna, Dr. Sci. (Phys.-Math.), Prof., Uzhhorod National University, Uzhhorod, Ukraine;
Husainov Denys Yah'yevych, Dr. Sci. (Phys.-Math.), Prof., Taras Shevchenko National University of Kyiv, Ukraine.

ISSN: 2218-2055 (on-line version)

ISSN: 1812-5409 (printed version)
DOI: https://doi.org/10.17721/1812-5409.2022/2

Founders: Taras Shevchenko National University of Kyiv

Foundation year: 1991 (series of bulletins of Kyiv University "Mathematics and Mechanics", "Physics", "Modeling and
Optimization of Complex Systems" was reorganized into "Bulletin of Taras Shevchenko National University of Kyiv. Series:
Physics and Mathematics").

Certificate of state registration: KB Ne 16299-4771 P dated 11.12.2009

Issued: 4 times a year

Mailing Address

Taras Shevchenko National University of Kyiv

Faculty of Computer Science and Cybernetics,

03022, Ukraine, Kyiv, 4d Academician Glushkov avenue
Phone: (044) 259-01-49

bphm@knu.ua, fm.visnyk@ukr.net


https://doi.org/10.17721/1812-5409
mailto:bphm@knu.ua
mailto:fm.visnyk@ukr.net

3MICT

AJITEBPA, TEOMETPISI TA TEOPISI HMOBIPHOCTEM

TNonkamo O.M., Caxuo JI.M., BacuaukO.l. Baactusocti po3s’s3kiB miiiiHoro pisasuus KdV i3
(-CyOrayCCOBHMHM IMOYATKOBUMH YMOBAMU

Jlamin A., fAImHenko P.€., OuiHioBaHHsS WMOBIPHOCTI OaHKPYTCTBa OIHOMIAJILHO PO3MOALICHOTO
YHClia ¢-CyOraycCOBHX MO30BIB

Caxno JI.M. Jlesiki 3acTOCYBaHHSI y3araJlbHEHUX JIPOOOBUX MOXITHUX

JANPEPEHUIAJIBHI PIBHSAHHSA, MATEMATUYHA ®I3UKA TA MEXAHIKA

Batroxk JI. B., Kisinosa H. M. Peomoriuni Mojeni 6i0J0TYHUX KIITHH
3atryna H.I., 3artyma JI.B. MartemaTu4uHe MOJENIOBaHHS HAMPYXEHOTO CTaHY B'A3KOMPYXHOL
HATIBIUIONIMHY 3 BKIIOYEHHSIMU

Pynaunpkuit O. I'., Pyaaunbka M. O., Tkauenko JI.B. IlomimieHHsT SIKOCTI ONTOAKyCTHYHOI
Bizyalri3alii: criBcTaBlieHHs (DI3UYHOTO Ta YHCIOBOT'O EKCIIEPUMEHTY

YaiikoBchkuii A.B., Jlaroga O.A. O6MekeHi po3B’sA3KK PIZHUIIEBOr0 PIBHIHHS APYTOTo MOPAAKY 3i
CTpUOKaMH OrepaTopHUX KoedirieHTiB

KOMII'IOTEPHI HAYKHU TA IHOOPMATHUKA

I'epacumiok 10.C., Po3zopa I.B., IMamko A.O. IIpo oriHKy HMOBIpHOCTI mepernoBHeHHS Oydepy
TUTSI MEPEXK 3B’ SI3KY

KoBanpuyk M., Xapuenko B., fBopcekuii A., bema 1., Ilanuenko T., Knacudikarmis EKI
CHUTHAJIIB METOJIaM{ MAIIMHHOTO HABYaHHS

Mamyxk 1.O., JliBinceka I'.B. MogemtoBaHHS (yHKIIH KUTTEOISUTEHOCTI Ta CMEPTHOCTI MO JaHUX
JUIsl HaceleHHA Y KpaiHu

CYYACHA ®I3UKA

Kynpisauyk B.M., bymauk M.M., Po3paxyHok rpaHump poOO90i 30HHM KPYTIOr0 MarHiTHOTO
aruTikaTopa

11

20
28

37

42
46

57

64

70

78

86



CONTENTS

ALGEBRA, GEOMETRY AND PROBABILITY THEORY

Hopkalo O.M., Sakhno L.M., Vasylyk O.I. Properties of solutions to linear KdV equations with ¢-
sub-Gaussian initial conditions

Lamin A., Yamnenko R.Ye. Estimation of ruin probability for binomially distributed number of ¢-
sub-Gaussian claims

Sakhno L.M. Some applications of generalized fractional derivatives

DIFFERENTIAL EQUATIONS, MATHEMATICAL PHYSICS AND MECHANICS

Batyuk L. V., Kizilova N. M. Rheological models of biological cells

Zatula N. 1., Zatula D. V. Mathematical modeling of the stressed state of a viscoelastic half-plane
with inclusions

Rudnitskii A.G., Rudnytska M.A., Tkachenko L.V. Improving the quality of optoacoustic
imaging: a comparison of physical and numerical experiment

Chaikovs'kyi A., Lagoda O. Bounded solutions of a second order difference equation with jumps
of operator coefficient

COMPUTER SCIENCES AND INFORMATICS

Herasymiuk Y.S., Rozora 1.V., On probability estimation of buffer overflow for communication
networks

Kovalchuk M., Kharchenko V., Yavorskyi A. , Bieda I., Panchenko T., ECG signal classification
using machine learning techniques

Pashchuk 1.0., Livinska H.V. Modeling of health and mortality functions based on data for the
population of Ukraine

MODERN PHYSICS

V. M. Kupriianchuk, M. M. Budnyk, Calculation of boundaries of the working zone of the round
magnetic applicator

11

20
28

37

42
46

57

64

70

78

86






AJTEBPA, TEOMETPISI TA
TEOPISI IMOBIPHOCTEU



10



Bicnux Kuiscvko20 HauionaabH020 YyHigepcumemy Bulletin of Taras Shevchenko
iment Tapaca Ilesvwerra 2022, 2 National University of Kyiv
Cepia: Pizuro-mamemamusri HOYKY Series: Physics & Mathematics

DOI: https://doi.org/10.17721/1812-5409.2022/2.1

YK 519.21
O.M. Tonkaso! x..-m.n., acucmenm O.M. Hopkalo!, Ph.D., Assistant Professor
JL.M. Caxuo?, d.¢p.-m.1, c.H.c. L.M. Sakhno?, Dr.of Sci., Senior Researcher
O.1. Bacumuk?®, 0.¢p.-m. 1., douenm O.L. Vasylyk®, Dr.of Sci., Associate Professor
BuaactuBocTi po3B’saA3KiB JiHilftHOTO Properties of solutions to linear KdV
piBusaaHa KdV i3 p-cybrayccoBumu equations with p-sub-Gaussian initial
MOYATKOBUMUI YMOBaMM conditions

'Kuicbkuit HarioHaIbHIN yHIBEpCHTET iMe- !Taras Shevchenko National University of

Hi Tapaca IlleBuenka, 01601, Kuis, Byn. BoJo- Kyiv, 01601, Kyiv, 64/13 Volodymyrska st., e-
JuMupehbKa, 64/13, e-mail: olia_ gopkalo@ukr.net mail: olia_gopkalo@ukr.net

2KuiBchbknii namioHaabumii yHiBepeuTer iMe- 2Taras Shevchenko National University of
i Tapaca Illepuenka, 01601, Kuis, Bya. BoJo- Kyiv, 01601, Kyiv, 64/13 Volodymyrska st., e-
numupcebka, 64/13, e-mail: Ims@univ.kiev.ua mail: ImsQuniv.kiev.ua

3Hamionanpuuii  Texmiummii  yHiBepcuTeT 3National Technical University of Ukraine
Vkpainn “KuiBcbKuil mHoJITEXHIYHUI IHCTUTYT “Igor Sikorsky Kyiv Polytechnic Institute”, 37,
imeni Irops Cikopebkoro”, 03056, Kuis, mpocuexr Prosp. Peremohy, Kyiv, Ukraine, 03056,
[Tepemoru, 37, e-mail: vasylyk@matan.kpi.ua e-mail: vasylyk@matan.kpi.ua

Bastcausuti npaxmuviHutl acnexm ouiHIO8aHHA CMAMUCTNUNHUT 8AACTNUBOCTET PI3uMHUL cucmem
CNUPAEMBCA HA EPERNUCHE NPEOCTNABAEHHA 36 A3KY MINHC PO36 AZKAMU PIGHAHD 3 YACTMUHHUMU T0-
TIOHUMU MG BUNAOKOBUMU NOYAMKOSUMU YMOSaAMU. Y Uit pobomi 00CaidNCYIOMbCsA 6AACTNUBOCTTV
mpaekmopit 6unadkosuT Npouecis, wo 3adaroms pods’asku (6 La()) dan pienanna Adpi 3 @-cyb-
20YCCOBUMYU CMAYIOHAPHUMY BUNAOKOSUMU NOYAMKOSUMU YyMmosamu. Baacmusocmi cybzayccosocmi
ma p-cyb2aycco8oCmi € BANCAUBUMY TAPAKMEPUCTIUKGMY BUNGOKOBUT NPOUECIE, OCKIALKU 60HU Ja-
0MB MOHCAUBICML OUTHUMY DIBHE PYHKUTOHAAY 610 UUT Npouecis, i, 30xpema, docaidumu nosedinky
iz cynpemymic. OCHOBHL PE3YALMAMU POOOMU — Ue OUIHKU OAA PO3NOIAE CYNPEMYMIE BUNAIKOBUL
NPOUECIs, W0 3adarms Po36 A3KY OAfA DIGHAHHA AUDI, HG 0OMEHCEHUT MHONHCUHAT. 3aCMOCYBAHHA
OMPUMAHUL PEZYALMAMIE NPOIAOCTPOSAHO HA NPUKAAIAT Y GUNAJKAT 2AYCCOBUT NOUAMKOBUT YMOE 3
DIBHUMU QONYCTNUMUMU GYHKUIAMU Ma P-CYO2aYCCOBUT NOUGMKOBUT YMOE 3 MESHUMU PYHKUIAMU O,
sokpema p(x) = exp{|z|} — |z| — 1,z € R.

Karomosi caosa: p-cybeayccosi npouecu, pisHanns Atpi, sunadkosi nowamxosi ymosu, po3nodia
CYnpemymy

In this paper, there are studied sample paths properties of stochastic processes representing solutions
(in L2(Q) sense) to the linear Korteweg—de Vries equation (called also the Airy equation) with random
wnitial conditions given by p-sub-Gaussian stationary processes. The main results are the bounds for
the distributions of the suprema for such stochastic processes considered over bounded domains. Also,
there are presented some examples to illustrate the results of the study.

Key Words: p-sub-Gaussian processes, Airy equation, random initial condition, distribution of

supremum
1 Introduction areas of physics. In its classical form
0 uft,3) + 6ult, )t 2) + -u(ta) =0
—u(t,x u(t, ) =—u(t,z) + =—u(t,r) =
It is well known that effects of dispersion play ot ' T ox P ’

the important role in the description of linear and

. . t > 0, € R, this equation was derived
nonlinear wave motion.

by Korteweg and de Vries in 1895 to model

The Korteweg—de Vries equation is the one of the unidirectional propagation of small ampli-

the most popular and well studied nonlinear dis- tude long water waves in a shallow canal. Now
persive partial differential equation used in many many generalizations of this equation have been

© O.M. TI'onkauio, JI.M. Caxno, O.1. Bacunmuk 2022
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investigated and applied in various areas inclu-
ding fluid dynamics, acoustics, electrodynamics,
plasma physics, in modeling shock waves forma-
tion, solitons, waves in elastic media, turbulence,
traffic flows, mass transport. The above equation
with nonlinear term droped is called the linear
Korteweg—de Vries equation or the Airy equation.

The purpose of this paper is to investigate
sample paths properties of stochastic processes
representing solutions of the linear Korteweg—de
Vries equation with random initial conditions gi-
ven by -sub-Gaussian stationary processes.

The general theory of ¢-sub-Gaussian
processes is presented in the classical monograph
[4] and its further development can be found in
numerous recent studies (see, e.g., [3, 15, 19]
and references therein). The properties of sub-
Gaussianity and p-sub-Gaussianity are important
characteristics of random processes, as they make
it possible to estimate different functionals from
these processes, and, in particular, the behavior
of their suprema. The theory of p-sub-Gaussian
random processes provides us with powerful
techniques and tools suitable not only for obtai-
ning asymptotic results, but also for deriving
many useful bounds on the distributions of such
processes.

Partial differential equations with random ini-
tial conditions have been intensively studied in the
literature from different points of view, starting
from the papers by J. Kampé de Feriet (1955)
and M. Rosenblatt (1967) who introduced ri-
gorous probabilistic tools in this area. In [13,
14] solutions to PDE subject to random initial
conditions were investigated by means of Fourier
methods, representations of solutions by uniformly
convergent series and their approximations in di-
fferent functional spaces were developed.

The present paper is most closely related to
the papers [2, 5, 7, 8, 10, 11, 17]. We continue
to investigate properties of solutions to different
types of partial differential equations with random
initial conditions, in particular, we derive esti-
mates for the distribution of suprema of solutions.

The paper is organized as follows. Section 2
collects important definitions and facts on ¢-sub-
Gaussian processes needed for our study. In Secti-
on 3 we consider stochastic processes represen-
ting solutions (in L2(2) sense) of the Airy equa-
tion with random ¢-sub-Gaussian initial conditi-
ons and state the bounds for the distributions of
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the suprema for such stochastic processes. Secti-
on 4 presents some examples to illustrate the
results.

2 p-sub-Gaussian variables and processes

We present basic definitions and facts on @-sub-
Gaussian variables and processes which will be
used in the paper.

Definition 2.1. [4, 16] Let ¢ = {p(z),z € R}
be a continuous even convex function. The functi-
on ¢ is an Orlicz N-function if ¢(0) = 0, ¢(z) >
0 as z # 0 and the following conditions hold:

elx)

lim,_,q @ =0, limgzoo = 00.

Condition Q. Let ¢ be an N-function which sati-

sfies liminf,_,q Wif) = ¢ > 0, where the case

¢ = oo is possible.

Definition 2.2. [4, 12] Let ¢ be an N-function
satisfying condition @ and {2, L, P} be a standard
probability space. The random variable ¢ belongs
to the space Sub,(12), if EC = 0, Eexp{A(} exists
for all A € R and there exists a constant @ > 0 such
that the following inequality holds for all A € R

Eexp{A(} < exp{p(Aa)}.

The space Sub,(f2) is a Banach space with
respect to the norm

¢~V (InEexp(A())
Al

Tcp(o = sup
A£0

Y

which can be written equivalently as 7,(¢)
inf{a > 0 : Eexp{A(} < exp{¢(al)}, and it is
called the ¢-sub-Gaussian standard of the random
variable (.

Definition 2.3. [9] A family A of random vari-
ables ¢ € Suby(2) is called strictly ¢-sub-
Gaussian if there exists a constant Ca such that
for all countable sets I of random variables (; € A,
1 € I, the following inequality holds:

9\ 1/2
Ty (Z Az(@) <Ca|E (Z )‘zgz> . (2.1)
icl el
The constant Ca is called the determining

constant of the family A.

The linear closure of a strictly p-sub-Gaussian
family A in the space Lo(f2) is the strictly ¢-
sub-Gaussian with the same determining constant

(19)-
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Definition 2.4. [9] Random process ¢
{¢(t),t € T} is called (strictly) ¢p-sub-Gaussian
if the family of random variables {((t),t € T}
is (strictly) ¢-sub-Gaussian with a determining
constant C¢.

Let K be a deterministic kernel and suppose
that the process X {X( ),t €T} can be
represented in the form X (¢ fT (t,s)dE(s),
where £(t), t € T, is a strlctly - sub Gaussian
random process and the integral above is defined
in the mean-square sense. Then the process X (t),
t € T, is strictly ¢-sub-Gaussian random process
with the same determining constant (see [9]).

Definition 2.5. [4, 16] Let ¢ = {p(z),x € R} be
an N-function. The function ¢* defined by

" (x) = sup(zy — ©(y))
yeR
is called the Young-Fenchel transform (or convex
conjugate) of the function ¢.

For a ¢-sub-Gaussian random variable ¢ the
following estimate holds for its tail distribution:

T:éﬁ)) } - @2

For p-sub-Gaussian random processes one can
evaluate the distribution of their suprema in terms
of the function ¢* using entropy methods (see [4]).

To derive the main results in Section 3 we will
need additional notions and statements.

PG > u} < 2exp{—¢* (

Lemma 2.1. [6/ Let Z(u),u > 0 be a conti-
nuous monotonically increasing function such that
Z(u) > 0 and = is nondecreasing for u > ug,
where ug > 0 is a constant. Then for u > 0,v > 0

U

min(;, 1) <

Z(u+ up)
Z(v+uo)

Definition 2.6. [10] The function Z(u),u > 0,
is called admissible for the space Sub,(f2), if for
Z the conditions of Lemma 2.1 hold and for some

e>0
/:W(ln (Z(_l)@) . u0>>ds < o0,

where U(v) = v > 0.

v
=D (v)’

Consider a separable ¢-sub-Gaussian process
defined on a separable metric space (T, d), where
T = {ai < t < bi, 1 = 1,2} and d(t,S) =
mfli)é ’ti - Si’, t= (tl,tg), S = (81,82).

2022, 2

13

Bulletin of Taras Shevchenko
National University of Kyiv
Series: Physics & Mathematics

Theorem 2.1. [10] Assume that X = {X(t),t €
T} is a separable @-sub-Gaussian process such that

sup 7o (X (1) — X(s)) < o(h), (2.3)
d(t,s)<h,
t,seT

where {o(h), 0 < h < H_lriu2<|bi — ail} is a

monotonically increasing continuous function such
that o(h) — 0 as h — 0 and for some € >0

3
1
where ¥(v) = ﬁ)(v). Then
P{sup]X )| > u} < 2A(u,0)

forall0 <0 <1 and
QIgp(min(@so,vo))

6(1 —0) ’
where
A(u,0) = .
:exp{—¢*<€0< u(1— 9)—51 (min(@&o,ﬁo))))},
and

g0 = sup 7, (X (¢)),

Y0 = o(max |b; — a;l),
teT 1=1,2

©*(u) is the Young-Fenchel transform of the
function ¢,

1,(5) =
[ el ) G o] o
3 Results

Consider the Airy equation

ou Bu
— = , t>0, R, 3.1
% 9 >0, x € (3.1)
subject to the random initial condition
u(0,z) =n(z), z € R, (3.2)

where 7 is a stochastic process satisfying the condi-
tion below.

A n(z),z € R is a real, measurable, mean-
square continuous stationary (in wide sense)
stochastic process, which is strictly -sub-
Gaussian with the determining constant c,,.
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Let B(x),z € R, be a covariance function of
7, therefore, we have the representation
B(x) = / cos(Ax)dF(N), (3.3)
R
where F'()) is a spectral measure, and for 7 the
spectral representation holds
n(x) = / e M (dN). (3.4)
R
The stochastic integral is considered as Lo (12)
integral. The complex-valued orthogonal random
measure M is such that E|M(d))|? = F(d)).
Consider the process u(t, x),t > 0,z € R, defi-
ned by

u(t, ) = / g(tor — gy, (35)

where the function g is the fundamental solution
to equation (3.1):

1

g(t,x) = — —iaz—io®t g, (3.6)

2 R
1 o0

= / cos(ax + a’t) da
T Jo

! Ai( =), t>0,z€R

= 1 ) ) x )

VT3t \V/3t
and

1 o a?
Ai(x) = ﬁ/o oS (Oé$ + ?> do, x € R,

is the Airy function of the first kind.
Taking into account (3.4), we can write the
following representation of the process given by

(3.5):
u(t,z) = /R exp {ide + N} (). (37)

The process (3.7) can be interpreted as the mean-
square or Lo(€2) solution to the Cauchy problem
(3.1)-(3.2) (see [1]).

From the representation (3.7) the covariance
of the field u can be calculated:

Cov(u(t,z),u(s,y))
/R exp(iM(z — y) + iN(t — 8))dF(\)

/Rcos(/\(x —y) +iX3(t — 5))dF(\) (3.8)

From (3.8) we see that the random field w is stati-
onary with respect to time and space variables.
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Theorem 3.1. Let u(t,z),t > 0,2 € R, be the
random field given by (3.7) and assumption A
hold. Assume that Z(u),u > 0, is a function sati-
sfying conditions of Lemma 2.1 and the following
integral converges:

C%:/RZQ@|)\|(1+)\2)+UO)F(CZ>\) < 0. (3.9)

Then

o(h)

sup

T@(u(t, .T) _u(tlv .1171)) <
max{[t—t1],|z—z1|}<h

1

-+ uQ

i)

Proof. Since the random field w is strictly ¢-sub-
Gaussian, we have:

< eCr(2( (3.10)

sup
max{[t—t1|,|z—z1[}<h

To(u(t, ) —u(ty,21)) <

1/2

)

< ¢y

sup
max{|t—t1],|Jz—z1|}<h

(E(u(t,x)—u(tl,:z:l))2>
(3.11)
2

E(u(t,x)—u(tl,xl)) :/R|b()\)|2F(d)\), (3.12)

where

b(\) = exp{i(Az 4+ \3t)} — exp{i(Az1 + \3t1)}.

)

Mz —21) + N3(t—t1)
2
and for |t —t1]| < h, |z — x1| < A

BV < 4sin2(

h 2
2 < 3 . 3
|b(A)]* < 4<m1n (2()\ + %), 1)) .
Using Lemma 2.1 we can write the bound

3
72X 4 ay)
Z%(j; + uo)

b(A)|* < 4 (3.13)

Substituting (3.13) in (3.12) and using inequality
(3.11), we obtain (3.10).

Theorem 3.2. Let u(t,z),a <t <bc <z <d,
be a separable modification of the stochastic process
given by (3.7) and assumption A hold. Assume
that Z(u),u > 0, is an admissible function for the
space Suby(Q2), and the integral (3.9) converges.
Then for 0 < 0 <1 and

N

21@(111111(91—‘, 70))
6(1— 6)

u >
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the following inequality hold true:

P{ } <2A(u,0),  (3.14)

sup |u(t,z)| > u
a<t<b;
c<z<d

= e { — ¢ ([l = 0) = ST, (min(0T, 20)) }
ofo) =
/O \I/ . (Z( 1(C"CZ)—u0)+1)><
x<d2 < < ) )+ 09
= [ P@0)" v - s
VOZZ(C}?%LO)’ 2 = max(b— a,d — );

Cz is defined in (3.9).

Proof. The assertion of this theorem follows from
Theorems 2.1 and 3.1.

Note that from Theorem 3.1 we have that
condition (2.3) of Theorem 2.1 holds with o(h) =

c,Cz (Z(% + u0)>7

sup
(t,x)€[a,b] x[c,d]

(ECutr,9?)”

=T < 0.

1
. We also have

o = To(u(t,x)) <

<c

IN

sup
(t,x)€[a,b] x[c,d]

<g¢ /Fd)\

Remark 3.1. On convergence of the integral (3.7).
Following [1], in the present paper we treat the
solution to the Airy equation with stationary
random initial condition as a mean square soluti-
on, that is, integral (3.7) is in L2(12). In the papers
[2], [10] the integral functionals (with kernels
of a particular form) of y-sub-Gaussian random
processes were studied as solutions of higher order
partial differential equations with random initial
conditions. It follows directly from the results in
[2], that under the conditions of Theorem 3.2 the
integral given by formula (3.7), that is,

u(t,x) = /Rexp {i)\x + i)\gt}M(d)\).

converges with probability 1 for |z| < A, 0 <t <
T, where A > 0 and 7" > 0 are some constants.

n
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4 Examples

Ezxample 4.1. Let n = {n(u),u € R} be a centered
Gaussian random process satisfying Assumpti-
on A. Then ¢, = 1, p(x) = "”2—2, ©*(x) =,
U(z) = %xlﬂ. Consider the following admissi-

ble function

Z(u)

In this case

=In%u+1), vw>0, a>1/2

u=e*—1, ZV(v) =exp {Ué} -1,
Z(v+wup) =1n%(v + e%),
2
C% = / In% (M + ea>F(d>\).
R 2

The above integral converges if the following
integral converges

/Rln%‘ (W + ea)F(d/\) < 00

That is, if condition (4.16) holds true, then
Theorem 3.2 holds. It follows from (3.15) that

(4.16)

b= [ (5 ({90}
)« (e (2]
—e) 1)) s
Let 43¢ e® > 1 and %5%¢® > 1, then
1,0 < -
[ e () )
S\}i/jln((d—cl(b—a))éds
)t
- (=0
W) e

It follows from (3.14) that in this case for

2f<p(min(9F,'yO))
6(1—0)

u >
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we have

P{ sup |u(t,z)] >u} <
a<t<b,
c<x<d

< o { ~ 5 (3 (w1-0) = ZE(min(or,0)))) '},

Cz

P (e

If 6 is such that 0T < v (6 < 32), then for

0<f< ’YO 9( 0)

we get the estimate

P{ sup |u(t,z)] >u} <
a<t<b
c<:p<d

1/1 2. 2
< i — (= /)
< 0<1(;r1<fWTO exp { 5 <F (u(l 0) OL{,(HF))) },
and if 3 > 1 then for
> sup 2eD)
0<o<1 6(1 —6)
we get
P{ sup |u(t,z)] >u} <

a<t<b,
c<z<d

<l exp{ — 2 (5 (ut —0) - 21.00))) "}

in ——(= —6)— - )
= 029 P o\ \¥ 0%

Example 4.2. Let n = {n(u),u € R} be a centered
Gaussian random process, as in example 4.1.
Consider the admissible function Z(u) = |ul|?,

0 < a < 1. In this case

ug = 0, Z(fl)(u) =wue, u>0,

= 4-‘*/ A1+ X2)2F(d)N). (4.18)
R

This integral converges if the next integral
converges

/ MNeP(dN) < oco. (4.19)
R
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That is, if (4.19) holds, then Theorem 3.2 holds.
It follows from (3.15) that
Cz\a
7 () )
s

b =5 [ ([ (
3zt ;C<Cs> e

For 0 < g <1,z >0,y >0, we have

In((1+2)(1+ ) < ;(:cﬁ ),

therefore, in the case of 8 < a we obtain

I,(6) < \/%(cz)fa 502 _15 Kb;a)g
" (dgc)g} =: Jo (8, 3). (4.20)

It follows from (3.14) that in this case for

2j¢(min(9F,70)a B) _ a
u > 0(1_9) ) VO_CZ%

we get the estimate

P{ sup |u(t,z)| >u} <
a<t<b
c<z<d

ntesp { — 5 (5 (1 -0)
J (mm(er,%),ﬁ)))g}.

Ezample 4.3. Let y = {y(u), u € R} be a p-sub-
Gaussian random process with

a || <1, > 2
e(@) =4 e -
=z > La> 2.

<i
)
_2
0

In this case for p such that % + é =1

ax? /4, 0< |z <2/,
e (x) = |z| = 1/a, 2/a<|z| <1,
zP /p, lz| > 1,

and

)
_1
L ul a, u>é

1 1/2 1
ql(u):{aw“/ O<u<y

all/a

Let Z(u) be admissible function for this space.
Then for

2f@<min<er,70>>>

u>max<1, 61— 0)
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P{ as;;gb |U(t,x)| > u}

c<z<d

< 2exp {—11) (% (u(l—@)—%]},(min(@lﬂ 70)))>p}.

Ezample 4.4. Consider

o(x) = exp{|z|} — |z|] — 1,z € R.
Then
¢* () = (|| + 1) In(|z| + 1) — |z[.

Let us take the admissible function
Z(u) =In%(u+1),u>0,a > 1.

In this case

ug = e — 1,
ZY(v) = exp {vé} -1,
Z(v+ up) = In%(v + e%),

/Rln2a (W + e“)F(d/\).

The above integral converges if the following
integral converges

/Rlnzo‘ (|/\| + e“)F(d)\) <

That is, if condition (4.21) holds true, then
Theorem 3.2 holds. It follows from (3.15) that

i = o ([ (5% (o {(F)°)-
) e) (5 (o { ()
) +1)]) as

It follows from (3.14) that in this case for

C% =

(4.21)

2f¢(min(0F, %))

YT —9)
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Y pobomi docaidorcyromoca saacmusocmi kaacuurozo npouecy pusuky X (t) = u+ Ct — 25\21 Yi,
AKUG YMEopeHutl BTHOMIAABHON CYMOI0 CMPo20 p-cybzayccosux pudukic. Ompumaro oUuiHKY 04 TMO-
BIPHOCTVE 6ULOY MAKOT CYMU 34 MOHOMOHHO 3POCTNANYY HENEPEPEHY PyHKyito. Jokpema, 3a AIHITHOZ0
HAOTOOHCEHHA NPEMIT OMPUMAHO OUIHKY OAHKDYMCMEA 0A% 610N0610H020 NPOUECY PUSUKY.

Karmwosi caosa: GiHomiarvHutll po3nodia, o-cybeayccosi unadkosi 8eAu UuHY, UMOBIPHICMY OaH-

KPYMCMEa.

In this paper, we study the properties of a classical risk process X (t) = u + Ct — vaztl Y, with

binomially distributed number of events P(N; = k) = CEO(t)*(1 — 6(t))"~*, and claim sizes that after
centering are considered as strictly p-sub-Gaussian random variables. Recall, that & is a p-sub-Gaussian
random variable, if E€ = 0 and there exists such a constant a > 0 that Eexp (A§) < exp (p(aN)) for all
AeR.

We assume also that probability of event 6(t) satisfies assumption that |0(t) — 0(s)| < |t — s
for some pu > 0, and amount f(t) of insurance premiums received during time t is a continuous
monotonically increasing function, such that | f(u)— f(v)] < §(u—v) for some continuous monotonically

increasing function 6.

Estimates for probability P(sup(zf\il Y — f(t) > x) of exceeding a monotone increasing conti-
t

nuous curve by such a binomial sum of risks are obtained for any level x > 0. In particular, the ruin
probability estimate is derived for the risk process in case of linearly incoming premiums.
Key Words: binomial distribution, @-sub-Gaussian random variables, ruin probability.

Communicated by Dr. Rozora [.V.
1 Bcryn

Posrnsinemo moprdens crpaxoBoi kKomianii i3 n
He3aJIEXKHUX OJTHOPITHUX PU3UKIB, KOXKEH 3 AKX
MOK€ BUKJIMKATH He OiJbIle OJIHi€l cTPaxoBoi mo-
nil (HAIpUKJIa1, KpUTHIHOI XBOPOOU 49U CMEPTi 3a-
CTPAxXOBOHOI 0cOo0M). 3anuinemMo BimoBiHA 1Ipo-
IleC PU3NUKY B TAKOMY BUIVISIII:

Ny
X(t)=u+Ct—>» Y, t>0,
=1

(1.1)

Je 1 — MOYaTKOBHI KalliTaj CTPaxoBOl KOMITaHII,
C > 0 — IHTEHCHUBHICTb HAJIXOJPKEHHSI CTPAXOBUX
BHECKIB Ta

(I) Ny — uportiec, 1O OMKUCYE YUCIO CTPAXOBUX
moJiift, siKi craJmcs Ha iHTepBaJi Big 0 10

© A. Jlamin, P. dvuenxo, 2022
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t BiAIBOBIAHO 10 OGiHOMIAJBLHOIO PO3IIOJ-
ay P(Ny = k) = CkO(t)F(1 — 0(t)R),
0 < k < n, ne 6(t) — nenepepsHa byHKIIis,
110 OITUCYE UMOBIPHICTH HACTAHHS CTPAXOBOL
nozil Bpogosx 1acy |[0,t], Tobro 6(0) = 0,
O(+o00) = 1, 0(t1) < 0(t2) mua noBLILHEX
t1 < t9. Kpim Toro, BBazkarmmemo, 10 9u-
CJ1a TOJIii, 0 CTaJINCs Ha HEIIEPEeTUHHUX Ya-
COBUX iHTEpBaJaX, € HE3aIeKHIMU.

(IT)

Y, — HeszajexKHi OJIHAKOBO PO3MOJIiJIEH] BU-
I1aJIKOB1 BEJIMYUHH CTPAXOBUX BUILIAT.

(III) N; Ta HOCJIIOBHICTH BHUIIAIKOBUX BEJIHMYNH
(Y1,Ys,...) — nesasexHi.
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[Tporec pusuky (1.1) Takoxk MOXKHA IIOJATH
TaK:

N
X(t) =utCt=) " (Yi+a) = u+(C—ap)t—)» Y,
i=1 =1

e o — cepenuiit po3mip crpaxosol Buriatu. [Ipu-
IIyCTUMO TaKOXK, IO

(IV) Y; manexarn npocropy Suby(€2) Bumako-
BUX BEJIMYMNH.

IIpo BiacTuBoCTi KiaciB (p-cybrayccoBux Ta
CTPOro (P-CyOrayCCOBUX BHIIAJIKOBUX BEJUYHH i
MPOIECiB MOXKHA, Ji3HATUCS B KHUTrax DBysaurina
B.B. i Kozauenka 10.B. |2|, Bacumuk O.1., Koza-
genka F0.B. i fmuenka P.€. [1].

Hanauti mu 6y1eM0 BUBYATH BJIACTUBOCTI CyMU
BUILIAT BUTJIALY

Ny
St) =Y, (1.2)
=1

A7 IKUX BUKOHYIOTLCSI BUITIEHABEIEHI YMOBH.
Baysaxkumo, mo B poborax [6, 7| mocui-
JKYIOTBCS  BJIACTUBOCTI 1OmIOHUX cyM 13 (-
cyOrayccoBuMu TOJAHKAMU, 1€ UUCIO JOJAHKIB
N (t) onucyerbesi mMyacCOHIBCHKUM MPOIECOM.
Pobora ckimamaeTbes 31 BCTymy Ta JBOX PO3-
JimiB. Y po3iisi 2 HaBeJEeHO OCHOBHI HOHSITTSI Ta
JesTKi HeoOXiTHI pe3y/IbTaTH MI0A0 BUIAIKOBUX Be-
JnYuH i3 mpoctopy Suby,(€2), gxi gani sacrocoBy-
I0ThCs JIJIsl JIOCTIIPKeHHs1 Bjactusocreii cym (1.2).
OcHOBHI pe3yJibTaT HABEJEHO y PO3iJ 3, a came,
OTPUMAHO OIHKM JIjIsi IMOBIPHOCTI II€pPEBUIIIEHHS
TaKUMU Q-CyOrayCCOBUMU CyMaMU 33/IaHOT KPUBOI.

2 Heob6xigni BizomocTi

YV 1mpoMy posiji HaBedeHO HeoOXigHI O3HaYEHHsI
[1, 2, 3] Ta pe3ynbraTu, oTpuMaHni JIs @-cyorayc-
COBHX BUIIAJIKOBUX BeJMYUH Ta mporecis [1, 4].

Oznavyennst 2.1. HemepepBHa mnapHa OIyK/a
dyukuis ¢ = {¢(z),z € R} nasusaerncs N-
Pyrruyiero Opaiva, skmo p(0) = 0, p(x) > 0 upu
x#O,@HOnpanOTa@%mnpn
x — 00.

Osnauenns 2.2. Hexait ¢ = {p(x),z € R} —
nesika N-dyukmis Opiiua. Oyukiist * Taka, 1110
©* () := supyeg (vy — p(y)), © > 0, HasuBaeThCs
nepersopentsm HOnra — @enxesst GyHKIHT .
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Ymosa Q. Hns N-pyHKI] (0 BUKOHYETHCS
ymoea @, axmo lim i(IJlf 2) — ¢ > 0. Moxmso,
T—>

IZ
mo C = +o0.

Hexaii (Q2, F, P) — crangaprauii iMoBipHicHMi
IIPOCTIp.
Oznauenns 2.3. Hexait ¢ — N-dyukiiis Opiriva,
JUIst IKOT BUKOHYyeThcsa ymoBa Q. Bunajkosa Be-
JMYuHa, £ HaJIEXKATH HpocTopy Suby,(2) (mpocro-
Py -cybrayccoBux BUIIQJIKOBUX BEJIMYUH), SKIIO
E¢ = 0, Eexp{A{} icaye st Beix A € R ra ichye
Taka craja a > 0, mo 1714 Bcix A € R BUKoHy€eTbCs
HEepPiBHICTH

Eexp (A§) < exp (p(ad)) .

Teopema 2.1. (2| IIpocmip Sub,(€2) e npocmo-
pom Banaxa 3 nopmoro

@~ (InEexp (X))
Al

ma das ecix A € R sukxonyromsca nepienocms
Eexp (X)) < exp(p(A1p(€))),  (2.1)
(EP): < Cryp(9),

de C' >0 — deaxa cmaaa.

Tgo(f) = sup
A£0

Osnauenns 2.4. Hexaii (T, p) — nesikuii nceso-
MeTpuaHuil abo MeTpudHuil npoctip. Merpuvunoio
EHTPOIIEIO (BiIHOCHO TICEBIOMETPUKHI / METPUKH )
HasuBaeTbest GyHKIis Hr(e) := In Np(e), e > 0,
ne Np(e) —ne MerpudHa MaCHBHICTD MHOXKUHA
T, T00TO, KITBKICTb €JIeMEHTIB Y HAMEHITIOMY &-
IMOKPUTTI €T MHOXKUHIU.

OsHavennss 2.5. Bumaugkoswmii npomec X =
(X(t),t € T) € p-cybrayccoBum (T06TO, HAIEKHUTD
pocTopy Suby,(£2)), axio as Beix ¢ € T Buna-
koBi Besmannn X (t) € Sub,(9).

Axmo p(z) = %2, z € R, To Takmii mpomec
HA3UBAETHCS CyOrayCcCcoOBUM.

Ipuxaad 2.1. lenrpoBaHuili rayccoBuil BUIIAIKO-
BHII IIporiec € cyOraycCcoBUM.

OsHauvennss 2.6. CiM’s A BUIIAQJIKOBUX BeJju-
4uH i3 mpocTopy Sub,(£2) HAZHBAETHCS CTPOIO (-
cybrayccoBoro (mosHadaeTbest sk A € SSuby,(€2)),
gakmio icaye crama Ca > 0 Taka, mo 1jst Oyab-
sikol 3miuenHol Muoxkuan [, & € A, i € I, Ta njis
JOBIIbHEX A; € R BUKOHYETBHCS HEPIBHICTD

2\ 2
7o [ Do Ni&i | <Ca E<Z>\i§i) . (22

iel iel
Crana CaA Ha3UBAETHCS BU3HAYAJILHOIO CTAJIOIO
cim’T A.
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O3sunaueHHst 2.7. Bunagkosuii IIpoIIec n
X = {X(),t € T} wuasuBaerbcs CTPOro H Eexp{AY} | P(Ny = m)

m=0

p-cybrayccopum (1ob6ro, X € SSub,(Q)), skimo
cim’st Bunazikosux Besmand {X (t),t € T'} € crpo-
ro (p-cybrayccoBoro. BuzHauasibHa crajia 1miel cim’l
HA3MBAETHCS BH3HAYAJIBHOIO CTAJIOK Imporecy X
Ta nosHavaeTbest Cy.

Hexait (T,p) — muceBmomerpuyHmii cemapa-
GestbHUI TIPOCTIp i3 TCeBIOMETPUKOIO p. Po3ris-
HeMO cenapabebHuil p-cyorayccosuii mporec X =
(X(t),t € T). Ilpunycrumo, 1o icHye HellepeBHA
dbyukuis o = {o(h),h > 0}, sika MOHOTOHHO 3pO-
crae i o(h) — 0 nupu h — 0, Ta Mmae Mmicue HepiB-
HICTH

sup To(X(t) — X(s)) < o(h).

2.3
p(t,s)<h B (23)

Bokpema, Taky BiaactusicTb Mae GyHkuis o(h) =
SUP,(t,s)<h To(X (1) — X (s)), aximo nponec X (t) e
HelepepBHUM y HOPMI To,.

3 bBinowmiaabHi p-cybrayccoBi cymu

OTKe, PO3IJITHEMO CyMy BUIIQJIKOBOIO YHUC/IA (-
cybrayccoBux Bumiar Burysaay (1.2).

N,
JIema 3.1. Hexati {S(t) = Zt Y, t > 0} - sunao-
i=1

KOBULL NPOUEC, OAf AKO20 BUKOHYIOMBCA NPUNYULE-
wra (1)—(IV). Todi dan eciz 0 < st < s i XA €R
BUKOHYIOMDHCA MAKL HEPIEHOCTN:

Eexp{AS(#)} < (0(1) exp{p (A7 (Y1)} +1 - ?( |
3.

S(s))} <

N+1—6(t)+46

Eexp{\(S(t) —

((6(t) = 8(s)) exp{p(Ar, (Y1

)
(3.2)

ma

Ny
E<ZY ZYk> =n|0(t) — 0(s)|EYZ. (3.3)
n=1

Josedenna. Ockinbku S(t) Mae criaanmii 6imomi-
aJbHUN po31oi, To 3 (2.1) BUILIMBaE, 1O

Nt
Eexp{AS(1)} = Eexp{A )i}

=1

EY [Texp{AYi} nmm)

m=01i=1

Ny
= EJJexp{2V;} =
=1

22

B)" pizauni S(t) —
. HOTO MOMEHTY IHOTO CYIPEMYMY.

3

= ) (Eexp{AY1})"

m=0

Crro@)™(1 —o@)" ™

= (B(t)Eexp{AY1} + 1 — 0(t))"

< (0(1) exp{p(A1, (Y1)} + 1 = 0())" -

Amnagoriuno, BpaxoByoun, mo Ng < Ny,

Ny

Eexp{A(S(t) - S()} = Eexp{A > Vi} =

i=Ns+1
Eogo(Eexp{m})m*’fP({Nt = m}N{N, =
)= 35 (Een(n)" RN =
myAN. = RPN, = k) =
3 3 Eexp{av) k(ﬂ(t)—@(s»m—m—
0(t) + ()"~ HRCEO(s)k <1— - =(
0(s)) exp{p (AT, (Y1)} + 1~ )"

Taxk ax D(S(t) — S(s )\Nt = k: N =1)
D(Shi¥:) = (k= DY 10 D(S() -
S(s)| Ny, Ny) = (N; — N,)DY;. Omsxe, D(S(t)
S(s)) = n(0(t) — 0(s))EYT.

[

JocmiamMo OIiHKY HMOBIPHOCTI ITePEBUITIEHH ST
cymamu (1.2) piBast > 0 HaJ| JesSIKOIO HellepepB-
Hoto dyHKIie f(t), ska BimoOparxkae BeJUIUHY
HAJIXOKEHHST CTPaxXOoBUX TpeMiit 3a wac t. Pos-
[JISTHEMO CIIEPIIY YMOBU OOMEXKEHOCTI CyImpeMyMy
f(t) Ta omiHKY JJIsT €KCIIOHEHIIIA/ b

[Mpumnycrumo, 1o |0(t) — 6(s)| < ult — s| s
nesaroro g > 0. Tomi, KOpUCTYIOYNCH TOTOXKHI-

(5)))" crio (3.3), y axocti dymkuii o (h), mo sa10B0IbHSE

upuiytienss (2.3) st uporecy S(t), Bubepemo

N|=

o(h) = (LhEY?)?. (3.4)
JIema 3.2. Hexau X (t) = S(t)— f(t), de {S(¢t) =
N,

ZtYZ-,t > 0} - sunadkosutli npouec, 0ia AK020
i=1

sukonyromuves npunywenns (1)—(1V). Hexad ma-
koorc |0(t) — O(s)| < plt — s| dan deaxozo p > 0.
IIpunycmumo, wo npupocmu nenepeperoi @yn-
wuit f = {f(t),t € T} obmeosrceni mornomon-
no apocmarouoro gynryicro 6 = {(s),s > 0}:
70) = S < Sp(u.0), o fak € N} de-

AKG NOCAI008HICMb, maka wo qx > 11 ) i < 1.
k=1
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Todi dnn eciz X > 0 i p € (0,1) suxonyemoca

HEPLBHICTND
e’} ,3 k)2 i
Eexp { Asup X (t) p <
p{ teg } - 13 HEY?

X sup
ueB

(e

[ (6(w) exp{p(Amp (Y1)} + 1= 0(w) ™ x

x exp{-Af(u)}] x

exp{e(qrAT,(Y1))} + 1) " X

(8p*)*

EY;?

2
(57")
X A . 3.5
fu (B s
Hosedenns. Ilokmagemo g = 1 (Bpk) =
N v .
LEYZ 1 IO3HAYUMO Hepe3 V;, MHOXWHY IeHTpIB

3aMKHEHHUX KyJIb PaJiycy €k, sKa yTBOPIOE MiHi-
MaJibHe TTOKpUTTA KoMmnakTy B. KinbkicTh ToUoK
y muoxxuni Vz, nopisuioe Np(ey). I3 memu 3.1 1 me-
piBHOCTI HebuIinopa BUILINBAE, IO I OYIb-IKOTO
e>0

N, 2
P{IS() ~ S(s)] > e} < (ZY Zn)
k=1

= e %nu|f(t) — 0(s)|EYE.

Otxe, mponec S(t) i, Bimmosinmo, mponec X (t) =
S(t) — f(t) nenepepsHi 3a fimosipaicrio. ZKio ce-
napabesibHUiT BUNaIKoBUil mporec Ha (B, p) He-
IepepBHUl 3a WMOBIpHICTIO, TOmI OyIb-sKa 3JIi-
YeHHa, CKPI3b IMIiJbHA MO BiJIHOMIEHHIO JI0 P MHO-
JKUHA MOYXKE PO3IVISJIATHACH IK MHOXKUHA Celapa-

OeIbHOCTI BOTO Tpotecy. TakuM THHOM, MHOXKH-
o

naV = |J V., e cenapanroro nponecy X, i3 iimo-
k=1

BIPHICTIO OJIMHUIIST BUKOHYETHCS PIBHICTH

sup X (t) = sup X (¢).
teB tev

(3.6)

Posrnsinemo Bijobpaxkenss o, = {a,(t),n =
0,1,...} muoxkuuu V B V., ne ap(t) — Touka 3
MHOKUHU V., Taka, mo p(t, an(t)) = [t — anp(t)| <
en. dxmo t € V., tomi ap(t) = t. dxmo x
icHye KijbKa TaKMX TOYOK 3 MHOXKHUHU Vi, , IO
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p(t,an(t)) < ep, Toni BuGEpeMO OJHY 3 HEX 1 IO-
3HAYNMO Yepe3 o, (t). acrocyemo mepiBaicTs Ye-
6umosa. I3 (2.1) i semu 3.1 BurumBae, 1o

_ S(a 51 _ E(S() = S(an(t)’
P {IS(t) - S(an()] > p? | < -
n 2 — n 2571 2 P
_ npYy tpn Ml _ u}i;ll iYI (3.7)

Ocranus HepiBHICTH O03HAYAE, IO

S P {jsi) -

Tomy 3 nemn DBopensa-Kanresuri sunimsae, 1o
S(t) — S(an(t)) — 0 i, signosigmo, X(t) —
X(an(t)) — 0 mpu n — oo 3 iiMoBipHicTIO
onpuunng. Muoxuna V' 3mivenna, orxke, X (f) —
X(an(t)) = 0 upu n — 00 myist BCIX ¢ OJIHOYACHO.
Hexait t — goBisnbHa TOuKa 3 MHOXKUHU V. IlosHa-
YUMO UepPe3 ty = U (t), tim—1 = am—1(tm), -,
t1 = ai(t2) mus Gyapb-sikoro m > 1. Toxi st
BCiX M > 2 BUKOHYEThCsI Taka HepiBHicTh: X (t) =

(t1)+Z( (t) = X (th-1)) + X (1) = X (am(t)) <

S(an(®))] > p%} < .

+ > maxyev,, (X (u)

X(og-1(u)) + X(t) — X(am(1)))-

maxyev,, X (u)

Tomy 3

(3.6) BumMBaEe, MmO 3 IMOBIPHICTIO OJMHUI
sup X (t) = sup X(t) < hm mf(max X(u) +
tEB teVv u€ Ve,
5 max (X(w) — X(ax1())) )-

k=2 UuEVzy,

Jlai, 3acTocoByroun HepiBHicTh lenbaepa i
sgemy Dary, i Beix A > 0 orpuMaeMo

Eexp{

+

Asup X ()
teB

max X (u)

u€eVey

)}

X _
Jggji( (u)

} < El%ggigfexp{A(

max (X (u) — X (ag—1(u)))

u€Ve,

< liminf E exp {A( max X (u) +
m—0o0

u€Ve,

X(ox-1(u)))) } < limin (Eexpla max X(u)}>%

m

X H (Eexp{

k=2

1

(X ()= X (apr () } ) ™

qr A\ max
ueVEk

(e

1

o)

@1 A max X

ueVe,
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1
> o Jlema 3.3. Ilpunycmumo, wo ymosu semu 3.2
x H Eexp q“fg%x (X (u) = X(ap-1(u))) BUKOHYIOMBCA A
K

k=2

o
=1 - ka.
k=2

PosrassHemo okpemo KoxkeH MHOKHUK [j. I3
gevu 3.1 BUIIIMBaE, MO

Eexp {q1AS(u)} < (6(w) exp{p(Ap(¥1)} + 1 - O(u

Bigmosinno, I <

1

< Z Eexp{q1AS(u)}exp{—qiAf(u)} ) a1

u€Vey

<(X

u€Vey

max (nuexp{p(ATy(Y1))} +1)"

1 1

exp{-qiAf(w)})™ < (Na(e) ™ x

x sup | (6(u) exp{ip(\p(Y1))} + 1 = () x

xexp{-Af(w)}].

I3 (3.2) TakoK BHILIHBAE, IO

Eexp {gi) (S(u) — S (a1 ()} < (|u —
g1 ()] exp{p(ATp (Y1)} +1 - fu— a1 (w)])" <
(ner exp{p(gpAt, (Y1)} +1)".

A 3HAYUTH, i3 TPUILYIIEHHS PO 0OMEXKEHICTh
npupocTiB GyHKINT f, MaeMo

I < (Np(ex) max Eexp{geh(S(u)—
u€Ve,

Sl -1(1)))} exp { =X (f() = f (o1 ()} ) ™

1

< (Np (ex)) = (;fggx (nek exp{e(qeAto (Y1) }+

1

+1)" exp{qrA\d(p (u, ak—1(u)))}> %

< (N (e1)) % (g exp{p(@hmy (Y1)} + 1)
k\2 i
X exp{Ad (ex)} = (’VB (iﬁggz )) X

) 2 N
8 ((lﬁzz})ff) exp{(qpAT,(Y1))} + 1) Uk

Xexp{)\é <(fé’2;> }

3BiJIKH 1 BUIINBAE TBEPIKEHHSI JIEMU. ]

B
/ s (o) (w)) du < oo, (3.9)
0

1
Todi dns scix p € (0,1), 0 < g < (;@%)EYEY’

)3%2 < EY? i A > 0 suxonyemuca nepienicmo

Eexp {)\ sup(S(t) — f(t))} <Z\p,B), (3.9)

teB
de Z(\,p, ) =
p2
= exp { WA gyt [ (2 du}x
= €Xp 2 5}7 B ,U/EYVE U

+sup [ n (0(u) exp{p(Arp(Y1))}+1-0(u)) ~Af ()] ).

ueB
Zlosedenns. 3 jgemu 3.2 BUILIMBAE, MO JJIsT BCIX
o0
qr > 1, k € N, rakux mo Y i < 1, Ta I0BiIBLHO-

k=1
ro A > 0 cupapejjiuBa HEPIBHICTH

1
Eexp {)\ sup X(t)} < exp {—HB(€1)+
teB a1

q1

X exp {)\ Z o(er) + Z qlk [HB(skH

k=2 k=2

ueB

+nln (,usk exp{(qAT,(Y1))} + 1)} } (3.10)

_ (Bp")?
e € = NEYIQ .

Hexait ¢ = v, me v — Take 4ncJIo0, Mo v > 4

1-p>
iana k=2,3,...

1
- D(m|-1 11
qr )\Tcp(}/I)SO ( n{ + (3.11)

24

sup | - In (6(u) exp{p(Arp(Y1))} + 1= 0(w)) ~Af (u)

I}



Bicnux Kuiscvkoz2o nayionanrvbro2o yrisepcumemy
iment Tapaca Ilesuwernra
Cepia: Pizuro-mamemamusri HAYKY

+Ml€k exp {HB(Ek) + @(m) }D’

Tax six s Beix k > 2 npu Bp? < EYE maemo
i < ATw(Y1)

a (-1 (m [,

A1, (Y1)

)
(o] 1 o0
Z - Z = 1.

k=1 ar k=1

( AT (Y1)

(1—p)pk*1)}]>

= pk_l(l - p)7 TO

Posrusiemo Z(p, \) =

2022, 2

B(er) +nln (uek exp{p(qrATy(Y1))} + 1)

[o.¢]
E:Q dk

Jst mocmigosrocTi g i3 (3.11) maemo Z(p, A) =

N HBER) N Mo (Y1)
= +kzzg% (HB( o (1—p)p"“1>
<(n+1)(1—p) > Hpln)p" '+
k=2

2(1 - p) & M, (Y
o e ()

£
[|

2

. 2
Oyukiis Hp (qulin)
auoro ipu u > 0. Tosi

= Hp (J(_l)(u)) € cia-

Bp*
Hp (oY (uw))du > Hp (o

ﬁpk’"’l

(3.13)

I3 nepiBrocreit (3.12) i (3.13) maemo, 110

Bp?
/ iy (o (w) ) durt
0

AT (Y1)
— p)pk—t

ﬂ21—

S ) . (3.14)

o
3k—1
'S
=2
Tomy oninka (3.8) BumIMBae 3 HepiBHOCTEl

(3.10) Ta (3.14). O

3acTocoByoun HepiBHICTD UebuInosa 10 JeMu
3.3, MOXXHa, OTPUMATHU TEOPEMY, IO MICTUTH YMO-
BU OOMEKEHOCTI 3 MMOBIPHICTIO OJMHMILSI Ta OILiH-
KI fIMOBIpHOCT] BuXO/y TpaekTopiit mporecy S(t)
3a piBeHb, BU3HAYEHUN JIETKOIO KPUBOIO.

Y (8p")) 8p" (1-p).
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Teopema 3.1. Hexati dasn mpouecy {S(t),t €
B}, esuxonyromovea ymosu aemu 3.3,
{r(u),u > 1} - maxa necnadna nenepepsra Pym-
wuia, wo r(u) > 0 npu v > 1, a s(t) =
(exp{t}) t > 0, e onykaoro Pynxuyiero. Todi axuo

Of ( (Ey2>>du<oo, mo daa ecix 0 < B <

(u(

ar =

1
) CNPABIHCYIOMBCA HEPIBHOCTIL

P {sup (S(t) — (1)) > } < Z,(8.2),

teB

P {inf (S(t) — £(1) <

teB

—x} < Z,(8,2),

teB
de Z(p, B, x) =

n+1 o u?
- peif%)f,n?“(_l) ( Bp 0/ (s <uEYE)) d“) X

P {sup 50— £(6) > x} <272,(8,),

mf

2
I (Ghn(ea)

+sup [ In (6(u) exp{p(Arp(¥1)) }+1-0(w) =Af ()] ).

ueB

WA p,B) =

Zosedenns. CKOPUCTAEMOCH JIOBEJIEHHSIM JIEME

3.3. Bubpasmu Bignosiani g (nus. (3.11)), maTu-
MeMo Jtst JoBiabHEX A > 0, p € (0,1) i v > %

1
Eexp {)\ supX(t)} < exp {fHB(al)—i-
teB v

sup | In (6(u) exp{ip (AT (Y1)} + 1 = 0(w)) =\ f(u)|

ueB
+)\§:6<’822> Ej"“H( )+
13
EY2 ar B\<ck

k=2

ipsk 1 <

B2 1-
T EYE

)

(3.15)
Brigao ymoBu Teopemu dyHKiis S(t) =
7 (exp{t}) € omykiomo, ToMmy Jyist Oy b-sIKUX 3 > 0
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o.)
Ta §; > 0,7 = 1,00, Takux, mo », d; = 1, maemo

=1

o0
Axmo x Y §; <1, To
i=1

5 (f}m) (Zaxﬁo (1—2@))

= Z dis(x;).
i=1

(3.16)
(3.16) BuIMBaE, 10

exp {i ”;’; L (o (ﬁpk))} _

I3 mepisuocreit (3.15) i

X Zpk_lr <NB (0(_1) (ﬁp ) ) ) (3.17)
k=2
Oyukmiga Npg (O’(*l)(u)) = Np ul?if) criajiae
/3 k
upu v > 0. Toxi f r (Np (a(_l)(u)))du >
Bpk+1
r (N (o1 (8p%))) Bp* (1 —p) ra

(n+1 i A CICICS))

[ (e (o))

k=2 Bpk+1
Bp®

= nﬁ—i}—)l / r (NB (a(_l)(u)>) du.

Orske, TBepIKEHHsI Il€]l TeOpeMU BHUILIABA€E 3
(3.15), (3.17), (3.18) Ta mepisuocti Yeburmosa. [J

(3.18)

o

Teopema 3.2. Hexaid X(t) =

{s() =

S(t) — f(t), oe
Ny
> Y, t > 0} — sunadkosuti npouec, das
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AK020 suronyromoca npunyuenna (1)-(1V). He-
xatt makooe |0(t) — 0(s)| < p|t — s| daa deaxo-
2o p > 0. Ipunycmumo, wo npupocmu rnenepeps-
noi pynruii f = {f(t),t € T} obmesrceni mono-
monno 3pocmarowoto gynruicro § = {d(s),s > 0}:

[f(u) = f(v)] < 0(p(w,v)), ar = {r(u),u=>1} -
maxa necnaona nenepepena dynryis, wo r(u) > 0
npu u > 1, a s(t) = r(exp{t}),t > 0, e onyxaoro

1
Pynruiero. Todi das eciz 0 < B < (M(b%)lzyf)§

CMPABOANCYIOMBCA HEPIBHOCTIV

P {sup (S(1) — £(t)) > } < 7,(6,),

teB

P {inf (50~ 1(0) <~} < Z,(5.0)

5
= pe%f,l) r(=D <,81p O/pr (NB (U(_l)(u)>> du) X

= »32}7% )‘Tw(Yl)
f 1
X ;\I;Oexp{§n n(

T

EY2 exp{go((
)

G
HEY?
Ne(A,p) = sup [n(l —p)X
ueB

x In (0(u) exp{p(Ap (Y1)} +1—0(u)) — A f(u)] }
Hosedenns. Bukopucraemo jemy 3.2, Bubpasiiu

W, e p € (0,1). Io-

KJIAJIEMO TaKOXK 7, (A, p) = sup {n(l —p)X
ueB

+1) + 0o\ p) + AS (

MMOCJIIOBHICTD @) =

x In (6(u) exp{p(Ay (Y1)} +1—0(u)) — A f(u)] }

Toxi Eexp {Asup,cp X(t)} <
o0 B ﬁszk

< expn,(A,p) + p*tHp ( +
{ ol k;zl HEY?

B2 AT (Y1)

EY;? P {('O((l — p)pk_1>} + 1)

+§nln<
)]

I3 BractuBocreit dyskiil 7(t) BUmINBAE, 110

& L 52p2k
B

k=1

(3.19)
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ol

< =D

(e S s )

k=1

(0w (o (1))

2 o).

0

—1)

ne dbyuknis o(u) susnadena B (3.4). Toxi TBep-
JPKeHHsI TEOPEeMH BUILINBAE 3 JIeMHU 3.2, HepiBHO-
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BucHosBku

Y poboTi oTpuMaHO OIHKHU HMOBIpHOCTI OAHKPYT-

CTBa MPOTIECY PU3UKY, IO OMHUCYETHCA CYMOIO BH-

TaIKOBOTO GIHOMIAJIbHO PO3IOILIIEHOIO YHCIa JI0-

JAHKIB, sIKi € (-CyOraycCOBUMHU BUIIQIKOBUMHU Be-

JIMUMHAMH II030BiB, & IHTEHCHUBHICTb HAJIXOMIKEH-
Hs TpeMiii € MOHOTOHHO 3POCTAI0YOI0 HellepepB-
HOIO KPUBOIO, 30KpeMa, JIHIHHOIO.
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HesiKi 3acTocyBaHHsI y3araJibHEHUX Some applications of generalized
IPOOOBUX MOXiIHUX fractional derivatives

KuiBcobkuit mamionajgbHuil yHiBEepCUTET ime- Taras Shevchenko National University of
ui Tapaca IlleBuenka, 01601, Kwuis, By;a. Boso- Kyiv, 01601, Kyiv, 64/13 Volodymyrska st., e-
numupebka, 64/13, e-mail: Ims@univ.kiev.ua mail: Ims@univ.kiev.ua

Y pobomaxr Kouybes (2011) i Toarvdo (2015) 6yau npedcmasaeni 1osi munu dupeperiyians-
HUT ONepamopis, Ha3sani QUPEPEHUIANDHO—320PTKOBUMYU ONEPATIOPAMU, GO0 NOTIOHUMU MUY 320PM-
xu eidnocro Gynxyit Beprwmetina. L1 noxioni ysazasvrioloms xaacuyhi 0pobosi noxioni Kanymo—
Lorepbawsana i Pimana—/liysisia ma 0o360aa10mb, 30Kpema, onucCy8amu 8AACMUBOCMI cybopouramo-
pi6 ma obeprenux cybopdunamopis. Y cyuachit ATmepamyps thMenHcueHo JOCALOHCYIOMBCA HOBTL KAACU
JupeperyianvHULT PieHAHD 13 Y3a2aAbHEHUMU 0POBOSUMU ONEPATNOPAMU, WO MOHCYMb OYMU 8UKOPUC-
mawi Yy 0620MbOT MEOPEMUNHUL MG NPUKAGOHUT 3a0a4aT, 30KPEMa OAL ONUCY GHOMAALHUT Oudy3it
Ma THWUL CKRAAIHUT NPouecis. Y uith cmammi Hasedero CmucAutl 02480 0CHOBHUL saacmusocmel y3a-
2a40HEHUT OPOOOBUT NOTIOHULT MG NPOLAIOCTNOBAHO 1T 3ACMOCYBAHHA Y PIBHAHHALT, WO BUSHAUAIOMD
deaxi Kaacu 8uNadKo8UXT MO8 Ha CHEPI.

Knowosi caosa: ysazasvreni norioni muny seopmxu, @dymkuii Beprwmetina, cybopdunamopu,
eaacHi Gynryil, Jupepenyianvmi PIGHANHA 3 Y3a2aAPHEHUMU OPOOOGUMU ONEPAMOPaMU, 6UNGIK0G]
NOUAMKOBT YMOBU, BUNAJKOEE NOAS Ha cPhepi

The paper presents a concise summary of main properties of generalized fractional derivatives, so-
called convolution type derivatives with respect to Bernstein functions. Applications are considered to
modeling time dependent random fields on the sphere as solutions to partial differential equations with
the generalized fractional derivative in time and random initial condition.

Key Words: generalized convolution—type derivatives, Bernstein functions, subordinators, eigenfunc-
tions, differential equations with generalized fractional derivatives, random initial conditions, random
fields on the sphere

1 Introduction areas, in particular, for modeling anomalous di-
ffusions and other complicated processes.
In the papers by Kochubei [8] and Toaldo This paper presents a concise summary of

main properties of generalized fractional deri-
vatives. We discuss, in particular, the equa-
tions for probability densities of subordinators
and their inverse processes and the eigenvalue
problem for generalized fractional operators. Note

convolution operators in [8], or convolution-type that the .knowledge of eigenfunctions of generali-
derivatives with respect to Bernstein functions zed fractional operators allows to construct the

in [12]. It is shown in [12] that these derivati- representations of solutions to corresponding
partial differetial equations by using the method

of separation of variables.

[12] the new types of differential operators
are presented which are related to Bernstein
functions and generalize the classical Caputo-
Djrbashian and Reimann-Liuville fractional deri-
vatives. These operators are called differential-

ves provide the unifying framework for the study
of subordinators and their inverse processes, and,
in particular, the governing equations for densiti- As applications, we consider the models of ti-
es of subordinators and their inverses are obtai- me dependent random fields on the sphere arising
ned in terms of the convolution-type derivatives. as solutions to partial differential equations with
The introduction of these derivatives has inspi- the generalized fractional derivative in time and
red numerous recent studies devoted to new types random initial condition represented by a Gaussi-
of generalized fractional equations, their probabi- an random field.

listic interpretation and use in various applied Papers [6], [5] develop the approach to

© JLM. Caxuo 2022
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construct time dependent random fields on the
sphere through coordinates change and subordi-
nation by means of partial differential equations
with fractional operators of a particular form.
The representations of the fields are given by the
Karhunen-Loeve expansion, and also as a coordi-
nate changed random field. In [7]| generalization of
the results of the mentioned papers was presented
via introducing the convolution—type derivatives
in time into the corresponding equations. It was
suggested in |7] that considering equations with
the tempered fractional derivative in time can lead
to the exact formulas for terms involved in the
Karhunen-Loeve expansion, since the formulas for
the density of the inverse tempered stable subordi-
nator are available, e.g., in [1]. In the present paper
we consider the example with the tempered fracti-
onal derivative in more detail and show that the
terms in the expansions of the fields can be given
in the exact form.

The paper is organized as follows. Section
2 collects the basic definitions and facts on the
generalized fractional derivatives. In Section 3 we
consider models of random fields on the sphere dri-
ven by equations with fractional operators.

2 Generalized fractional derivatives

In this section we review the main definitions and

some important facts on the generalized fractional

derivatives. (For more details see, e.g., [11, 12].)
Let f(x) be a Bernstein function:

f(z)=a+br+ /Ooo (1—e*)u(ds), (2.1)

xz >0, a,b > 0, 7(ds) is a non-negative measure
on (0,00) (the Lévy measure for f(x)) such that

/OO (s A1) D(ds) < oo.
0

The generalized Caputo-Djrbashian (C-D) deri-
vative, or convolution-type derivative, with
respect to the Bernstein function f is defined on
the space of absolutely continuous functions as

follows ([12], Def. 2.4):

where v(s) = a + 7(s,00) is the tail of the Lévy
measure 7(s) of the function f.
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In the papers [8] and [4] the authors provi-
ded respectively the following representations of
the generalized fractional derivative (notation of
the authors):

(oy) (0= 5 [ bt = yu(r)ir = kt)uo)
and
o ) = 55 | e =9)(() = r0)as.

where k(-) and w(-) are some fractional kernels
associated with f.

In the present paper the generalized fractional
derivative defined in (2.2) will be used.

In the case when f(z) = 2% 2 > 0,a € (0,1),
the derivative (2.2) becomes:

D u(t) = Dfult),
where ©%u(t) is the fractional C-D derivative:

o _a” B 1 bl (s)
Diu(t) = d?u(t) = T —a) /0 = S)st.

If f(z) = z, the convolution-type derivative
coincides with the standard first-order derivative.
For the Laplace transform of the derivative (2.2)
the following relation holds ([12], Lemma 2.5):

L {@{u] (s) = f(s)L[u] (s) — f(s)

S
for u such that |u(t)] < Me*! M and sy are
some constants. Similarly to the C-D fractional
derivative, the convolution type derivative can be
alternatively defined via its Laplace transform.

The generalization of the classical Riemann-
Liouville (R-L) fractional derivative is introduced
in [12] by means of another convolution-type deri-
vative with respect to f given by the following
formula:

u(0), s > sq,

jt/o u(t — s)v(s)ds.

The derivatives @{ and ]D){ are related as follows:

D u(t) = b%u(t) +

D/ u(t) = DT u(t) + v(t)u(0).

Bernstein functions are associated in a natural
way with subordinators.

Let H(t),t > 0, be a subordinator, that is,
nondecreasing Lévy process. Its Laplace transform
is of the form: L[H(t)](s) = Ee sH®) = ¢=t/(s),
where the function f, called the Laplace exponent,
is a Bernstein function. Consider a subordinator H
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with the Laplace exponent f given by (2.1), and
let L be its inverse process defined as

L(t) = inf {s >0: H/(s) > t} . (2.3)
It was shown in [12] that the distribution of the
inverse process L has a density I(t,z) = P{L(t) €
dx}/dx and its Laplace transform with respect to
t has the form

f) —wpr)

r

Ly (I(t,x)) (r) =

provided that the following condition holds:
Condition I. 7(0,00) = oo and the tail v(s) =
a+ 7(s,00) is absolutely continuous.

The convolution-type derivatives @{ and ]D){
are useful tools which allow to study the properti-
es of subordinators and their inverses in the uni-
fying manner ([12, 11]). In particular, the gover-
ning equations for their densities can be given in
terms of convolution-type derivatives. The density
I(t,u) of the inverse process L satisfies the follo-
wing equation ([12], Theorem 4.1):

_gl(ta u)>

D/ 1(t,u) = o

subject to

l(t,u/b) =0, 1(t,0) = v(t), 1(0,u) = §(u).

The following fact is important for deriving
representations of solutions to various classes of
partial differential equations involving generalized
fractional derivatives.

Proposition 2.1. ([7]) Let L be the inverse
process for a subordinator with Bernstein functi-
on f, and assume that Condition I holds. The
space Laplace transform of the density I(t,x) of
the inverse process L

I(t,\) = / e NU(t, x)de = Be MO (2.4)
0

18 an eigenfunction of the operator @{, that is

D71(t, \) = =(t, \). (2.5)
Remark 2.1. The proof of the above Propositi-
on has been derived, by different approaches, in
[3, 8, 11]. In particular, in [3], the authors consi-
der the time-changed Poisson process Np, (with
L; being an inverse subordinator independent of
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the process V) and show that its marginal distri-
butions p(t) = P(Nr, = z), = = 0,1, ..., satisfy
the difference-differential equations

Dfpa(t) = =A[pa(t) = po1(t)]
with initial condition p,(0) = 1,z = 0 and p,(0) =
0,z > 1. Then (2.5) is deduced as a consequence
of the above equation, since

po(t) =P(Np, =0) = /Ooo e MUt x)dx = I(t, \).

Tempered fractional derivative is defined by
choosing in (2.2) the following Bernstein function:

g(z)=(x+B)* = p% a€(0,1),8>0, (2.6)

the corresponding Lévy measure is given by the
formula:

v(ds) = ae P51,

I'l—a)
and its tail is

1 (6%
v(s) = maﬁ I(—a,s),

where -
INa,s) = / e 2tz
S

is the upper incomplete Gamma function defined
for all a, s € R which is real-valued for s > 0.
The corresponding subordinator H is called
the tempered stable subordinator.
The generalized convolution-type derivative
(2.2), for g given by (2.6), becomes:

l—a / 075

_Daﬂ(

DYu(t) —s)I'(—a, s)ds

(2.7)

Equations with tempered fractional derivati-
ves represent currently a topic of intensive studies.

In particular, the following fact presented in
[2] concerns the question on eigenfunctions of
tempered fractional operators.

Proposition 2.2. (|2, Lemma 1]) The solution to
the tempered relazation equation

D Pult) = —Bu(t) (2.8)
with initial condition u(0) =1 is given by
p(t; o, B) = T(a, Bt)/T(a), (2.9)

thus, p(t; , B) is an eigenfunction of the operator

D?”B corresponding to the eigenvalue B<.

In the next section we consider generalized
fractional derivatives for the case a = b = 0 in
(2.1) and assuming Condition I to hold.
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3 Equations with generalized fractional
derivatives for modeling random fields
on the sphere

Let T(x), * € S?, be a real-valued, zero-mean,
isotropic Gaussian random field on the unit sphere
Sf. We can write the spectral representation

oo+l
T@) =3 S anVinl@), (1)
=0 m=—1
where
o = [ T@Vi @) (32)

are Fourier random coefficients, Y}, are spherical
harmonics, p(dx) is the Lebesgue measure on the
unit sphere S?. Convergence in (3.1) holds in the
mean square sense, both in L?(dP x u(dzr)) and in
L?(dP) for fixed z € S? (see, e.g., [9]).

We recall that for a fixed [ the spherical
harmonics Y}, (or linear combination of them)
solve the eigenvalue problem

where the eigenvalues are given by
w=1(1+1)

and AS? is the spherical Laplace operator (called
also Laplace-Beltrami operator).

In [7] models of random fields on the sphere
are presented which are driven by equations
involving the generalized fractional derivative in
time ZD{ and the fractional Laplacian (—Ag)
associated with Bernstein functions f and o
respectively.

Let the function f correspond to the subordi-
nator H, which inverse process L possesses the
density [ with Laplace transform [ as introduced
in Proposition 2.1 in formula (2.4).

Theorem 3.1. (|7, Theorem 1|) The solution in
L?(dP x d)) to the fractional equation

(v - v(-Ag) +Df) Xi(2) =0,
l’GS%, t>0,v>0,

(3.4)

with initial condition Xo(x) = T(x) is a time-
dependent random field on the sphere Sf written
as

oo+l
Xi(@) =Y > am (7 + () Yim (@) (3.5)

=0 m=—1

where ayy, are given by (3.2).
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The generalized Laplace operator ¢(—Asf) is
defined in terms of the transition semigroup of the
subordinate rotational Brownian motion BY(t) =
B(F(t)), where F is a subordinator with the
Laplace exponent . This covers, in particular, the
case of fractional Laplace operator (—Ag2)®. We
refer to [5, 6, 7] for more detail on this operator.
To make the paper self-contained, some definitions
are given in Appendix.

Note that the essential component of the proof
of Theorem 3.1 is the knowledge of eigenfun-
tions for the operators involved into the equation.
For the generalized convolution-type derivative we
have (see Proposition 2.1):

Df1(t, \) = —\1(t,\),

A>0,  (3.6)

and for the generalized Laplace operator TIZ)(—AS%)
we know that ([6]):

¢<_AS§)YEm<m) = —(1u1) Yim ().

Example 3.1. Equations with fractional Caputo-
Djrbashian derivative. If f(z) = 2%, that is, L
is the inverse process for stable subordinator,
the derivative ’D{ becomes the fractional Caputo-
Djrbashian derivative and the Laplace transform
[(t,u) is given by the Mittag-Leffler function:
It p) = Eg(—t°p). The one-parameter Mittag—

Leffer function is defined as

(3.7)

© k
X
Eﬁ(:p):E ——— 2€R,5>0.
— LBk +1

Theorem 3.1 reduces to first part of Theorem 1 in
[6].

Example 3.2. Equations with tempered fractional
derivative. It was suggested in [7] that equation
(3.4) can be considered with the tempered fracti-
onal derivative in time, and, correspondingly, in
the representation of the solution (3.5) we will
have the Laplace transform [(¢,\) of the densi-
ty of the inverse tempered stable subordinator,

expressions for this density are given, e.g., in [1].

We present here all the details for the case of
equation (3.4) with the tempered fractional deri-
vative and give the representation of solution in
the explicit form.

Following [10], define the R-L tempered fracti-
onal derivative of order 0 < 8 < 1 as follows:

t  As
1 d / e u(s)ds_)\ﬁu(t)’
0

B,A =
Dy u(t) = e tr(pg)% (t—s)P




Bicnux Kuiscvkoz2o nayionanrvbro2o yrisepcumemy
iment Tapaca Ilesuwernra
Cepia: Pizuro-mamemamusri HAYKY

and the C-D tempered fractional derivative of
order 0 < 8 < 1:

’Dt’B’)‘u(t) = ]D)f’)‘u(t)— u(0) / 67)\71,87“7571 dr.

I(1-5)J; 58)

Let Hy(z) be the tempered stable subordi-
nator with the Laplace exponent

fals) = (s +2)7 = A7,

Consider the inverse process Ly(t) and denote its
density by gx(t, ).

It was established in [10, Lemma 3.3.] that the
Laplace transform gy (¢, 1) = Ee #2(®) is a soluti-

on to the eigenvalue problem for ”D? A,

7)‘~ =
DJAGa(t, 1) = —pa(t, 1)

with gx(0, ) = 1. Moreover, it was shown in [10,
Theorem 3.4.] that for any A\, > 0, p # A the
function g (¢, 1) can be written in the form:

B L 00 eft(rJr)\)(I) N -
it =2 [T e 39
where
6 .
B(r, 1) = rP sin(pm)

728 sin?(Br) + (u — N + 7P cos(B))?’

We present in the next theorem the solution to
the equation (3.4) with tempered fractional deri-
vative (3.8).

Theorem 3.2. The solution in L?>(dP x d\) to
the fractional equation

(v - v(-ag) + D7) Xi(@) =0,
xeS%, t>0,v>0,

(3.10)

with initial condition Xo(x) = T(x) given by
(3.1)and tempered fractional derivative @f“\ given
by (3.8) , is a time-dependent random field on the

sphere S} written as

oo+l

Xe(2) =D > amgalt,y + () Vim (@),

=0 m=—1
(3.11)

where apy, are given by (3.2) and the function
g (t, 1) is given by (3.9).

Analogously to [7], the expressions for the
covariance function and higher order moments
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of the field (3.11) can be calculated and given
in terms of the angular power spectrum of the
random initial condition field 7" and the function
ga(t, ) given by (3.9), thus, all the characteristics
of the field (3.11) can be evaluated explicitly. In
particular, we have the following expressions for
the moments of the field (3.11):

E[(X(2))" = Y-+ > (T oty +vim,)

=0  l,=0 j=1
1_[3'2(1(72Tl)jn—i_1)]5;[(”10 eag,0)s
Bl = 3 LGty + wm)C
=0

where the coefficients ay,,, [ > 0, |m| < [, are from
the representation of initial condition field (3.1)
and the power spectrum C; = E|ay,|?, [ > 0.

We refer to [7] for more details on calculation
of characteristic of the field (3.11).

Appendix. Generalized fractional Laplacian
on the sphere

Consider f € L2%(S}) = L%*(S?,p), where pu is
the Lebesgue measure on the unit sphere S}:
wu(dz) w(dv, do) dp dd sinv with =z
(sin¥ cos p,sindsinp,cosd), ¢ € [0,7], ¢ €
[0, 27).

The set of spherical harmonics {Yj,, : [ >
0, m = —I,...,+l} represents an orthogonal basis
for the space L?(S?). For a fixed [ the spherical

harmonics solve the eigenvalue problem

AS%lem = W Yim, 120, ‘m’ <l

where p; = 1(l 4+ 1) and the operator

1 9?2 N 1 0 /. 9 0
= —_— MNv—
S 520002 | sin0 a9 oo

v € [0,7], ¢ €[0,27).

The spherical harmonics are defined as

20+ 1 (1 — ! )
FLE=mt  (cos 9)eme,
47

lem('lga 30) = (l T m)|

where the associated Legendre functions

_ z2)m/2d7le(z)7

dzm

Qim(z) = (=1)"(1
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and the Legendre polynomials ); are given by the
Rodrigues’ formula

1 d

Q=) = g g & = )"

For f € L?(S?) we have the representation
0o l
= Z Z flevlm(x)a T € S%,
1=0 m=—1

which holds in the L? sense, where

fun = [, F@)Yir(@) do

27 pm
:/ / F9, )Y, (9, ¢) sind dd dep,
o Jo
’m|§l7l:0,1,2,
(see, e.g., the Peter-Weyl representation theorem

on the sphere in [9]).
The angular power spectrum of f is defined as

fi="> |l

Im|<l

1=0,1,2,.... (3.12)

Define the generalized fractional Laplace
operators on the sphere following [5], [6].

Let F(t), t > 0 be a Lévy subordinator with
the Laplace exponent

W(N) = b)\+/ (1 - e*AZ) M(dz), b>0, A >0,
0

with M being the corresponding Lévy measure.

Let By, t > 0, be a Brownian motion on the
unit sphere S?. Its transition density can be writ-
ten as follows (|5, 6]):

Pr{z+ B, € dy}/dy = Pr{Bt €dy|By=uz}/dy

—ZZ Y () Vi ()

=0 m=-—1
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Y pobomi mnagedenuti nepenik HauOinbW BANCIUBUX EKCNEPUMEHMATLHUX MeMOOI8 OOCHiONCEHHS
MeXauiuHux 1acmueocmetl KIimuH, d MaKodic HAUOIIbU NOWUPEHUX PeoNIocIYHUX Modenel, ceped AKUX €
OUCKpemHui MoOei MIKPO/HAHOCMPYKMYPU KUMUHU | KOHMUHYATbHI MO0, SKI 003601510Mb 00YUCIUMU
MOOYIL npyscHocmi i 8 sa3xocmi Kiimunu 6 Hopmi i namonoeii. Hagedenuil nepenix KOHMUHYATbHUX MOOeell
i3 3a3HauenHAM ix ocobrueocmeli i 6iOpizHeHb. 3aNPONOHOBAHA HOBA KOHMUMYANbHA MOOelb KIIMUHU AK
bazamoutapogoi 0O0NOHKU, KA 3AN0BHEHA 8 S3KONPYIHCHOIO piounoto. Ompumani pieHaHHA Modeni i ii
PO36’3KU 011 BUNAOKIB I30MOHIUHO020, [30MempUdHoc0 i OUHAMIYHO20 eKcnepumenmis. JlocniodceHi
0COOIUBOCMI MEeXAHIYHOT NOBEOIHKU MOOeell 8 3a/IedncHOCMI 610 [0enmudgpikosanux napamempis. [Iposedero
NOPIBHAHHA 3 OAHUMU eKCHepUMEHMANbHUX euMiptosans. [lokazaHo, wo 3anponoHosama bazamouiaposa
MoOenb 003801€ OYIHIOBAMU OKpeMull 6KIA0 MEXAHIYHUX 6AACUBOCmell YUMOCKeNemy, Memopanu,
aocopbosanux peuogun i 2iOpamuoi 000IOHKU, WO BANCIUGO ONsl KAIHIYHOI O0IAZHOCTMUKU 3AX60PIO6AHD
ULTIAXOM BUMIDIOBAHbL MEXAHIYHUX 61ACMUBOCHEN KIIMUH.

Krniouosi cnosa: Peonociuna modens, Memopana, Epumpoyum, Jedopmayis, B sa3xonpysicricme.

The most important experimental methods of studying the mechanical properties of cells, as well as the
most common rheological models, among which the discrete models of the micro/nanostructure of the cell
and continuous models that allow calculating the modulus of elasticity and viscosity of the cell in normal and
pathological conditions are discussed. A review of continuous models is given with an indication of their
features and differences. A new continuum model of the cell as a multi-layer shell filled with a viscoelastic
fluid is proposed. Equations of the model and their solutions for cases of isotonic, isometric and dynamic
experiments are obtained. Peculiarities of the mechanical behavior of the models depending on the identified
parameters are investigated. A comparison with the data of experimental measurements is given. It is shown
that the proposed multi-layer model allows evaluation of separate contribution of the mechanical properties
of the cytoskeleton, membrane, adsorbed substances and the hydrated shell, which is important for clinical
diagnosis of diseases by measuring the mechanical parameters of cells.

Key Words: Rheological model, Membrane, Erythrocyte, Deformation, Viscoelasticity.

Crartio npencraBus wi.- kop. HAH Ykpaian Xyxk 4. O.

1. Beryn B3/IOBX Tedii, 3MiHIOBaTH CBOIO QopMmy i

Bci  kIiTHHEM  OPOTATOM  JKUTTSL  MOCTIHHO KOPCTKICTh 32 PAXYHOK [ePEOYI0BH IIUTOCKEIETY i
MiAJAI0ThCS MEXaHIYHUM HaBaHTAKEHHAM SIK 3 T.4. Pi3Hi Gionoriuni mpomecu, Taki SK Mirpais,
OOKy 3OBHIIIHBOIO CEpPENOBHINA, TaK 1 4epes 3pOCTaHHs, Au(epeHiallis, anonTo3 Ta iH. CyTTEBO
BHYTpIIIHI (i31070T1YHI yMOBH — CKOPOYEHHS 3aJIeKaTh Bil 3MiH y GOpMi Ta CTPYKTYpi KIITHH i
M’si3iB, TEpEMILIeHHs] OpraHiB, Tewii KpoBi Ta Oyap-sike BiAXWJIEHHA B 1X CTPYKTYpHHX 1
iHmmx Oionmorivamx piguH [1]. 3anexHOo Bifg MEXaHIYHHX BJIACTUBOCTAX MOXKE MPHU3BECTH JIO
BE/IMYMHM,  HANPAMKY  Ta posmominy  mmx nopyumeHsss 1ux Qisionoriunnx (QyHKUid 1 g0
MeXaHIYHUX BIUIMBIB KIITUHH MOXYTb pearyBaTH XBopo6 [2,3]. Taxk, CPUTPOLUTH TPAHCTIOPTYIOTH 02
pi3HMMH croco0aMu, HalpHKIaA, Opi€eHTYBaTHCA JI0 Pi3HUX YacTUH Tila 1 MOXYTh NMPOXOIUTH Kpi3b

2 N.E. BaTiok, H.W. Kizinoea, 2022
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Kamujisipy  3aBASKM  CBOEl  3JaTHOCTI 7O
neopmariii [1]. Takum uymHOM, MeEXaHIUHI i
3B’A3aHI 3 HUMH TEPMiYHI 1 eJIeKTpHYHi
BJIACTUBOCTI  KJIITHH, JyXe€ BXJIMBI  JUIS
PO3yMiHHS (i310JIOTIYHUX MPOIECIB B TKAHHHAX.
CydacHi yCHiXM EKCIEePUMEHTAIbHOI TEXHIKU
JIO3BOJISIFOTH ~ MPOBOJUTH  CKCIEPUMEHTH 3
OKpeMUMH  KiiTmHamu. Jlns  GiomMexaHI4HOT
iHTepIpeTalii pe3yJabTaTiB I[HMX BHMIPIOBaHb
MOTPIOH1 BIAMOBIAHI peonoriuni Moxmeni [4] sk
3MI0POBUX KJIITHH, TaK 1 IMOMIKO/DKEHUX abo
3MIHEHUX IIEBHUM 3aXBOPIOBAHHSM.

VYHiBepcaJbHUM  MIIXOIOM €  PO3po0Ka
MeXaHIYHOi Mojeni 3  TapamerpaMu,  SKi
HalKkpallle BIANOBIAAIOTh EKCIIEPUMEHTAIBHUM
naHuM, OCHOBHOIO METOI0 MO/ICITIOBAHHS B IIbOMY
KOHTEKCTI € KUIbKICHAa OLiHKa MeXaHIYHUX
BIIACTUBOCTEH 1 BIATYKY KIITHH Ha [0
MTOCTIHHOTO 200 MEPIOIUIHOIO HaBAaHTAKEHHSI.

B pobori HaBeneHW#  CTUCIMHA OIS
ICHYIOUMX PCOJIOTTYHUX MOJEIeH OloJOriYHUX
KJITHH 1 00rOBOPIOIOTHCS BIIMOBIIHI MTOCTAHOBKH
3a/1a4 MEXaHIKH.

2. Tunu ekcriepuMeHTIB 3 KJIITHHAMMU.
Bbypxnuse PO3BUHEHHS HaHOTEXHOJIOT1H
MPOTSATOM OCTAHHBOTO AECATUPIUYS] MPHUBENO IO
MOXIIMBOCTI  Bi3yasri3yBaTH MeMOpaHy i
BHYTPIIMIHIO MIKPOCTPYKTYPY KIITHH, a TaKOX
BHMIPIOBATH MEPEMIIICHHS 1 Jedopmariii Ha piBHI
h~10"m.  Cepex  HaiiGigbll  MOMIMpPEHHX
eKCIIepUMEHTAIBHIX METO/IB BHBYCHHS
MEXaHIYHMX BJACTHUBOCTEH OKPEMHX  KJIITHH
3aIPOITOHOBAHI:
1) IaTpy3ist MarHiTHOI YaCTHHKH 1 BHMIPIOBaHHS
neopmamii memOpanu (Puc.la) 3a paxyHOK
MEpPEMIIIeHHs YacTHMHKH B MAarHiTHOMY MO
(Crick F.H.C., Hughes A.F.W., 1950);
2) Acmiparisi TTOBEpXHI KIITHHH MIKPOITIITETKOO
(Puc.16) Oyna Brepre BUKOpPHCTaHA Ha KIIITHHAX
Mopchkux DkakiB (Mitchison J.M., Swann M.M.,
1954), a morim Ha eputponmrax (Band R.P.,
Burton A.C., 1964);
3) PosmmomieHHs KITHHA MDK MapalelbHUMHA
MOBEpXHAMH 1  BUMIpIoBaHHS  Aedopmarii
(Puc.1n);
4) IlponaBnenns moBepxHi, cell poking (Petersen
N.O. et al., 1982);
5) Bincrexenns pyxy (Geerts H. et al., 1987) ;
6) MarniTHO-ckpyuyBanbHa nuromerpist (Puc.1r),
MCII (Wang, N. et al., 1993);
7) KonuBanbHa MarHiTHO-CKpy4yBajbHa
uromerpis, KMCIT (Maksym G.N., et al., 2000);
8) AtomHo-cmioBa Mmikpockoris (Puc.1x) (Hoh
J.H., Schoenenberger C.A., 1994);
9) Mikpomaninmynsnii 3 moBepxaer (Thoumine
0., Ott A, 1997);
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10) Hanoingentomerpiss (Puc.le) (Shin D,
Athanasiou K., 1999);

11) BuwmipioBaHHS €JIEKTPUYHOTO  iMIEJAHCY
KIITHHU 1 cyOcTpary B TMOEJHAHHI 3 MAarHITHUM
BUTATYBaHHAM KyJbok (Lo C.M,, et al., 1998);

12) Orrrruni mingeru (Henon S., et al., 1999) i Tect
Ha po3rsraeHHs (Puc.le) (Miyazaki H., et al., 2000;
Nagayama K., et al., 2005);

13) B3aemogis 3 morokom piannu (Puc.1x).

® =¥

1]

Puc.1. Tunu peonoriyHuX eKCrepuMEeHTIB 3
010JTOTIYHUMH KITITHHAMH (TIOSICHEHHS B TEKCTI).

[Ipukmnanena cuna Moxke Oyt abo 30cepemKeHo0
(aTOMHO-CHIIOBa MIKPOCKOITisI) a00 PO3MOIIICHOIO
(cTCKaHHA MDK IUIAaCTHHAMH), BHYTPIIIHBO-
KIITHHHOIO (MarHiTHa 4acTHHKA BcepeneHi) abo Ha
noBepxHi kritnaN (MCII), THMYacoBorO (acmipartis
MIKpoITineTKor) abo auaamivyHa (KMCLI).

Pesymbratn  exciepumentie  1)-12)  wmaroTh
BATISLT abo  Oe3lepepBHMX  KPUBUX  CHJIA-
nedopmanis o(e), e © - MEXaHIYHI HaIPYKEHHS,
¢ - neopmartii, a00 AUCKPETHUX BUMIPSHUX TOYOK
{o,(e)}., MmnA SAKUX BIANOBIAHA 3aJIEKHICTH

o(e)Moxe OyTM oOTpUMaHa 3a  JOIOMOI'OIO
arpoKCHUMAaIlii.

3. Mexaniuni moaesi KIiTHH

s po3ymiHHS pe3yNbTaTiB EKCIEepPUMEHTIB
(Puc.la-x) 3 KJIiTHHaMH, OIIIHKKM  MOJIYJIB
MPYXHOCTI 1  TPOTHO3YBaHHSA  MEXaHIYHOi
NOBEAIHKA KJIITMH 1 KIITHHHUX  CYyCIIEH3iH
BUKOPHCTOBYIOTBHCS MATEMAaTUYHI MOZEII.
3.1. JInckpeTHi MiKpO/HAHOCTPYKTYPHi MoaeJsi
PO3MIIAAAIOTE CTPYKTYPY KIIITHHH, SIKA CKIIaJa€ThCs
3 MeMOpaHHM, LMTOCKENeTy 1 BHYTPILIHBOI
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MIKpOCTPYKTYypH. Bci  KOMIoOHeHTH yTBopeH1
MIKpOBOJIOKHAMH 1 M1Kp0pr60qKaMM AKi
POBIIIAAAIOTECS SIK MIPOCTOPOBiK HAOIp MpPYKUH 3
pi3HUMH KOPCTKOCTSMH. Pospaxynku
nedopmaniii i pyxXy KIITHH B TaKMX MOJEIAX
MPOBOAUTHCS METOJAMU CTPYKTYPHOH MEXaHiKU
(maker Structural mechanics B AnSys Ta iH.
Makerax MPHUKIAAHUX Tporpam) abo MerojaMu
JUHAMIKH YaCTUHOK [5].

3.2. KonTUHyaJbHi Moaedi pO3TILAAIOTH
KIITUHU SIK  3alOBHEHI PIAMHOK  OOOJOHKH,
MaTepial SKAX MOXe OyTH aHI30TPOIHUM 1
HeomHopimHuM. [l  MaTepiayiiB  OOOJOHKH i
pimMHM  BHOMpAIOTHCA BIAMOBIJHI  PEOJOTIYHI
MOJIEITI, MapaMeTpU SKUX IMOTIM BHU3HAYAIOTHCS 3
eKCIIEPUMEHTAJIbHUX KPUBHX o(g), HAMPUKIAT,

METOJIOM HaWMEHIIMX KBajapaTiB. Xoua Ied
MiAXiJ Ja€ MEHIIe PO3YMIHHSA JIETaJbHUX
MOJIEKYIIAPHUX MeXaHIYHHUX TOJIiH, HOTOo JIerIIe Ta
3po3yM1n11ue BUKOPUCTOBYBATH JIJIsl OOYHCIICHHS
MeXaHIYHMX  BJACTHBOCTEH  KIITHH 1  iX
0ioMEeXaHIYHOT BiJIMOBIJ[I HA MEXaHIYHUH CTHUMYII.
KonTunyanbHi MOJe/i HaIaOTh OUIBII JICTaabHY
iHpOpMaI[ilo  TPO  PO3MONALT  MEXaHIYHUX
Hanpy>KeHb 1 aedopmartiii, mo, y CBOIO Hepry,
MO)Ke OYTH KOPUCHHUM JIJIs BU3HAUCHHS PO3IIOALTY
Ta mepefayi Oux Cujl 0 MEMOPaHH, IIUTOCKENIETY
i €NIEMEHTIB CYOKIIITHHHOI CTPYKTYpH.
Hampukiami 11e  103BOMISIE  PO3POOIATH  OLIBII
TOYHI JUCKPETHI MOJENI MIKpO- 1 HAaHOCTPYKTYpP
[6].

3.2.1. Moaean npymnoi’ YACTHHKHU PO3TIIIAE
KIIITI/IHy SIK C(bepy, emmncoin abo muckoim 3
OILHOpl,I[HOFO TMHIAHO-TIPY’)KHOTO Matepiaily, Tak
o 3B'I30K MDK TEH30paMH TPYKHOCTI 1
nedopmanii mae Burmin o, =Eg,, ne E -
Monyns FOHTa, KM MOXKHA OIIIHUTH 3 MPOCTHX
EKCIICPUMEHTIB 3 HaBaHTAKCHHS KIITHHH 1
BUMipioBaHHsA 1i BHcoTH h (Bimcrani wik
mapanenbHAMH TOBepXHAMH Ha Puc.10) sk
¢bynkuii npuknagenoi cwmm. [edopmarii 3cyBy
(ropuzoHTaNIBHI TepeMileHHs BEPXHBOI
IDJACTHUHU ~ BIZHOCHO HIDKHBOI Ha  Puc.10)
JO3BOJISIFOTH BHMIPIOBATH MOAYIH 3CyBy G, me
Ty =CVis Ty 1 ¥i - TEH30PH 3CYBHHMX HaIlpy>KE€Hb
i mBuAKocTed nedopmariii  3cyBy, Kpamka
BIIMIOBIIAa€ TMOXIOHINA 3a 4YacoMm. KO MOIelb
MPYXHOI YaCTHHM € KOPEKTHOI0, ITOBUHHE
BHKOHYBATHCA BiZlOME CHIBBIIHOIIECHHSA
E=2G(1+v), me v - koepigienr Ilyacona
MaTepiaidy. OCKIJIbKM YUCIIEHHI €KCIEPUMEHTH 3
KIiTHHaAMHM daroTh 3HaueHHs E 1 G, gxi He
3aJ0BOJILHSIIOTH 1€ CHIBBiIHOLIEHHS, MOZENb
norpedye y3arajabHEHHS.

3.2.2. Moageap mNpPYXKHOI O00O0JOHKH, sIKa
3all0BHEHA HBITOHIBCHKOI0 PiIMHOKW Mae
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HAaWMpOCTIIMK BWIJISAL Yy BUNAIKy MeMOpaHHOI
mozeni obononku (Yeung A., Evans E. 1989) [1]
(M+T)=2Ty+ngve,  (M-T)=ny., (1)
ne T,- Hampy>XeHHs B 0OOJIOHIII 10 HAaBaHTA)KEHHS,
T1T,
HABaHTAXEHHSA, Y, 1 y, - MIBUAKOCTI HABAHTAXKEHb

- OPTOrOHAJIBHI TOJIOBHI HANIPY>KEHHSI TTiCIIs

B’SI3KOCTI TIOBEPXHI
IO PpO3TATHEHHS 1 3CyBY; 4acTo

;=3n,. OOomoHka 3amoBHEHa
HBIOTOHIBCBHKOIO PIJJHOIO 3 PEOJIOTIYHUM 3aKOHOM
Ty =2V, , J€ W - JUHaMi4Ha B’A3KICTh PIJMHMU.

PO3TSITHEHHSI 1 3CYBY, M, 1 1, -

000JIOHKH
[IPUIMAaIOTh

MonentoBaHHS eKCIIEpUMEHTIB (Puc.1a,6,B)
0a3yeThCsl Ha BUKOpUCTaHHI 3akoHy Jlaruiaca jyis
KITHHU abo 11 HamiBcepUYHOrO BHUPOCTKA
(Puc.1a,0).

Moguenb chepuunoi abo CIUTIONICHOT OMyKIOl
reoMerpii, a TakoX JIBOBTHYTa  OOOJOHKH
po3rIIsAancs B SIKOCTI Mojelni eputponuta [1,2].
Binbricte KIITHH MalOTh BHYTPIIIHI OpTaHd, TOMY
JUIT HUX BUKOPUCTOBYIOTH MOJIENIb OOOJIOHKH, SKa
BKJIIOYA€E B PIJHOMY BMICTI MEHII OOOJIOHKH, SIKi
3al0OBHEHI piJJMHAMU 3 IHIIUMH B’S3KOCTAMH 1
BIJIMTOBIAIOTH OpTraHeliaM KITITHH.

OCKUTbKM ~ pealbHI  KIITHHA  TIPOSBIISIOTH
BJIACTHBOCTI HEMUTTEBOI BIAIMOBiAI HA MeXaHIYHHUN
CTUMYJ 1  peJakCamifHUMH  BJIACTUBOCTSIMHU,
0COOIMBO B  EKCIEPUMEHTax 3 IMEPIOTUIHIM
HaBaHTKEHHSAM [4,5], BUKOPHCTOBYIOTHCS MOIEINi

IIATOTIa3MH i oprasen KITITHH SIK
HEHBIOTOHIBCHKHUX PiIAFH

3.23. Moaenb, mnpy:KHOI 000JIOHKH, sIKa
3amoBHeHAa HEHBbIOTOHIBCHKOIO pinuHoI0

anosmae peororii 6i0MOriYHIX PIIKH, AKI MAKOTh
B’SI3KOIUIACTHYHI ~ BJIACTUBOCTI 1 A HHX
PEONIOriYHUIN 3aKOH Ma€ BUIILIA T, =2u(l,, )V, , 1€
l,, - IOpyruil IiHBapiaHT TEH30pa IIBHIKOCTEH
nedopmariiif, abo y OJHOBUMIPHOMY BHIIAJKy
T=n(})¢, npuuomy p(y) - cnagHa ¢yHkuis. B psai
eKCIeprMeHTiB  Oyno TOKa3aHO, IO B'SI3KICTh
[IUTOIIIA3MH IACHO 3MEHIIYETHCS 31 30UTBIIIEHHIM
mepenagy THUCKIB acmipamii KIITHHH TINeTKO
(Puc.16) abo cepenHpOi IIBHIKOCTI 3CYBY 3a
CTENEHEBUM 3aKOHOM T = o(7,,) *¥ , me p, = const,
Y. - 3CyBHa Jedopmarlis, ocepeJHeHa 10 MOBEPXHi
KJIITHHHA. 3HaYeHHS k OL[IHIOBAJINCS 3
€KCIEePUMEHTIB JIJIsl Pi3HUX THITIB KIIITHH [1].

3.2.4. Mogeap Kpamii Bﬂslconpymml pmmm
Oyna 3amporoHOBaHa SK Ha OCHOBI PEOJIOTIYHOTrO
3akoHy DoiixTa

« = gy +HEy 2)
TaxK i PEoJIOriyHOro 3aKoHy Makceena

i +Ety = Epg,, ©)
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ne E- moayns IOHra mnpyxHOi KOMIIOHEHTH
LUTOIIa3MHU KITITUH (MiKpOBOJIOKOH i
MIKpOTpyOOK).

Peonoria (2) xapakTepu3yeTbesl penakcalieto
nedopmailiii B 130TOHIYHHUX EKCIIEPUMEHTaX 1
MUTTEBUM TMOABIICHHSAM MEXaHIYHUX HampyKeHb
K IPU NOCTIMHUX (& =const ), TaK 1 Ipu JIHIMHUX
(¢ =const ) nedopmarisx. Moxens (3), HaBmaku,
MPOSIBIISIE PEaKcallil0o MEXaHIYHUX HAIMPYKEHb B
130METPUYHUX EKCIIEpUMEHTaX 1 HEeoOMeXeHi
miHiliHI  gedopmanii  €~t TIpu  MOCTIHHOMY
HaBaHTaXeHHi (t=const ).

OOujgsa  BapiaHTa  TIOBEAIHKM  HE €
NPUPOJAHUMH, TOMY BEIEThCS TMOIIYK OLIBII
CKJIaJJHUX PEOJIOTTYHUX MOJeNei, HaIlpHKIa,
Mojenel B’si3konpyxHUX Tin KenbBina-dolixra i
3inepa [1,2], BiamoBigHo

(4)
®)

- Le MPYXHOCTI MeMOpaHu i

uty +E.ty = E Ecgy T 1(E,, + E )&y

l’l:tik + (Em + Ec)Tik = EmEcgik +MEcéik )

ne E, 1 E,
MIKPOCTPYKTYPH ITUTOILIA3MH.

Takox a1 OOpOOKH JaHMX EKCIIEPUMEHTIB
BUKOPHCTOBYIOTHCS MOJIEITi KIIITHHA SIK
BS3KOIIPYKHOI Kparuni y BUDJBIAL  TTOETHAHHS

B’SI3KOr'0 ejieMeHTa 3 TUioM PoiixTa IOCIIJ0BHO,

abo 3 Timom Makceena mnapanensHO [1,4],
BIIIIOBITHO
(B 1) Ty + Bty = Bl €y + M Ei (6)
“m;cik + EcTik = Ec (um + Hc)éik +Mm“céik 1 (7)

Ie u,, 1 p, BIANOBINAIOTH B S3KOCTAM MeMOpaHU 1
MIKPOCTPYKTYPH ITUTOITJIA3MH.

[Tapu piBasEE (4)-(5) 1 (6)-(7) MaroTh CXOXIi
penmakcamiitai  3amexxHocTi  t(t) 1 () A
i3omMerpuaHUX  (g=g*=const),  130TOHIYHHX
(o=oc*=const) i nmuHamivHUX (G =0c,exp(iot))
eKCIIEPUMEHTIB, € ©, - aMIUIITYAa HalpyXeHb,

“’m’ “’C
BXOAATh JO HHUX TMO-pi3HOMY. TakuM 4YHHOM,
imentudikamis momenedt (4)-(7) Ha OCHOBI THX
CaMHX EKCIIePHUMEHTAIbHUX KPHBHUX JACTh Pi3HI
Habopu 3HadeHb mapaMerpiB Mojenei. Came
TOMY TATaHHS MPO HAWOUIBII TOYHY PEOJIOTIYHY
MOJIeNb KIIITUHHU SK PiAKOi Kparui B OOOJIOHII €
JI0 CHX Tip BiIKpUTHM [2].

ane peosoriuni mnapamerpu E_ , E_,

4. Pe3ynbTaTH i 00roBOpeHH

Ha OCHOBI MOPIBHSUIEHOTO aHaizy
KOHTUHYAJIBHUX MOJieNield 0i0JOriyHUX KIITHH SIK
OpY)KHUX a00  B’SI3KONPY)XKHUX  MaTepiajis
3arporOHOBaHa MoOZEeNb KIIITUHU K
HEHBIOTOHIBCHKOI  pimuHM  (UHMTOILIA3Ma) B
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Oaratomaposiii obomnonui (Puc.2). Bei matepianu
MOJICITIOIOTBCSL SIK TPHUKOMITOHEHTHI B’SI3KOMPYXKHI
CepeloBHIla, a caMe: peosioriyHa Mozenb (6) mis
IIUTOILIA3MU 3 OpraHeIaMK BCepeirHi 1 Monenb (5)
JUIA KOYKHOI'O 3 IIapiB MOJIEII.

Puc.2. Cxema OynoBu KIIITHHY 1 BiJIIOBIJIHI PEOJIOTiYHI
MOJIEITi CKJIAJIOBUX: IIUTOIIAa3Ma (C), IIUTOCKEIIET (S),
MeMOpana (m), riiikokaiike (g) i rizpatHa odomonka (h).

3arajibHa CHUCTEMa PIBHSHb Y  BHIIAJIKy
OJTHOBUMIpPHOT 3ajadi CTUCKAHHS KIITHHH MDK

wractuHamu (Puc. 1B) mae BUTIISIY
ujtj +(Elj + Ezj)’tj = Elez-s. +uE, €

17 iT2j7pe

(8)
©)

(M +16) T + Bt = Egueg: + e,

ne j={s,m,g,h}, 0 - BinmoBimae opranemam.
OmneparopHi meperBopeHHs piBHAHBL (8)-(9)
JO3BOJISIIOTH ~ OTPUMATH  3arajlbHE  PEoJIOTivHe
CIIIBBITHOIIICHHS 71 TIOBHUX Ace(opmartiii KiIiTHHI
e=g +g +e,+&+¢g 1 TOBHMX MEXaHIYHHX

HaIpPYXKEHb T =T, +T +7T, +T,+7T, y BUIJIAII

[1]

+

C

EERE ERe=|EEEEE® +=2E =
[N R i e =R

g—m

®C
(10)

15,550, 5 + 5,5, 50,5 + 55 50,8, |,
ne E,=E,[El+ud/dt], @ =[El+(u, +u,)d/dt],
®j:[(E1j+Ezj)l+pjd/dt], I —  oguHUYHUN
omeparop, E, =p.[p,d*/dt* +E,d/dt].

[lincTaHOBKa tT=1*B pEOJIOTIYHE PIBHAHHSI
(10) mae 3ak0H HaBaHTAXXEHHA-PO3BAHTAXEHHS £(t)

JUIS  130TOHIYHOTO EeKCIEpUMEHTY; ITiICTAHOBKa
g£=g¢* Qae criBBigHOIEHHA t(t) UIA i30TOHIYHOTO

eKCIIEpUMEHTY; a MiJCTaHOBKa T = t,exp(iot) zae

3aKOH  KOJWBaHb  KITHHH  (BiACTaHI MK
iactiHaMu Ha Puc.1B) e=g,exp(iot+¢), ae ¢ -
3cyB (a3 MK KOJIMBaHHAMH HAaINpYXeHb 1
nepopmariiif, SKuii  OOyMOBIIEHWH B’ SI3KHUMH
BJIACTUBOCTSAMH KOXKHOI 3 KOMIIOHEHT MOJeni
(Puc.2).

Ax Bugno 3 (10), piBHAHHA penakcamii
nedopmariii 1 HampyXeHb B 130TOHIYHOMY i
130METPUYHOMY  EKCIIEpUMEHTax  MpeICTaBIeHi

3BUYAHUMU TU(epeHliaIbBHUME PIBHSHHAMH 6-TO
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MnopAaKy 1 JIsT KOXXKHOIoO 3 eKCHepI/IMCHTiB
BIJIIOBITHUN PO3B’SI30K Mae BUTJISL

{S(t)’T(t)}=Z?=1Ci exp(Mt), me A, - pO3B’s3KH

XapaKTepUCTHYHOro piBHSHHA, C, - MOCTiHHI
iHTErpyBaHHS, M BU3HAYEHHA SKUX Tpeda
3aJaTH MOYaTKOBI YMOBH SIK JJIsl CAMOi BETMYHHH,
Tak 1 g i 1-5 moxigumx. Cmig 3a3HAYMTH, IO
SIKIIIO YMOBH JUTSl BEJIMYMHU 1 11 epIoi moxigHol
€ (idUyHO 3pO3YMITMMH, TO IHIOI yMOBH
yIAIOThCSl IITYYHUMH 1 HE MOXYTb OyTH 3ajaHi
OJTHO3HAYHO. Takum YUHOM, noTpioHe
JOCITIPKEHHS 9yTIUBOCTI Mozenedd Burismy (10)
JI0 Bapialliii He TUIbKK KOE]IIIEHTIB B PIBHAHHSIX,
aje W TPaHWYHUX YMOB JJISI CTApUIMX MOXITHHX.
Ocratouni Bupasu s po3e’szkiB (1) He
HABOJATHCS B CHITY TPOMI3/IKOCTI.

Ha Pwuc.3 naBemeHi pe3ynbTaTd poO3paxyHKIB
KpuBUX HaBaHTakeHHs Mozmeni (10) mocriifHOIO
cwioro  t=t* (te[0,t]) 3 HaCTYHUM
po3BaHTaxeHHsIM t=0 (t>t) IpH 3HAYEHHSX

rmapaMmerpiB, sKi  BIANOBIAAaIOTh  €IACTUYHHM
GionoriuanmM BonokHaM Tumny aktuny (E~10%°ITa)
i xomaremy (E~10"°Tla), a Takox B S3KHM
pimmHaM y craHi 30m0 (p~1-10cll3) 1 remo

(n~1-10 II3) [1,2]. 3ampomoHOBaHa MOZIEND

Cnucoxk BUKOPHUCTAHUX I7KEPEJI

2022, 2

. Fung Y.C. Biomechanics. Mechanical Properties
of Living Tissues. Berlin: Springer-Verlag,1981.

. Jen C.J., Jhiang S.-J., Chen H.-l. Cellular
responses to mechanical stress. // J. Appl.
Physiol. — 2000. — 89 (4). — P. 1657-1662.

. Kizilova N.N., Logvenkov S.A., Stein AA.
Mathematical modeling of transport-growth
processes in multiphase biological continua. //
Fluid Dynamics. — 2012. — Ne 47(1). — P. 1-9.

. Kizsimosa H.M., Comos’iioBa O.M. Amnamui3
TMICKPETHBIX PEOJIOTIYHUX MOJeNel 0i0aKTHBHIX
M’SIKUX 1 pigkux marepianiB. // Bicauk XHY im.
B.H. Kapaszina, cep. «MartemaTndHe
MOJICFOBAHHSI. [adopmariiini TEXHOJIOT1.
ABTOMAaTH30BaHI CUCTeMHU yrpaBimiHHD». — 2017.
- T1.35. — C.21-30.

. bapanens B. A., Kizimoa H. M. [luckperHe
MOJICITFOBAHHS arperaiii 1 OciaHHd MIKpo- i
HaHoYacTHIl B cycnensisx. // Bicauk XHY im.
B.H. KapasziHa, cep. «MarematuuHe
MOJEJIFOBAHHS. [adopmarriiini TEXHOJIOI.
ABTOMATH30BaHi cucTeMH ynpaBiiHHs». — 2018.
—1.40. - C.4-14.

41

Bulletin of Taras Shevchenko
National University of Kyiv
Series: Physics & Mathematics

Kpalie BiJINOBilae TaHUM BuMipioBaHb [1,2] Hix
nanuM [4,5] (touku Ha Puc.3)

=]

1

| |

o

i t;=40c ‘\ t,=60c

tu

Puc.3. 3anexHnocti g(t) ans moneni (10) B i30TOHIYHOMY

EKCIIEPUMEHTI JUIsl ISSIKMX HAaOOpiB mapamerpiB (aeraii
HaBeJICH] B TEKCT1).

5. BucHOBKH
Hasenenuii ornsg MaTeMaTHYHUX Mojeied
JIO3BOJISIE TIOPIBHIOBATH BJIACTHBOCTI 1X pO3B’A3KIB 3

JTAHUMHA eKCTIEpUMEHTATbHUX BHUMIpIOBaHb.
3ampormoHOBaHAa ~HOBa  MaTeMaTH4Ha  MOJENb
KITHHA ~ SK  OaratomapoBoi B S3KOMPYXHOL

00OJIOHKH JI03BOJISIE OI[IHUTH BKJIAJI KOXKHOTO IIapy
i TouHime BimoOpasuTu OaraTodazoBy TUHAMIKY
penakcaiiii  HampyxkeHb 1 nedopmarii, ska
BJIACTHBA Oi0JIOTTYHUM KITITHHAM.
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Poseaanymo sacmocysanma Memody epaHUNHUT THMEZPANOHUT PIBHAHD NPU J0CAIOHCEHHT HANPY-
2HCEHO020 CMAHY NAOCKUL 8 AZKONPYNHCHUT MiA 13 8KMOUeHHAMU. Memod basyemoves na uKopucmarhi
KOMNAEKCHUL NOMEHUIAAIB Ma anapamy Y3a2arvHeHuxr Gynryit. Ompumaro aHaAimuHul po3s’asok
3a004% 0AA HATIENAOWUHY 13 J0BIADHUMUY 30 HOPMOI0 SKANUEHHAMUY. A8 YUCCABH020 AOCAIONCEHMA
BMIHU HANPYHCEHO20 CIMAHY 3AAEHCHO 610 4aACY MG 260MEMPIT 8KA0UEHD OYA0 PO3POOAEHO ucKkpemHull
AHAN02 CUCTNEMU 2DAHUNHO-YACOBUT THMELPAADHUTL PIBHAND.

Kn104061 cr06a: 8°A3K0NPYAHCHICMS, NAOCKE 6 ASKONPYHCHE MIAO, KOMNACKCHT TOMEHULAAU, MEMOJ
2PAHUNHUT THMEDAALHUL PIBHAND, 8 AZKONPYNCHE TAPAKMEPUCTIUKY 00AGCMET, DE30OALEBEHMMNT ONEPa-
mopu.

The application of the method of boundary integral equations is considered for studying the stress
state of flat viscoelastic bodies with inclusions. The method is based on the use of complex potentials and
the apparatus of generalized functions. An analytical solution of the problem is obtained for a half-plane
with inclusions of arbitrary shape. For a numerical study of the change in the stress state depending
on the time and geometry of the inclusions, a discrete analogue of the system of boundary-time integral

equations has been developed.

Key Words: viscoelasticity, flat viscoelastic body, complex potentials, method of boundary integral
equations, viscoelastic characteristics of regions, resolvent operators.

Communicated by Prof. Moklyachuk M.P.

The method of boundary integral equations
is one of the most popular methods for solving
various problems in the theory of elasticity and
viscoelasticity. Using this method, one can quite
simply and accurately take into account infinitely
distant boundaries, reduce the dimension of the
problem by one, and also reveal the interactions
of contacting areas in a natural way.

Let us consider a viscoelastic half-plane
occupying a region D and containing a finite
number of inclusions D, of arbitrary shape (p =
1, n, where n is the number of inclusions). The
outer contour goes to infinity, and the inclusions
are bounded by piecewise-smooth contours. The
half-plane is subjected to distributed tangential
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and normal loads [8].

To determine the stress state of the gi-
ven region, we use the statement of the second
main problem of the theory of elasticity for
inhomogeneous bodies in movements [3], as well
as the approach proposed for studying the stress
state of a plane viscoelastic piecewise-isotropic
body [8].

Let us assume that there are no mass forces,
and also that the unknown densities of potenti-
als are the stresses on the contours of inclusions.
Then, based on the properties of the generali-
zed functions, and due to Maxwell’s theorem, the
expressions for the components of the vector of
movements can be written as:
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up(t) = / g€ 1) UL (2, £,1) dr(€) —

E, By
Ep

/F o) (€,8) ny(€) Ui, €,8) d(€),
' (1)

where Ey and Ep are viscoelastic operators of
homogeneous regions belonging to the class of
resolvent operators [5, 6];

Uj (,6,t) = Uf (z,&,) + Ui (x,&,1),

Ui (x,&,t) is the fundamental solution for
problems of two-dimensional flat-strain state of
a viscoelastic infinite body, and U,i (z,€,t) is an
additional term, which provides that the conditi-
on g (z,&,t) = 0 is satisfied Vo € I' and V¢ € D;
gi(&,t) — given densities along the contour T'y;
Ug) ) (&,t)nj(§) — unknown densities of potentials
along the contours I',.

Using the Cauchy relations, Hooke’s law, and
formulas (1), the stress tensor components can be
expressed in the following form:

oij(@,t) = (1 + EqE_EO S(Dq)) X

0
X </F gk(g,t) Uikj(x¢§7t) dﬂ)’(f) -

E,~E
_ prO /F p o (1) m(€) UL (x,€.1) dw(&)) :

(2)
where E, is viscoelastic operator of homogeneous
region belonging to the class of resolvent
operators; S (Dq) is the characteristic function of
the region D, and Ui];- (z,&,t) are stresses arising in
a viscoelastic homogeneous body occupying region
D under the action of unit concentrated forces at
the point £ € D.

To determine the unknown densities, multiply
both sides of (2) by n;(z) and obtain the system
of boundary-time integral equations:
= 772E‘L X

Eq + EO

x ( /F g1 (€,1) U (.€. 1)y () dy (€) —
_E By

Ly

ol (z,t)nj(x)
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x / o3 (€.6) m(&) Ufi(w. &, 1) nj (@) dws)) E)
p

In order to apply the integral representati-
ons (1) and (2) for the semi-infinite region,
it is necessary to set additional conditions for
the functions used. These conditions concern the
behavior of functions at infinity and are defined as
regularity conditions [1]. In this case, the functi-
ons ug(z,t) and o;(x,t) behave at infinity as
fundamental solutions:

o(lnp+1),
o(1),

oij(x,t) ~ Ui’;(x,ﬁ,t) = o(pfl).

Note that the expressions for fundamental
movements and corresponding stresses for the case
of an elastic half-plane are given in [1].

i =k,

uk(:E,t) ~ U]f;(%é»ﬂ = { ik

Based on this, we write integral representati-
ons for the components of the movement vector
and the stress tensor:

+oo +00 )
i, t) = / [ X Ui ety deades -

- EE:EO /D XD U6, 4S6) +

B gi(flyt) U]i(]?,f,t) dél -

E,—F »

e / o 06 UL & 0 ()
(4)

+

—
+

E,— FE
o,-j(a:,t) = <1+qE‘0
p

S(Dq)) X

+oo +o00
) (/ X(&,1) Uk (z, €, 1) déa déy —
A

BB [ el e nase +
p Dp
+oo
+ / gk(&lat) UZE—((L‘,f,t) dé§y —

p P
(5)

In the absence of mass forces, the expressi-
ons for movements (4) and stresses (5) take the
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following form:

up(w,t) = /J:O

BB [0 a6 Uit ) (6.

EP Iy

gi(&h t) Ul:;(‘/lj) 57 t) dfl -

gk(&1, 1) Ufi (2, &, 1) déy —

_E,—Fo
EP P
(7)
Using relations (3), we write down the equati-
ons that allow us to determine the stresses on the
contours of the inclusions:

((1) _ 2Eq
] (':U t)nj(x) - Eq—i-EO X
+oo
x [/ gu(60, ) UL (2,€.1) dey

E,-E
_% / o) (&, 1) my(€) Ufj(x,f,t)dv(s)]-

(8)

For the numerical solution of the system (8),
the contours of the inclusions were discretized by
linear elements, which are characterized by the
coordinates of their midpoints.

‘nj(x), zely.

In accordance with [2, 8], unknown densiti-
es of potentials for n-th boundary element of the
p-th inclusion were approximated using the functi-
on f (aznp ), , ) For inclusions bounded by contours
that do not contain angular points, the densi-
ty of potential along each boundary element was

assumed to be constant.
Moreover, as it turned out, the function

f (xq(lp ),f,t), which approximates the stresses on
each boundary element, is equal to 1 and does not

depend on time ¢ if the nodal point x(p) belongs to
an ordinary boundary element, and f (IL‘np ),f t) =

s1(t)—1
(g) ' if the nodal point x,(@)
angular boundary element, where d is the length
of this element, a; (i = 1, 2) are the coordinates
1
a;) (& — ai)]>.

The unknown densities of potentials for n-th

belongs to an

of the angular point, r = [(§ —
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boundary element of the p-th inclusion can be
represented as follows:

o (&) m(€) =
= Ay (l,glp)’ t) f<x7(zp)’ &, t) ny (:L'glp)>’ (9)

where Ay <x£1p ), t) are unknown constants;
(p)

ny (xn — components of the outward normal

vector to the contour of the inclusion at the point
(p)
Ty .

(»)

Unknown constants Ayg; (:vn ,t) are determi-

ned from a system of linear algebraic equations
for a given t = tg:

) <<q>>

y /g fT(j 720 ,1,) UL (29,61, dv(f)) x

X nj (l'ng)>:| , (10)
(p)

where 1z,  are coordinates of the n-th nodal
point of the p-th inclusion; M, is the number
of boundary elements on the p-th inclusion;

§n {1 — coordinates of the n-th boundary
element of the p-th inclusion; &, &, — coordi-
nates of the m-th discrete element belonging to
contour I'; & is the middle of this element (m =

1, M).

Integrals over segments [5 , T(nzrl] should be
understood in the sense of Cauchy principal value

[4]

Discrete analogs for the stress tensor
components have the form
E,—F
O'Z'j(l’,ts) = (1 + qfo S(Dq)> X
Ey
M §;n
X (Z gk(&:rnt) /51 Uzk]:(l‘7€’t8)d7(€) -
m=0 m
N — — M,
E — FEy
Z ZAM( <p>t) ( (p))x
p=1 p m=1
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(p)

m

(p)
<[ (et Ub 1) dv(€)>, reD.
£

Thus, the constructed mathematical model
with its subsequent numerical implementation
makes it possible to determine the stress state of
a viscoelastic half-plane with arbitrary inclusions,
taking into account the rheological parameters of
materials at any given time.
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IosrineHHs AKOCTI ONTOAKYCTHYHOI
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Improving the quality of optoacoustic
imaging: a comparison of physical and
numerical experiment
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Onmoakycmuuna 6i3yanizayis 3aCHO8AHA HA 2eHePaYii MEPMONPYIHCHUX X8ULb WIIAXOM HA2PI8AHHS 00 €K~
ma 8 onmuyHO HeOOHOPIOHOMY cepedosuwi KOpOmKUM nazepHum imnyrocom. CeeHeposati Yibmpa38yKo6i
X6uti Micmsambo IHpOpMayiio npo po3nooil CMPYKmMyp 3 NEPesadCHUM ONMUYHUM NOSTUHAHHAM. Busenenni na
nosepxui 06’ €kma aKyCmuyHi 30ypenHs ma 3aCmoCcy8anHs d120PUMMIE peKOHCMPYKYIL 003601410Mb 8i0ME0-
PUmMU KapmuHy no2auHenoi enepeii 6cepeduni cepedosuya. 36Udatini Memoou peKkoHCmpyKyii npuzeo0sams 00
apmeghaxmis uepes ocobaugocmi aneopummy 6i0HoseHHs. Lle docniodcenns nponouye imepayitiny npoye-
Oypy 07151 3MEHUIEHHSL YUX WKIOTUBUX CHOMBOPEHb. Aneopumm MIHIMIZ3YE NOXUOKY MIdC GUMIDAHUMU CUSHA-
JAMU A CUSHALAMU, PO3DAXOBAHUMU 3 BIOHOBIEHO20 300padiceHHs. Y pobomi nopieHioiomsbcsa pe3yibmamu
00pOOKU ONMOAKYCIMUYHUX CUSHATILG, PEAI308AHUX Y YUCETbHUX eKCHEPUMEHMAX, 3 Pe3yIbmamamu (isuuHux
excnepumenmis. Tloxazano, wo AKicmb GIOHOGIEHUX 300pPaAdNCeHb NOKPAUYEMbC HAGIMb NPU HEBeAUKIl
Kinbkocmi imepayitl.

Kniouosi croea: 06pobra 306pasicens, onmoaxycmuka, uucenbhe mooenosanns, k-Wave toolbox.

Optoacoustic imaging is based on the generation of thermoelastic waves by heating an object in an optical-
ly inhomogeneous medium with a short laser pulse. The generated ultrasonic waves contain information about
the distribution of structures with predominant optical absorption. Detection of acoustic perturbations on the
surface of the object and the application of the backprojection algorithm are used to create a picture of the ab-
sorbed energy inside the environment. Conventional reconstruction methods lead to artifacts due to the pe-
culiarities of the recovery algorithm. This study proposes an iterative procedure to reduce these artifacts. The
algorithm minimizes the error between the measured signals and the signals calculated from the recovered
image. The paper compares the results of processing optoacoustic signals implemented in numerical experi-
ments with the results of physical experiments. It is shown that the quality of the recovered images improves
even with a small number of iterations.

Keywords: image processing, optoacoustics, numerical simulation, k-Wave toolbox.

Beryn

OcTaHHIM YacoM Y HayKOBHUX JIOCTIDKEHHSX Ta B
KIIHIYHIA MPaKTHUIl IIUPOKO 33aCTOCOBYIOTHCS TakKi
METO/IM HEIHBA3MBHOI HEYIIKO/PKYIOUOT TIarHOCTHKH,
SIK MArHITHO-PE30HAHCHA T4 KOMIT F0T€pHA TOMOrpa-
¢is. BenmdesHe 3HaYEHHS WX METOJIB BiJMIYEHO
CBITOBOIO HAYKOBOIO CITLIBHOTOK) MPHCY/DKCHHIM iX
aBropam HoOeniBcpkux mpemiit 3 ¢izionorii Ta me-
muiad. Ha kanlb, BUKOPUCTaHHSA B IMX MiAX0Jax
MOTEHI[IHHO HEOE3NMeYHUX Ui 3I0pOB’S JIFOIUHU
JKOPCTKMX MAarHITHHX TOJIB Ta BUIPOMIHIOBAHb Ha-
KJIaJa€e cepilo3Hi 0OOMEXKeHHs Ha TXHE 3aCTOCYBaHHS.
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3HaYyHMM IIOTEHIIATIO0M, 3 TOYKH 30pYy €KOJIOTiYHOCTi
Ta OTPUMaHHS HAJIITHOI MIarHOCTHYHO 3HAYYIIOI iH-
(opmanii, MarOTh ONTHYHA KOIEPEHTHA Ta ONTHYHA
mudysiitaa tomorpadis. IIpore, yepe3 cuibHe mMO-
TJIMHAHHS Ta PO3CiFOBaHHSI CBITJIOBUX XBHIIb Y 010I10-
rYHUX TKaHMHAX CYTO OINTHYHI METOIM e(QEeKTUBHO
BI3yaJli3yl0Th CTPYKTYPHU JIMILIE y NPUIOBEPXHEBUX
obnactax. Y 3B’A3Ky 3 O3HaUCHUM OJHMM i3 Halmep-
CHEKTUBHIIINX 1 HaWOe3MeYHIIIMX HamnpsMKiB Me-
JUYHOI 1IarHOCTHKH BBa)KA€THCS MiAXi/, 3aCHOBAHUI
Ha onroakycTudHoMy (OA) edexri.
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OnroakycTH4Ha Bi3yasi3allis 3aCHOBaHa Ha e(ek-
Ti TEPMONPY>KHOCTI, KOMU TPHU MOTJIMHAHHI ONTHY-
HOI'O BHIIPOMIHIOBaHHSI HEOAHOPIAHOCTSAMH Cepeo-
BHUIIA BiIOYBA€THCS MEPETBOPEHHS ONTHUYHOI €Heprii
y TerioBy. [Ipu momipHii OIiIbHOCTI eHeprii, 1m0 BU-
JUISiEThCsl B 00NacTi MOTJIMHAHHS, HE BiOYBa€ThCs
(ha30BUX MEPETBOPEHBb 1 HACIIJKOM TEIIOBOIO OIl-
TUYHOTO TOTJIMHAHHS € TeHepalisl 3ByKOBUX XBHUJIb.
3aBAsSKM TOEJHAHHIO TEpeBar YJIbTPa3BYKOBUX Ta
ONTUYHMX METOJMIB OIOMEIUYHA ONTOAKYCTUYHA Bi-
3yaJizailisi JI03BOJISIE OTPUMYBATH 300pakeHHS Oio-
TKaHHH 3 BUCOKMM KOHTPACTOM Ta CyOMIiTIMETPOBOIO
MPOCTOPOBOIO PO3/IUTLHOIO 3JATHICTIO HAa TIMOWHAX
BiJl KUIbKOX MUIIMETPIB J0 KUIbKOX CAHTHMETDIB.
[Ipu upoMy SIKiCTh 300pa’keHHsI 3HAYHOIO MIipOIO BHU-
3HAYa€ThCA alTOPUTMOM ONTOAKYCTHYHOI PEKOH-
cTpykiii. CHOTBOpEHHS Ta apTe(akTH Y PEKOHCTPY-
HoBaHOMY 300pa)keHHI MOXYTh BUHUKATH SIK 4Yepe3
crenndiky MeToay BiITHOBJIEHHS, TaK 1 BHACIIIOK
HEMHUHYYHX Y pEeTbHUX JOCIIKEHHSX MEPeIKo/l Ta
mymiB pizHoi mpupoau. 3azeuuaii OA-300paxeHHs
MICTSTh IHTCHCUBHMI HecTallioHapHuii GoH 3 apre-
(akTamu, CTPYKTYpHO TMOAIOHNMH CHTHAJaM, BiJJHO-
IIICHHS CUrHa/(POH SK MpaBUJIO HEBEIUKE, a IU(po-
BE 300pakK€HHS Ma€ HEBUCOKY SKICTh, HEBEIHKY
KUTBKICTh PIBHIB KBAHTYBaHHS, INIIMUACTHN XapaKTep
1 HewiTkl rpanuii. ToMy 3aBIaHHS yCYHEHHS CIIOT-
BOpEHB Ta apTedakTiB IpHU MOOYIOBI ONMTOAKYCTHY-
HHUX 300pakeHb Ha3BUYalHO aKkTyaybHe [1].

Mera 1i€i pobOTH MOJSTae y CIIBCTAaBICHHI pe-
3yNbTATIB YHCIOBUX EKCIIEPUMEHTIB 1O YCYHEHHIO
CIIOTBOPEHH Ta apTedakTiB IPH BiAHOBIECHHI OITO-
aKyCTUYHHX 300pakeHb, OMMCaHNX y poboTax [2,3], 3
pesynbTaTamu OA-peKoHCTpyIIii, TpoBeneHoi y Mo-
nensHOMY (hi3ngHOMY ekcriepuMenTi. CIo9aTKy Ko-
POTKO ONHUCYIOTHCSA PO3POOIIEHI aITOPUTMHU IIIyMO-
MONIABIICHHS Ta Kopekiii BigHOBIeHnx OA-300pa-
JKEHb, & TAKOXK (POPMYITIOIOTHCS TpsiMa Ta oOepHEeHa
3amadi onToakycTWkH. Jlanmi JeTanpbHO OIMHMCYEThCS
MOJIENbHAN (DI3MYHUIA EKCTIEPUMEHT, PE3yNIbTaTH 3a-
CTOCYBaHHS PO3POOJIEHUX AalTOPUTMIB 10 OOpOOKH
CKCIIEPUMEHTAIIBHUX JIaHUX Ta 1X CIIBCTABICHHS 3
pe3yabTaTaMy YUCIIOBUX eKCIiepuMeHTIB. Y BucHOB-
Kax HABE/ICHO BHCHOBKH Ta MEPCIEKTUBU po3polie-
HOT'O aJITOPUTMY.

1. llpuaymeHHs urymis

Binomo, mo gacrorHa cmyra OA-curHairy 3ane-
KUTH SIK BiJl TPUBAJIOCTI 30HIYFOUOTO CBITJIOBOTO iM-
MyJIBCY, TaK 1 Bii po3Mipy mimboBoro o0’exry [4]. e
MPHU3BOAUTE IO TOTO, IO CIEKTPalIbHUN Hiama3oH
OA-curnaniB Moxxe OyTH JOCHTH LIMPOKUM (KiTbKa
necsatkiB MI'nm). Kpim toro, OA-curnanu ayxe 4dyT-
7Bl 10 (POHOBHX LIYMiB: TypOyJEHTHICTH MOBITPA,
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HU3BKOYACTOTHI KOJIMBAHHS TPHUMIIEHHS, CTYITiH-
YacTHI JBUTYH Jla3zepa, HecTaOLIbHICTh mapaMerpiB
JIa3epHOTrO BUITPOMIHIOBAHHS, TOYHICTH FOCTYBaHHS
TowIo. Y KiHIIEBOMY MiJICYMKY TepenivueHi (akropu
MPU3BOJIATH J0 3HUKCHHS SK PO3AUILHOI 31aTHOCTI,
TaK 1 CHIBBIHOIICHHS CUTHAJ/IIYM Y PEKOHCTPYHO-
BaHOMY 300paxkeHHi. TOMY LIJIKOM IPHUPOIHO, IO
npoleaypa IIyMOIIOIaBJIeHHS 3HAXOIUTHCS Ha caMo-
My Mo4aTKy o0poOKH 3apeecTpoBaHUX OA-CHTHAIIB.
SKicTh BOTO KPOKY OOpPOOKH iCTOTHO BIUIMBAE Ha
pe3ybTaTH HACTYIHUX €TaliB, a HOro HeajaeKBar-
HICTh MOXK€ MPHU3BECTH /O CEPHO3HUX CIIOTBOPEHb
300paKE€HHS. 1 HaBiTh BTPaTH KOPHUCHHUX JeTanel
TbOBUX 00’€kTiB. HaBnaku, HajiiiHe HIymMo3ariy-
IICHHS MOYKE 3aro0irTé 3aBuICHHIO (OHY 300pa-
JKEHHsI 1 JloroMarae BHIUTUTH cliaOki, aje CyTTEBi
0COOJIMBOCTI, OJIHOYACHO 3aroliraloyd yTBOPEHHIO
XHUOHMX Oo3HaK [5]. BaxxnmBicTe mpOro eramy 3ymMoB-
JICHa TaKOXX Ti€l0 00CTaBMHOIO, 110 3a/ia4i ONTOAKYC-
TUYHOI ToMorpadii 3a3BHYail BUMararoTh BUKOPHC-
TaHHS TIOraHO 3yMOBIIGHHX orepaTopiB. Tomy Mak-
CHMAaJILHO OYHILIEH] Bij] MIOXUOOK ITOYaTKOBI JJaHI MO-
KYTh MaTd BHpIlIATbHE 3HAYEHHS JUIs SKICHOI pe-
KOHCTPYKIIIT TOCTIIPKYBaHUX 00’ €KTIB.

BaxniBo TakoX BiI3HAYNTH, 10 OUTBIIICTE ICHY-
FOYMX METOJIB 3HWXCHHS piBHA IIyMiB B OA-curHa-
JIaX 3aCHOBaHi Ha KBa3i-TPUBUMIPHOMY ITiTXO1, KOJIH
CHUTHAQJIM, 3apEECTPOBaHI Ha MOBEPXHI 3pa3ka, OUH-
AIOTHCS BiJl IITyMIB TIOCTIIOBHO — BiJl TIONIEPETHBEOTO
MOMEHTY 4acy 10 HacTymHoro. [ToTiM 3 Takux oum-
IIeHnX (parMeHTiB map 3a mapoM GOpMY€ETbCS TPH-
BUMipHE Bin(iTbTpOBaHEe 300pakeHHS IOCIHIHKyBa-
HOoro o0’exrta. ToOTo, Takmii miaxia mepemdadae me-
PETBOPEHHS TOCTiAOBHOCTI IBOBHMIPHUX IIPOCTO-
pPOBHUX 300pa’keHb Ha TPUBUMIPHE IMPOCTOPOBO-Ya-
coBe 300pakeHHs. Ha jkamb, Takwii MeTon pyiHye
TICHUH 3B’S130K MiX (pparMeHTaMHU Y YaCOBOMY IIPO-
cTopi. Y pe3yibTari 3aJIMIIKOBHNA IIyM i apTedakTu
Ha Bi(LIPTPOBAHMX IIapaX BiAPI3HAIOTHCS Bill Kaapy
70 KaJpy, BUKINKAIOYH HEMPUEMHUNA CYO’€KTHBHO i
IIKITTUBUHN TSI PEKOHCTPYKITiT epeKT «MepexXTIHHS.
Pesymprat pexkoHCTpyKIIil, 3aCHOBaHOI Ha TaKOMY
MiAXO0/i, TPAaKTHYHO MOXKYTh JaBaTH CIIOTBOPEHHU,
He3al0BUIbHUN pe3ynbsTar. KpiMm Toro, B OA-300pa-
JKEHHI ITpo0JieMa peKOHCTPYKIIil 3aBK I TPUBUMIpHA.
Ile 3 mOB’A3aHO 3 XapaKTEPOM ONTOAKYCTHYHOI'O
edeKTy, KoM IS 33/I0BITEHOT PEKOHCTPYKIIIT 00’ €K-
Ta MoTpibHa iH(OpMAaIIist 3 yChOTro 00CATY OB’ I3aHUX
MDK COOOI0 TPUBUMIPHUX JaHWX. Bce BuimeckasaHe
O3Hayae, 10 OUTBII JOMUTFHUM, OOTPYHTOBaHHUM 1
OPUPOAHUM MIOXOAOM € TPUBHMIpHA (inbTparis,
Ko 00’exToM (QinmbTpanii € opuriHagbHe 00’€MHE
3D-300paxeHHs, a HE MOCTIIOBHICTh IBOBUMIPHUX
KaJpiB.
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Hdyxe BaXJIMBHM MOMEHTOM IIpW MpHIYHICHHI
mymiB y OA-curnanax € Bubip ¢inbrpa. OcTanHil
BHU3HAYAETHCSA CTATHCTUYHUMU XapaKTEPUCTUKAMHU
00pOOJTIOBAHOTO CUTHANY, BUMOI'aMH JIO IIBUAKOIIT
anropuTMy (GuUIBTpallii Ta 3py4HOCTI HOro HajallTy-
BaHHS.

VY peanbHif MpaKTUIl BUIU Ta CKIaJ LIyMy, IO
CIIOTBOPIOE 300pakeHHs, ampiopi He Bigomi. Kpim
TOro, JyXe 4acTO OIepaTopy HEOOXiTHO MpoaHai-
3yBaTH MPOrPaMHUM TaKETOM BEIUKY KiTBKICTh 30-
Opakenb. O4EBUIHO, 1110 B [LOMY BUMAJIKY CIIEHAPIH
3MiHU HaJIAMITyBaHb (QUIBTPa 10 PI3HUX BHIIB HIyMY
Moxe OyTH JIOCUTH CKIIQJIHUM Ta 3aiiMaTh Oarato 4a-
cy Ta 3ycunb. OJlHE 3 MOXKIIMBUX pillieHb i€l Mpo-
OneMu — BHKOPHCTOBYBATH (ibTp, sSKUH 3abe3rie-
qyBaB OM Haiikpamnly NpOJyKTHBHICTB ISl OJJHOYAC-
HOT'O MPHUIYIICHHS UIyMiB pisHUX BUAIB. [Ipu mpomy
HAJNAMITYBaHHS Takoro (uibTpa Mae OyTH MakKCH-
MaJBHO TPOCTUM — Oa)KaHO KOPHCTYBATHCS JIUIIE
OJTHUM TIapaMETPOM.

Cepen METOJIB IPUYIICHHS IITyMiB, sSIKi MOTJIA O
3aJI0BOJIBHSITH I[IM YMOBAaM, CIIiI BUJUTUTH HACTYII-
Hi: yCepeTHEeHHsI CUTHAJY 0 BUOIpIIi 3pa3KiB, «KOB-
3ar04e ycepeaHeHHs» 1 4acToTHa (imprpamis. Ha
’Kajb, IIl METO/H, 3a/I0BOJIBHSAIOYN BUMOTaM IPOCTO-
TH, 3HAYHO MPOTPAIOTh OUTBII MPOABUHYTHUM IIiAXO-
JaM BHUJAJICHHS 3aBaj. Bucoky edexkTuBHiCTH Ie-
MOHCTPYIOTH (IIBTPH, 3aCHOBaHI Ha BEpBIICT-TIC-
PETBOPEHHI, KoMK curHai ((hYHKI[iS) PO3KIadaeThCs
M0 JIEIKOMY OPTOHOPMOBAHOTO 0a3nCy, OCHOBHUMH
BJIIACTHBOCTSIMHU SIKOTO € YaCTOTHO-YacoBa JIOKaJi3a-
i Ta MacmTaboBaHICTh. SKIIO MpH FOMY BAAIO
migibpaTte 6a30Bi GyHKIII BelBIeTiB, MeTOA (iIBT-
pamuii i mapamerpu (iabTpa, TO PE3YyNBTaTH 00POOKH
IUTA JeSIKUX BHIIB IIYMIB MOXYTh OyTH Ayxe edek-
TUBHUMM. Ha >xanb, HasBHICTh BEIMKOI KIJIBKOCTI
KOMOiHamid BXiMHUX TapaMerpiB (0COOIHMBO B TpHU-
BUMIpDHOMY BHWMAJIKy) HE A€ MOXIJIHMBOCTI oOIlepa-
TUBHO BiJaBaTH MepeBary Oyab-iKii 3 KOMOiHamin
MIPY HACTPOIOBaHHI TaKuX (PIIBTPIB y peaTbHUX yMO-
Bax. Kpim Toro, epekTuBHICTh TakKuX QiTbTPIB iCTOT-
HO 3aJIeXHUTH Bill ampiopHoi iHpopMarii K Tpo cam
00’€KT, TaK i PO IIyMH, IO CIIOTBOPIOIOTH 300pa-
XKEeHHS. Y OlOMEeNWYHHMX MOCTHKEHHSIX Ta YMOBaX
KJTIHIYHOI TPAKTHKH 11€ MOYKJIMBE JIUIIIE IPH POOOTi in
Vitro, Konu JociipkyBad Ma€e JOCHThb 4acy Ui Kpo-
MITKOT POLIEypH HAJIAIITYBAHHS.

VY 3B’A3Ky 3 MM, OJHUM i3 3aBJaHb HAIIOTO J0-
CIiJpKeHHsT Oyia po3poOKa MPOCTOro Ta IIBUAKOTO
tpuBumMipaoro (3D) igbTpa i epeKTHBHOTO
NpUIYLIEHHS HEBiIOMUX ampiopi IIyMiB pPi3HUX
BHJIIB, IO CITiBicHYOTh B OA-CUTHamaX.

s peanizanii nporo 3aBaaHHs Oyiu po3poOieHi
Ta MoauQikoBaHi TpUBUMIpHI ITepaTUBHUI BiAcika-
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tounii GinsTp (ITM) Ta MoaudikoBanuii MeaiaHHUHA
¢inetp (MMedian) [2]. Ha ocHoBi migxony OaraTo-
KpPHUTEpialbHOI ONTHMI3allii METOMIiB HEUITKOI JOT1KH
OyJio MoKa3aHo, MO Ui (QUIBTPU JO3BOISIOTH e]eK-
TUBHO TPUAYIIYBATH IIyM, OJHOYACHO 30epiraroyu
HE3MIHHUMH Kpai Ta Mopdornorito aeraneil 300pa-
skeHHst. JIns HamamryBaHHS mMX (UIBTPIB MOTPiOEH
JIMIE OMH IHTYITUBHO 3pO3YMITHII MapaMerp — po3-
Mip QinbTpyroyoro BikHa. Kpim Toro, Oyso nmokaszaHo,
mo ockinbku [TM-(inbTp BHUKOPHUCTOBYE JIHIIE
apu(METHYHI oreparllii, Horo MBUIKOIIS TePEBUIILYE
el TOKa3HUK y IHIUX QUIBTPIB.

2. BupanenHnsi cnoTBopeHns Ta apredakTin

BiHOBIIEHHST ONTOAKYCTUYHUX 300pakeHb 3a 3a-
PEECTPOBAHMMU Ha TOBEPXHI 00’€KTa YIBTPa3BYKO-
BHUMH CUTHaJIaMH, peani3yeTLC$[ 3aBsKH aJIrOpuTMaM
ONTOAKYyCTUYHOI pekoHcTpyKiii. [Ipu 1mpomy, crort-
BOpEHHS Ta apredakTd B PEKOHCTPYHOBAHOMY 30-
OpakeHHI MOXKYTh OyTH HACJIIIKOM HE JIMIIE HEMH-
HYYHX B peasIbHUX JOCII/DKEHHSX MEPenIko]] Ta mry-
MIB pi3HOT IPUPO/IH, aJie i yepe3 crenudiky Meroay
PEKOHCTPYKITii.

OnHuM 13 3aBIaHb HaIIoi poboTH Oyiia po3podKa
Ta JOCHIDKEHHS alTOpUTMY, NMPHU3HAUYEHOTO KOpEeK-
TyBaTH CIIOTBOPEHHS, II0 BUHWKAIOTh y PE3YNbTaTI
pobotu anroput™My BigHOBIEHHS OA-300pa’keHb.

Chopmymoemo mpsimy 3amauy OA-Tomorpadii:
BH3HAYMTH 110J1€ THCKY P(I,t) 32 BiZoMHM po3IToaiiom
teroBux mkepen H(r,t) (tyr r — mpocroposa koop-
JIUHATa TOUKH, a t —yac), 30y/HKeHNX KOPOTKOYaCHUM
CBITJIOBUM (JIa3epHHUM) IMITYITbcoM (pHc. 1).

B akycTruHO OHOPiITHOMY HECKIHUEHHOMY Cepe-
JIOBHIIII TIyKaHa IPOCTOPOBO-YACOBA 3aJISKHICTh
p(r,t) Bu3HaYaeTHCA piBHSAHHAM [6]:

2
v2_ 10 hrn=-Llha .
c? at? Cp ot

Jle C — MBUAKICTH 3BYKY, P — KoedillieHT i300apud-
HOTO PO3IMIMPEHHS, Cp — TEIUIOEMHICTh MPHU TOCTIil-
HOMY THCKY, LII0 IPUIaJa€ Ha ONUHULIIO Macu. SKIo
terutoBe kepeno H(r,t) mpencraButu y BUIIIIL 10-
OyTKy TIOTJIMHEHOi eHeprii Ta 4acoBOi (YHKIIIi ITi-
ciuyBanus H(r,t) = Q(r)-1(t), To y pasi koporkoro
immyaeey H(r,t) = Q(r)-d(t), ne 8(t) — menbra-pyHk-
uist Jipaxa.

3 iHmoro OOKy, NOYaTKOBMH aKyCTHYHHH THUCK,
10 BUHUKAE 332 PaxXyHOK IOTJIMHAHHA IMITyJIBCHOTO
BUIIPOMIHIOBAHHS ONTHUYHUMH HEOJHOPITHOCTSIMU B
MoOMeHT yacy t = 0, MO)XKHa NIPEACTaBUTH y BHUIJIAMI
po(r) =T-Q(r), ne I' — Ge3po3mipHHii KoedimieHT
['pronaiizena, mo xapaxkrepusye eheKTHBHICTh mepe-
TBOPEHHS Y 3BYK CBiTJa, 10 OyJ0 MOrJIMHYTO HEO.-
HOPIJHICTIO.

1)
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Y nbTpa3ByKOBBIC
CEHCOPBI

JlazepHblit
HMITYJIbC

VYipTpa3ByKoBbI€
BOJIHBI

Onruyeckas HCOAHOPOAHOCTH

Puc. 1. Cxema onToaKyCTUYHOTO 30HYBaHHS

B akycTHYHO OTHOPITHOMY HECKIHYEHHOMY cepe-
JIOBUIII TIyKaHa IPOCTOPOBO-YACOBA 3aJIXKHICTh
p(r,t) Bu3HauaeThes piBHAHHIM [5]:

2
v2_ 10 =L hr .
c? ot? Cp Ot

Je C — MIBUAKICTh 3BYKY, B — KoedilieHT i300apuy-
HOTO PO3MIMPEHHS, Cp — TEIJIOEMHICTh TIPH TOCTIi-
HOMY THCKY, III0 TIPUTIAJIA€ HA OJWHUINIO MacH. SIKIo
tertose mkepenao H(r,t) mpeacraBuTy y BUTIIAIL 10-
OyTKy IOIVIMHEHOI €Heprii Ta 4acoBOi (QYHKIII mia-
ceiuyBanus H(rt) = Q(r)-I(t), To y pasi koporkoro
immynecy H(r,t) = Q(r)-3(t), me 6(t) — meapra-pyHkK-
mis Hipaxa.

3 iHmoro OOKy, MOYAaTKOBUN aKyCTUYHHHA THCK,
0 BHHUKAE 332 PaXyHOK IMOTJIMHAHHS IMITYJIECHOTO
BHITPOMIHIOBAHHS ONTHYHUMH HEOTHOPITHOCTSIMH B
MoMeHT 4acy t = 0, MOXKHA TIPEACTABUTH y BUTIISAL
po(r) =T-Q(r), me T' — Ge3posmipuuii KoedimieHT
I'pronaiizena, mo xapakrepusye edektuBHiCTH OA-
MIEPETBOPEHHS y 3BYK CBiTJa, IO OYyJO MOTIHHYTO
HEOTHOPITHICTIO.

Y 1poMy BHIIAOKy, PO3B’S30K TPSIMOI 3amadi
3a7a€ThCs BUpa3oM [5]:

§t<po(r')8(t—|r—r'|/c»

rr|

M)

av’,

1
P =5
nct .

eV g 00’eM, B siskoMmy posnoziieHi OA-mxepena.
BigHOBIEHHST PO3MOINY MOYATKOBOTO aKyCTHY-

Horo THcKy Po(r,t=0) = po(r), 3a cUrHaIaMHU THCKY

ps(r,t), 3apeecTpoBaHNMH Ha TOBepXHi S 06’emy V "
CTQHOBHTB CyTh OOEPHEHOI 3a/1a4i ONTOAKYyCTHKH [6].

IcHye nmekinmpka MiAXOIB J0 BiIHOBIIEHHS PO3IIO-
Iy pKepen y cepenosuii: anroputM ®Dyp’e-pe-
KOHCTDPYKLii, aNropuT™M OOEpHEHHS y Yaci, MeToj
obepHeHux npoekiii [7,8].
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Meron o6epHEeHUX MPOEKIi, KUl BUKOPUCTOBY-
BaBCs y Halii poOoTi, € KacuuHuM criocooom OA-
pexoHCTpyKLii. BiH Moxke peanizoByBaTHCs abo B
POCTOPOBO-4acoBiid, abo B Dyp’e-obmacti s pis-
HUX KOH(Qirypamiii 1eTeKTyBaHHs B IUIOCKiH [9], 1u-
ninapuuHii [9] a6o B chepuuHiit reomerpii [10]. TIpu
BOMY PO3B’SI3KH OYIyTh CIPaBEIJIUBI JIHINE JUIS
3aMKHYTOI i7ieaIbHOI MOBEPXHi (MIpUiiMaveM € KOKHa
To4ka moBepxHi). KpiM Toro, 3a3Bu4ail BBaXKaeThcH,
10 IUTbOBHI 00’€KT PO3TAIIOBAHO B HECKIHUCHHO-
OJTHOPIZIHOMY CepeoBHIII 0e3 aucrepcii 3 MoCTii-
HUMH HIBHJIKICTIO 3BYKY, KOE(Il[iEHTAMH TIOTJIHAH-
HSl Ta TYCTHUHOIO.

OCKIiNTbKY y peasbHUX CUTYAIlisIX Il YMOBHU HE BH-
KOHYIOTBCSI, 1€ TIPU3BOJUTH JI0 CIOTBOPEHb 300pa-
JKeHb, 0 PEKOHCTPYIOt0Thes. Crienudika nux cror-
BOpEHb pi3Ha NIPU BUKOPHCTAHHI Pi3HUX METOJIB pe-
KOHCTPYKIIii, Pi3HOMY pO3TalllyBaHHI MPHUIMAaYiB Ta
pi3Hili TeoMeTpii 00’ €KTa, 110 PEKOHCTPYIOETHCS.

Jmst  koMIieHcarii CIIOTBOPEHb Ta IOJONAHHS
CHJIBHOI 3aJIOKHOCTI SKOCTI BIJIHOBJIEHOrO 300pa-
JKEHHsI B 3a3HaUeHUX (HaKToOpiB HAMHU OYII0 po3poo-
JIEHO METOJ| ITepaTUBHOI KOpeKIlii croTBopeHb OA-
300paxkens [3]. IIpu po3poOIli MeToaa MPHITYCKaIo-
Csl, IO 1HTEHCUBHICTH apTe(aKTiB MEHINA 3a iHTCH-
CHUBHICTh PEKOHCTPYHOBAHOTO CHTHANy, a OJHAKOBI
JpKepera MOPOKYIOTh OJHAKOBHH PO3MOIIT THCKY
moBepxHi 00’ekra. KpiM Toro, BBaXkajocs, mo I0-
TOHI1 JpKepela MOPOoIKYIOTh MOAIOHI apTedaKTH.

Ha mepmmomy kportri po3po0iaeHoi cxeMu KOPEKTY-
BaHHS TMPOBOIUTHCS PEKOHCTPYKINS 300paskeHHs
00’€KTy 3a JaHWMH, 3aPEECTPOBAHUMH HA MTOBEPXHI,
00paHHM KJIACHYHUM ITOPUTMOM (y HAIIOMYy BH-
MajKy — MeTOoJ] OOepHEHHUX MPOoeKIii). BimHosiene
TaKMM YMHOM 300pa)KeHHS MO)KHA BBaXKaTH HOBHM
JDKEpeIoM aKyCTHYHHMX XBWJIb. PO3B’s3yroum Terep
JUISL TIHOTO JDKEpena TpsMy 3agady ONTOAKYCTHKH
MOYKHAa OTPHMATH HOBI INTYYHI JlaHI Ha TOBEPXHi
00’ekTy. 3a TaHUMH, 3MOJIETbOBAHUMH B PE3yNbTaTi
PO3B’sI3aHHS TaKoi MPAMOi 3a/1a4i, MO>)KHA BiTHOBUTH
HOBE 300pakeHHsI (Ipyre BiTHOBJIEHE 300paXKeHHS).
BinMiHHICTE MiX OCTaHHIM (ySIBHHM) 300paskKeHHSM 1
HEpIIMM, BiJHOBICHHM 3 BUXITHUX EKCIIEPUMEHT-
TaJIbHUAX JaHHUX, € THM KOPHT'YIOUUM (aKTOPOM, SIKHIA
JI03BOJISIE BHECTH TIONPaBKY B TIEPBUHHE BiJHOBIICHE
300pakKeHHS, 3MEHIIUTH IHTEHCUBHICTh apTe(akTiB
Ta HAaOJNM3UTH PEKOHCTpyHOBaHE 300pa)KeHHS [0
opurinany. Lleli mpouec TpuBae 10 THX Iip, MOKH
3MOJIETIbOBAHE TI0JIE THCKY Ha MOBEPXHi 00 €KTa, OT-
pHMaHe B pe3ysbTaTi po3B’s3aHHS MPAMOI 33/1a4i, He
JOCSITHE MAaKCUMAJIBHOI CXOXKOCTI 3 TIOJIEM THUCKY Ha
MOBEpXHI 00’€KTa, OTPUMAHUM B Pe3yJbTaTi eKcIie-
PUMEHTY.
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a)

Puc.2. PesynbraT hinpTpallii eKCriepIMEHTAIBHUX JAHUX (3MILICHHS TOBEPXHi) B OUH i3 MOMEHTIB 4acy:

b)

a) BUXiaHi qaHi; b) pesymprar ¢inprparii.

Takum 4YMHOM, y 3alPOMOHOBAHOMY METOJI TO-
JIMIIEHHS SIKOCT1 PEKOHCTPYHOBAHOTO 300paskeHHs
JOCATAETHCA HUIAXOM YpaXyBaHHS ITIOMUWJIOK IIEPBUH-
HOI PEKOHCTPYKIIIT 3 MOJANBIIAM TOPIBHSHHIM pe-
3yJBTATIB PO3B’SI3aHHS MPSAMOI 33J1a4i ONTOAKYCTUKU
JUTSI BITKOPUTOBAHOTO 300paK€HHS 3 EKCIIEPUMEH-
TaJTbHUMH JaHUMHU.

Po3pobnenuii iTepaTUBHUN METOM PEKOHCTPYKITIT
OyB 3acTOCOBaHMH SIK 70 (AHTOMHHX YHCIOBUX
00’€KTIiB, TaK 1 A0 MAHWUX, OTPUMAHUX EKCIIEPUMEH-
TaJabHO. Pe3ynpTaTH YMCIOBOI0 MOAETIOBAHHS IIpe-
craBlieHi y po6oti [3]. [Ipomenaypa Oyna peanizoBaHa
B IiporpamMHoMy nakeri K-wave MatLab i mpo qemoH-
CTpyBaJla CYTTEBE ITOKPAIIEHHS SIKOCTI PEKOHCTPY-
HOBAHOTO 300pakeHHS MTOPIBHIHO 13 300paKEHHAMU,
BiTHOBJICHUMH TPaAWIIIHHAM METOJOM HAaBITh ITiCIISA
HEBEITMKOI KUTBKOCTI iTepartii

TectyBaHHS 3aIIPOITOHOBAHOTO ITEPATUBHOTO alI-
TOPUTMY Ha MOAETHHOMY (i3UYHOMY €KCIIEpPHMEHTI
OIMCAHO B HACTYITHOMY PO3JILTi.

3. [lopiBHSIHHS pPe3yJbTATIB YHCJI0BOIO Ta
(izuuHOro MomeIIOBaHHS

Jia TIopiBHAHHA pe3yibTaTiB YMCIOBOrO Ta (i-
3WYHOTO MOJICTIOBAaHHS BHKOPHCTOBYBABCS MPO30-
puit crrikoHoBHI KyOuk po3mipom 10 x10mMmx10 mm
(Wacker Silicones RT604 A/B) i3 rycruHoO
po = 790 xo/m* Ta mMBHAKICTIO 3BYKY Co = 960 m/c. V
SIKOCTI ONTHYHOTO IOTJINHAYa BUCTYIIAJa BMIIlIeHa Y
KyOWK dYOpHa CHIIIKOHOBa KyJs JiamMerpoM 1 mwm,
po3ramoBaHa Ha TIMOMHI 1 MM 3 KoedimieHTOM om-
truroro nornmHauas 0.296 mt i KOeII[iEHTOM Te-
moBoro posmupenHs 3x10* K. Taxi 3nauenns ¢i-
3UYHMX XapaKTEPUCTHK NPHUOIM3HO BiANOBINAIOTH
M’SIKMM O10JIOTTYHUM TKaHWHAM.

Peecrparntisi 30ypeHb Ha MOBEepXHI 3pa3ka 3.ii-
CHIOBanacs OE3KOHTAKTHHM CITOCOOOM, SIKMH Mae
[Ty HU3KY TIepeBar rnepe iCHyloUMMHU KOHTAKTHUMHU
Mmerogamu [12]. Meron O0yB po3pobiienuit Medizini-
sches Laserzentrum Libeck GmbH, Institute of Bio-
medical Optics, Universitdt zu Liibeck, Germany ta
3aCHOBaHHMI Ha BUKOpHCTaHHI iHTepdepomeTpa Ma-
xa-Ileanepa. Y kimacuaHoMy iHTepdepomerpi Maxa-
Ilenmepa HamiBIpoO30ope I3epKaio (CBITIOMIIBLHUK)
Ha BXOZl PO3IICIUIIOE BXITHUU JTa3epHUHN CBITIOBUH
MTyYOK Ha J[Ba KOJNIMIHOBaHI ITyYKH — OIOPHUM 1 BH-
MiproBanbHHAN. LI Ty4KM 3BOAATHCS Pa3oM IPYTHM
HaITIBIIPO30pUM A3EPKaJOM TICIIA BimoOpakeHHs
JIBOX HETIPO30PHX JI3epKall, a Pe3ybTaT HAKIAdaHHS
BHMIPIOBAJIBHOTO 1 OMOPHOTO MPOMEHIB BimoOparka-
€ThCS Ha eKpaHi (poTonpuitmMadi). Y BUMIpIOBaIbHO-
My Iedi iHTepdepomMerpa JOBXKHHA MPOMEHEBOTO
IUIAXY 3MIHIOETHCS BHACHIJOK 3MIIIEHb IMOBEPXHI,
BUKJIMKaHUX (DOTOAKYCTHYHUM CHUTHAJIOM, 3TEHEpO-
BaHWUM 30ymKyrounM nazepoMm. das3oBa po3OiKHCTH
MDK OTIOPHUM 1 BUMIPIOBAJIbHUM IPOMEHSIMH BH3HA-
yae iHTepQepeHIiiiHy KapTHHY, SKa PEeECTPYEThCS
BHCOKOIIBUAKICHOIO KAMEPOIO 1 JI03BOJISIE BUBHAYUTH
3MIIEeHHs Ha JOCITIKYBaHIl MMOBEPXHI 0€3 MpsIMOro
KOHTAaKTy 3 00’ektom [13].

Sk 3asHavanocs y po3aiii 1, HaWBaXIJIMBIIHM
eraroM oOpOOKH (POTOAKYCTUYHUX CHUTHAIIB € IXHS
¢dinpTparis. Ha puc. 2a mokasani 3MillieHHs TOBEPXHi
BEPXHBOI I'paHi CHIIIKOHOBOTO KyOHKa B JEIKUH MO-
MEHT 4Yacy, BHKJIMKaHI ONTOAKYCTHYHUM CHTHAJIOM.
3ayBa)KUMO, 110 KOPUCHHMH CHTHAJl MPaKTUYHO He
NPOrTIAJA€THCS Ha PiBHI HIyMiB. 3MiLIEHHS OBEPXHI
B IIeH K€ MOMEHT 4acy micys QinpTpanii 3ampomno-
HOBaHUM Yy [3] aJropuT™MoM, IpeAcTaBieHi Ha
puc. 20). 3a3HaunMO, IO MepLI HiXK BAKOPUCTOBYBa-
TH 3aIPONIOHOBAHUI TPUBUMIPHHUH anroputM ¢ibT-
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b)

Puc.3. PesynbraT hinbpTpalii ekcriepIMEeHTATBHUX JaHUX (3MIIECHHS TIOBEpPXHi): a) BUXiIHI JaHi; b)

pe3ynbTat (iTbTpartii.

0 1) 0 b)
2 — 2 -
4 4

0o 2 4 6 0 2 4 6
. [9) d
2
| .
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Puc.4. Pexoucrpykitis abcopbepa aaroputmom mnakety k-Wave y pisHux mepepizax; a) X-Yy mepepis; b) X-z

repepis; ¢) Y-z nepepis; d) Y-z nepepiz B akCOHOMETPIl.

partii, y BuOipIti, o o0poOisiacs, MpoOBOANIIOCS BU-
PiBHIOBaHHS HEPIBHOMIPHOI 3aCBITKH 3 BUKOPHCTaH-
HSIM METO[iB HeuiTKoi yoriku [14]. et mpuiiom mo-
3BOJIUB JIOJATKOBO IOKPALIUTH SKICTh BiJHOBJIEHHS
3alIyMIJIEHUX TPUBHUMIPHHUX CUTHAIIIB.

Ha puc. 3 npencrasieni 3MillleHHS TOBEPXHi 3pa3ka B
KoopauHaTtax mpoctip-dac. [lo oci opaunHar Bigkma-

JIEHO PEECTpaIlil0 3MIllleHb TOBEPXHI B OMHOMY 3
[EHTPAIBHUX TIepepi3iB Ha BEpPXHIN IrpaHi CHIIIKOHO-
BOro KyOWKa, 1o oci aOCIMC BiKIaIeHO YacoBi Bill-
JIKH B K i 3CYBH (iKCYBaJIUCS, 8 KOJHOPOM ITO3HA-
YyeHa aMILIITy1a 3MillleHb (YepBOHUI Kpai mamiTpu —
BUCOKI 3HaY€HHsI, CUHIA Kpall — HaiiHwk4i). Sk 1 Ha
MONIEPEAHBOMY PUCYHKY, pUC. 3@ TIEMOHCTPYE
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Puc.5. Posmonin THCKy B mepepisi Ha BEpXHil TpaHi y KOOPAWHATAX MPOCTip-dac: a) eKCIIEPUMEHT; 0)
3MOJIeNbOBaHi faHi (HynpoBa iTepartis - k-Wave).

KapTHUHY 3MilllcHh 10 00poOKHu, a puc. 3b — micis
3aIIPOIIOHOBAHOTO aJTOPUTMY TPUBUMIPHOI QiIbTpa-
mii curHanmy (Y9ac i MPOCTOPOBI KOOPAWHATH — Y
mikcensx). s po3B’si3aHHS 3amadi peKOHCTPYKIIIT
00pa3y BOYIOBaHOIO B CEPEIOBHUIIE 00 €KTa — YOp-
Horo cdepuyHoro abcopbepa — BHKOPHCTOBYBABCA
nporpamuunii maker K-Wave — wHabip iHCTpyMEHTIB
st cepenosuma MATJIAB. BukopuctanHs mboro
MaKeTa JTO3BOJISIE MOJICIOBATH CHUCTEMH 3 aKyCTHd-
HHUMH JDKEpeIaMu Ta IMpuiiMadyaMu JOBUTLHUX (GopM
Ta PO3MIpiB y CepelOBHIII 13 33/IaHUMH TYCTHHOIO Ta
MBHUAKICTIO 3BYKy. llpm mboMy dmcioBa MOJenb
IPYHTY€eThCS Ha Tepexomi B K-mpoctip. ITpocToposi
TPagieHTHd B I[bOMY MPOCTOPI OOYUCITIOIOTHCS 32 JI0-
MIOMOIOK0 CXEMH IIBUJKOTO NepeTBOpeHHsI Pyp’e.
[Ipu obumcieHHI YacoBUX T'PAJIiEHTIB BUKOPHCTOBY-
€THCSI CKOPUTOBaHa K-mpocTopoBa pi3HHUIIEBA CXeMa
[15]. Ockineku MATIJIAB ontumizoBaHHUN IS PO-
00TH 3 MATPUYHUMH OMEpaIliiMi, BUKOPUCTaHHS I1a-
kera k-Wave 103Bosisie po3B’si3yBaTH 3a/1a4i PO3IOB-
CIOIDKEHHS 3BYKY Ta peKoHCTpykiii OA-300pakeHb
i3 JOCUTh BUCOKOIO IIIBHUJIKICTIO OOYHCIIEHB.

Ha puc. 4a — 4c moka3zaHi nepepizu peKOHCTpYyio-
BaHoro k-Wave anroputmom OA-mkepena — chepu
Ha rOuHI | MM (YMM TEMHIIIUHA KOIip — TUM OlibIa
inTeHcuBHICTh). Ha puc. 4d pekoHCTpyKIis OO
abcopOepa B X-y mepepi3i npencraBiieHa B i30MeTpii
(IHTEHCHBHICTb JDKEpena BiIKIIaJIeHa 110 OCl aluTikar).

3riAHo 70 3aIpPONOHOBAHOrO ITEPATHBHOI'O AJro-
PUTMY, PEKOHCTPYHOBaHE TAaKUM UYUHOM [DKEPENo
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TEmep caMe MOXKE BHCTYNATH JDKEPEIOM 3BYKOBHX
curHaimis. HympoBa iTepairist IbOro ajroputMy (To0-
TO pe3yibTaT, OTPHUMAaHHUN aITOPUTMOM IaKeTy
k-Wave) npencrasimena puc. 56. Tyt BimoOpaskeHO
KapTHUHY PO3MOAUTY TUCKY Ha MTOBEPXHI B THX K€ KO-
opIauHaTax, Imo ¥ Ha puc. 3, TOOTO MO OCi OpAMHAT
BIKJTAIEHO KOOPAMHATH PEECTpallii TUCKY Ha TIO-
BEPXHI B OIHOMY 3 TIepepi3iB BEpXHBOI IPaHi CHITIKO-
HOBOTO KyOWKa, O Oci aOCIiC BIAKIaJEHO YacoBi
BITIKH, a KOJIEOPOM BimoOpa’keHO BiMIOBiAHI 3HA-
YeHHS TUCKY Y BIJHOCHUX OXWHUIAX. 11 MOpiBHSH-
HSI PO3IIOALT TUCKY, OTPUMAaHUN B XO/Ii €KCIIEPHMEH-
Ty OPEACTaBJICHO Ha pHC. Sa.

Jlst GBI IEeTabHOrO Ta HATJISIHOIO CITIBCTaB-
JICHHSI eKCIIEPUMEHTAIFHUX Ta 3MOJICIIbOBAaHUX JIa-
HUX Ha pHUC.60 TIpEACTaBIieHI IEHTPalbHI Tepepi3u
pUCYHKIB 5a Ta 5b (micume mepepidy MOKa3aHO Ha
PHC.5 YOPHOIO CTPINKOI0). 3 PUCYHKIB 5 Ta 6 BHIHO,
IO TaK caMo, SIK 1 B YMCIOBOMY €KCIIEPUMEHTI, OITH-
caHoMy B po0orTi [5] (i BiTmOBiTHO /1O HBOTO), aMILITi-
TyJla CHHTE30BaHHMX 3HA4Y€Hb THUCKYy Ha CEHCOpax
BEPXHBOI TpaHi BHSIBISETHCS 3aHHKEHOK y TIOPIiB-
HSIHHI 3 eKCTIEPUMEHTaTbHIMH JAHUMH 3 3MIIIICHUMUA
kpassmu. [Ipu pekoHCTpyKIii e MPU3BOAUTH A0 TI0-
TipIIeHHS] KOHTPACTHOCTI BiTHOBIIEHOT'O 300paKeHHS
Ta TMOXMOKM NpU BHU3HAYCHHI KOOPAMHAT KpaiB
00’exTy (a came i mapamMeTpu OCOOIMBO BaKJIMBi
NP Bi3yaJbHOMY MEAUYHOMY MOHITOPHHTY).

Y pe3ynbTaTi iTepaTUBHOIO IIPOIIECY CHHTE30BaHI
JaHi MOCTYIOBO HAOMMKAIOTHCA 0 EKCIIEPUMEHT-
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Puc.6. 3miHa THCKY Ha BEpXHild TpaHi 32 4aCOM: CyIIiJIbHA YOPHA - EKCIIEPUMEHT; IITPUXOBA (- - -) HYJIhOBa

iTepaltis; CyIiibHa 3eJIeHa — MepIla itepalis; —o— 4-Ta irepartis.
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Puc.7. 3miHa THCKY Ha BEepXHil TpaHi 3a 9acoM: a) eKCIIepUMEHT; 0) 3MO/IeIbOBaH1 faHi (4-a iTepamis).

TanbHUX. Ha prc.6 mopiBHIOIOTHCS OpUTiHAJIBHI JaHi
3 HyJbOBOIO, MEPIIOI0 Ta YETBEPTOIO iTepauisiMu B
ogHOMipHOMY MofaHHi. Ha Bpi3wi sICHO BUIHO, IO
Bke l-a irepamis (mepuie KOpuryBaHH:), (Ha pHC.
MO3HAYEHA CYIILHOIO 3€JIEHOI0 JIHIE), IyXKe
ONM3BKO MiAXOAMTH A0 EKCIIEPUMEHTAIbHUX JaHUX
(cyuinpHa YOpHA KpHBa), IO CBITYUTH PO XOPOILY
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30DKHICTh anroputMmy. YerBepra iTepaiis rapHo Bia-
TBOPIOE HABITh HEBENHMKI JeTali HinboBoi KpUBOi. Lls
X ocobnuBicTe Oyna Bin3HaveHa 1 y BiANOBIOHOMY
YUCIIOBOMY ekcriepuMenTi [3]. Y aBOBUMipHOMY
MpEACTaBIECHH] eKcllepUMEeHTal bHi AaHi i 4-Ta iTe-
pauist Bi3yaJdbHO Mailke HE PO3PI3HAIOTHCS (IUB
puc. 7)
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Puc.8. PexoHctpykitis 00pa3y chepu y y-Z nepepisi: a) npoekiiist peabHoi cdhepu; b) HylibOBa iTepallis; ¢)
yerBepTa irepartis; d) criBcraBinenHs 0-11 4-i iTepariii B akCOHOMETPIi..

KinpkicHa  oImiHKa  BIAMMOBITHOCTI  €KCIEpH-
MEH-TallbHUX Ta CHHTE30BAHHX JAHWX MPOBOJMIACH
3a JIONOMOIrOI0 1HJEKCa CTPYKTYPHOI IOAiOHOCTI
SSIM (Bix anri. sructure similarity) [16]. Lleii ingexc
BBaKa€ThCS HEODIMIITHUM CTaHIAPTOM OITIHKH SKOCTI
300paXkeHb MpH HasBHOCTI ertanmony. SSIM ormiHtoe
OJIM3BKICTh 300pakeHh Ha OCHOBI KOMOIHAIlIi TPHOX
iXHIX XapakTepHCTUK: SICKPABOCTI, KOHTpAacTy Ta
cTpykrypu. Otpumanwuii ingekc SSIM mpuiimae 3Ha-
yeHHd Big —1 mo 1. 3xadgenns 1 mocaraeTses nwie y
BHITAJKy JBOX OJHAKOBHUX HAOOPIB JaHUX.

Jus mepmroi itepamii immeke SSIM wmix ekcre-
PUMEHTAIILHUMH T4 CHHTE30BAHHMHU JTaHUMH JIOPIB
Htoe SSIM=0.52, s gerseproi — SSIM=0.66.

TakuM 9uHOM, SIK 1 B YMCIOBOMY €KCIIEPHMEHTI
pobotu [3], HAGIMKEHHSI CHHTE30BaHUX y XOJi PO3-
B’s13aHHSI MPSIMOl 3a7adi ONTOAKYCTHKH JAHUX, [0
JaHHUX, OTPUMAHUX EKCIICPHUMEHTAIbHO, CBITYUTH
PO TMOCTYMOBE HAONWKEHHS PEKOHCTPYHOBAHOTO
00pa3y HeoTHOPIAHOCTI A0 peanbHOro. To0TO, MOCs-
raeTbCsl TOJIOBHA MeETa MOCHIIKEHHS — HaiOLIbII
aJIeKBaTHO BIITBOPUTH 00pa3 IIyKaHOI HEOIXHOPII-
HOCTI.

3 TOYKH 30py SIKOCTI PEKOHCTPYHOBAHOTO 300pa-
JKEHHSI TaKi OCOOJIMBOCTI ajlrOpUTMY MOKPAIIyIOTh
KOHTPACTHICTh BiIHOBIIEHOTO 00pa3y i YiTKICTh Bif-
TBOpPEHHS #oro kpomok. OcobarBO H00peE 11e MOMIT-
HO Ha puUC.8 1ae Ul HATJISJHOCTI PEKOHCTPYKILiS
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chepruYHOi HEOTHOPIAHOCTI B mepepisi Y-Z mpeacTaB-
JIeHa B aKCOHOMETPii

4. BucHoBKH

OcHoBHa Mera Iii€] poOOTH — TPOTECTYBATH Y
peansHOMY (DI3UIHOMY EKCIIEPHMEHTI alTrOPUTMHU
00pOOKHM ONTOAKyCTUYHHMX CHTHAJIIB, 3aIIPOIIOHOBAHI
Ta peaiizoBaHi y poborax [2,3]. ¥ 1mmx poborax
BHCOKa e(pEeKTUBHICTh PO3POOIIEHUX aNTOPUTMIB Oya
HepeBipeHa y YHCIOBHX EKCIIEPHMEHTAaX, MOJEIIOI0-
YUX TPUBUMIpHE O10JIOTIYHE CEPEIOBHINE 3 IPOCTO-
POBO OIHOPITHUM aKyCTHYHUM IOTJIMHAHHAM 1 J0-
BUIBHHM ITPOCTOPOBHM PO3IIOILIOM MTOTJIMHAHHS OII-
TUYHOI €Heprii 3 IUIOCKOI aKyCTHYHOKI aHTEHOIO,
PO3TaNIOBaHOKO Ha TIOBEPXHI TOCTIPKYBAHOTO 3pa3Ka.
VY nmanii poOoTi Wi pe3ynbTaTH CIiBCTABISUIACH 3
pe3yapTaTamMu Qi3MIHOTO eKcrepuMenTy. st mporo
BUKOPHCTOBYBABCSI TPO30PHHA CHIIIKOHOBHHA KyO 3
BMIIIIEHOIO B HHOT'O YOPHOIO CHIIIKOHOBOIO CPeporo B
SIKOCTI ONTHYHOIO TOTJMHAYa 3 TOKa3HWKaMH, IO
MO/IENTIOIOTh 010JIOTiYHI TKaHWHU. Peecrtpartis onro-
aKyCTUYHUX 30ypeHb Ha ITOBEPXHI 3pa3Ka BHUKOHY-
Bayacsi OE3KOHTAKTHO 3 BHUKOPHUCTaHHSIM iHTep(de-
pormMerpa Maxa—llennepa 3a MeToaMKO0, PO3pPOO-
nenoro y Medizinisches Laserzentrum Libeck GmbH
ta Institute of Biomedical Optics, Universitidt zu
Llbeck, Germany.

QinbTpaliss OTpUMAaHUX CUTHAIIB BHKOHYBAJlach
CIPOEKTOBAHUMH  TPUBUMIPHUMH  HENIHIHHUMHU
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amantuBHuMH 1poctopoBumu MMedian ta ITM
¢inprpamu. Ui ¢ineTpu A03BOISIOTE eEKTUBHO
OpUAYLIYBATH IIyM, MOTPeOYOUH MiHIMAIbHUN
00’eM ampiopHoi iH(popmallii i omHOYaCHO 30epiraro-
Yl HE3MIHHUMHU Kpai Ta Mopdosorito aeranei 30-
OpaxxeHHs [2].

Jnst kopekuii apredakxTiB i CIOTBOPEHB, IO BH-
HUKAIOTh BHACTIIOK pOOOTH KOHKPETHOTO aJITOPUTMY
pekoHCTpyKiii OA-00pa3iB Ta KOHKPETHHX YMOB
EKCIIEPUMEHTY, TaKHX SIK KyTH OIJIALY PEKOHCTPY-
HoBaHOro 00’€KTa, HOro reoMeTpHYHi XapaKTepUTH-
K{ 1.T.II, BUKOPUCTOBYBABCS ITEPATHBHUN aITOPUTM
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[3].

[IpoBenennii y poOoTi aHami3 mokas3as, IO PO3-
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1 Introduction

Let (X,||-]|]) be a complex Banach space, L(X)
be the space of linear continuous operators in X,
I € L(X) be the identity operator. Let denote as
o(A) the spectrum of an operator A € L(X). Let
denote as S = {z€ C ||z| = 1} the unit circle in
the complex plane.

Let us consider the difference equation

(1)

where {A,, | n€Z} C L(X), {B, | n€Z} C
L(X), {yn | n€ Z} C X are known sequences,
{zn | n€Z} C X is a desired sequence. In the
paper we investigate the question of existence and
uniqueness of a bounded solution to the equation
(1).

It is known [1, chapter 7.6] that the equati-
on (1) of the first order has a unique bounded
solution {x,, | n€ Z} for any bounded sequence
{yn | n€ Z} iff an operators sequence fulfills a
condition of discrete dichotomy (by analogy wi-
th an exponential dichotomy which is well known
in the theory of differential equations). However,

Tpy1 = AnTp + BuTn_1+ Yn, Nn€ Z,

© A.B.Yaiikoscbkuit, O.A. Jlarona, 2022

checking of discrete dichotomy conditions is very
hard, so we need simpler conditions of existence
and uniqueness of a bounded solution for special
operators sequences.

[.V.Gonchar and M.F.Gorodnii investigated
the equation (1) in the papers [3, 4] for the case of
first order and one jump of an operator coefficient.

In the article [5] the equation (1) was investi-
gated in the case of the first order and several
jumps.

To formulate main obtained results we need
the following spectral decomposition. Assume A €
L(X) and the condition

c(A)NS =0

is true. Then the spectrum of the operator A is
decomposed into two parts, one of them is inside
of the unit circle S, the other is outside. Using the
theorem about decomposition |2, p. 445], we can
derive:

1) an existence of projectors P_(A), P, (A) €
L(X) such that

P_(A)+ P, (A) =T;
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2) decomposition of the space X to the direct
sum

X = X_(A)FX,(4), (2)

where

X_(4) = P_(A)X, X4(A) = PL(A)X

are subspaces in which corresponding operators
A_=P_(A)A, A, =P, (AA
have spectra

og(A_)=0c(A)Nn{ze C| |z| < 1}, (3)
o(Ay) =c(A)N{ze C||z| > 1}
accordingly.

In the paper [4] the following result was
proved.

Theorem 1.1. Let X be a complex Banach space
and G,U be some operators from L(X), which
satisfy the following conditions:

1)o(GINS =2, c(U)NS = ;

2) X = X_(G)+ X, (U).

Then the difference equation

Tn+1 = GSUn +Yn, N P ]-7

Tny1 = Uxp +yn, n <0,
has a wunique bounded i X  solution
{xn, | ne€Z} for any bounded in X

sequence {y, | n€ Z}.

2022, 2

In [5] this result was generalized to the case of

a first order equation with several operator jumps

Tn4+1 = onn + Yn, n g 07
Tpt+l = Apzy + Yn, 1<n<<N-—-1, (4)
Tpt1 = ANTp + Yn, n = N.

Assume the conditions o(4p) N S = o,
o(Any) N S @ are true. Then each of the
operators Ag, Ay produces spectral decompositi-
on of the form (2). Let us denote

Py := P_(Ao), Poy = P(Ao),
Py_ = P_(AN), Pny = Pr(AN),
Xo— = X_(Ao), Xo+ := X1 (Ao),

Xn- = X_(AN), Xn+ = X1 (AN).
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Theorem 1.2. Let 0(Ag) NS =2, 0(AN) NS =
& and AN_1AN_o - ... - Ay is injection. Then
the equation (5) has a unique bounded soluti-
on {x, | n€Z} C X for any bounded sequence

{yn | n€ Z} C X iff
X =W+Xn_,
where
W ={AN_1AN_9-...- A1z | © € Xoyt}.

In this article we consider a generalization of
this result for a second order equation with an
operator coefficient which changes a finite number
of times:

Tpy1 = AoTn + BoTpn—1+yn, n <0,
Tn4+1 = Apxy + Bpxp—1 + Yns 1<n<N-1,
Tn+1 = ANTp + BNTp1 +Yn, n = N.

(5)
In the paper the result of the theorem 1.2 is
generalized to a second order equation (5).

2 Main results

First we rewrite our equation in the space X2,
where norm is defined as

(@1, 22)|] = V|2 |* + [Ja2]>-

Lemma 1. The equation (5) has a unique bounded
solution {z, | n€Z} C X for any bounded
sequence {y, | n€ Z} C X iff an equation

(6)

Upt1 = Cpup + vy, NE Z,

( ). nez

has a unique bounded solution {u, | n€ Z} C X?
for any bounded sequence {v, | n€ Z} C X2.

where
A, B,

I O

C, =

Proof. Necessity. For any bounded sequence {v,, =
(v, v2) | n€ Z} € X? we have system

n»-n

{

Since equation

1 1 2 4 1
Uy 1 = Apuy, + Bpug, + v, n€Z,
u? g =ul+ 02 neZ

1 1 1 2 1
un—l—l = Anun + Bnun—l + ann—l + Up, N € Z

has a unique bounded solution, so the system has
too.
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Sufficiency. Let for any bounded sequence
{yn | n€Z} C X put v, = (yn,0), neZ.
Then there is a unique bounded solution {u, =
(u,u2) | n€ Z} C X? of the equation (6) which
is equivalent to a system

U‘711+1 = Anu}l + Bnu% + Yn, ne Z7
Uy g =ub, n€ Z.

So, {x, =ul | n€ Z} C X is the unique bounded
solution of (5). O

A, By
Cn—<I O),HEZ.

If for some n € Z we have o(Cy,) NS = @, let
denote as V,,, the subspace of X2, corresponding
to the part of the spectra which is situated outsi-
de of S in the spectral decomposition for C,, and
V,,— the subspace X2, corresponding to the part
of the spectra which is situated inside of .S in the
spectral decomposition.

Let

Theorem 2.1. Let
Vz € S 3(2Ag — 22T + By) ™! € L(X),
J(zAn — 2°1 + By) ™t € L(X)
and
Ker(Cy_1Cn_g - ...-C1) N Voy = {0}.

Then the equation (5) has a unique bounded soluti-
on {x, | n€Z} C X for any bounded sequence
{yn | nEZ} C X iff

X2 =WHVn_,
where
W = {CN_lcN_Q - Cix ‘ x € ‘/bJr}

Proof. Using multiplication directly, it is not di-
fficult to be ensured that the resolvents of the
operators Cpy, Cy in some neighbourhood U of the
unit circle S look like

2F,(2)

R.(Cy) = ( 2Fo(2)(2] — Ap) +1 ) |

2F,(2) (2] — Ay)
zeU, ne{0,N}, (7)

where the operators

Fo(2) = (24, — 2T+ B,)™, 2 € U, n€ {0,N}

2022, 2
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exist because they exist on the unit circle and a
resolvent set is open.

Therefore, the spectra of the operators Cy, Cn
do not intersect the unit circle, particularly the
subspaces Vi_, Vo4 are defined.

Corresponding to the lemma, let consider the
equation (6). We can apply the theorem 1.2. Besi-
des injection, all the demands of the theorem are
satisfied. However, according to the proof of this
theorem in the article [5], we can note that injecti-
on was used only for the proof of the lemma 3 and
exceptionally for the restriction of the operator
Cn-1Cn_2-...- C7 on the set Vp . But such a si-
mplified weakened condition is following from the
condition of the theorem. O

3 Partial cases

1. Let apply the theorem 2.1 in the case when
B,=0, neZ.

The condition of the existence of the inverse
operators is equivalent to o(Ag)NS = &,0(AN)N
S = . In this case

Vor = {(u,v) |u € Xy, ve X},

Vie = {(u,0) | ue X,_}, n=0,N.

Really,
. A, 0\F AE 0
Cn:( I o) :<A1§1 0>’k€N’
therefore,

1C (u, 0)|| = [[(Aqu, A )| =

— 114l + (|45 a2 = oo, u € X, \ {0},

1Cn (w, 0l = [|(Afu, A7 ~Fu)|| =

= 145 _ul]? + | A Ful? = 0, u e X,
The condition Ker(Cy_1Cn—2-....C1)NVp4 =
{0} means that the kernel of the operator

AN 1AN_9-...- A1 O
CN_lcN_Q-...-cl_< N—14N =2 ! )

An_o-...- A1 (0]

does not include the elements from the set
{(u,v) | u € Xoy, v € X}, in other words

KGT(ANflAN72 Cet Al) N Xo+ = {6}
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Eventually, the condition of a decomposition
in a direct sum will look

V(zy,z2) € X2 I wy,wp) €W  ve Xy_ -

(71, 22) = (w1 + v, wa).

Here the operator Cny_1Cn_o - ... - Cy is the
injection on Vjy4, that is why the condition can be
rewrited as

V({El,l‘z) € X? Jluq € Xo+ Jlug € X3lv € Xn_

(z1,22) = (AN—1AN—2 - ... - Aju1 + v, u2).
Summarly, the next statement is true.

Corollary 1. Let B = ... = By = O,

og(Ag)NS=a,0(AN)NS =0 and
KeT(ANflAN72 S Al) NXoy = {6}

Then the equation (5) has a unique bounded soluti-
on {xy, | n€Z} C X for any bounded sequence
{yn | n€Z} C X iff

Vee X dlue Xy dveXy_

r=AN_1AN_2 ... - Aju+v.

This statement is some improvement of the
result of the theorem 1.2 in the partial case which
is considering.

2. Let apply the theorem 2.1 in the case when
A,=0, neZ.

The condition of the existence of the inverse
operators is equivalent to the condition

U(Bo) ns = @,O’(BN) ns=a.
Here

Vs = X4 (Bn), Va = X_(By), n=0,N.

HiiicHo,
CQk_ O Bn Qk_ Bn @) k_
no I O - O B, o
BE O
= (() Bﬁ)’ ke N,
therefore
||C2¥ (u, )| = [|(Bhu, Biv)|| =

2022, 2
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= JIIBE ull? + [|BE o] — +oc,
w,v € X\ {0},
102# (u,0)| = |[(Blu, BEv)|| =

= JIIBE_ull? + || BE_ol|> =0, w,v € X,
Note that

Cny_1CNn_g-...-C1 =

< BopBog_s - .. - By 9, )
@ Bop_1Bog—3-...- By

when N =2k +1, ke N, i

Cn-1CNn_2-...-C1 =

_ < o) Boj_1 ... By >
Bo_9Bog_4 - ... By @

when N =2k, k€ N.

Therefore, the condition
Ker(Cny_1Cn_g-...-C1) NVpy = {0}
means that the kernels of the operators
BNn_1+BN-3" ... Byy1-2[N/2)s

BN_2-BN—4- ... BN_a/(N-1)/2]

do not include the nontrivial elements of Xq;.
Eventually, the condition of decomposition in
a direct sum will look

V(l‘l,l‘g) S X2 3!(’IU1,1,U2) ew 3!(1)1,’02) e Xy_ :

(x1,22) = (w1 + v1,wa + v2),

or equivalently
Vo e X? Jw=Cu, ue X5, e Xz_ :

r=CN_1CNn_9-...-Clu+v.

Here the operator Cny_1Cpn_2-...-C1 is injecti-
on on Vg4, that is why the condition can be rewri-
ted as a union of two conditions

Ve X? e Xor ve Xy
r=By_1,BN_9-..." BN+1—2[N/2]U + v,
Vre X? Jue Xgy Ive Xy

xr=Bn_o-...- BN_Q[(N_l)/Q]u + .

So, such a statement appears to be true:
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Corollary 2. Let Ay = = Ay = 0O, 4. l'opomniit M.®., T'onuap [.B. IIpo obmexeni

o(By)NS=a,0(By)NS =2 and
KGT(BN,1 -Byn_3-...- BN+172[N/2}) NXotr = {6},

KGT(BN,2~BN,4'...~BN,2[(N,1)/2])QX0+ = {6}

Then the equation (5) has a unique bounded soluti-
on {x, | n€ Z} C X for any bounded sequence
{yn | n€Z} C X iff

Vo e X2 Ju e Xor Mve Xy

z=DBN_1-Bn_3...- Byy1on/2u+ v,

and
Vo e X2 Ju e Xor Mve Xy

T =DBN_2BNn_4-...- By_o(n_1)/2/u+ V.
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Y oaniti cmammi docnioocyemvcst mpapix y menrekoMyHIiKAUILHUX Mepexcax, UMOGIPHICMb NePeno8HeHH S
oyghepa mpaghixy. [ns yboco y pobomi npoananizoeano npoyecu y meieKoMyHIiKayiluHux mepeicax, 30kpema
3anedcHOCmi mpaghiKy, npoeedeHo OO0CHIONCEHH MOJICIUBOCHEN NPEOCMABNeH ST PeaTbHUX Hpoyecie y
suenadi 8UNAOKOBUX NPOYeCi6 HA OCHOBI GUKOPUCMIAHHA CMAMUCMUYHO20 IMIMAYIHO20 MOOeN08aAHHA,
nidibpano ma npoananizoeano HeoOXiOHI MamemMamuyHi, CIMAMUCMUYHI MOOeI, NPOSPAMHO Pedani308aHO
dani moldeni 3a oOonomoeoio cepedosuwa Matlab; nobyooeano neobxioni epaghiku 0as1 NOPIGHAHHS
OMPUMAHUX OAHUX, NPOBEOEHO AHANI3 OMPUMAHUX MOOeell.

Krniouosi cnosa: eunadkosuii npoyec, eayccigcokuii npoyec, O0podosuil OpPOYHIBCLKUL PYX, IHOEKC
Xwopcma, oyinka Umogiprocmi, camonoOdionuti mpagix, cmamucmuune imimayitine MoOeI0BAHHS,
meneKOMYHIKayiunul mpagix

In recent years, a large number of research of telecommunications traffic have been conducted. It was
found that traffic has a number of specific properties that distinguish it from ordinary traffic. Namely: it has
the properties of self-similarity, multifractality, long-term dependence and distribution of the amount of load
coming from one source.

At present, many other models of traffic with self-similarity properties and so on have been built in other
researched works on this topic. Such models are investigated in this paper, which considers traffic in
telecommunications networks, the probability of overflow traffic buffer. Statistical models are built to
analyze traffic in telecommunications networks, in particular to research the probability of buffer overflow
for communication networks.

The article presents the results of the analysis of processes in telecommunication networks, in particular
traffic; research of possibilities of representation of real processes in the form of random processes on the
basis of use of statistical simulation model; the necessary mathematical and statistical models are selected
and analyzed; software-implemented models using the Matlab environment; visual graphs for comparison of
the received data are given; the analysis of the received models is carried out.

Keywords—Gaussian process, fractional Brownian motion, Hurst index, probability estimation, random
process, self-similar traffic, statistical simulation modeling, telecommunication traffic
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Beryn

3a ocTaHHI POKM NPOBEACHO BEIHKY KUIBKICTH
JOCIiIKeHb Tpagiky TeIeKOMYHIKalliHHUX CHUCTEM.
Byno BusBneno, mo tpadik mae psan crenudiqHux
BIIACTUBOCTEH,  fAKI  BIAPI3HAIOTH  WOr0  BiX
3BU4YaiiHoro Tpadiky. A  came: BIaCTHBOCTI
CaMoIoIiOHOCT], MYJIbTUPPAKTATBHOCTI, TPUBAIOI
3aJIeKHOCT1 Ta PO3MOALTY BEIMYMHU HABaHTAXKEHHS,
10 HaJXOJHTh BiJ OJJHOTO JDKEpeda.

Hapasi B iHIIMX IOCHIDKEHUX POOOTaxX 3 JaHol
TEMaTUKH Bxke Oylo MOoOYJOBAaHO YMMAJTIO MOJENeH
Tpadiky, SIK1 Maiu 3aaHi  BJIACTHUBOCTI
caMmomoiOHOCTI Tomo. Y po0OTi IOCTIIKYIOThCS
TaKi MOJIeNi, METOIM MOJICITIOBaHHS TpadiKy Ta Horo
nepeBaHTaxeHHs. OTpUMaHO OIIHKKA KWMOBIPHOCTI
nepeBHILeHHs Oydepa caMmornoibHoro Tpadiky.

OO6’ekTOM JOCTIKEHHST AaHOl cTaTTi € Tpadik y
TENIEKOMYHIKAIIHHUX ~ Mepexax, NpeaMeroM  —
HMOBIPHICTH MepernoBHeHHs Oydepa Takoro Tpadiky.

Meroro naHoi poOOTH € TI00YI0Ba CTATHCTHYHHX
Mozenei JUTS aHaizy Tpadiky y
TENIEKOMYHIKAIIHHUX ~ Mepexax, 30Kpema  JJist
JOCITI/DKEHHST WMOBIPHOCTI TIepernoBHEHHsS Oydepy
TUTS MEPEX 3B’ SI3KY.

OcHoBHa YacTHHA
PosrnsHemMo  Temep  AeTanbHImE — ApoOOBHI
OpOYHIBCHKHU pPyX, BHUKOPHUCTOBYIOUM HACTYIIHI
MaTeMaTH4Hi To3HaueHHSA. Hexait (Q,B,P) —

CTaHIAPTHUH IMOBIpHICHWH TpocTip. J[poGoBum
OpoyHiBcbkuM pyxoMm (JIbP) 3 iHmekcom Xropcra
a<(01) Ha3UBAETHCS raycciBChbKHUil
npouec B, (t), t €[0,1], sxmo B,(0)=0, EB,(t)=0 i
BiH Ma€ HAaCTYIHY (PYHKITIIO KOPEIAIii

R (09 =2 [ +ls o)

IIpu o = 1/2 MaemMo cTaHTApTHUN BiHEPIBCHKHMA
mporiec.

Jamni BBemeMo meski mosHauenHs. Hexaii A(t) me
Oyzne oOcsr Tpadiky, SIKUI HaAXOIUTh Y MEPEXy 3a
MIEBHUH TPOMDKOK Yacy [O,T]. [pupicT mo3HAYNMO
sk A(S,t)=A(t)—A(S), t>s>0. BukopucroByroun
BBEJIEHI TO3HA4YeHHS, 300pa3uMO BXITHHUH Tpadik y
HACTYITHOMY BUTJISII A(t)=mt+\/a_mBa (t), me m —
cepenHs mBHAKicTs Tpadiky, Bg(t) — JBP 3

. 1
1IHACKCOM XIOpCTa ae (E ,1 , d — ICIKa KOHCTAaHTa.

Tak, #AKmO B MepeXi € OIWH TPHUCTPIA 3i
LIBUJIKICTIO obcyroByBanHsA C >m, TIporec
3aBaHTa)KCHHS BU3HAYAETHCS 3a
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dopmyoro Q(t) = sup(A(s,t) ~C(t—s)). BpaxoByroun

s<t

n HE3aJIC)KHHUX iHeHTI/I‘IHO 3aBaHTAXKCHUX HpI/ICTpO'l.B

n

orpumyemo Q, (t) =sup >, A(s,t)—nC(t— S)) , e
s<t \i=1

cuMBON = IIGHTUYHO  PO3MOALIEHY

KUIBKICTb.
Tenep nepeligeMo 10 AOCHIIKEHHS HMOBIPHOCTI

O3Hadae

NepeBaHTaXEHHS 3 MOPOroM b Juist QM) ya JIeIKOMY

iHTepBalIi yacy [O'T]. Bynemo BUKOpHCTOBYBaTH Jaili
Taxi mosmauenss Q= sup (Q(t)), z(b)=P{Q=b}.

tel0,T
Jiist 3HAXOKEHHST BEPXHBOI OLIHKK MMOBIPHOCTI
TepeBaHTaAXKCHHS

P{Q > b} < P{ s[up](Q(t)) > b} BHKOHAEMO HACTYITHE
tel0,T

Q(t) = sup(A(s,t) —C(t—s)) =

s<t
~suplyam(B, (- B, ()~ (C - m)(t-s))<
s<t
< 2/am(B,, (t)])- (C-m)t.
Q= sup (Q()= sup [2vam(B, (©))-(C - m)t)=
te[0,T] te[0,T]
= 2y/am sup (B, ()])-T(C -m).
te[0,T]

Toni orpuMaeMo

b+T(C-m)
PiQ=>bi<P B (t _
20<e| unfe, ) 27 EEE)
TToxknagemo
X=b+T(C—m)

2«am (1)
TakiM YMHOM BHWKOHYETHCS HACTYIHA Teopema
(Teopema 1):
Jiasg x> D maemo
(x-DY
Ps sup (B, (1)])> xp < 2expy —~—+, e
{te[o:](l +00) } 2A
2
1=p (-p)
Tomi, sxkmo BUKOHYeTbcs yMmoBa (1),
TeopeMa CrpaBe/TuBa.

Hagenemo me ogay Teopemy (Teopema 2):
SIxmio X > D , To Maemo

P{ sup (B, (1)])> X} : Zem{_%} |

D=v2(T)i A

JaHa

te[0,T]



Bicnux Kuigecbkoco nayionanvnozo yHieepcumemy
imeni Tapaca Lllesuenka
Cepisn: izuxo-mamemamuyni HayKu

T
1 1 — 1
- = 4 =
qe D=v2|T*2(2% +1)+4 | In2 i1+1 du |,
0 —
ua

Ta V =477,

BukopucToBytouH OTpHMaHi OI[IHKH, MOXEMO
BU3HAYHTH, SIKUM Ma€ OyTHu mopir, mod AMOBIpHICTH
HepeBUILEHHs OyiIa MEHILOO 3a 3aaHy.

P{ sup (]Ba(t)|)> x} <ég
TakuM 4YHHOM, tefoT] SIKIITO

en] 0T}

I mopir mae Oytn b=2Dvam-T(C-m)

VY pa3si nepenadi curHany B JEAKIH CHCTEMI CITij
BpaxoBYBaTH HE TUIbKH TIPOIIEC BBEICHHSA, a U
peakiito cuctemu. Jlas  muxX  HOUIeH  MOXHa
BUKOPUCTATH PO3MOJIUT  CYNPEeMyM  KBaJpaTHO-
rayCCOBHX IIPOIIECIB.

PosrisiHemo iHBapiaHTHY B 4aci JHIHHY cUCTEMY
3 IHTErpoOBaHOK B KBaJpaTi (QYHKIIEI IMITyIbCHOT
XapaKkTepuCcTUKU H(t), ska BHU3HAYCHA B KIHIIEBIH

x=D

obmactrite[0, T]. Lle o3Hauae, MmO peakiis CUCTEMHU
Ha BXimHWHA curHam X (f), SIKUW CIIOCTEpIraeThcs Ha
npoMiKKy [- T, T], Mae Takuid BATJIS

g
Y (t) = j H(t) X(t-1)dt, te[0,T] )
0

Ta HeL,([0,T]).

JpoOoBuii OpOyHIBCHKHI pyX MOXKHA 300pa3sHTH
Y BUIJISAJII BUIIAJKOBOTO PSITY

B, (1) = X, (0= 3 (a,sin(x.t) X, +b, (1—cos(y,t))Y, )

(3), ne {X,.Y,}- Hesanexui crammapTHi rayccosi
BUIIAJIKOBI BETMYMHH,
{x,}- myni dynkuii Beccens J_, (x),
{y, }- mymi dynxuii Beccens J,_, (x),
_ z"yJ2C w“\2C
LML) YL
(20 +1)sin(mx)

2a+l
T

" =
C

Jns obuncnenns HyniB ¢yHKIin beccens moxkHa
BUKOPHCTATH HACTYITHE 300payKeHHS.

3 «a 4a° -1
X,=[N+——— 71— +...
4 2) 27(4n+3-20a)
—_— 2_
Yy = nt2_ & Z_MJ““ 4)
4 2) 2z(4n+1+20a)
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A qns obumcnenHs QyHkuii beccens MoxHa
BUKOPHUCTATH TaKe 300paKeHHS.

32 (x,)= 2 cos(xn+2wr_”) -
La X 4

12 ) [ o 2.

, (5)
4l-a)” -1 . ( 2(1—0:)7[—7[)
-———=sin| y, +————— ||
Yn 4
[Mpunyctumo, mo  QyHKIIS  IMOYIbCHOL

XapaKTePUCTUKKA BiioMa. MU TaKOK MPUIIYCKAEMO,
10 BXIIHUM curHajioM y cucteMi € JIBP i3 ingekcom
Xwopcrao . 3 bOr0 BHILIMBAE, IO BUXIJ CUCTEMHU
MOxHAY (t) mpeacTaBUTH y BUTJISI

YO=Y, 0= &G cO+n s ®) ae Pynuii
k=1
¢, (1), s, (t) piBHi

:
(0 =b, [H(EL-cos(y, (- D),
: ©)
5 () = ak_[ H (1) sin(x, (t-1))d .
0

Tak, wHanpukman, mana1 H(z)=1

byHKIIIi
¢, (), s¢ (t) mOpiBHIOIOTH

sk (t) = Zﬂsin(xkt —Mjsin(ﬂj
Xk 2 2

C (t) =b, T - 20 cos(ykt - Mj sin [Mj . (M
Yk 2 2

PosrnsiHeMo nepeBaHTaKEHHS CHUCTEMM BXIIHUM
curHasiom JIBP X (t) 3 ypaxyBaHHSAM peakuil
cucreMn (BuxigHoro mporecy). Jns oTpuMaHHA
TaKUX PE3yJbTaTiB MH BHKOPHCTOBYEMO TEOPIIO
KBaJpAaTHO-TAYCCOBUX BHUIIAJKOBUX BEIWYMH 1
mporeciB. [HOmi BXimHWH TIporec HEBIMOMHMU, 1
MOXKHa TOOYyIyBaTh MOAETh MpOIecy, a IMOTIM
OLIIHUTHU HMOBIPHICTh TIEPENOBHEHHSI.

ITo3raunmo

i = iy () = by & (L—cos(y, 1))(L—cos(y, t) + ¢, () ¢ (1);
0F = 0F (1) = 2(b, & (1—cos(y, 1)) sin(x, t) +c, (s, (V);

dia = B (1) = 8y @y sin(x, £)sin(x; £) + 5, () (©).
Tomi maemo, mo mpomec &(t) MOXKHA 3amucaTH 'y
TaKOMY BUTIISII

M= 04 06 + 03 OFm +0f Onen)

k=11=1
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Iloznaunmo
YHHOM

Ady =y (O =iy (5); AdG =% () — 0 (5);
Ady = by (O — iy ().

s BHUKOHAHHS OCHOBHOT'O PE3YJIBTATy MU
CIIOYATKY MIPEACTABISIEMO JIOTTOMDKHI
CHIBBIJHOIICHHS IIOJO CEPEIHBOro, IUCHepCii Ta
Jmcriepcii mpupocTiB ist mpotecy &(t) .

npupoctd  (YHKUIH HACTYTHUM

Hagenemo HacTynHy Jiemy.
Jlema 1.

EE ()= é (O (O + 03 (O);

Dg (1) = ki (2001 (©)° + (9 () +2(0% (V) );

=1

DE0) &) = 3. (M) +(A4%)° +2006%)°)

=1

Hactymna Teopema Jae  BEpXHIO  OIIHKY
nepernoBHeHHss Oydepa cucrteMu 3 ypaxyBaHHSM
BXIIHOTO Ta BHUXIIHOTO TpOIecy 3 pIBHUMH
BaroBMMH{ NOKa3HUKaAMH.

Teopema 4. IIpumycTrMo, 0 BXiTHAM MPOIIECOM
CHCTEMH € JbP X, (©). Skmio

"> 242 max{5;, K(T/2)"}

HaCTyITHa HEPIBHICTh

, Toml BUXOIUTH

2%

3 % 5 218 12
P{Q>b! <de” exp]- X 1 .
o <a ol e e

Pe3ynbTatu CTATHCTHYHOIO
(004U CII0BAJILHOTO EKCIIEPUMEHTY)

MOJCJJIOBAHHA

Sk pe3ynbpTaT 00YMCIIOBATBHAX €KCIIEPUMEHTIB
HaBeIEeMO NEKUTbKa PI3HUX MPOTpaMHUX peai3allii
MonentoBaHb Uil (yHKOiH  beccens, apo©oBo
OpOYHIBCBKOTO pyXYy, iHAEKCca XIopcTa.

1

Puc. 1 — Buenao ¢yuryiii Beccens
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CrioyaTKy po3ryisiHeMO BHTIIA[ rpadikiB GyHKIH
Beccens  (4),(5) mepmioro poay IS BXiTHHX
napamerpie 0, 1, 2, 3, ta 4, moOymoBaHuUX 3a
noromororo ceperosuma Matlab (nus. puc.1).

Ha puc2 ta puc.3 mnpuBeneHi pe3ynbTaTH
noOyznoBu rpadikiB ans (6) i (7), HampuKIaa, Tpu
3aganux mapamerpax a = 1; b = 1; T = 10 pynkmii
C (1), s () MaroTh Takuit BUIISA HA BiApi3ky [-1,1].

ya
2—'\ -\ /: - N/ \ <
0_/)\\/ \l\ /\ .
5 - \\\ \\ AN /7’/\%
\ (N

. \~", \ ‘

N AN
6 \\,

-1 -05 0 05 1

Puc. 2 — Buensao @yuxyii S, (t)

-1

Puc. 3 — Buensio ¢pynxyii Cp, (t)

Jam wHaBememMo pe3ynbTaTH EKCIIEPUMEHTIB 3
IpoOOBUM  OpOYHIBCBKMM PYyXOM 3  pI3HUMH
IHIeKcaMu XIopCTa.

BiamoBiaHo 10 3HaveHHs mapamerpa Xroopcera (o),
JIBP BusBIIsIe s JIAJIEKY 3aJeKHICTh 1 s
KOPOTKY abo TIPOMIXKHY 3aNIeKHICTb.
[IpogemMoHCTpyEMO KOXKHHHA 13 IHUX BOX BHIIAKIB
Ha Tpadikax.

Sk moxHa mobaunTh Ha puc.4 Ha puC.S, UM
BUIle TIapaMeTp XIOpcTa, THM IUIABHIMIOKW Oyme
KpHBa.



Bicuuk Kuiscvkoeo HayionanvbHoeo yHieepcumeny
imeni Tapaca Lllesuenka
Cepisn: izuxo-mamemamuyni HayKu

fractional Brownian motion - parameter: 0.2

100 200 300 400 500 600 700 800 900 1000

Puc. 4 — I'paghix /[FP 3 inoexcom Xwopcma 0.2

25 fractional Brownian molionf pararrnetsr:VU.Q

20

20 n L L L L L L L L
100 200 300 400 500 600 700 800 900 1000

Puc. 5 — I'paghix JIBP 3 inoexcom Xopcma 0.9

Sk yke 3ramyBaiiocs padirie, npu oo = 1/2 maemo
CTaHIAPTHUI BIHEPIBCHKHH IpOIeC — pHUC.b.

0 fractional Brownian motion - parameter: 0.5
A
W wf%' b
“A le JM i
wb 0\1 |m.' |

U{ ‘. h ﬂ
oV i
J\

-10 : - : -
200 400 600 800 1000

Puc.6 — I'paghix npoyecy 3 indexcom Xropcma 0.5

PosrmssHemMo  3ameXHOCTI  BEPXHBOI  MEXi
nepenoBHeHHs Oy(depy Ha MpaKTUYHUX Po3paxyHKax
Ta nobymoBax. Ckopucraemocss UIi  LBOTO
HACTYITHHMH ITO3HAYSHHSIMH M — CepeIHs IIBU/IKICTh
tpadixy, C — mBUAKICTE O0OCIYrOBYBaHHS
(reobximHO, MO0 C>m), o — iHgekc Xwoopcra, T —
YacOBUI TeEpioJl, HA SKOMY PO3IIISIAETHCS MPOIEC
o0CITyToByBaHHS, a — Aeskuid KoedimieHT Tpadiky,
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WMOBIpHICTh TIepenoBHEHHs Oydepy MeHme 3a
3aJlaHy &p.

BukopucroBytoun Teopemy 2 Ta miacTaBisOun
HACTYIIHI 3HAYEHHS Yy BHUIIE OMHMCaHi mapaMerpu: Ep
=005 C=100,m=90;a=1,T=1; a=0J9,
OTPUMAEMO HACTYIHY OIIIHKY BEpPXHbOI MeKi b >=
62,6. A mnst €p = 0.05; C=100; m=90;a=1,T =1;
o = 0.2 nopir 6yne b >= 131.2.

Tak, sxmo 3agatu o = 0.7, MAaEMO BEPXHIO MEXY
b >=>=69,8, a m1st o = 0.3 6yze b >= 106.

TakuM YHHOM, 3MIHIOIOYM 3HAYCHHS IHICKCY
Xropera o sIK BXIZJHOTO mapameTpa (Ta He 3MiHIOI0YU
3Ha4YeHHS MIBHAKOCTI obOciayroByBanHs C Ta
CepeIHbOI MIBUJKOCTI HAIXO/DKEHHs Tpadiky M),
MaEMO HACTYITHY 3aJIeXHICTh, 300paskeHy Ha puc. .

200

180

160

140

120

100

80

60

0 0.2 04 0.6 0.8 1

Puc. 7 — 3anesicnicmo nopoey 6io indexcy Xiopcma

BucHoBku
VY nmaniii po6oTi OyIO MOCTaBIEHO Ta BUPIMIEHO
HACTYIHI 3ajadi: MPOaHaTi30BaHO TMPOIECH ¥
TEJIEKOMYHIKAIIHHIX Mepexax, 30KpeMa 3aJIeKHOCTI
TpadiKy; MTPOBENEHO MOCTIIKEHHS MOXIIHBOCTEN
MPEJCTAaBIEHHS pPEAThbHUX TIPOLECIB Yy BUTISAL
BHIIAJIKOBUX IIPOIIECIB HAa OCHOBI BHUKOPHUCTAHHS

CTaTUCTHUYHOI'O IMiTaLIMHOIO MOJIEJTFOBAHHS;
nigidopano Ta MIPOAHATI30BaHO HeoOXigH1
MaTeMaTH4Hi, CTaTHCTUYHI MOJENi; MPOrpaMHO
peamizoBaHO  JaHi  Momedi  3a  JONMOMOTOIO
cepenoBumia  Matlab; moOynoBano — HeoOXimHi
rpadiku  UIA TOPIBHAHHA OTPUMAaHUX JIaHUX;

IPOBE/ICHO aHaJli3 OTPHMAHHUX MOJEINEH.
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Baorcnusicmo ananizy enexmpokapoioepam (EKT) easicko nepeoyinumu. Pumm scumms, cmpecu ma iHuti
gaxmopu enausardmv HA HACMOMY 3aX60PH06AHL Ma ix pauui npossu. Pazom 3 mum, mexnonozizayis
(yughposizayis) scumms ma anapamHo-nPOSPAMHUX KOMIAEKCU, MAKL K MOOLIbHI eleKmpOoHHI Kapoioepagu
ma Hocumi Npucmpoi 3azanom, w0 OYpXIU8o pO3BUBAIOMbCA OCMAHHIM YACOM, BIOKpUBAIOMb HOSI
MONCAIUBOCMI O WBUOKO20 AHANI3Y CMAHY AIOOUHU 304 NEGHUMU HOKASHUKAMU, A MAKOMC 00360810Mb
nposooumu 0iadeHOCMUKY Ha HOBOMY PIBHI NPAKMUYHO ) PealbHOMY YACi.

Icnye 6azamo memoois 015 ananisy kapoioepam. B daniti pobomi asmopamu 3anponoHo8aHo HOB8ULL NiOXIO,
wo eghexmueno pose’sizye zadauy amanizy EKI. Jocnioocenns 6asyemvcs na nadopi oanux PhysioNet
Computing in Cardiology Challenge 2017 ma MIT-BIH Arrhythmia Database. Aneopumm cxnadacmocs 3
maxux emanis. Qitompayis oanux, roxanizayis R nikie, nepeouckpemuzayis EKT, susnauenns knacy EKI 3a
oonomozoio ancamoémo 3 1D CNN ma niocymxosoeo kiacugpixamopa.

3anpononosanuii memoo nokazye GUCOKy mouHicmv 3a mempukoio Fi, momy sense coboio yinnicmo 015
NOOANLULUX OOCTIOIHCEHD, ONMUMIBAYIT MA BNPOBAOIICEHHSL.

Kmiouosi cnosa: enexmpoxapoioepama, EKI, xknacugixayis EKI, 00nosumipHi 320pmKosi HEUpoHHI
mepedxci, 1D CNN.

The importance of electrocardiogram (ECG) analysis is difficult to overestimate. Rhythm of life, stress and
other factors affect the frequency of diseases and their early appearance. At the same time, the
technologization (digitalization) of life and hardware-sofiware complexes, such as mobile electronic
cardiographs and wearable devices in general, which are rapidly developing, open new opportunities for rapid
analysis of human state by certain indicators, as well as allow to diagnose on the new higher level in almost
real time.

There are many methods for analyzing cardiograms. In this paper, the authors propose a new approach
based on an ensemble of individual classifiers, which effectively solves the problem of ECG analysis. The study
is based on the PhysioNet Computing in Cardiology Challenge 2017 and the MIT-BIH Arrhythmia Database.
The algorithm consists of the following stages: data filtering using moving average and Butterworth filters, R-
peak localization via threshold and grouping method, ECG resampling for the better comparability, “Noisy”
vs “NotNoisy” classification as the most hard-to-identify class, final classification as “Normal”, “Atrial
Fibrillation”, “Other” using an ensemble of 1D CNN classifiers and a final classifier of selection using
logistic regression, random forest or support vector machine (SVM).

The proposed method shows high accuracy by the metric F), so it gives the background for further research,
optimization and implementation. This way this algorithm could help to save human’s life by in-time detection
of problems with cardiovascular system (CVS) at early stage.

Keywords: electrocardiogram, ECG, ECG classification, one-dimensional convolutional neural networks,
1D CNN.

CratTiO nipeacTaBuia K.¢.-M.H., goil. Po3opa I.B.
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Beryn

3a craructukoro  BcecBiTHROI  opranizarii
OXOPOHHM 3/I0POB’sl BEJIMKHI BiJICOTOK 3aXBOPIOBaHb
JIIOJICH TIOB’I3aHUH 13 CEPIICBO-CYIUHHOIO CUCTEMOIO.
Benuky kinbkicTh mpoOieM Ta yCKJIaAHEHb MOXKHA
3aro0irTH 3 JOMOMOTOI0 HETIEPEPBHOTO MOHITOPHHTY
Ta TOCTIHHOI'O aHaji3y CTaHy, 30KpeMa 3HIMal4u
CHUTHAJIH JIFOJICBKOTO TiJIa Ta BYUaCHO 00pOOIISIIOUH iX.
OmauM 3 Takux crocobiB € aHami3 cepueBoi
IISUTBHOCTI B peaibHOMY 4Yaci 3a  JIOTIOMOI'OIO
3unTyBaHHs enektpokapaiorpamu (EKD) [1].

3anponoHoBaHO OaraTo MeTO/IB JUIs Kiacuikarii
EKT [2-7]. Bonu pi3HATBCS TiIXOAaMH, TOYHICTIO,
MIBHJIKICTIO OTIPAIIOBAHHS Ta IHIIMMU MOKa3HUKAMHU
e(heKTUBHOCTI.

Jane nocmipkeHHs BUKOPHCTOBYE HaOIp JaHUX
PhysioNet / Computing in Cardiology Challenge
2017 [2,8], mMPOKO BiIOMMNA JUIS JOCIIIKEHb Ta
po3podOku anroputMmiB ananizy EKI'. Posrmsnyro
JICKiJIbKa MiIXOIB Ta 3alIPOIIOHOBAHO KOMOIHOBaHUIA
METOJ aHami3y, Mo chHpaeThcs Ha 1D-3roprkoBi

HeiiponHi mepexi (CNN) Tta kinacudikaTopu ais

NPUAHATTS ~ pilIeHHS.  3ampoNOHOBaHWUN  METO[
POOUTH BUCHOBOK TIPO KapiorpaMy II0J10 BiIXHICHb
y HIiH, a came — HasIBHOCTI apuTMmii. Takox

BIIIUIAIOTECS HAATO 3allyMJICHI KapJiorpaMy Ta
IHIII THIM apuUTMii (0e3 po3moainy).

[TopiBHSHHS 3 IHIIMMH MeToxaMu [3] HaBeaeHO
Hanpukidimi crarti. OTpuMaHi aBTOpaMu pe3yJibTaTH
€ aJICKBATHUMHM Ta MalOTh BUCOKE 3HAYCHHS OCHOBHOI
METPUKH aHallizy sKOCTI Takux MeTtomiB — Fi. Lle

poOUTH MeTOX TpPUAATHHUM IO  HOAAJIBIIOrO

BIIPOBQ/DKCHHSI Ta BUKOPUCTAHHS Yy 3B’s3Ii 3

MOOUTEHUM Kapaiorpagom, MTOTAJTBITIOTO
JOCITIJPKEHHSI Ta 3aCTOCYBaHHSI.
Bxigni nani

Hdnst  po3po0OKM Ta TeCTyBaHHS aITOPUTMIB

BUKOPUCTOBYBaBCs Halip KapaiorpaM 3 JlaTaceTy
PhysioNet / Computing in Cardiology Challenge-
2017 [2]. [Haracer wmictuth B cobi 8528
onHonomrocuux ~ EKI'-curmamiB, 3ammcanmx — 3a
nornomoroto npuctporo AlivCor 3 yacrtororo 300 I
Koxken i3 3anmciB OyB NO3HA4YeHUI EKCIIEPTOM,
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OJTHMM 3 YOTHPHOX KIIACiB: HOpMAIBHHUI CHHYCOBUM
PUTM, MHUTOTJIMBA apUTMisl, IHIIMH BUJ PUTMY a0o
3alIymileHa Kapjiorpama, siki mosnadamucs sik "N,
"AF", "O" Ta Bincotkose
CHIBBIIHOLIICHHST KOKHOTO Kiacy Ta npukiann EKT
Mmoka3aHo B Tabjuii 1 Ta Ha puc. 1.

"~"

BIJIIIOBIHO.

Tabmuus 1. CriBBiAHOIIEHHS KapJiorpaM pi3HHX
knacie B Habopi manux PhysioNet / Computing in
Cardiology Challenge 2017 [2]

Kunac N AF (Atrial (0] ~
(Normal) | Fibrillation) | (Other) | (Noise)
Kinbkictb 5076 758 2415 279
BincoTtok 59.5% 8.9% 28.3% 3.3%
Normal rhythm Recording——A00001
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Puc. 1. Ilpuknaau EKT" 3 Habopy nanux PhysioNet /
Computing in Cardiology Challenge 2017 [2]

Orasia metoay

Byno pospobieno wmopenb, NpU3HAYEHY IS
knacugikanii EKI' Ha yoTupu kiacu: HOpMalbHUHN
pUTM, MHTOTJIMBA apUTMis, IHII 3aXBOPIOBAHHS,
samymiieHa EKT (“Normal”, “Atrial Fibrillation”,
“Other”, “Noisy” [2]). B ocHOBI mMozeni jexaTh 5
OJHOBUMIPHUX 3TOPTKOBHX HEUPOHHHUX MEpex
(CNN). Ilepen momauero maHUX HEHPOHHIM MEPExkKi

BUKOHY€ThCS momnepenas obpodka EKI, a came:

¢inprpamis, Jnokamizamis R mikiB  (puc.  2),
«po3pizanHs» EKIT Ha MeHmi dvacTuHM 1
MePeIUCKPETHU3ALIIS. ITicas Kiacudikarii
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«pO3pi3aHMX»  YaCTHMH  OKPEMO,  Pe3yJbTaTu

00’€THYIOThCS 1 00UPAETHCS KIHIICBHUI Ki1ac JIs BCi€l
EKI'. Byno nmocmimkeHo pi3HI BapiaHTH BHOOpY
KIHIIEBOTO KJIacy, a came: 3BaXXCHWH MaKCUMyM
HMOBIPHOCTEH 3a JIOTIOMOTOIO JIOTICTUYHOI perpecii,
BUIMAJIKOBUX JIEPEB Ta METOAY OMIOPHUX BEKTOPIB.

P PQ QRS ST T U

Welle Strecke Komplex Strecke Welle Welle

/\

\ PQ

Dauer

Qr

Dauer

Puc. 2. Ctpykrypa nukny EKT ta R miku

Ha nepmomy kpori Bigaiisemo 3amymieHi EKT
BiJ iHIIUX. 3 TPOBEACHUX JOCIIIB, [ICH KJac Tipiie
mijgaeTbcs  Kiacudikailii, ToOMy  IONEPEIHBO
BIJJOKpEMITIOEMO Taki Kapuiorpamu Bij pemrtu. s
nporo EKI' «po3pizaeThCs» Ha YACTHHH IO TPH
CeKYHIM Ta KOXXHa dYacThHA KIacH(]IKyeThCs 3a
noromoroto  CNN  okpemMo (CTpyKTypa Mepexi
nonana nami). Pospizanns EKI™ HeoOXinHe 1ist OUIbII
MIBHJIKOTO HABYaHHS HEHPOHHOIO MEPEKero, ajpKe
MPOMDKOK (KUTBKICTh JIaHMX) CTa€ MEHIIOI, a
KUJIBKICTh JAHMX JUIS HaBYaHHI 3a OOMEXEHOI
BUOIpKH — OijbIne. CKIAAHICTD KiTacu(iKallii mossirae
B Tomy, 1o aeski EK[T MoxyTh cymimaru Kinbka
TuniB (knaciB GinaneHOI Kiacudikariii) oTHOYACHO.
Hampuknan, omna wactmra EKIT — HopMmanpHa, a
1HIIIa — 3alIyMJICHA.

Hactynuuit kpok nonsirae y ¢inerpanii EKT, ne
3aCTOCOBYEMO pYyXOMe cepeqHe 1  (uIbTp
Barrepopra [11]. [layii 3acTOCOBYEMO aJrOPUTM

3HaxokeHHs R mikiB. Ha ocranHpoMy Kpoii

MU

«po3pizaemo» EKI' Ha yacTWHM, KOXKHA 3 SIKUX Ma€
kimbka RR mukimiB, ximacudikyeMo KOXKHY 4YacTHHY,
BukopuctoBytourn CNN, i moemHyeMo pe3ynbTaTh
1 Beiel EKT.

72

Ilonepeanst 06podka naHuX

Jo Toro, ik TaHi TOTPAIUISIOThH Ha BXiJ] HEHPOHHOT
nepeaoopooKy i
nepeuHHuA aHami3. [lpu ananiszi EKI gocmigHukis

MEpeXi, BOHH  NPOXOJSThH
nikaputh nepiognuanii PQRST komruiekc (puc. 2).
JIJis BiZICIIOBaHHS HU3bKHX YaCTOT BUKOPHCTOBYEMO
pYXOMe CepesiHE, SIKe BiTHIMAEMO BiJl pe3yJbTarTy.
J171st OUMIIIEHHS] CUTHATY BiJl ITyMiB BUKOPHUCTOBYEMO
HU3bKOYacTOTHHH ¢inbTp barrepsopra [11]. Ha
puc. 3 pe3yibTaT
noOynosaHoro ¢QinbTpy barrepBopra Ha myxe
samymieHiit EKT.

st moKpaieHHsT TOYHOCTI HEHpOHHOI Mepexki

IIOKa3aHo 3aCTOCYBaHHA

BupiBHIOEMO naHi 1mo R-R mwmxmax. Jlns 1woro
HEOOXiZIHO B aBTOMAaTUYHOMY PEXHUMI JIOKaJi3yBaTH
QRS kommuiekc. ABTOpPH MPOIMOHYIOTH alTOPUTM
3HaXOKEeHHS R miKiB, SAKWH CKIAZAETHCS 3
HACTYITHUX KPOKiB (puc. 4):

1. Tpanchopmaris curHany 3a dpopmynamu (1),
(2), (3), naBemenummm Hmwk4Ye. Llelr Kkpok
JIOTIOMAara€ BUAUTUTH Pi3Ki 3MiHH B aMILTITY/Ii,
xapaktepui Jmme it QRS xomrutekcy.
Takox Ha gaHoMy Kpoli R-miku, HampsMIiieHi
BHU3, IEPEBEPTAIOTHCS JOTOPH.

2. Buninenns notenuiinux R mikis. Ha qanomy
KpOILli BUKOPHCTOBYETHCS PYXOME BIKHO, B
SKOMY BUAUIAIOTBCS  TOYKM, BHIINI 97

KBaHTHJISL.

3. I'pynyBaHHS MNOTCHIIMHUX R miKiB, SKIIO

BOHH 3HAXOJISTHCS OJIM3BKO OJIUH J0 OJTHOTO, 1

BHOIp HAHKpaIOro KaHIuaaTa B TPYyIIL.

UpPeak =‘ min (x; —x‘
p k j=k—9,k—1( 1) = %
+‘ min (x; —x‘ 1
j=k+1,k+9( 1)~ x| (D
DownPeak :‘ max_ (x; —x‘
k j=k—9,k—1( 1)~ %
+‘ max (x; —x‘ 2
j=k+1,k+9( 1) =% (@)

Tr, = max(UpPeak;, DownPeak;) (3)
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(a)
WWMWMMWW
Puc. 3. ®parment EKT 104 micns ¢inbrpaliii BcokoyacToTHOTO Iymy: a — BXigHa EKI; b —
BifdinsTpoBana EKT

i

Puc. 4. Jlokamizanis R mikiB (wopawmii — Bxinaa EKI” A00706, 3enenuit — TpanchopmMoBana, CHHIH —
noTeHnilHi R miku, uepBonnii — Bu3HaueHi R mikn)

Jiist TecTyBaHHS AJITOPUTMY 1 MiAOOPY napaMeTpiB
Oyno Bukopucrano garacer MIT-BIH Arrhythmia
Database [9,10]. Bin cknagaerscs 3 48 EKI, koxHa
no 30 xBunuH. JlataceT Takox MiCTUTH po3MideHi R-
miku Ta ix kiacudikamiro. OCHOBHUMH TOKa3HHUKaAMH
SIKOCT1 alrOpuTMy BU3HaueHHS R MiKiB €:

e T,— KIIbKICTh NpaBUIBHO BH3Ha4YeHMX R
MKiB,

F,, — KinbKiCTh XHOHOTIO3UTHBHO BH3HAYECHUX
R mikiB,

F,, — KiJIBKICTh XMOHOHETaTUBHO BHU3HAYCHHUX
R mikiB,

o moxubOka Fy.

B Tabnuui 2 HaBeneHO pe3ynbTaTH MOPIBHIHHS 3
y [12] (ECG

METOA0M, 3alIpoOIIOHOBAHUM

73

Enhancement and R-Peak Detection Based on
Window Variability).

Ta0mus 2. XapakTepucTuKa TOYHOCTI
BH3HA4eHHs R-mikiB y nopiBHsHHI 3 [12]
3anponoHoBaHMIi AITOPHUTM [111]
K, F, Fy K F, Fy
40 141 0.2256 244 192 0.5759
[Micns BuzHaueHHs R mikiB  «po3pizaeMox

Kapaiorpamy 1o aekiibka R-R mwmkiiB. OcKilbku
JIOB)KMHA LUKIIB MOXE BiJIPI3HAETHCS, HABITH MIXK

napamu CYCITHIX MiKiB, MIPOBOIUMO
MepeIUCKpeTH3alio BualieHuX R-R 1iukmiB Tak, 11100
pe3ysibTyro4a IOCIHIZOBHICT, Maja 3aJaHy B

HEHPOHHII Mepexi TOBKHHY.
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moOyI0BH MOJIENI BUKOPUCTOBYEThCS 3ropTkoBa 1D

Kaacudikanis EKT’ HelpoHHA Mepexa (1D CNN), T0OTO

3aCTOCOBYBaJIaCh ~ OJIHOBHMipHa  3roptka. B

B pesymprari aHamizy iCHyIOUHMX pilleHb, pPE3yJbTaTi, OTPUMAHO 5 PI3HUX, aJie Iy’Ke CXOKHUX 32

HAayKOBMX CTaTed Ta 3OIHCHEHMX aBTOpPaMM apxITEKTYpOl, HEHPOHHHMX Mepex. 3 Habopy

norepeanix cnpo6 kiacudikanii  EKT  Oymo manux [2] 6yno B3sito ~ 91% EKT niist TpenyBaHHs Ta

BHSIBJICHO, [0 3FOPTKOBI HEHpoMepexi MokasyiTh ~ 9 % sK TecTOBYy BHUOIpKY. ApXITEKTypa MEpex
olHI 3 Kpammx pesyibTariB. Came ToMy Juis 300pakeHa Ha puc. S Ta puc. 6.

b
2| |3 : o112 | 15| |ol |8]|8 g U,
S S W 3 S X =1 3 w ] w] w)
s 22 o s 9?—’. g % g S 2 2 2 2 ’?—’, g’j ] S Output
Sl 123 | g S[R3 (e [ |3 3] [%]|E3] 3] |2
=1 ] @ S g' a S 5 g,
Puc. 5. Apxitekrypa Mepexi s kinacudikaiii Ha 3anrymieHi ta uncti EKT
ol |& =l (g2 | |3 ol (& g g
3 3 ) 3 3 & 3 = ul o] 3 9 o 3 @
Sleegls ol 2 El 2 Sl Bl Sl Bl S o S L[5 g
SB[ 2T EE 5T £ SES e[ A eS| E]E :
S S @ S g Q@ S S g' ]

Puc. 6. Apxitekrypa mepexi s knacudikanii EKT Ha knacu “N”, “A” ta “O”

I[Ipu HaBuanHi Mozeni Oyio BukopucraHo Ha 3 xiacu: “N”, “AF”, “O” (“Normal”, “Atrial
ontumizarop Adam, ¢yskiiro aktuBarii ReLU Ta Fibrillation”, “Other”). Ins uporo EKI™ po3ainsumchk
Softmax jns BuxigHoro mapy. B skocti ¢yHkmii Ha yacTWHM 1O Kilbka RR mUKIIIB 3 pisHUMHE 3CyBaMH.
MOMUJIKH BHUKOPUCTOBYETBhCS KaTeropialbHa Kpoc-
enrpomis (categorical cross-entropy). Takosxk Juist Beix
3TOPTKOBUX  INApiB  BHKOPHCTOBYBaBcs L2
perynspuzatop.  LlBuakicte  HaBuaHHS ~ Oyna
BcranoBiieHa Ha piBai 0.001 3 BHUKOpHCTaHHSIM
excroHeHIifHoro 3racanns (Exponential Decay).

[NepmmMm eranom knacudikarii 0yja0 BH3HAYCHHS
3amymsieHnx — kapmiorpam. Jns  mporo  EKT
PO3IUISAIINCH HA YACTUHH MO 3 CEKyHIHW 3 Pi3HUMHU /
3CyBaMU. B pe3y.HI)TaTi ix p0311ineHo Ha KJacu — YacTKa BipHMX BiANoBiaen Ha HaBYansHoMy Habopi
“Noisy”, “NotNoisy”. Came ans 1iei knacudikarii 0821 | HACTIG SIpHAX BIANOBIASH 1A NepeBIpotony Hatop!
Opasch YuCTi 1aHi 6€3 BUKOPUCTAaHHS QUIBTPIB, 00 0 2 e o 10
HE CIIOTBOPIOBATH pe3yibraT. OTpUMaHa TOYHICTh
HelponHoi Mepexi F, = 0,6167 (puc. 7).

HactynHum etanom knacudikaiiii Oyia po3poOka
1ie 3 HeMPOHHKUX MEPEeX JUTS BUSBICHHS Kapaiorpam,
0 MalTh HOPMAJbHUN PUTM, apUTMIIO Ta IHIINH
THI PUTMYy, a caMme Ui HAcTYNMHHX OiHapHUX
xnacudixariit: “N” - “NotN”, “AF” - “NotAF”, “0” -  HMOBIpHOCTI by, bs, bo LSt GinapHuX
“NotO”, a Takox po3pobka Mepexi s kiacudikarii  K1acudikaropis 1 ty,ty,tp 11 TEpHAPHOTO

088

087

084 |

YacTka sipHuX BiANOBIiAEH

Puc. 7. I'padix TouHOCTI HEHPOHHOT Mepexi
npotsaroM HapuaHHs “Noisy” - “NotNoisy”

Ha Buxomi 3 HEWPOHHUX MEPEXK OTPUMAHO
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knacugikaropa. 1lo6 nmoennatn pe3ynbTaTé pi3HUX
HEHPOHHMX MEPEXK BBEACHO 3BaKEHI HWMOBIPHOCTI
HACTYITHUM YHHOM:

Wy = byty, by = ba\Ta,bo = boy/to .

OCHOBI
iMoBipHOCTI.  Takox
MPOBEJCHO Kiacu(ikallifo Ha OCHOBI BHIIaJIKOBUX
JIepeB, METOIY OMOPHUX BEKTOPIiB 1 JIOTICTUYHOL
perpecii. /i 1poro BHKOpUCTaHO 0i0mMiOTEKY
SKLearn B Python. Bci mapamerpu, okpim
min_samples leaf = 100 mis BHUIIAAKOBUX JEPEB,
oOupanmch kinacudikaropamu aBTOMaTUIHO.

KoxHwii 3 METOIIB HaBYaBCS Ha KOPTEexax 3 6, 9
Ta 21 mapametpiB. Koprexi mapaMeTpiB CKIIaaaiucs
HACTYITHUM YHUHOM:

Ocratounuii  kjgac  oOupaBcs  Ha

HaWO1IBILIOT 3BaKEHOI

(le bAr bOl ty, ty, tO)
(le bAI bOI tNI tA' tOl WNI WA' WO)

bN: bA, bo, tN: tA, to,WN,WA,Wo, bz, bz, bz, tZ, tz, tz,
N'YA N *4)t0

\Vbyba,\/bybgo,\/babo, \[tyta, \[tato,/tato)
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PesyabTaTn

s ouiHku poOOTH Beiel Mojaeni Kiacudikarii
BUKOpUCTaHO 3ampomoHoBaHy B  PhysioNet /
Computing in Cardiology Challenge-2017 metpuky
Fq[2,6]:

Tabauus 3. MaTpuiis Kpoc-Batigariii

IIporuo3
Normal | AF | Other | Noisy | Pazom
Cnpas- | Normal Nn Na | No Np N
JKHE AF An Aa Ao Ap A
3Ha- Other On Oa | Oo Op >0
UCHHA | Noisy Pn Pa | Po Pp P
Pazom Zn Xa Yo Xp
__ 2Nn _ 2Aa
Fin=van F1a =g
_ 200 __ 2Pp
Fio =300 F1p = IP+3p
Final Score =F = —F1"+F31“+F1°

PesynbTari o6unciieHb MoJaHo y Ta0muIi 4.

Ta0nuus 4. 3HaueHHs MeTpUKHU F1 [T Pi3HUX MoJieNel miICyMKOBOro KiacudikaTopa

HasBa meTony Kinpkicts Fin Fiq Fio Fy F, Baminauis
r1apameTpis
Maximal w, 6 0.8975 0.8531 0.7485 0.8330 0.8243
Logistic regression 6 0.9031 0.8676 0.7672 0.8460 0.8194
Logistic regression 9 0.9028 0.8709 0.7674 0.8470 0.8219
Logistic regression 21 0.9042 0.8715 0.7733 0.8497 0.8195
Random forest 6 0.9037 0.8728 0.7674 0.8480 0.8246
Random forest 9 0.9050 0.8686 0.7718 0.8485 0.8225
Random forest 21 0.9050 0.8690 0.7740 0.8493 0.8173
SVM 6 0.9048 0.8735 0.7682 0.8489 0.8205
SVM 9 0.9023 0.8705 0.7619 0.8449 0.8262
SVM 21 0.9022 0.8712 0.7632 0.8455 0.8278
Kpami pesynbratu knacudikamii - BUAUICHO B nizomy * TOUYHICTH — MOPIBHIOBaHA 3 KPaIIUMHU

x)upHEUM mpupToM y Tabmumi. OTxe, TOYHINIY
KJIacU(IKaIlil0 M0 OKPEeMUX KJlacax MEePEBaKHO A€
MeTo BunaakoBux aepeB (Random Forest), six iy [6],
a Kpamy 3aralibHi  pe3yJbTaTh IMiJICYMKOBOTO
KiacugikaTopa 1a€ MeTOJl OIIOPHUX BEKTOPiB (SVM),
X04 1 3 HEBEJIMKOIO IIEPEeBaroo.
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BIJOMUMH MOJIENISIMH [3-5] Ta HaBITH MEpeBaXkae 1o
OKpEMHX KIlacax.

OTxe, B LIUIOMY METOJ MOXe OyTH aJarTOBaHHUH
JUIsl iHTerpamii 3 MOOUTPHUMHU Kapaiorpadamu s
MOJIANIBIIOTO BIPOBA/KCHHSI Ta BUKOPUCTAHHS Y
creHapisx 3 ananizom crany EKI y peanpHOMY baci.
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BucHoBxku

Y naniii poOOTI 3amporOHOBAaHO HOBHH METOJ
knacudikanii EKT, skuii ckiagaeTbes 3 HACTYITHUX
CTalliB:

1) dinpTpamnis

BbarrepropTa),

cepenHe i

JaHux  (pyxome

2) nokamizanis R mikiB,

3) «po3pizanas» EKI 1 nepeauckpeTusariis,

4) knacudikaris “Noisy” - “NotNoisy”

5) xnacudikaris “Normal”, “Atrial Fibrillation”,
“Other” 3a  JOMOMOrol  aHcaMmOIIo
knacudikaropis 3 1D CNN Ta migcyMKOBOTro
aHcaMOJIeBOTO Kiacudikaropa.
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3anpornoHOBaHUN METOJ] Ma€ BHCOKI IMOKA3HUKU

TOYHOCTI 3a wMerpukolo F; Ta edeKTHBHOCTI
3aCTOCYBaHHS (TOYHICTHHIIBUIKICTB).

Takox aBTOpamu 3aIpOIIOHOBAaHUI HOBHHM METO
nokamizamii R-mikiB QRS mukimiB xapaiorpam, sxuii
nokasaB cebe e)eKTHBHUM 32 METPHKOIO TOYHOCTI.

3anpornoHOBaHa aBTOPAMHU MOJAENb MOXe OyTu
OCHOBOIO JUIS HACTYITHUX JOCTIJKEHb 32 PaxyHOK
CTPYKTYpH
NPUAHATTS PIIEHHS Mpo Kiacudikaliio, a TaKoX

HOBOI KOMO1HAaIi1 ancaMOJIeBoi1
MOKPAIICHh Ta BIPOBADKEHHS Yepe3 IHTEerpariii y
HUKITY»

3acTOCYBaHHAM MOOiINTBHIX 3unTyBauiB EKT 3 meToto
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B pobomi nasedeno nioxio 0o modeniosanus nabopie oanux mabauyi scumms. Taxooxc 00CaioNCYIombCss Medici
OYIKYBAHOI MPUBANOCI JHCUMMA HA OCHOBI CMOXACMUYHO20 MOOETIO8AHHSA CMEPMHOCMI ma 3ACMOCY8AHHS
meopii nepuiozo 00CAHeHHA KPUMUYHO HUZLKO2O0 Pi6HSL.
Knwouosi cnosa: @yukyia cmawny 300po8'a, cmoxacmuuyne MOOen08aHHA, Mmodelv | omnepya, yac nepuiozo
00CsI2HEHHS KPUIMUYHO20 Pi6HS, THMEHCUBHICIb CMEPIMHOCHIL.

In the work the approach to modeling of data sets of the life table is given. Life expectancy limits based on sto-
chastic mortality modeling and the application of the critically low first achievement theory are also investigated.
Particular attention is paid to the representation of the function of health, together with a well-established theory
of the Force of Mortality, as well as life tables. The parameters of the model are estimated and analyzed according
to the data of demographic tables for the population of Ukraine.

Key words: The State Health function, stochastic modeling, Gompertz model, the first exit time, the Force of Mor-

tality.

Beryn. Jlunamika crapiHHS HaceleHHS —
HalpsMOK y BWBUYEHHI CTapiHHA 3a JOTIOMOTOIO
METO/IB MOMYIAIIAHOT AMHAMIKH, TOOTO BUBUEHHS
BIKOBOi  CTPYKTYpH  CTapiloumx Oi0JOTigHUX
MIOMYJIAIIN 1 TOTO, SK [ 3aJIeKHICTh 3MIHIOETHCS
3aJIeKHO BiJ THITY OPTaHi3My Ta YMOB CE€PEIOBHUIIIA.
HaiiGinpmmii  iHTEpec TpencTaBise TUHAMiKa
CTapiHHS B PI3HUX OpraHi3Max, BKIIOYAI0UH JIFOICH,
Je CTapiHHS BigOYBa€TbCcA Ta TPOTpPECye Uepes
TPUBAIMA dYac TICHS CTAaT€BOrO JIO3PiBaHHSL.
[Momynsmifini MeTOmM BPaxOBYIOTh 3aJIEKHICTH
YHCENBHOCTI MOMYISMii BiJ OIi0JOTiYHOrO BiKY.
Meror0o  Takoro - miaxomy €  BUSBJICHHS
3aKOHOMIPHOCTEH y 4aci Ha OCHOBI YHCEIBHOCTI
MONYJISIIT, SIKa BUKOPUCTOBYETHCS /ISl BUSHAUYCHHS
LIBUJIKOCTI MpOLIECY CTapiHHA. Y CBOIO uepry, i
JaHi MOXYTh OYTH BHKOPHCTaHI IJIsl TEpPEBipKH
MoJiesiel CTapiHHs, OTPUMAHUX Bil (i310JI0TTYHHX 1

© 1.0. Mawwyk, I'.B. JliBiHCbKa, 2022

78

TeHEeTHYHUX MeEXaHi3MiB abo 3a JIOIOMOTOI0
3araJbHUX CHCTEMHHUX MEXaHI3MiB.

Takok Ha OCHOBI JaHUX IIPO CMEPTh Ta
MOMYJIAIIIF0 MOXHA JOCIHIAWTA CTaH 3/I0pOB’A
JIOJUHU. 300POB’S TIOJUHUA MOXKHA PO3IIISLAATH K

CTOXaCTHYHY 3MiHHY, OCKIIBKH BOHO TIiCHO
MOB’si3aHE 3 HEBH3HAYEHICTIO, OOYMOBJIEHOIO
pizanMu  (dakTOpaMu K HABKOJHUIIIHHOTO

CepelloBUIa, TaK i BHYTPIIIHBOTO MeEXaHi3My Ta
iHpopmamii, mo wicturecss B JHK 1 remax.
JIMOBipHiCT panTOBMX 3MiH CTAaHy 310pOB’S
JIOMVMHMA BHACTIIOK 3aXBOPIOBaHb YW HEIIACHHUX
BUMAJKIB JIOCUTh BEIHMKA, IO MiJTBEPIIKYE
NPUIYIIEHHS, 110 CTaH 3/I0pOB’S JIOAWHU MOXKHA
po3MIISIIAaTH K CTOXAacTU4YHY 3MiHHY. CmepTh
HacTae, KOJIM TPAEKTOPIst CTOXaCTHYHOTO MPOILECY,
SKUI ONHCY€e CTaH 3/I0POB'A, BIIEpIIE INEPETHHAE
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HYJBOBY JiHIiIO, 110 MPEACTaBIsE HYIbOBUH PiBEHb
KHUTTEBOI CHIIM 200 HYJIBOBHI CTaH 3/10POB’sl.
Mepmri mogeni crapinas. OnHiero 3 mepmmx i
HAUNOMIMPEHIMNX MaTeMaTUYHUX MOJENeH, MI0
BHUKOPHCTOBYIOTHCS JJIsl OMUCY CTapiHHS 0araThox
OpraHi3MiB, € TaK 3BaHHI 3aKOH cMepTi ["ommepna-
Meiixama, abo ckopoueHo [‘ommepia, 3rigHO 3

SKHM HMOBIPHICTHP CMEpTi 3 BIKOM 3pOCTa€
€KCIIOHEHI[IMHO:
p=a+b* (1)

Jie X — BIK, a p — WMOBIPHICTh CMEPTi 3a NMEBHUH
MPOMDKOK Yacy, a i b — xoedimieHTw.

TakuM YMHOM, PO3MIp MOMYJISIIT 3HUKYETHCS 3
BiKOM 3a MOJIBIIHOI0 €KCITOHEHTOIO:

s(x) = exp[-m(b* + ¢)] 2

3akon ['ommepia-MakxeMa HaKpalie Omucye

JMHAMIKy CMEPTHOCTI JIFOJIeH Y BIKOBOMY JIiara3oHi

30-80 pokiB. Y JNiTHIX JIIOJIell CMEPTHICTH 3pOCTaE

HE TaK IIBUJKO, SIK IIeH 3aKOH CMEPTHOCTI, SBUIIIE,

BiJIOME SIK 3HH)KEHHSI CMEPTHOCTI B OUITBIII TII3HEOMY
BIiI.

Hampukiami 20 CTONITTA modanu 3'SBISTHCS
0arato HOBUX MOJEIICH CMEPTHOCTI HAaCEJICHHS.
HasiBHICTh BENMKO1 KUTBKOCTI HOBUX NAaHUX (9acTO
JUTSL TETEPOTeHHUX TTOMYJISIIIIN) MPU3BEI0 0 HOBUX
crioco6iB aHamizy Tabimmbs cMepTHOCTI. OCKUTBKH
JIHIAHE 3HIKEHHS (YHKIIA OpraHisMy BigoMe
JIaBHO, HEOOX1IHO CITIBBIAHOCUTH 1[I0 TEHAEHIIIIO 3
BiKOM E€KCHOHEHITIHHOTO 3pOCTaHHS Ta BiTHOCHOIO
cMmepTHicTIO. [lepmuM MOSICHEHHSIM IHOT'0 SIBUIIA
Oyma moznens Ctpenepa-MinaBaHa.

Mopnens Crpenepa-MinaBana MIPOTIOHYE
OOTPYHTYBAaHHSA EKCIOHEHI[IaTbHOTO 30UTBIIEHHS
IHTEHCHBHOCTI cMepTHOCTI p(t), i omucye meski
(¢opManbpHI  BIACTUBOCTI  KPUBOI  CMEPTHOCTI
I'omnepna:

u(t) = ae® ®3)

[IpoTsaTroM KiTbKOX IECATHIIITh KOPESIIist Teopil
Crpenepa-MingBaHa BBakanacs YHiBepcaIbHUM
nemorpadivHIM 3aKOHOM, MIHNCHUM SK IS JaHUX
PO TePiofI, TaK i I KOropTHOi cMepTHOCTI. [Ipore
ekl BIOXWIEHHA Bl 1€l  MoOelai  TakKoX
CrocTepiraiucs.

Cucrematnunuii  36ip  iHdopmauii  mpo
HApOJDKYBAHICTh Ta CMEPTHICTh B KpaiHax Jaju
MOYaTOK TEOPETUYHUM i MPUKIIATHUM
JNOCTIDKEHHSIM SIK Y SIKICHMX, TaK i B KUTbKICHUX
rany3sax aemorpadii, HMOBIPHOCTI Ta CTaTHCTHKH,
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OPUKIaTHOI MaTeMaTHKH, a OCTaHHIM dYacoMm i
KOMIT FOTEPHUX JIOCHIPKEHb Ta MOJIETIOBAHHSL.

Cran 310poB’sl a00 KUTTE3AATHICTh OPTaHI3ZMYy
MOXKHA OIIHUTH 3a HaOopaMu JaHHUX IPO
HapO/DKEHHSI Ta CMEPTh. 3 TOUYKU 30py SIKICHHX
JNOCIIPKEHh MO)KHa CKa3aTd, IO TapHUH CTaH
3/I0POB’Sl HACEJICHHS MPHU3BEAC JIO 30UIBIICHHS
TPUBAJIOCTI UTTA. [IpoTe KiNbKiCHA BIANOBIIL Ma€e
BKJIIOYATH JJaH1 HAPO/PKYBAHOCT] Ta CMEPTHOCTI.

Ane K KUIBKICHO OLIHATH Ta 3MOJEIIOBATH
CTaH 3710pOB’s HACEJICHHS, TIepe10aunBIIN (DYHKIIIIO
cTany 310poB’st 3a Bikom? [lpuumHa BimcyTHOCTI
PO3BHTKY KUIBKICHOT TeOpii MepeBakHO MOB's3aHa 3
TAM, IO 370POB'Sl JIOAMHH — 1€ CTOXACTHYHHI
poIiec, a cMepTh — 1€ "KiHelb'" I[bOro MPOIIECy,
KOIIM CTaH 370pOB’S Tajae HIDKYE MEeXi, o
Ha3WBa€ThCS Oap’epoM, TOOTO B MOMEHT IEPIIOrO
JIocATHeHHA piBHA (Oap'epa) IMM CTOXaCTHYHUM
nporecoM. B mopaneiioMy Ans CTOXaCTHYHOTO
MpOIleCy, TOB'SI3aHOIO 31 CTAHOM («KUIBKICTIO»)
3/I0pOB'SL JIIOAWHN, MOMEHT TMEpPIIOTO JIOCSTHEHHS
KPUTHYHO HHU3BKOTO piBHSA OyleMoO Ha3uBaTH
«MOMEHTOM (260 9acoM) IEPIIOro BHXOMY.

CroxacTH4Ha Mojedb i MoOB'sA3aHi 3 Helo
napaMeTpu. CMepTh BUHUKAE SK HACTIIOK BTPATH
JKATTEBUX CHJT 200 3IOPOB's, IO MOXKHA PO3TIISIATH
SIK BUTIAJIKOBUI TIPOIeC. 3MOICTIOBATH IIEH MpoIiec
MOJKHA TIPOCTUM CTOXACTHYHHM AuQepeHITiaTbHuM
piBasHHEAM[1]:

dS; = pidt + o, dW, 4)

Tyt S — 1e cran 300poB'ss a00 KUTTEBA CHIIA
TIONWHY, Ui — QYHKINS, [0 BHPAXae BTPATy
JKUTTEBUX CHJI a00 IIBUAKICTh 3HIDKEHHS CTaHY
3I0pOB’S 3all&KHO Bim BIKy t, 0y — naucmepcis
3I0POB'Sl JIFOIWHU, $Ka BBAKAETHCSH CTAIOKO IS
nanoi momeni, W(t) — cranmapTtHuii BiHEpiBCHKUI
Tporiec.

[nstxoM psIMOTO iHTETPYBaHHS Sp
BH3HAYATHMETHCS SIK:

St =S50 + ftto psds + o5 [We =Wyl (5)
ne So — 3naueHHs S; y moMeHT t = 0. Tenep name
TOJIOBHE 3aBAaHHS — OTPUMATH aHAIITHYHUHBUIIISA
¢byHkuii - yf. BBaxkaemo, 110 MaTeMaTHYHE
criofiBaHHs 3HaueHHs S; € ¢yHkuiecro H = Hy,
3aJ1aHoI0 (POPMYJIIOI0

He = EIS;| = So + [, pids ()

MU OTpUMAEMO
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* dH;
He = ¢ (7
ne H, — GyHKIis cTaHy 3710pOB's.
OcHoBHa npobJieMa TYT NOJATA€E HE B TOMY, 1100
3HAWTH PO3B's30K (4), a B Mepexoii 10 HIUIBHOCTI
HelepepBHOi BUMAAKoBOI BenmnyuHH. 3 (4) Mu

MOXKEMO nepenTu 10 TOB'I3aHOT0
nudepeniianbHoro piBHsHH Dokkepa-Ilnanka [1]:
ap(Se.t ap(Sp,t) | o 3%p(Spt

P (St )=—‘Ll; p(St.t) O p(zt) (8)

at as; 2 s

Po3B’s130K, Oyjie MaTH BUTJIS:

_ (I:t)z

1 2
p(t) ——]1/29 Hoosds (9)

[21‘[ I o2ds
s cranoro 3HadeHHs o 118 GopMmysia HaOyBae
BUTJISA,
(Hp)?
p() = e z0% (10)
3HaxomKeHHs (PYHKIIIT HIILHOCTI, 110 BUPAXKAE
PO3MOIT Yacy IEpPUIOro JOCATHEHHS KPUTHYHO
Hu3bkoro piBHsa HajgaHo E. Ipexinrepom [2] i M.
CMOITyXOBCHKUM [3] y  ImBOX  poborax,
OIMyOJIIKOBAaHUX HE3aJIGKHO B OOHOMY HOMEpi
)ypHaiy. [lizHime A. 3irept [4] aaB iHTEepHIpETALIifo,
OJIYDKYY JT0 HAIIIOTO CYYacHOTO IMMO3HAYEHHS, TOM K
B pobotax [3]-[7] nano Haiittikasimry ¢popMy GyHKIT
OIUTBHOCTI  Tepmoro  Buxoxy. Jlims  mpoctoro
BUNAJKY, MIPENICTaBICHOTO paHire 9),
3aIpPOIIOHOBaHA Q)opMa:
2

a

g =4 p(a t) = se 207t (11)

K. JIxennen [5] 3anp0n0HyBaB 6iJ‘ILHI 3arajbpHy

dbopMy IS BUNAAKY KPUBONIHIMHOI  MeXi,

BUKOPHCTOBYIOUH JOTHYHY ATIPOKCHMAITIIO

IITFHOCTI MEPIIOT0 BHXOMY. 3aCTOCYBaHHS IIi€l

Teopii 10 MOZJENOBaHHS CMEPTHOCTI MPU3BOAUTD JI0
Hacrymnsoi ¢popmu [1], [8]:

g(e) = ety - it -4 12)

Sk 6aunMO 3 OCTaHHBOL @opMynH |H; —
tH{| BpaxoBye JIOKaJIbHY JIIHEAPHU3AILIO 1 B KUTBKOX
BUTIAJIKAX MOXKE PO3IIISIATHCS SK KOHCTaHTa. Y
[IbOMY BHIIQ/IKy BUHUKAE npOCTima ¢dopma:

_(Hp?
NorTkd 202t (13)

IaI

|He— thI

9@ =Zp® =
Abo dopma 3anp0n0HOBaHa B [1].
K _HD?
gt) =7ze 2 (14)
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be3 BTpaTM  3araJbHOCTI MH  MOXKEMO
BcTaHoBUTH 0 = 1 B piBHguaai (10) mms g(t)
HPOJIOBXKUTH BUKOPUCTAHHS IPOCTOT (POPMHU MOJEi
npencrasieHoro B (14), ne HoBuii mapamerp k =
k*/\2m.

Termep MOXeMO TEpedTH A0 OMIHKH (QopMHU
HeBiomol  ¢yHkuii  crany  3mopoB’s  H(t),
HIJICTAaBUBILH B MONEPETHE PIBHSIHHS Ta BUPA3UBIIN
H(t) sk o¢yukmito g(t). Orpumana QyHKiis Mae
BUTJIS]

1
H, = (—Ztln g“l){—“ﬁf (15)

IIo6 3abe3nmeunTH MO3UTHBHMN 3HAK YJIEHY B
Jy’)KKax y TpaBiii YaCTHHI OCTaHHBOT (POPMYIIH, Ma€e
BUKOHYBATHCh TAKE CITiBBIIHOIICHHS:

k> g(t)Ved (16)
HeoOxigni pa”i g JOCHIDKEHHS — IIe

KIUTBKICTB TTOMEPJIMX Y Billi X mpotsarom poky (dx), a
TaKOXX CIIOCTEPEKyBaHa YMCENIbHICTh HACEICHHS 3a
BikoM X B meBHOMY potti (IX). Tozi iHTEHCHBHICTb
CMEpTHOCTI B TOHII X (Y Billi X) i, BU3HAYAETHCS SIK
e = (17)
Komn pami Hamanmi B TepMiHax W,, MH
nepexoquMo 1o Oe3rmocepeslHhoro TMOmyKy H,.
OCKUTBKH B HAIIMX PO3paxyHKaxX HaM IMOTPiOHI maH1
JUISL OIHKK (YHKII MUTBHOCTI HMOBipHOCTI g(X),
MU MOYKEMO 3HAWTH 1110 (PYHKIIIFO 3 BUSHAYECHHS (L) 3
thopmymu

_ g(x)
Ux = l—f;g(t)dt (18)

[Ticnst meperpymyBaHHs Ta TuQepeHIiFoBaHHS
OTPUMYEMO

Ix = 'uxe_f:mdt (19)
®dopmyna s g, Hamae (QYHKIIIO IILUTBHOCTI
fimoBipHocTi g(X) sIK QyHKIIIO Uy. BigmosigHo, Mu
MOXKEMO 3HalTH HacTymHy (opmy mms QyHKIi
CTaHy 370pOB’4
1

— ¥ neat\2
H, = <—2x IHM> (20)

IMapamerp K Terep BU3HAYa€THCS K
k = max (\/_,u e~ lo Hedly (21)
x€(0;00
MopneaioBaHHs Ha OCHOBi JaHMX TIpo
HaceJeHHs IS Ykpainu. JlocmimxeHHs
MPOBECHO Ha OCHOBI JaHMX HAJaHUX 0a300 JaHUX
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Mpo CMEPTHICTh Jroaer https://www.mortality.org/.
3 Bka3zaHoi 06a3u JaHUX 0yJI0 BUKOPUCTAHO KUTBKICTh
MOMEpPJIMX Yy Billi X TPOTATOM POKY, a TaKOXK
CIIOCTEPEKYBaHA YHCEIIbHICTh HACEICHHS 32 BIKOM X
B IIeBHOMY poili. JlaHe orfiroBaHHs OYyJI0 MPOBEICHO
3a goromororo cepenosuiiia MS Excel.
3acrocyBaBmm  dopmyiny  (20)  Oyno
3MOJICJILOBAHO (DYHKIIIFO CTAHY 370POB'S 51 )KIHOK Ta
yonoBikiB Ykpainu y 2000 poui (Pucynok 1).

DyHKLiA cTaHy 340poB'a AnA YKpaiiu B 2000 poui

H(t)

10 20 20 40 50 60 70 20 50 1

Hix) B Hix) vanosinn

Pucynok 1 - dyHKIis cTany 310pOB’ S YOJIOBIKIB i
JKIHOK B YKpaiHi

Otpumani rpadika mis H(X) 3abesmeuyrorsb
HecUMeTpu4uHy (opMy, TomioHy mo mapabomu. Lls
(hyHKITIS ONHCY€E cepenHe 3HAYCHHS CTaHy 370POB’ S
HAaCeJICHHS 3a KOHKPETHUH pIK SK (YHKIIIO BIKY.
CraH 370pOB'sl TOYNHAETHCS 3 HU3BKOTO PIBHS MPH
HApO/PKeHHI Ta 3pocTae 10 MaKCHMaJIbHOTO
3HAYEHHS CTaHy 3/I0POB'S, a MOTIM 3HIDKYETHCS JI0
HYJIS y Billl MAKCUMAJIBHOI CMEPTHOCTI.

Ockinbku rpadixu MatoTh GopMy mapadomu st
byukmii H(X), Mmu Moxemo 3HaiTh Bik X, me H(X)
orpumye MakcumyM. Jlns Bumanky Yipaiau B 2000
pori BiH craHoBUTh X=36 pokiB i H(X)=17,94 mms
®inok Ta X=31 pik i H(X)=13,72 a5t 40/10BIKiB.

Jns cnocTepexeHHs 3MiHM 3Ha4YeHHS (YHKITil
KUTTEBOCTI I YKpaiHW 3a NaHUMH B Pi3HI POKH
Oyma moOymoBaHa mozenb 3a dopmynoro (20) mis
kiHok (Pucynok 2) Ta domnogikie (PucyHnok 3)
VYxpaian 3a mepiox 3 2000 poky mo 2012 pik 3
IHTEPBAJIOM B 2 POKH.

Ha ocHOBi pospaxyHkiB Ta  rpadikiB
CIIOCTEpIraeThCs WiTKa TEHJCHIIISl 3pOCTaHHS CTaHy
3I0pOB’S  KIHOK: TIPH  BIJIHOCHO  CTaJoOMy
MaKCUMaJbHOMY 3HaueHHI (YHKIIIi CTaHy 3/I0pOB A,
BIK MaKCHMaJIbHOTO 3HAYEHHS CTaHy 370pOB’S
migeumryerbess  (Tabmuns 1), Takoxk, mTOMITHO
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PI3HUIIIO BiKY HYJIOBOTO 3HaUCHHS CTaHy 3JJ0pOB’,
B )KIHOK BiH 3Ha4HO BUIIIMM, HIX B 40jioKiB (Ta0mmiist

2).

PYHKLiA cTaHy 340p0B'A ANA XKiHOK YKpaiHU

20

e

. g k\\v
g

. N

| L

20 40 60 80 100 170

H(t)

i Hiwen 2000 i v 2002 i) i 2008

Hix ion 2005

His]Himon 2008

H i 2010 H) o 2012

Pucynok 2 - ®ynkiis crany 310poB’st (kinku 2000-
2012p.)

DyHKLIA cTaHy 340POB'A ANA YONOBIKIB YKpaiHu

e

H(t)

Pucynok 3 - ®yHKIiS CTaHy 300pOB’S (YOJOBIKH
2000-2012p.)

Bik
Makcumansb Bix HYJIbOBOT
MaKCHMaJIbHO 0
.| He 3HaYeHHSH
Pix IO 3Ha4Y€HHs | 3HAYEHHS
ymKuii
H(x) CTany CcTaHy
3I0pOB’sL, P. | 340POB’S,
p.
399 18,3 37 83
;99 18,1 34 82
199 17,7 41 82
égg 17,5 35 78
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(2)00 17,94 36 82
200 17,87 39 84
200 17,32 41 83
20 17,50 41 82
20 17,09 44 84
- 17,70 46 82
20t 17,75 47 84

Tabnuns 1 - [TopiBHSHHS 3HaYeHHb QYHKIIT CTaHy
3JI0POB’sl Ta POKIB MAaCMMAaJIbHOI'O 1 HYJIbOBOT'O
CTaHy 3JI0pPOB’sI )KIHOK B YKpaiHi

Bix
MaxkcuManb Bix HYJIOBOT
MaKCHMAaJIbHO 0
.| He 3HaYeHHS
Pix IO 3Ha4Y€HHA | 3HAYECHHS
dyHKwuii
H(X) CTaHy CTaHy
3I0pOB’S, P. | 370pOB’s,
p.
o 14,9 29 78
%99 14,3 31 74
}199 13,9 29 76
égg 13,6 32 7
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égg 14,0 31 80
- 13,72 31 76
20 13,44 29 75
200 13,73 19 69
20 13,76 22 71
- 13,84 23 73
(2)01 14,64 26 75
20t 14,90 26 77

Tabmuus 2 - [TopiBHAHHS 3HaYSHHb QYHKIIIT cTaHy
3JI0pOB’Sl Ta POKIB MACMMAJILHOTO 1 HYJIbOBOT'O
CTaHy 37I0pOB’s YOJIOBIKIB B Y KpaiHi

BucHoBku. 3a pe3ynbTaTHMH AOCITIKEHHS
CIIOCTEPITAETHCS YiTKA TEHCHIIISI 3POCTAHHS CTaHY
3I0pOB’ST  JKIHOK: TIpH  BIIHOCHO  CTaJiOMy
MaKCHUMaJIbHOMY 3Ha4YeHHI (DYHKITI CTaHy 3/I0pOB’,
BIK MaKCHMAaJLHOTO 3HAYCHHSI CTaHy 3I0pOB’S
MIIBUNLYETHCA. TakoXK, TOMITHO PI3HUIIO BIKY
HYJILOBOTO 3HAYEHHS CTaHy 37I0POB’s, B JKIHOK BIiH
3HAYHO BWINWHA, HDK B YONOKiB. Taka pi3HULA
3yMOBIIEHAa CYKYIHICTIO (DaKTopiB, SKi MOXKHA
y3araJpHUTH CII0COO0OM KUTTA. HaiicyrTeBimmit
HEraTUBHUH BIUTMB Ha 3/I0POB’S CIPUUIHHSIIOTH:
aJIKOTONb, KypiHHS Ta HENpPaBHIbHE Xap4UyBaHHS.
TakoX dYONOBIKM OITBIN CXWJIBHI IO PHU3HKY Ta
MAaroTh OUTBIT HeOe3meuHi (hopMu 3aHHATOCTI.
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Pozenanyma 3a0aua moodeniosanhs MAcHIMHO20 anIikamopa kpyenoi ¢opmu, npusnaveno2o 01s 0ii Ha
00 ’exm (MiteHnb) ROCMITIHUM YU 3MIHHUM MACHIMHUM RONIEM. Y 36 13Ky 3 MUM, WO MASHIMHEe Nojie MOHOMOHHO
cnaoae 3 pocmom 8lOCMaHi 00 aniikamopa, Mooeib KI0YAc 3 aniikamopu 3 pizHumu padiycamu, a 3adava
BUPTUYEMbCSL HA OCHOBI iX nopienanus. Ilpu ybomy Oinbuwiuti ma meHuuil aniikamopu Maroms paoiycu, sKi
binblue uu MeHuie paoiyca cepedHbo20 anaikamopa 6 0OHAK08Y KilbKicms pasz (koepiyienm macumaby K). B
HAOIUNCEHHT 6UMKA 31 CMPYMOM 3HANIOeHO anamimuyni 3anesxcnocmi 6i0 K 6ausicnboi, danvhvoi epanuyi ma
cepeouHu NPOMINCHOI 30HU, MOOMO poOOUYOi 30HU, 6 AKIU NOBUHHA 3HAXOOUMUCA MiuteHb. 3HAlOeHo
acumnomuxu y Kpauix eunaokax minimaivrnoeo (K=1) ma eemuxoco (K>>1) roegiyienmis macuma6y.
Tokasano, wo cepeduna pobouoi sonu npu k=1 piena RA2, (R — paodiyc aniikamopa),a npu K>>1 pocme sk
(RI2)KY™3, L]i pesynomamu daromo upiwenns «npamoiy» 3a0aui — Ons annixamopa neeno2o padiycy nioibpamu
napamempu miuteni — posmip ma 8iocmanb 00 Hei. Taxuil niobip KpumuuHuil, KoAu MileHi Marome
00CMAmMHbO GeUKULL PO3MID MaA 8i0CMAHbL 00 AKUX He MOJce Nepesuny8amu neeHoi KpUumuiHoi eeruyuru
(enubuHu 3a782aHHA), WO MAE Micye 30Kpema Npu Ol MASHIMHUM HOJeM HA NeGHI op2anu yu 00aacmi
JAoKanizayii MacHimHux (Hano)mamepianie acepeduni 61000 €kmia, 6 m. Y. TOOUHU YU MEAPUHUL.

Kurouosi cnosa: annikamop masHimuo2o nous, poboua 30Hd, HAHOMAMeEPIAUY, TOKANI3AYis HAHOYACMUHOK

We considered the problem of modeling a magnetic applicator of round shape, designed to act on an object
(target) with a constant or variable magnetic field. Due to the fact that the magnetic field monotonically
decreases with increasing distance to the applicator, the model includes 3 applicators with different radii, and
the problem is solved based on their comparison At the same time, the larger and smaller applicators have
radii that are larger or smaller than the radius of the average applicator by the same number of times (scale
factor k). Analytical dependences on k of the near, far boundary, and middle of the intermediate zone, i.e., the
working zone, in which the target should be located, were found in the approximation of the current loop.
Asymptotics were found in extreme cases of minimal (k=1) and large (k>>1) scale factors. It is shown that the
middle of the working zone at k=1 is equal to RN2, (R is the radius of the applicator), and at k>>1 it grows
as (R/2)kY3. These results provide a solution to the "direct” problem of choosing target parameters for an
applicator of a certain radius - size and distance to it. Such a selection is critical when the targets have a
sufficiently large size and the distance to which cannot exceed a certain critical value (depth of occurrence),
which takes place in particular for the action by magnetic field on certain organs or the area of localization
of magnetic (nano)materials inside biological objects, including humans or animals.
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1. Beryn. [ns HampaBlieHOT OOCTaBKH JiKiB Ha
MAarHiTHUX HOCISX, HEOOXIOHUH 30BHILIHINA BILIHB
Mar”iTHOTO IOJIsA, III0 Ma€ JOCTATHIN TpamieHT IS
BUKOPUCTAHHS MAarHITHHX YacTHMHOK B OpraHi-
MirieHi. J[js HOro CTBOPEHHS BUKOPHCTOBYETHCS
aruTikaTop MarHitHoro moisi. CTBOpEHHS MarHiTHOTO
arulikaTopa, SKAH Mae 3JaTHICTb yTPUMYBaTH
MAar”iTHI HAHOYACTHMHKM Ha HEOOXIOHINM BiacTaHi
BcepeIuHi 010JI0riyHOro 00 €KTa - 11 HOBa,CKJIaHa 1
MoraHo JIociiukena 3amada. OCKUTbKH 00 €KT— 11e
MOHOJIOMEHHI  ()epOMarHiTHI HAHOYACTUHKU, TO
BeIWYMHA MATHITHOI CHJIM, sKa [i€Ha HHX,
BH3HAYAEThCS TPAJIEHTOM MArHITHOTO TIOJIsA, SIKE
crBopeHo arutikatropoMm [1].Takuii amutikarop Oyme
MaTd 3 30HM: OJNMKHIO, MPOMDKHY Ta IaJibHIO. B
KOXKHIM 3 IIUX 30H HANPYXXEHICTh MarHiTHOTO TOJS
OyJZie MaTH 3aJIOKHICTh BiJ pajiycy arurkaropa, Iio
BHUKOPUCTOBYEThCS [2].

KpiM Toro, MarHiTHi HaHOYACTHHKH, SKi
MOTPAIUISIFOTh Y 3JOSIKICHY KIIITHHY, 31aTHI TOTJIH-
HATH EHEpril0 30BHINIHHOrO 3MIHHOTO E€JIeKTpoMar-
HITHOTO TONsA. B pe3ympTaTi MOXXKHA OYiKyBaTH
JIOKAJBHUH HArpiB OTOYYIOUMX TKaHWH. L[ TexHo-
JIOTiST HA3WBAETHCS MarHiTHa TimepTepMis W Hapasi
aKTHUBHO mocmimkyerbes [3]. Inmi HampsMku 3acto-
CyBaHb B OiOMeTHUITMHI HaBeIEHO B orysgaax [4-5].

B pobGori po3rimsHyTa MOIENh MAarHiTHOTO
arTikaTopa Kpyriioi popmu, Mpru3HAYSHOT o I 1Tii Ha
00’eKT (MillIeHb) MOCTIHHUM 9H 3MiHHUM MarHiTHUM
moeM. CrTaBHTBCS 3amada MigiOpaTH mapamerpu
MillleHi — po3Mip Ta BIACTaHB 0 HEl IS arurikaTopa
meBHOro paxaiycy. Ha mepmmii mormsn 3amada
TpHUBiaNbHA, TOMY IO MAarHITHE TOJ€é MOHO-TOHHO
crajgae 3 poCTOM BIACTaHI JO aruTikaTopa, Ta Mae
JIUIIE OJMH PO3B'SI30K, a caMe — BIJICTaHb MOBHHHA
OyTy MiHIMajabHa, a pO3Mip MillleHi HE TOBHUHEH
TIEPEBUIIYBATH JiaMeTpa arrikaTopa.

Le#t TpuBiasbHUN PO3B'I30K IMOBHICTIO CIIPaBE-
JUBUH 3 TOYKH 30pPY MarHiTOCTATHKH, TIPOTe, XHOHUI
JUIT  TPaKkTHYHUX  3aCTOCYBaHb, 30KpeMa IS
CTBOPEHHSI MAarHiTHUX arurikaTtopiB. s Toro, mo0
MIATBEPUTH IO TIMOTE3y, PO3POOICHO TEOPETUUHY
MOJielb, KA BKIIOYAE 3 amiikatopu 3 Pi3HHUMH
padiycamu, a 3ajada BUPINIYEThCS Ha OCHOBI iX
nopiBHsHHA. [lpn 1pOMY OLTBIIUN Ta MEHIIHN
aruTIKaTOpXU MAalOTh PaiycH, SKi OUTbIIE YM MEHIIe
pajiyca CepemHbOro amiikatopa B OJWHAKOBY
KUTBKICTh pa3 (koedirient Macmrady K).
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2. MardiTHe moJie BUTKA 3i CTPyMOM
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Puc. 1. CxemaTuune 300pa)<eHHsI BUTKA 31 CTPyMOM

Binmomo, 1110 HanpyXeHiCTh MArHITHOTO TTOJISt
(MII) mae HacTYTHUN BUTIIAA!

wR? _
= Gy WS nl (1)
Jie W- amIiep-BUTKH, N - KUIBKICTh BUTKIB, | - cTpym y
BUTKY, R - paziyc BUTKa, Z — BIICTaHb BiJI HEHTPY.
PosriisHeMO HAWMPOCTIIINN  BUIAJO0K 1€
KUIBKICTh BUTKIB N =1, TOAI 1ojie HaOyBa€ BUTIISALY:

IR?
H= (R2+ZZ)3/2 (2)
. 1
B HopMoBaHOMy BUIUISIAI  BpaxoByemo Hy = 7

z . ) ) ) )
Taz = —TONI 3QJIEKHICTH BiJl BiICTaHi Z MaTuMe

HACTYIHUH Bimomuit Burisiz (3):

H(z) = H, —(1+212)3 ~ 3)
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z

Puc. 2.3anexHiCTh aMILTITYTH MarHiTHOTO TIOJIS
arTikaTopa Ha Horo oci Bif BiicTaHi Z

3 (1,3) MO’KeMO OTpUMATH BUPA3H st OIIHKHBOT (4a),
poMikHOT (40) Ta manpHBOI (4B) 30H:

I

HE3=HO=E,z<<1 (4a)
H
Hpy =5 52~1 (46)
IR?
HI[?’ = Z_31 z>1 (4B)

Baunmo, mo B 6mkHil 3081 MIT nmpaktuaHO
nocriine Ho, pami y TnpoMibKHIH 30HI BOHO
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3MeHmyethcss B 2v2 ~ 2.82pa3u, B JanbHiil 30Hi

- M . .
nose nponopuiine Hyz ~ — e M = IR?- Binomui
BHpa3 Ul MarHITHOTO MOMEHTY JWTIOJNSL.

Henomikom Bupa3sy (4,0) € Te, 1110 cepenuHa
MPOMIDKHOT 30HM € HaOIMXKeHoto 1 BuOpaHa Hamu 0e3
HaJKHOro OOrpyHTyBaHHs. KpiM TOro, mpomikHa
30HA HE Ma€ IUPHHH, IHIIUMH CJIOBAMH — TPaHUIIb.

3. BuszHavyeHHsi rpaHuub PodOYOl 30HM s

neBHoro koedinienty Mmacmrtady. Baegemo
koedirieHT maciurady Krakuit 1m106:
Ry
Ry = =7 Rs = Rk ®)
7y = kzy 23 = % (6)

k

Tomi 3 Bupasy (3) oTpUMaAEMO 3aJEKHOCTI
JUISL 2-X aruTikaTopiB 3 pisHUMU pajiycamu Rita Rs.

Hm@)=E(—i—7> 7)
Re \(1+(kz,)2)2

(8)

[IpumrycTumo, Mo MU MaeMO TIEBHUH 00’ €KT

Ha ruOuHI Z. Toll BUHUKAE MUTAHHS — arIikaTop 3

sxuM paziycom (R1, Ry, un R3) Hatikpare mimidime ams

nmanoi TimOwHW 2.7 Jlnsg BupimeHHS maHol 3amadi

CKOPHCTaEMOCH TIpuKIagoM. Bubepemo 3HadeHHS Ry,

R2R3 sKi OynyTs 3aJOBONBHATH YMOBY:

R, <R, <Ry 9

Hanpukman, Ri= 0.25 R, = 1R3 = 4,0omxe k = 4. Toxi

sanexuocti (7,8) nabynyrs Burmsay (mone H, nae
€THCSI BiTOMUM BHpa3oM (3)).

m@=u@i—g (10)

(1+1622)2

H3(2) = 1 (—) (11)
(1+G2)?

BukopucroBytoun rpadidne mnpeacraBieHHS
MOXEMO BU3HAUYNTH JaJIbHIO Ta OmrkHIO rpanui 13,
Ta ii cepeauny 3rigHo Bupasis (12 - 14).

Hy (Zyin) = Hz(Zimin) (12)
Hy(Zmax) = H3(Zimax) (13)
Zpoy = ZmintZmax 14)

ep — 2
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B pesynbrati oTpuMaEeMo Zpy,i, = 0.34, Zpar = 1.34,
Ta Zeop = 0.84. I'padpiune MIPEJCTABIICHHS
3anexHocreil (12-14) nonano Ha Puc. 3.

™4 16 1.8 2

0 02 ™4 06 08 1 12

Puc. 3. 3anexnocti Hanpyxenocti MIT st Tppox
arutikatopis 3 pisnumu panaiycamu (R1,R2,R3),
Zmin,Zmax— TPAHUIII TPOMIKHOT 30HH.

Ha mii  OCHOBI MOXXEMO  yTOYHHUTH
BU3HAYEHHsI (4) MPOCTOPOBUX 30H JUIS AIUTiKaTopy 3
cepenHiM paaiycom R,.

Juia GKHBOI 30HU: Zy < ZpyinOTKe Zp < 0.34
IIpomikHa 30HA: Zpmin < Z2 < Zmax

tomi z,€(0.34; 1.34) (15)
JanpHs 30HA:  Zy > Zpq,3BiacH Z; > 1.34

Takox BU3BHAYNMO IMMUPUHY POOOUIO01 30HMU:

Azy = Zmax — Zmin = 1 (16)
4.00unciieHHsl TpPaHUIb Po00Y0i 30HH [JIsl
IOBiIbHOTO KoediunieHTy MacmiTady.3HaUeHHS
rpasuib pobodoi 30H (15-16) crocyroThes muie
BUMAAKy k=4. Jlns JOBUIPHOTO BHWITANKY 3HOBY
po3ristHEMO Toie BuTKa (3) Ta BpaxyeMo yMoBy (9)
JUIs 3-X arulikaTopiB 3 pi3HUMH panxiycamu. Tomi s
JanbHOI (Zmax) Ta OMMKHBOI (Zmin) TPAHHIL POOOUOT
30HU OyJe CrIpaBIKyBaTHCh PIBHICTD:

H; (Znin) = Hy (Zmin) 17)
Hy(Zmax) = H3(Zimax) (18)
3BincHu OTPUMAEMO:
Zmin = f(R1,R2) (19)
Zmax = f(R2,R3) (20)

Ha ocHoi BupasiB (5) ta (3) BU3HaUMMO (YHKIIIFO
JJIA Zmin.

= 3 (21)
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w
w

s (@) -r (@) @
(R (1+ (IZT)Z) = Ry)s (1+ (i_)z)

Hus  Toro, w00 3BUIBHUTHUCA BiJ paJUKaiB

HEeOoOXiIHO TepeiiTH 10 BHpasiB depe3 KoedimieHT
MaciTabyBanus K, Takuit 1m100:

(23)

3 + kzmin)?) = (R)3 (A + zZmin?)  (24)
(27) A + kzmin) )= 1+ @in)? (25)
1=k75 = zpn (k3 = 1) (26)
2
1 |k73-1
Zmin = 17 |74 (27)
k /3 4lk’3-1

Mo’keMo CIIPOCTUTH BHUPa3 BUKOPUCTOBYIOUYH BiIOMY
maTematuuny opmyny (a? —b?) = (a —b)(a +
b) mnpu 3HaYEHHI a = k2/3; b=1:

(ks —1) = (k3 - 1) (k% +1) (28)
Zmin = ﬁ ’kz/lTH = % (29)

AHaJIoriyHo, Ha OCHOBI BUpa3iB (6) Ta (3) BU3HAYNMO
(hYHKITFO Zmax:

= (30)

o)) (o)
(R (1 + (%)2>= (Ry): (1 + (%)2)

[lepexomumo g0 Bupa3dy depe3  KoedillieHT
macmrabyBanss K, Toxi Zyar = f(k, Ry):

N w

(31)

(RS + (ana)®) = (kRS (1+(22)°)  (32)

4

2
14224, = k3 + 22,k (33)
2 4
1-ks = Zrznax(k_5 -1) (34)
2 1—k2/3
Zmax = k /3 m (35)

CrpocTuMO BUpa3 3HOBY BHUKOPUCTABIIM Pi3HHIIO
. 2
KBa/IpaTiB (1 —(k /3)2):
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2 1 Zmax
Zmax = K /3 2.~ TR
1+k’/3 Ry

(36)

Taommusg 1

Pe3ynbTaTit 00UMCIIEHD Zmin, Zmax, T Zcep IPH PI3HUX
3HaueHHs KoediieHTy Macmrady K

k Zmin Zmax Zeop

2 0.49 0.98 0.73

3 0.39 1.18 0.78

4 0.34 1.34 0.84
OCKilbKH MM~ BUKOPHCTOBYBAalld  HOPMOBaHI

3HAYCHHA ZmaxTa Zmin

(37)

Zimin = RoZmin s Zmax = R2Zmax

0 2 4 6 8

Puc.4. 3anexHIiCTh NabHBOI TPAHUIl POOOTOL
30HU Bif] pajiycy arumikaropa

5. AcCHUMNTOTMKAa TIPAaHULb TPH TIPAHHMYHUX
KoedinieHTax Macmtady. BukopuctoByrouu Bupasu
(29) Ta (37) moOymyeMO 3aIEKHICTD Zmin, Zmax, T& Zeep
npu Oymp-skux 3HaueHHsx K. IIpoBememo anaii3
ACHMIITOT JJISI 3HAYEHb Zmin, Zmax, T Zeep:

. 1
k = 1: Bci Zinin, Zmaxs Zeep = 5~ 0.71, (38)

1,1
— —ks,
2

Wl

1
K> 1izmin = k3, Zmax = k3, Zegp

3 nma"oro rpagiky BHIHO IO Zmax Ta Zeep IpH K D> 1
OyIyTh 30UIBIIYBATHCS, TIPYA [IBOMY JTATBHS TPAHHIIS
Zmax OyIle 3pOCTaTH B 2 pa3 MBHIIIE 32 CEPEANHY.
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Puc.5. 3anexHicTh TpaHUIs poOOYOT 30HH Bill
koedimienty mMacmrady K.

I naBnaku, npu k = 1 o0uzBi rpaHMIll Ta cepearHa

po6040i 30HU OYyAyTh HAOIMIKATUCH JIO 3HAYCHHS %
6. BucHoBkH. B HaOmmkeHHi arutikaropa sik BUTKa 3i
CTPYMOM 3HaMJEHO aHAIITHYHI 3aleKHOCTI Bim K
OJIMKHBOI, ajdbHBOI TPAHMUIII Ta CEPEAUHU POOOUOT
30HM, B SKIiii TIOBHHHA 3HAXOJWTHCS MIIICHE.
3HalIeHO aCHMMIOTHKH y KpaWHIX BHITaJKaX MiHi-
manproro (k=1) ta Bemukoro (k>>1) koedirieHTis
macmTady. IlokazaHo, 1m0 o0OWABI TpaHWI Ta
cepenmHa po6Godoi 3ouu npu k=1 pisra RA2, (R —
paniyc ammikatopa), a nmpu K>>1 GmmkHsS rpaHuIs
cnagae sk RK?®, mampms — pocre sk (R)KY, a
cepemvHa 30HM B 2 pasu moimeHime (R/2)kM (ax
cepenHe apudMeTHUHe BiJ 000X TPAHHUIL).

OTxe, 3 aCHMITTOTUYHOTO aHAII3y Ma€EMO, IO TIPU
30uThIIeHH] KoedimieHTy MacmTaby poboda 30HA
Oyze po3mmproBaTHCS, a ii cepemuHa — MOBUIRHO
BimmansaTucsa Bif po0OOdYOi TOBEpXHI arurikaTopa B
HaMpsIMKy 70 00’€KTa (MimeHi).

Cnucox BUKOPHCTAHMX JKepelt

1. /lyouenxo, A. K.MarauTHBII arummKaTop ajs
HaIpaBJICHOH JIOCTaBKH MarHUTHBIX
HaHOYACTHUL] B OpraH-MulleHb [EnekTpoHHMit
pecype] / A. K. Idynuenko, F0. A. Anekceii-
ueB, H. A. Hymuenko, O. M. Muxaiinuk —
WHcTtuTyT npukiamHbix npodieM (QU3MKH U
onoduzuxun HAHY —2008. — C. 1-4. - loctyn

3a MOCHJIAHHSIM: https://ojs.ukrlogos.
in.ua/index.php/interconf/article/  download/
14013/12874/
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Li pesynbTaTu [AalOTh BUPIMICHHS «IIPSIMOI»
3aJa4i — U1 aIulikaTopa MEeBHOTO paiycy miaiopaTH
napameTpH MillleHi — po3Mip Ta BifcTaHb 10 Hei. Tak,
B 1-My HaOmmkeHHI (MOJeNb arulikaTopa siK BUTKa 3i
CTPYMOM) IIUPHHA PO00YOi 30HU Ja€ ONHM-3bKY O
ONITUMAJBLHOI (KBa3HONTUMAIILHY) TOBLIIMHY (pPO3MIp)
MinreHi. Takoxk cepeauHa poOouoi 30HU — IIe 10 CYTI
KBa3HONTHUMAJIbHA Bimcrans g0 Mimiedi. Ksasu, 60
TOYHY ONTHMAJbHICTh aBTOPH PO3YMIIOTH K
pe3yabTaT pPo3B’sA3KY MEBHOI €KCTpEeMabHOI 3a/1adi,
SKa TYT BiICYTHSI.

Ile moTpiOHO y Cy4acHHUX 3aCTOCYBaHHSX, KOJIU
MIIIEHh Ma€ JIOCUTh MaJui PO3MIp Ta HE MOXKE
HAOJIM3UTUCS JI0 arulikatopa OJMK4Ye TEBHOI
KpuTu4HOi BifcraHi. Hanpuknan, y OiomeanmyHux
3aCTOCYBaHHSX IPH Jii MArHITHUM II0JIeM Ha TIEBHI
OpraHu 4M MarHiTHi (30KpeMa — HaHO) MaTepiainu 9u
ix Jokasizaiii BcepeauHi 01000’ €KTiB, B TOMY YHCII
JIFOIMHU UM TBAPUHHL.

[pote, anst nmpakTHKK OUIBIT KOPHCHO BHPIMIUTH
«obepHeHy» 3aj1auy - JUI MillleHi 3aJIaHOTO PO3MIpy
Ta BIACTaHi 10 Hel 3HAWTH (BUTOTOBHUTH) aILTIKaTOP 3
NOTPIOHUMHU TapaMerpamMu. MOBOIO MaTeMaTHKH 1€
O3HAYae, MO y MOJAIBIIOMY IOTPiIOHO BHUPIIIUTH
3a7ad9y  ONTHMI3allii  mapaMeTpiB  KOHCTPYKIIil
arrikaropa (B MPOCTIH MOJIEN BUTKAa 31 CTPyMOM
TaKUi mapaMeTp JUINe OAWH - pajiyc), i 0axaHo He
ACUMITOTHYHO, @ «TOYHO», TOOTO SK pe3yibTar
PO3B’SI3KY MEBHOI eKCTpeMaIbHOI 3a1adi.

IMonsiku. PobOora BHKOHaHA 3a TIPOEKTOM
«Po3poOka, mocmigHa eKCIUTyaTallisi Ta BIPOBA-
JKeHHsI y BUPOOHHIITBO OioMenmuHuX iH(opMarliii-
HO-IIaTHOCTUYHUX CHCTEM Ta IHTENeKTyaJbHUX
CEHCOPHUX TMPHUJIATIB» B paMKax IIHOBOI IIPOrpamMu
HaykoBux nocmimkenb HAHY «Po3ymHi» ceHcopHi
MpUJIaAd HOBOTO IOKOJIHHS Ha OCHOBI CyYacHHX
MaTepiamiB Ta TexHomoriii» Ha 2018-2022 pp.

2. byonux M., [youeuwxo H., [lyouenxo O.,
Anexcetiyes IO., byonux B. MarniTHa cucre-
Ma arTikaTopa Jjs KOHIIEHTpAllii MarHiTHHX
MaTepiaiiB y JOKalbHil 00JacTi BcepemuHi
Oionoriunoro 06’exty // IlateHT YKpaiHu Ha
kop. moxens UA 29313, omy6xa. 10.01.2008,
bron. «I[Ipomuciiosa BiacHicTs», Nel, 2008.

3. Jordan A. Magnetic fluid hyperthermia //
Journal of magnetism and magnetic materials.
—1999. — Issue 201. -PP. 413-419.

4. Kynpisnwyx, B. M.,  byonux, MM.
3acTocyBaHHS MarHiTHUX HAHOYAaCTHHOK B
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5.

Gionorii Tta MemuiumHi (ormsm) // Book of
Abstracts of VI Intern. Sci. and Practical Conf.
“Trends and directions of development of
scientific approaches and prospects of
integration of Internet technologies into
society”. Stockholm, Sweden 2021. Pp. 492-
497.DOL: 10.46299/ 1SG.2021.1.VI
URL.: https://isg-konf.com.

Kynpisnuyx, B. M., Byonux, M.M. Meron
(hayopeclieHTHOI Bi3yasizallii HaHOYACTHHOK
B Tini 1aGopaTopHux TBapuH (orsn) / Book
of Abstracts of XI Intern. Sci. And Practical
Conf. “Topical issues of modern science and
education”. Tallinn, Estonia 2021. Pp. 202-
206. DOI:  10.46299/ 1SG.2021.1.XI
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