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3 1 mo 4 uepsusa 2021 poky y KuiBcbkomy
HallioHaJIbHOMY yHiBepcuTeTi imeni Tapaca I[les-
4eHKa Oys10 1posejieHo (aucTaniiiino) Mixuapo-
nay HaykoBy Koubepeniiiio “Modern Stochastics:
Theory and Applications. V’ (MSTA-V)). Koude-
pentiito OyJ10 opramizoBaHo Kadeaporo Teopil iMo-
BipHOCTEH, CTATUCTUKH Ta aKTyapHOI MaTeMAaTUKU
MEXaHIKO-MATEeMATHIHOTO (DaKyIbTeTy. 3arajbHa
KUIBKICTD y4JacHUKIB — 0s1u3bk0 300.

Ha kondepemnrtii 6y1o npencrasiaeno 50 ie-
HApHUX JIONIOBiJIell, 30KpeMa 13 JIEKI[IsIMU BUCTY-
mmu podecopu Maprin I'porxayc (Himeuunna),
Hikonait Kpunos (CIIIA), HJomeniko Mapinyduai
(Itanist), Mapk Ilogonbcekuit (Iseiinapist), Mi-
ko Pasoniit (Yropumma), Pene Iimminr (Hi-
MEUYYHHA).

[Tiy vac poboru koudepenrii 132 pomnosizai Oy-
Jio 3pobJieHo y pamkax 10 cekIiif, 1o oxoroBain
pi3Hi ray3i Teopil #MOBIpHOCTEN, MaTeEMATUIHOL
CTATUCTUKH, TEOPil BUIIATKOBUX MPOIIECIB, CTOXa-
CTUYHOIO aHaJji3y Ta iX 3acrocyBaHb. Creriajib-
Hi cekrii OyJI0 HPUCBAYEHO CYYaCHUM JIOCSATHEH-
HM y HAIIPAMKAX HAYKOBUX JTOC/IKEHD, 3aI109Ya~
TKOBaHUX BUjaTHUMH MaTemarukamu A.B. Cko-
poxonoMm, B.C. Kopomokom, 1.M. Kopasenkom,
10.B. Kozauenkom.

[Tepetik cexiriit JIeMOHCTPYE MUPOKE OXOILJIEH-
Hsl Cy9aHUX HAYKOBUX TEMATUK Ta 3aJIyIY€HHS IIPO-
BIIHMX HAyKOBIIB JI0 OpTaHi3alil poOOTH CEKITiii:
1) Stochastic dynamics. Development of research
ideas of Anatoliy Skorokhod (kepiBuuku B. Bok,
10. Kondpamves, B. Kowmanenxo, O. Bepemen-
nikos); 2) Evolution systems, branching processes
and renewal theory. Dedicated to the main research
topics of Volodymyr Korolyuk (kepisauku O. [kca-
noe, H. Jlimwnioc, I. Camotinenxo); 3) Reliability,

© 10.C.Mimypa, M.IT.Moknsuyk, I.B.Posopa, JI.M. Caxwo,
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queueing and information security. Dedicated to the
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Ocnosra mema uict pobomu noaazae Yy 008edenl ICHYBANNA ONMUMAALHOL cmpamezii dai cma-
dapmmoi ma pobacmmoi 3a0a4 MAKCUMIZAUTT PYHKUTT KOPUCHOCTNE 3G YMOB HENOBHOT MOJENT DUHKY, KOAU
THBECTNOP HE 6MeHeHUT Y UMOBIPHICHIT MOJet Ta He CNPULUMGE AK PUUK, MK | HEGUSHAYEHICTDL
modeni. Ienyroui pesyavmamu 0ocaiodcens 0as cmpoeo Ysienymux Gynryitd KopucHocms Y3azasoHeno
ons ne ysienymux Pynrylld Kopuchocms. Kpim mozo, chopmyabosarno ymosu, 3a AKUT ONMUMAALLHA
cmpamezia OAf 3a0a4 3 YBIeHEH010 OYHKUIEID KOPUCHOCTE 30120€MbCA 3 ONMUMAALHOIO CIMPAMELIEI0
O0AS NOUAMK0680I PyHKYil KOpUCHOCMA.

Pesyavmamu docaidorcerns donosidasucy na Miokcnapoonit nayxosit xongepenyii “Modern Stochasti-
cs: Theory and Applications. V” (MSTA-V).

Knowoei crosa: ynryionan maxcumizayii Gynrkuyii KopucHocmis, onmMuUMGAbHT CMpamezii, onmu-
MANDHT THBECTNUYLEL, YBI2HEHHA.

The main goal for this paper is to prove the existence of the optimal investment strategies for
the standard and robust problems of maximization for the concavified utility function in an incomplete
market model. We extend the existing results for strictly concave utility functions to concavification of
non-concave utility functions. Moreover, we present an assumption under which the optimal strategies
for concavified problems are also optimal strategies for non-concave problems.

Keywords: standard utility mazimization, robust utility mazximization, optimal investments, non-
concave utility, concavification.

1 Introduction do not assume that the market model is complete.

_ _ _ We consider the discounted price process with
The optimal investment problem is one of the 7 j5sets which modeled by a stochastic process
most actual problem nowadays. There is a lot of ¢ _— (S)o<t<r. We assume that S is a d-
aspects that can bg consid'ered in ﬂ.lis problem  gimensional locally bounded semimartingale on
such as the concavity of utility function, market (Q, F,P) with respect to a filtration (F)o<i<r-
model, the assumptions on the value process, the Tpe pair (z,§) is a self-financing trading strategy,
set of probability measures and the possibility where # € R is the initial wealth and € =
of constructing the optimal investment strategies (&)o<t<r is a d-dimensional predictable and S

etc. The main interest in constructing the opti- g ap integrable process. The corresponding value
mal investment in the very general setup, with an process X satisfies

incomplete market, general sets of prior models
and non-concave utility functions.

t
Xt:Xo—k/ﬁrdSr, 0<t<T.
0

2 Model setup
By X(z), z > 0 we denote the set of all such

We will consider the model as in [3] with the processes X, with X < 2 which are also admi-
additional assumption that the discounted price ssible in the sense that X; > 0, for 0 <t < T.
process is locally bounded. We impose the no- Additionally, the authors of [3]| impose the
arbitrage type condition that the set of all equi- assumptions on the set of probability measures Q
valent local martingale measures M, # &, but we on (2, F).

© 0.0. Baxuemxkuoriy, 2021
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Assumption 1. (i) Q is convex;

(ii) P[A] = 0 if and only if Q[A] = 0 for all
Qe

(iii) The set Z := {dQ/dP|Q € Q} is closed in
LO(P).

We add the following extra assumption to this
set:

(iv) The set Z. :={dQ/dP|Q € Q.} is closed in
LO(P),

where Q. denotes the set of measures in Q that
are equivalent to IP.

Let an investor have utility function U(x); the
conditions on U (z) will be specified later. Consider
the following value function of the robust utility
problem:

u(zx) := sup inf EglU(X7)].
(x) = sup int, FQlU(Xr)
Denote

u@(x) == sup Eq[U(X7)],

XeX(x)

the value function of the optimal investment
problem.

As in [4, 5], we will consider the following
“abstract version” of X'(x):

C(z) == {g € LYL(Q, Fr,P)|
0 < g < Xr for some X € X(z)}.

It is easy to see that

u(x) = sup inf EglU(X
(@)= sw it FolU/(xr)
= sup inf FglU(g);
o a0 @lU(9)]
sup EglU(X7)] =

XeX(x)

sup Eq[U(g)].
g€C()

uq(z) =

3 Main result

The aim of this article is to present the optimal
investment strategies for the standard as well as
the robust problem of maximization the concavi-
fied utility function, i.e. sup E[U.(Xr)] and
XeX(x)

sup inf Eg[U(Xr)]. The results and proofs of
XeXx(z) QEQ
the present article borrow their main ideas and
techniques from [3]. The main difference is that,
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contrary to [3], we do not assume the concavified

utility function is strictly concave and we obtain

results for a fixed probability measure. Moreover,

we present a sufficient assumption for optimal

strategies for concavified problems to be optimal

strategies for non-concave problems as well.
Denote

sup E[U.(X7)].
XeX(x)

up(z) =

To avoid trivialities, throughout the article we
assume that

up(x) < oo for some x > 0.

(1)

3.1 Duality theory

In this section we will work with the convex
conjugate V of U:

V(y) = it;g(U (z) — zy),

y > 0.

We do not assume that U is concave or sati-
sfies the Inada condition in zero. As a result, in
general, the concave envelope U, is not strictly
concave and the Inada condition in zero does not
hold as well. Hence, the convex conjugate V' in
general is not smooth and not strictly decreasing.
Nevertheless it follows from the [1, Lemma 2.9]
that the utility U and its concave envelope U, have
the same convex conjugate and that the function
V' is convex, non-increasing and finite on (0, c0).
Moreover, it holds that

Ue(z) —2y =V(y) <=2 € —0V(y)
=y € 0U(x).

(2)
The dual value function vp for up is given by

inf E[V(Yr)],

y >0,
YeY(y)

vp(y) =

where the space Y(y) is defined as

V() ={Y 20|Yo =y and XY is a
[P — supermartingale for all X € X(1)}.

In addition to C(x), consider also the

“abstract version” of Y(y):

D(y) = {h € L(Q, Fr,P)|
0<h<YpforsomeY € Y(y)}.
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It is easy to see that

up(z) = sup E[U(g)]
geC()
up(r) = sup E[Uc(g)]
geC()
vp(y) = heigfy)E[V(h)]'

Moreover, the optimal g or h (if it exists)
corresponds to some X € X(x) or Y € Y(y).
Recall that a subset S of L% (Q,Fr,P) is
called solid if from 0 < f < g and g € S it follows
that f € S.
By [4, Proposition 3.1|, we have

(i) C(z) and D(y) are subsets of LY (2, Fr,P)
which are convex, solid and closed in the
topology of convergence in measure.

(if)

geC(x) <= g=>0and sup Elhg] <zy

heD(y)

he€ D(y) <= h>0and sup E[hg] < xy.

9€C()
(3)

(iii) C(z) is a bounded subset of L9 (Q, Fr,P),
containing the constant function x.

3.2 Optimal investments for the
standard concavified utility functi-
onal problem

In this section we are going to present the optimal
investment strategies for the problem of maximi-
zation the standard concavified utility function,

sup E[U.(X7)].
XeX(x)
Assume that

l.e.

Then, for all y > 0,
V(y) = sup(Ue(x) — zy) = Uc(0) = 0

>0
Va(y) sup (Ue(z) — 2y) = Uc(0)

0<z<n

= 0.

From the last inequality and the assumption (1),
appealing to the proof of [4, Lemma 3.4|, we obtain
that

(5)

vp(y) = sup(up(z) — zy) for each y > 0.
>0

2021, 2
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Theorem 2. Let (1) and (4) hold.
Then, for any xo > 0, there exists some g e
C(z0), y > 0 and h € D(y) such that

(1) up(zo) = vp(¥) + x0¥,
(i) up(w0) = inf (vp(y) + o).
If, in addition, vp(y) < oo for all y > 0, then
(iii) vp(G) = E[V(h)],
(iv) (o) = E[UL(3)].
Moreover, vp(+) is conver.
Proof. Fiz x¢g > 0. For all y > 0, we have

(6)

up(wo) < sulg[ﬂ%(fﬁ) — zy] + Toy-
x>

Let us prove that there exists y > 0, such that for
all x > 0, the following holds:

up(wo) = up(x) — 2y + w0y, (7)
equivalently,

() — up(ao) < Gl - 20).

Since u% is concave (see [3, Lemma 3.1 (b)]), such

y exists. Moreover, from the inequality up(zd) <
up () it follows that § € [up(zg), up(zq ).

Then, using (7),

up(20) > suplus(x) — 2] + 207
x>

Therefore, noting (6), we have

up(xo) = suplup(z) — zy] + woy.
x>0

As a result, (5) implies (7).
To prove (ii), observe that from (5) we have
for all g,y >0

up(ro) < vp(y) + zy.
Hence,

up(zo) < inf (vp(y) + zoy).
y>0

Using (1), we get

up(wo) = inf (vp(y) + zoy),
y>0

which yields (i1).

12
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From the definition of vp(y) it follows that
there exists a sequence (hy) € D(y) such that

lim E[V(hy,)] = inf E[V(h)].

i BV ()] = | inf E[V(R)
Due  to  the  Kolmos-type  argument /2,
Lemma Al.1], there is sequence (hp)nen €

conv(hn,ILn+1,...) such that h, converges a.s.
to some h > 0.

Thanks to the convexity and closedness with
respect to convergence in measure of D(y), D(y) is
closed under countable conver combinations, hence
(hy) € D(5). Moreover, since D(7)) is closed in the
topology of convergence in measure, we have that
h € D(y).

Further, for each n € N, there exists a
sequence off € RY such that Y o = 1 and

N 1€N
hn = Z a?hn—&-i—l-

1€N

Using the continuity of V' on (0,00) (which
follows from its converity) and the assumptions of

the theorem, we have
ieN

inf E[V(h)].
. [V (h)]

lim sup E[V(ﬁn)] =limsupE

n—roo n—oo

< 1imsupZa?-]E 1%

(hnti-1)] =

Since lim inf E[V(En)]

n—oo

< limsup E[V(ﬁn)] and

N n—oo

hn, € D(Yy), we obtain
lim E[V(h,)] = inf E[V(h)].
Jim E[V (hn)] . [V (h)]

Noting that V(y) > 0, y > 0, we have

E[V(h)] = E[lim in inf V (hy)]
< liminf E[V (7)) = jdnf E[V(),

arriving at (1i1).
Since vp(y) < oo fory > 0, it follows from
(i) that

T—00 X

Hence, (iv) is an implication of [5, Lemma 1]. It

remains to show that vp(-) is convex. For 0 < \ <

1 consider

+ (1= Nop(y2) = AE[V (ha)] +
> E[V (A + (1= A)hs)]

E[V(R)] = vp(Ayr + (1 = A)ga);

Avp(y1)

> inf
heD(Ay1+(1—XN)yz2)

13
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here we have used that (Nh14(1— )\)hg) € D(A\y1+
(1 = Nyz). for hy € D(y1) and hy € D(y2). The
proof is now complete

Theorem 3. Assume that vp(y) < oo for all
y > 0 and that (1), (4) hold.

Then, for any x > 0, there exists an optimal
strategy X € X (z) such that

up(z) = E[U(Xr)]

There also exists some y > 0 and Y e V() such
that

vp(§) = E[V (V)] and ufp(z) = vp(§) + 27.

Moreover, Xp € —0V(Yp) and XY is a marti-
ngale.

Proof. By Theorem 2 (iv), for all x > 0, there
exists an optimal strateqy X € X(x) (with g =
Xr1). Also from Theorem 2 (i), (i4i) there exists
some § > 0 and Y € Y(7) (with h = Yr) such
that

up(x) = E[U(X7)]

vp(§) = E[V (V)]
() = vp(§) + 7.

By the definition of the convex conjugate V,

V(h) +gh—Ue(g) = 0
Hence,
0 < E[V(h) + §h — Ue(§)] = vp(D) + E[gh] — ufp(2)
op@) tag-up@) =0. @)
Thus,

V(h) +gh — Ue(g) = 0
From (2) we have
ge —av(h).
Equivalently,
X7 € 0V (Yr).

But (8) implies that E[XI?T] = E[gh] = 7.
As a result, since XY is a P-supermartingale
for all X € X(x), we have

E[X7Y7|F] < X,Ys,s < T.
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This leads to It is easy to see that wvg(y) =
. o inf  Eo[V(h)).
E[X7Yr] < E[X,Y:] < XoYo = 7. heDq(y)

Consequently, all the above inequalities turn to
equalities, and for all 0 < s < T it holds that

E[X,Y,] = XoY) = 7). (9)
Assume that there exists A € F such that P(A) >
0 and E[Xth].FS}SAXSYS onAAAfor some(0 < s <t
. Then we get E[X;Y:] < E[X,Ys], which contradi-
cts (9). Therefore, B[ X, Y| Fs] = XsYs P—a.s., for
all0 <s <t

3.3 Optimal investments for the
robust concavified utility functi-
onal problem

In this section we are going to present the optimal
investment strategies for the problem of maximi-
zation the robust concavified utility function, i.e.
—p nf) Eq[Ue(Xr)]

For a strictly increasing, strictly concave,
continuously differentiable utility function, defi-
ned on the domain (0, 00) and satisfying the Inada
conditions, this problem was solved by authors of
[3] in general incomplete market. The concavified
utility function U, does not satisfy these assumpti-
ons. However, U, is strictly increasing, concave,
continuously differentiable on the (0, c0) and sati-
sfies the Inada conditions in the co.

Moreover, we will assume that (4) holds, and,
hence, V(y) > 0 and V,,(y) = sup (Uc(z)—zy) >

<x<n

0 for all y > 0.
In this section we will often use the results of
the [3], so we present the notation that they used.
Consider first the sets

Yo(y) ={Y > 0]Yp =y and XY is a
@ — supermartingale for all X € X' (1)}
Do(y) = {h € LS(Q, Fr,P)|0 < h < Yr

for some Y € Vo(y)}

Noting |3, Lemma 3.4]

(10)

Denote the dual value function vg by

vg(y) : yeli}g(y) EqQ[V(YT)].

The dual value function of the robust problem

defined by

= inf .
v(y) nggevcg(y)

Assume that for all Q € Q,,

(11)

Theorem 4. Let Q € Q. and assume that (11)
and (4) hold.

Then, for any xo > 0, there exist some g €
C(z0), ¥y > 0 and h € Dg(y) such that

ug (w) < oo for some z > 0.

(1) ug(zo) = vQ(y) + zoy,
(it) ug(xo) = ;T;%(UQ(ZJ) + Zoy)

If in addition vg(y) < oo for all y > 0, then

~

(i) vq(y) = Eq[V(h)];
(i) ug (o) = EQ[Ue(9)]-
Moreover, vg(-) is convex.

Proof. The proof is similar to the proof of
Theorem 2.

Now we are going to present a similar theorem,
but for the robust problem. To ensure that the
dual value function is finite, we introduce the
following assumption:

vo(y) < oo forall @ € Q. and all y > 0. (12)

Theorem 5. Suppose that Assumption 3.1, (11)
(4) and (12) hold. Additionally, assume that

vl _ 0, for each Q) € Q..

=
Then, for any xo > 0, there exist some @ €
Qe, ¥ > 0 and h € Dy(y) such that

(i) u(zwo) (z0),
(i) u®(zwo)

lim
Tr—r00

:uc/\

Q

;I;%(’U(y) + woy),
(i) u(zo) = v(Y) + 2oy,

(iv) v(§) = va(@) = EglV(h)].

14
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Proof. The proof of (i) follows from [3, Lemma

3.4].

Note that Z , which is the density correspondi-
ng to Cj, 18 an almost sure limit of a sequence
Zn € Z. and also that ug (vo) — u(xo)(see [,
Lemma 4.1 (a)]). Moreover, it follows from the fi-
st part of the proof of [3, Lemma 4.1 (a)/ that

) <

+

Zg lim sup u®

n—oo

ucl( lim inf u On (m ) <

n—oQ

(13)

From Theorem 4 (ii) we deduce that for all Q € Q.
and y > 0,

ug (zo) < vo(y) + woy-
Consequently,

inf w

) + xoy).
0co. Q(y) oY)

S(xo) < inf
ol@o) < Juf (

Hence, it follows from the (10) and definition of
the dual value function for robust problem that

u(wg) <

Since y > 0 is arbitrary, we have

v(y) + 0y

u(20) < inf (u(y) + 20). (14)

y>0

To prove the opposite inequality, consider sequence
Qn (or, equivalently, Z, ) from the first part of the
proof, and write

u(xg) = nh_)ng() ug, (o).

From the Theorem 4 (i) it follows that for each @y,
there exists §, € [uy, (xg),u’, (zg)] such that

Qn\To
uCQn (l‘o) = VQ, (yn) + xOZ//\n-

Passing, if necessary, to a subsequence, we can
assume that sequence (yp) converges to some y €
[ (zd), u (zg )], due to (13). Since u is strictly
increasing, we have iy > 0. Therefore,

Qn (gn) + xO@\n)
nf(vy) + 7o) (15

u(xg) = nh%rrgo ug, (vo) = nlbrr;o (v

> limsup (v(Yn) + oY) =
n—oo

In view of (14), we obtain (ii).
In order to prove (iii), we will use the results
of the [3]. Thanks to (4), V(y) = 0 and V,,(y) > 0.
Due to assumption (12), we have v(y) < oo.
Hence, it follows from the [3, Lemma 3.7] that v(y)
is convez, thus it is continuous on (0, 00). Since Y,

15
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converges almost surely to y > 0, we derive from
(15) that

uc(xO) = nlggo (U(Z//\n) + wO/y\n) = U(Z//\) + in/\' (16)

Thus, it remains to show (iv). Combining (15)
and (16), we get

lim vg,, (Jn) = v(Y)-

n—oo

Theorem 4 (iii) yields for eachn € N the existence
of hl, € Dq, (yn) such that

Q. (Jn) = EqQ, [V (hy,)].

This is equivalent to the existence of hy, € D(Yn)
such that

h

3l

where Z, € Z. are the densities which correspond
to the measures Q.

Due to the Kolmos-type argument, see [2,
Lemma Al.1], there exists a sequence (hp)nen €
conv(hp, hnt1,...) such that h, converges P-a.s.
to some h. N

Now we will show that h € D(y). For each
n € N, there is a sequence of o € [0,1] such that

Za =1 and h, = Za hp+i—1. Recalling (3),

we obtain that

hp, =20 and sup Elh,g] < zyp. (17)
9€C()
Now for all g € C(z) we have
]E[Eg] = E[ lim Za?hnﬂ,lg hm 1ana hnti—19)
n—00 4=

(17)
< hmmfZa TYnti-1

n— o0

—;vhmmfZa Ynii1 == hm Un = TY

n— oo

Therefore, since h > 0, it follows from (3) that
h € D(y). Hence, it follows from the proof of [3,
Lemma 3.7] that

A

v(y) =E

This is equivalent to



Bicnux Kuiscvkoz2o nayionanrvbro2o yrisepcumemy

iment Tapaca Ilesuwernra 2021

Cepia: $izuro-mamemamuini HayKy

forh e DQ(@\).
From the definitions we have

~

v(§) < v(@) < BglV (B,

for Q € Qe, 7> 0 and h € Dg(7).
Thus, in view of (18), we arrive at (iv).

Theorem 6. Suppose that all assumptions of
Theorem 5 hold. R

Then, for any x > 0, there exist some X €
X(x) and Q € Q. such that

[Uo(X7)] = u

Q

(z)
(19)

ul(z) = C;i)relngQ[Uc()?T)] =F 5

There also exist some § > 0 and Y € )/@@) such
that

Moreover, X € —dV(Yr). Also, XY is a Q-
martingale.

v(§) = Eg[V(Yr)] and u(z) = v(j) + 27. (20)

Proof. The equalities (19) follow from |[3,
Theorem 2.6 and Lemma 4.1 (a)] for X = §,
while (20) follows from Theorem 5, with o = x
and ?T — .

To prove the remaining statements, consider,
as in [3, proof of Theorem 2.6/, V(ﬁ) —i—fq\ﬁ— Uc(9).
From the definition of V, we have that

V(h) +Gh — Ue(§) > 0. (21)

Since h € D@(@\), we have that for h = hZ € D(9)
the following holds

Eplghl =E [gﬁn . 2>0}] .

Hence,

Ex

V() +Gh = U.@)] = v(@) +E [GRI 5.y | - u()

(3

< o(y) +ay—u(r) =0 (22)

Thus, noting (21) we have that V (h)+gh—U.(3) =
0. From (2) we get

ge-ov(h),
equivalently,
)?T S —8V(?T)

Observe that (22) implies E@[)?T}/}T] = E@[?]\/ﬁ] =
xy. Hence, the proof of fact that XY is a @—
martingale is similar to the proof of Theorem 3.

16

Bulletin of Taras Shevchenko
National University of Kyiv
Series: Physics & Mathematics

, 2

3.4 Optimal investments for the
problem of maximization the non-
concave utility functional

The goal of this section is to present assumptions,
under which the solution to the problem of maxi-
mization of the concavified utility function will be
also the solution to the problem of maximization
of the non-concave utility function. To this end,
we will use the result of |1, Lemma 5.7|.

The following theorem works for both the
standard utility maximization problem as well as
for the robust utility maximization problem.

Theorem 7. Suppose that Assumptions 3.1 and
Assumption 5.1 hold.

Additionally, assume that the optimal soluti-
on g* for concavified problem (either standard:
sup E[U.(g)] or robust: sup inf Eqg[U.(g)]) is
g€C(z) geC(z) QEL
such that g* € —0V(A\Z), where Z € Z has a
continuous distribution.

Then, g* is also an optimal solution for the
corresponding non-concave problem.

Proof. For the standard wutility mazimization
problem, the proof is the same as for the [1, Lemma
5.7].

To prove the theorem for the robust wutility
mazimization problem, note that it follows from
the [1, Lemma 5.7] that under assumptions of the
theorem Plg* € {U < U.}| = 0.

Thus,

inf Eq[Uc(9")] = inf Eq[U(g")].

23
QEQ. QEQ. ( )

Since g* is an optimal solution for the concavified
problem, we get

S inf EglU, = inf EglU.(¢")].
o e olUe(9)] = inf Eq[Ue(g")]

Noting that Q. C Q, we have that

inf EolU.(g)] = inf EolU.(¢")] < inf EolU.(g*
g:g%) Jnf, olUc(9)] Jnf, olUc(97)] s QlUc(9")]
(23) . * .
= inf EolU < f EolU(q). (24
ok olU(g")] g:gl(ow) ok QlU(g9)]. (24

From [8, Proof of Lemma 3.4] and the fact that
U < U,., we obtain that

sup inf FEglU.(g)] > sup inf Eg|U(g
st EolU.(g)] > sup iaf BolU(g)
= sup inf Eg[U(g)]-
geC (z) REQe @
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Thus, all inequalities in (24) are equalities. Hence,
the argument of [3, Lemma 3.4] yields

sup inf EglU = inf Egl[U(g")],
Jup olU(9)] = inf, Eq[U(g")]

which concludes the proof.

4 Conclusions

In this paper, we proved the existence of the opti-
mal investment strategies for standard as well as
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the robust maximization problem in incomplete
market model. We considered the concavified uti-
lity function, which is not necessarily strictly
concave. Also we presented assumptions under
which the optimal investments for concavified
problems are the optimal investments for non-
concave utility function, to which this concavifi-
cation corresponds.

In the future, it will be really helpful to study
further the optimal investments in incomplete
market for non-concave utility functions.

References

1. REICHLIN, CHRISTIAN ROCHUS AUGUST:
"Utility Maximization with a Given Pricing
Measure When the Utility Is Not Necessari-
ly Concave"; Mathematics and Financial
Economics, Volume 7, Issue 4, pp 531-556,

2013

. DELBAEN, F., SCHACHERMAYER, W. A
general version of the fundamental theorem of
asset pricing. Math. Ann. 300 (1994), no. 3,
463-520.

. SCHIED, ALEXANDER; WU, CHING-TANG.
Duality theory for optimal investments under
model uncertainty.

. KrRaAMKOV, D., SCHACHERMAYER, W. The
asymptotic elasticity of utility functions and
optimal investment in incomplete markets.
Ann. Appl. Probab. 9, no. 3, 904-950 (1999).

. KraMKoOv, D., SCHACHERMAYER, W.
Necessary and sufficient conditions in the
problem of optimal investment in incomplete
markets. Ann. Appl. Probab., Vol. 13, no. 4
(2003).

Received: 29.07.2021



Bicnux Kuiscvkoz2o nayionansvbro2o yrisepcumemy
iment Tapaca Ilesvwerra
Cepia: Pizuro-mamemamusri HOYKY

VIIK 519.21

O.I. Bacumuk!, d.¢p.-m.n., douernm
I.B. Pozopa?, 0.¢p.-m.n., douyenm
T.O. dueua®, x.f.-m.n., doyenm
LI Jlosumpka®, cmyod.

IIpo oauH 3 MeToAiB MOOYIOBU MOeJTIi
CTPOro (-CybrayccoBOro y3arajibHEHOTO
Apo6oBOro 6POYHIBCHKOTO PYyXy

'Harjonanpuuii  Texmiunmii  yHiBepcmTeT
Vikpainn “KuiBcbkuii mosiTexHidHuit iHCTUTYT
imeni Irops Cikopcebkoro”, 03056, Kuis, npocuexr
[Tepemoru, 37, e-mail: vasylyk@matan.kpi.ua
?KuiBchKuit Hamiona bHmii yHiBEpCHTET iMe-
ni Tapaca Illesuenka, 01033, Kwuis, Byn. Boso-
JuMHupchKa, 64. e-mail: irozora@knu.ua
3KuiBchbkuii namionaabumii yuiBepeurer ime-
ui Tapaca IlleBuenka, 01033, Kuis, By;a. Boso-
numupcbka, 64. e-mail: yakovenkot@gmail.com
4‘HanjonanpHuit
Vkpainn “KuiBcbKuil moJiTeXHIYHUA 1HCTUTYT
imeni Iropst Cikopebkoro”, 03056, Kuis, mpociexr
[Tepemoru, 37, e-mail: pasko97ira@gmail.com

TeXHIYHUN  yHIBepcHTeT

2021, 2

Bulletin of Taras Shevchenko
National University of Kyiv
Series: Physics & Mathematics

https://doi.org/10.17721/1812-5409.2021/2.3

O.I. Vasylyk!, Dr.Sc., Associate Professor
I.V. Rozora?, Dr.Sc., Associate Professor
T.0. Ianevych?, PhD, Associate Professor

LI Lovytska?, stud.

On some method on model construction
for strictly p-sub-Gaussian generalized
fractional Brownian motion

INational Technical University of Ukraine
“Igor Sikorsky Kyiv Polytechnic Institute”, 37,
Prosp. Peremohy, Kyiv, Ukraine, 03056,
e-mail: vasylyk@matan.kpi.ua

2Taras Shevchenko National University of
Kyiv, 01033, Kyiv, 64 Volodymyrska st.
e-mail: irozora@knu.ua

3Taras Shevchenko National University of
Kyiv, 01033, Kyiv, 64 Volodymyrska st.
e-mail: yakovenkot@gmail.com

4National Technical University of Ukraine
“Igor Sikorsky Kyiv Polytechnic Institute”, 37,
Prosp. Peremohy, Kyiv, Ukraine, 03056,
e-mail: pasko97ira@gmail.com

Y pobomi posesndacmoves 3a0a4a MOJEAIOBAHHA NPOUECIE CMPO20 P-CYO2aYCCOB8020 Y3a2ANDHEHO20
dpobosozo OpoyHiecvkozo pyry. OMpPumaro Yymosu, 34 AKUT MOOCAb HA OCHOGL PO3KAadY 6 PAd Ha-
bausicae npoyec cmpo2o Y-cyb2ayccosozo Y3azanrbheno2o 0poboso2o OPOYHIECHKO20 PYITyY 13 3adaHUMU
naditinicmio ma mounicmio y npocmopi C([0;1]) y sunadky, xosu p(z) = exp{|z|} —|z| — 1, z € R.
Busnaveno napamempu modesets ma 3M00eAb08aHO MPAEKMOPT 610N0BIOHUT NPOUECI8 ONA PIBHUL TH-
dexcie Xrwpema H i 3adanux 3navens mounocmi ma naditinocmi y npozpammomy cepedosuwyi R.

Pesyarvmamu docaidorcerna donosidasucs wa Mistcnapoonitl nayxosit xongepenyii “Modern Stochasti-
cs: Theory and Applications. V" (MSTA-V).

Karwmosi caosa: p-cybeayccosi npouecu, dpobosutll bpoyHiscoruli pyr, MoJes8aHHA 6UNAdKO8UT
NPOUECI8, MOYHICTL 1 HANITUHICTb MOOJEAIOBAHMA.

In the paper, we consider the problem of simulation of a strictly ¢-sub-Gaussian generalized fracti-
onal Brownian motion. Simulation of random processes and fields is used in many areas of natural
and social sciences. A special place is occupied by methods of simulation of the Wiener process and
fractional Brownian motion, as these processes are widely used in financial and actuarial mathematics,
queueing theory etc. We study some specific class of processes of generalized fractional Brownian motion
and derive conditions, under which the model based on a series representation approximates a strictly
p-sub-Gaussian generalized fractional Brownian motion with given reliability and accuracy in the space
C([0;1)) in the case, when p(z) = exp{|z|} — |x| — 1, x € R. In order to obtain these results, we use
some results from the theory of p-sub-Gaussian random processes. Necessary simulation parameters are
calculated and models of sample pathes of corresponding processes are constructed for various values of
the Hurst parameter H and for given reliability and accuracy using the R programming environment.

Key Words: p-sub-Gaussian processes, fractional Brownian motion, simulation of stochastic processes,
accuracy and reliability of simulation.
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Beryn

Meronu Mojie/IIOBaHHsl BUIAKOBAX IIPOIECIB Ta
[IOJIB  BUKOPUCTOBYIOTbCSI B 0araTbox 00JIaCTsIX
TMPUPOTHIINX Ta COMaTbHUX HayK. CToxacTudne
MOJIEJIIOBAHHST AKTUBHO PO3BUBAETHCS, MOUNHAIO-
an 3 gapyrol nojosunn 20-ro cromitrs. Ocobimse
MicIte 3afiMarOTh METOH 1 AJITOPUTME MOIE/TIOBAH-
Hsl BIHEPIBCHKOIO IIPOIECY Ta IPOIECIB IPOOOBOTO
OpOYHIBCHKOrO pyxy. UMCJIEHH] IOCTiIZKEeHHS I10-
Ka3yloThb, IO JaHl CIIOCTEpPEXKEeHb Yy Teopil mMaco-
BOI'0 ODCJIyIOBYBaHHS, JIOCTI/PKEHHAX TEIEKOMY-
HiKaniiuux mepex, dpinancosiit maremaTuili ede-
KTHBHO OIUCYIOTHCH IIPOIECAMHU, SIKi MalOTh BJia-
CTUBOCTI CAMOIIOAIOHOCTI Ta CUJILHOI 3aJI€sKHOCTI
Bif MuHyj0TO. fKpa3 OIHUM i3 TaKUX IIPOIECIB €
nporiec IpoboBoro GpoyHIBCHLKOro pyxy. Aje jiist
MOJIEJIIOBAHHS PEAJIbHAX BUIAIKOBUX IIPOIECIB €
CEHC PO3IVISIATH He TIIHKHU KJIACUIHUN TayCCOBUAN
JpoboBuit 6poyHIBChKMI pyX, a i floro y3arajibHe-
HHsI, 30KPeMa, IIPOIECH p-CYOIrayCCOBOTO y3arajib-
HEHOT'O JIPOOOBOrO OPOYHIBCHKOTO PyXY.

Y 1985 pomi FO. Kozauenko ta €. Ocrtpos-
cekuii [8] posrustHyan mpocropu Sub,(€2) BuaI-
KOBHUX Besin4nH, Jie ¢ € N-dyukiieio Opaiua. [Ipo-
cropu Sub,(€2), abo mpocropu ¢-cybrayccoBux Bu-
[TaJIKOBUX BEJIUYUH, — II€ IIPOCTOPHU IEHTPOBAHUX
BUIAIKOBUX BEJUYUH 3 IMEBHUMHU E€KCIIOHEHITiaIb-
unmu MomenTamu. Kitac ¢-cybrayccoBux BUIaKo-
BHX IIPOIIECIB € DIIBIN MUPOKUM, HIXK KJiac cybra-
YCCOBHUX TIPOIIECIB, TOMY JIa€ MOXKJ/IUBICTH KPAaIlle
MOJIEJIIOBATH PeaJIbHI BUIAJIKOBI IIPOIECH.

B. Bymmuria ta HO. Kozauenko mociimky-
BaJi JIesIKi BJIACTUBOCTI CYM BHUIAQJIKOBUX BeJIM-
4 1 npomnecis 3 mpocropis Suby, () [1]. Tomans-
Uil PO3BUTOK TEOPisi (p-CyOrayccoBUX BUITAIKO-
BHUX IpoIieciB orpumMaja y poborax 0. Kozauen-
Ka Ta foro y4niB, Hampuk/iaz, y monorpadii [7].
Jlo kacy (-cybrayccoBuX BUIIAJKOBUX IIPOIECIB
HaJIe’KaTh, 30KpeMa, IPOIecu JIpoboBOro OpOyHiB-
CBKOT'O PyXY, a IIe 0O3HAYAE, IO JI0 HUX MOXKHA 3a-
CTOCYBAaTH OTPUMAHI JIJIsi (-CyOrayCcCoBUX IIPOIie-
CiB TeOpeTnu4Hi pe3yIbTaTH.

PesynabraTu 1100 3acrocyBaHHsi JpoOOBOIroO
OPOYHIBCLKOTO PYXYy B TaKUX MPUKIAQIHUX TaJy-
361X, sIK TEOPid TeJeKOMYHIKaIIHIX Mepex Ta ¢i-
HaHCOBa MATEeMATHKA, MOYKHA 3HAUTH y mpangx [.
Hoppoca, A. ITupsiea, FO. Mintypu, A. Ceimyka,
T. Corrinena Ta iH.

19

PobGoTra ckiamaerhest 31 BCTyIy Ta TPHOX PO3-
gigiB. YV repmioMy po3misii HaBeIeHO HeOoOXiTHi
O3HAYEHHS 1 BJIACTUBOCTI 3 TEOPil @-cybrayccoBux
BHUIIQIKOBUX BeJWMYUH i mporteciB. pyruit posmin
[IPUCBSAYEHO MOJICJIIOBAHHIO IIPOIECIB y3arajbHe-
HOT'O IpobOoBOro 6poyHiBCHKOTO pyxy. B HbOMY Ha-
BeJIEHO O3HAYEHHS MOJIEN, 3arajibHy TEOpeMy PO
MOJIEJIIOBAHHSI CTPOrO (Y-CyOrayccoBoro ysarajib-
HEHOT'0 JPOoOOBOr0 OpOYHIBCHKOTO PYyXYy, JdOBemIe-
Hy B pobori [4], Ta ocHOBHY Teopemy Ii€l pobo-
. OTpuMaHa HOBa TeopeMa MICTHTL YMOBH, 3a
AKAX MOJIE/Ib Oyie HaOJIMKATU IIPOIEC CTPOTO (-
Ccy0OrayccoBoro ysarajbHEHOrO ApoO0BOTO OPOyHIB-
CbKOTO PyXy 13 3aJaHuMu HaIAHICTIO Ta TOYHI-
crio y upocropi C([0;1]) y Bunazky, konun o(z) =
exp{|z|} —|z| — 1, x € R. ¥V Tperbomy pos/iii Ha-
BeJIEHO IMapaMeTpu MojeIel 1/ 3a/[aHnX 3HAYeHb
inpekca Xwopcra H, Tourocri § > 0 Ta HaziitHOCTI
1—v,v e (0;1), i upeacrasieno peamizaiil Moje-
JIell TPAaeKTOpIil TaKWX IIPOIECIB B ITPOTPAMHOMY
cepenosuri R.

Ananorusi pesysbraru orpuMaso B pobori |9

y BUIJIKY, KOJuQ(T) »

1 Heo0bxigxi BigmomocTi

YV 1mpoMy po3jiijii HaBeJIeHO HEeOOXiTHI O3HAYEHHS
Ta BJIACTUBOCTI 3 TEOPil Y-CyOrayCccoBUX BUIIAIKO-
BUX Besm4mH i nporecis [1, 3, 7).

Ozuavyennss 1.1. HemepepsHa mnapHa OIyKJa
dyskIisa ¢ {¢(x),x € R} nasubaernca N-
Pynruyicro Opaiva, skmo ¢(0) = 0, p(x) > 0 npu
x#O,@%OHpHm%OTa@
T — 0.

— 00 1pHu

Osnauenns 1.2. Hexait ¢ = {p(z),xz € R} —
nesika N-dyukiis Opiiva. OyHKitist * Taka, 1Mo
©*(x) = supyer (zy — ¢(y)), T > 0, HasmBaeThCs
nepersopentsaM HOura — @enxenst GyHKIil .

Ymoea Q. Hns N-yHKINT ¢ BUKOHYETHCS
ymosa @, sxio lim j{ljlf % = C' > 0. MoxJuBo,
o C' = +o00. ’

Y xnusi [6] micrurees meranbaa indopmartis
mon0 N-dyukmiit Opitida Ta X BJIaCTUBOCTEIA.

Hexait (2, F, P) — crangaprauii imoBipHicHMi
ITPOCTIp.
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Oszsnavennst 1.3. Hexaii ¢ — N-dyukuist Opiida,
JUTsT STKOT BUKOHYeThCsT ymoBa (). Bumasikosa Be-
JanduHa € HAJIEXKUTh HpocTopy Suby () (mpocro-
Py (-CyOrayccoBux BHUIIQJIKOBUX BEIMYNH), SKIIO
E¢ = 0, Eexp{A¢} ichye s Beix A € R ra ichye
Taka craja a > 0, mo 715t Beix A € R BUKOHY€ETHCsT
HEPIBHICTD

Eexp (AS) < exp (¢(ad)).

Teopema 1.1. [1] IIpocmip Sub,(£2) e npocmo-
pom Banazxa 3 mopmoro

@' (InEexp (X))
Al

Ty (§) = sup
A0

ma 0as scix A € R sukxonyromvcs Hepienocmi

(1.1)

de C >0 — deaxa cmana.

O3snauenHsa 1.4. Bumagkosuit mporec X
(X (t),t € T') € p-cybrayccoBum (T06TO, HAIE?KUTD
pocTopy Suby,(§2)), sximmo as Beix ¢ € T Buma-
koBi Besmannu X (t) € Suby, ().
2
dxmo p(x) = %, € R, To Taxwmit mporec
HA3UBAETHCA CyOrayCcCOBUM.

Ilpuxaad 1.1. LlenTpoBaHuili rayccoBuil BUIIAIKO-
BUil IIporiec € cyOrayccoBuM.

Osnavenns 1.5. CiM’s A BUIIAJIKOBUX BeJIU-
4nH i3 1pocTopy Sub,(§2) HA3MBAETLCS CTPOTO (-
cybrayccooro (mosnadaerbcs ik A € SSub,(£2)),
gakmo icaye craga Ca > 0 Taka, mo ajst Oyab-
sKOI 3yidyennol Mmuoxkunu I, & € A, i € I, Ta st
JOBIIbHEX A; € R BUKOHYETHCS HEPiBHICTD

w(Dae)ses ((20e)) 0o

Crama Ca Ha3UBaETLCS BU3HAYAILHOIO CTAJIOKO
ciM’T A.

Z Ai&i

i€l

Z Aii

il

O3zunaueHHst 1.6. Bunaakosuit IIporiec
X {X(t),t € T} wnasuBaeTbCs CTPOrO
p-cybrayccopum (1ob6ro, X € SSub,(Q)), skimo
cim’st Bunagrosux Beanann {X (¢),t € T} e crpo-
ro (p-cybrayccoBoro. BuznauasipHa crajia 1miel cim’l
HA3MBAETHCsI BU3HAYAJIBHOIO CTAJIOI Iporecy X

Ta ITO3HAYA€THCA CX
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IIpukaad 1.2. [7] Hexait X(t) = > &ppr(t), t €
k=1

T, ne ciM’st BunajikoBux Besuaut {&, k = 1,00} €

CTPOro (p-CybrayccoBoio 3 BU3HAYAJIBHOIO CTAJIONO
o0

Ce Ta pag Y, ppr(t) 36iraeTbes B cepeHbOMY

k=1
KBaJpaTHaHOMy. Tozi Bumaakosuii nporec X (t) €

CTPOTrO (P-CybrayccoBUM BUIAIKOBUM IIPOIECOM 3
BusHavaIbHOI0 crason Cy = Cg.

2 MopenroBaHHs (Y-cybrayccoBoro
rajJjbHEeHOro ApoboBOro OpPOyHIBCBLKOTO

Pyxy

y3a-

2.1 VYzaragpHeHuii apoboBUit OpPOyHiB-
CbKUli pyX

Hexait {Bg(t),t € [0,1]} — ne apobosuii Gpoy-
HiBCbKUiT pyx 3 iHmexcom Xiopcra H € (0,1). Ie
ozHauae, mo By (t) € neHTpoBaHUM TayCCOBUM BH-
[T IKOBUM ITPOIIECOM 31 CTAI[iIOHAPHUMU IIPUPOCTa~
MU 1 KoBapialifiHoo (pyHKIIIE0

L oon
t
2(

EBy(s)Bg(t) + sH s — 2.

Hexait T = [a,b],0 < a < b < oo, abo T = RT.

Osnauenns 2.1. [4, 7| Byaemo nasuBarn Bunai-
koBuii nporiec Zy = {Zp(t),t € T} y3aranbue-
HUM J1po6oBuM OpoyHiBebKIM pyxoM (Y/IBP) 3 in-
nekcoMm Xiwopera H € (0,1), sikmo EZg(t) =0 Ta

1
Ry(t,s) = EZy(s)Zy(t) = §(t2H+s2H—|s—t]2H).

Oznavenns 2.2. |4, 7| Bygemo nasusaru Bu-
najKoBuii mporec Zp {Zy(t), t € T} crpo-
ro (p-cy0rayccoBuM y3arajibHeHUM JIpoboBUM Gpo-
yHiBcbKUM pyxoM (¢-YIBP) 3 inmexcom Xiopcra
H € (0,1), sixmo Zpy 3 o3navenHs 2.1 € crporo

(p-CybTayCccoBUM.

Y pobori [2| noseneno, 1o gpoboswii GpoyHiB-
cbKuit pyx Bp(t) MoxHA 1O7aTH B HACTYIHOMY
BUATJISIL:

o0

D

n=1

sinz,t

.1 — cos Ynt
PN L

By (t) ”

Tn
n=1

(2.1)
Jie psaju B (2.1) 36iratoTbesi B cepeIHbOMY KBaJIpa-
tuanomy, {X,,n =1,2,...} ra {Y,,n =1,2,...}

— He3aJIeXKHI T'ayCccOBl BHUIAJIKOBI BEJIMUYMHU TakKi,
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mo EX,, = EY,, =0,

Var X, = QCH:/U_QHJ 2 1 (Tn),
VarV, = 204y 21772 (y,),
C% =77 'T(1 + 2H) sin(nH),

1 < xy < ..., — jojarHi mpificai mym GyHKIH
Beccenst mepimoro pony J_g, ayr < yo < ..., —
nonarHi givicHi Hym dyaKIT J1 g

Y poborax [4, 7| mokazamHo, 1o 300pazKeHHs
(2.1) MoKHA TIEpenucaTH B TAKOMY BUIJISIL:

o0 o
= Z chnH sin x,t + Z ?ndnH(l — oS Ynt),
n=1 n=1
ne {Xn,n =1,2,...} ra {Yn,n =1,2,...} —He3a-
JIEYKHI TayCCOBl IEHTPOBAaHI BUITAJIKOBI BEJTNYMHU,

raxi mo EX?2 = EY? =1,

= ﬂCHx;(HH)Jl__lH(a:n), n=12,...,

\chyn (H+1) J

gWn), n=1,2,...,

C?% = 77I'(1 4 2H) sin(w H).

10.B. Kozauenko, O.I. Bacunuk ta T. Cot-
Tinen [4, 7| 3amponoHyBaJM y3araJbHUTH JAHHN
PO3KJIaJl HA BUIAJOK HErayCCOBHUX BHIIAKOBUX
IPOIIECIB, a caMe PO3IJISIHYJIN TaKUil psijt:

Z Encll sinz,t + Z Nnd,,

H(1 — cosynt),

(2.4)
e t € [0,1], &, n, — He3a/eXKHI IEHTPOBaHI BU-
najIKoBi BesmunHN Taki, mo EE2 = En2 = 1,n =
1,2,.... Bouu moBesn HACTYIIHI TBEP2KCHHSI.
TBepmxkenns 2.1. [, 7] Padu 6 (2.4) s6ieaio-
MHCA 8 CEPEIHBOMY KEAIPAMUYHOMY, A KOBALPI-
auitina gynryia npoyecy Zg mae uzaso:

1
—(?H 4 21 s

X 12H).

EZu(s)Zy(t) =

TBepmxkenns 2.2. [4] Padu s (2.4) piernomipro
3012a10MbCA 3 UMOBIPHICTI0 00UHUYA DO NPOUECY
Z(t) ma npouec Zy(t) € 6ubiproso nenepeperum
na [0, 1] 3 dmosipricmio odunuysa.
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2.2 MogesroBaHHS y3araJbHEHOTO JIPO-
0oBOro 6POYHIBCHKOTO PyXy

Y poborax |4, 5, 7| 3amponOHOBAHO AJIrOPUTM
MOJIETIOBAHHST TIPOTIECIB CTPOTO (o-CyOTayCcCcOBOTO
y3araJbHEHOro JpPoOOBOTO OPOYHIBCHKOIO PyXy i3
3aJlaHIMU HAJIWHICTIO Ta TOYHICTIO y MPOCTOPI
C([0;1]) Ha ocHOBI pO3KIALY B P

Z sin xn fn + Zd 1—cos(yn )) Tiny
n=1 n=1
(2.5)
€ [051], ze
H
2
Cp = u \/76 n= 172> )

xVI;IJrlJlfH(-Tn)’
d Ve 1,2
e T n=1,4,...,
" 7I;I+1J7H(yn)
I'(2H + 1) sin(nH)
- T2H+1 :

EnsMnyn=1,2,...,
JijleHi BUIIAIKOBI BeJMYuHE 3 IpocTopy Suby,(£2),
EE2 =En2 =1,n=1,2,.... Tyr i gani npumy-
ckaeThes, mo GyHKIa p(y/+) omykia.

3 Teepmxkenns: 2.1 ta [puxiamay 1.2 Buru-
Bae€, 10 BUNAIKOBUI mporec Z Buiy (2.5) € cTpo-
ro (p-cybrayccoBuM y3arajibHEHUM JIpOOOBUM OpO-
YHIBCBKUM PYXOM.

— He3aJIexKHi OTHaKOBO PO3IIO-

Osznadvenns 2.3. 7] Mogens Z mabmmkae mpo-
nec Z i3 3amanumu HagiiwicTio 1 — v, 0 < v < 1,
ta Tounicrio 6 > 0 B C(]0, 1]), axmo

Zt’>5)§l/

[IpupommHo0 MOMEIIO JTst IPOTeCy Z, € Taka

% (cn sin(zpt) &, + dn(l — cos(ynt)) nn) .

n=1
Aute GIfBINT peaJIbHUM € MPUILYIIEHHS PO Te, IO

craji ¢, Ta d,, a TaKoXK HYJ Ty, Yp
ThCs TIALKHU HPUOJIN3HO. 3ayBaskKUMO, IO CTAJI ¢y,
Ta d, 3ajJexkaTh BiJ 3HaYEHb HYJIB BIIIOBIIHUX
dyukuiit Beccens [4, 7).

Ilozraummo wepes ¢, Ta dn HaOJIM>KEH] 3Hade-
HHS ¢, Ta d,, BignosigHo. Hexaii

|d~n - dn| < fo,

P sup |Z; —
t€[0,1]

cyMa

004N CITIONO-

‘En - Cn| < '7;3”

n=1,...,N. Iloxubku v;, Ta 'yff BBaYKAIOTbCS Bi-
novmumu. Hexait T, Tta ¢, —
BIANOBIIHUX HYIIB Ty Ta ¥, 3 HOXUOKAMHU

HaOJIM2KEHI 3HAYCHHA

|jn_$n| S’Yﬁa |gn_yn’ Sryg
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[Toxubku Y& Ta 7y, TeK BBAXKAIOTLCS BiJIOMUMU.
Toni Mmonens mporecy Z MaTUMe BUTJIS]T

N
7 = Z:l (5n sin(Zpt) &, + (Zn(l - cos(gjnt)) nn) .
" (2.6)

A moxmnbKa MOJEIIOBAaHHS JTOPIBHIOE

= — Zt
N
-> {(C sint) — éusin(at) ) &
+ (dn(l — cos(ynt)) — Jn(l — cos(yjnt))) nn}
Y

n=N+1

Hnst Toro, mo6 onirmru A B C([0,1]), morpi-
6HO Oyso 3HaiTH omiHKM a7 Ty, (Ay) Ta T, (Ar —
Ag) s Beix s, t € [0,1]. [4, 7]

Ha ocHOBi oTpumMaHWX OINIHOK [JIS IIOXUO-
BiJI-
MOBIJIHUX OIIHOK PO3MOJIIIIB CYOPEMYMIB (p-
cyOrayccoBux BUIIQIKOBHUX IIPOIECIB OYI10 chopMy-
JIOBAHO 3arajlbHy T€OPEeMY IIPO MO/IEIIOBAHHS (-
cybrayccoBoro ysarajbHeHOro JpoOoBOTro OpoyHiB-
CHKOI'0 PYXY 13 3a/JaHUMU Ha/IIIHICTIO Ta TOYHICTIO
y upocropi C([0;1]) (nus. [4, 7]).

K1 MOJE/TIIOBaHHA Ta 3 BUKOPHUCTaHHAM

Teopema 2.1. [/, 7] Hezxai b ma o maxi wucaa,
wo 0 < b < o< H. Modeas Z, susnauena 6 (2.6),
nabausicae sunadkosuli npouec Z, susnauerul 3a
donomozoro (2.5), i3 3adanumu naditinicmio 1 — v,
0 < v <1, ma mounicmwo 6 >0 6 C([0,1]), axwo
BUKOHYIOMBCA MAKL MPU HEPIEHOCTNI:

Yo < 0,
B J
Yo

b 7
(L) +1> |
Yo

de napamempu yo = Yo(N), Yo = Va(N) i f =
min{vo, 34 } epynmyromoca na ouinxax, ompuma-
nux das noxubku modemosarma, ma 1Y — yaa-
2anvHena obeprena PyHryia do wisvhocmi | dym-
KULE Q.

[Tpumnycrumo, 1o craJi ¢, Ta d,, a TAKOXK HYyJIi
Ty TA Yp OOUUCIIEH] TOUHO.
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Hacainok 2.1. [4, 7] Hexatl noxubka nabausice-
nna sidcymma, mobmo ¢ = 4% = 4% = 4 = 0.
Todi ymosu meopemu 2.1 ukoHy0OMOBCA, AKULO

v (%)
<A0<exp{@§n} - 1)&)5 1o <jo )}

ma

(2.7)

(6Aa)§ (N+ 1)2Hb/a

r4<50V+1y{

b 2b | (H—a)b a)b Ap
2b< a)A e
de
5Y6
A p—
0 Ay 20’
1— c
Ay =2"%,m" T o

Ha ocHoBi naBemenux Buille pe3yJsIbTATIB BU-
BEJIEMO YMOBH, 3a sIKMX MOJIeJIb By (2.6) Hab/m-
JKaTUMe IIPOIIEC CTPOrO (p-CyOIrayCcCOBOIO y3araJib-
HEHOT'O JIPOOOBOro OPOYHIBCHLKOIO PYXY i3 3a/1aHu-
Mu HaJiitaicTio Ta TounicTio y mpocropi C([0;1]).
Y HacTymHIll TeopeMi MPUITYCKAETbCS, IO TOXU0-
Vo= =
yn = 0. s 3pydHOCTi 06UHUCIeHb BUOpAHO (v =

71b—4.

Ka HabOJIMKeHHs BIICYTHS, TOOTO 7y, =

Teopema 2.2. Hexaii o(x) = exp{|z|} —
r € R.

YV yvomy eunadky modeav Z, eusnavuena 6
(2.6), mabausicaec npouec yaazarvhernozo 0Opobo-
8020 OpoyHiBCHKO20 PYXY Z, Su3Hauenul 3a 0o-
nomozoro (2.5), i3 sadanumu waditnicmio 1 — v,
0 < v <1, ma mounicmio 6 >0 ¢ C([0,1]), axwo
BUKOHYIOMBCA MAKT YMOGU:

’[B‘ - 17

e\ " 922=% 5%

c

N > 1.02 1, ——

max 025 ((5 2H> + 1; -
(2.9)

ma

SNH SNH SNH
2pexpq — In + -1, x

5S¢ 5S¢ 5S¢
2H 2H 2H
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S(N+1)H
N6 [ [ OV EDT) <v, (2.10)
5
\ 2m

_ _oosd I8y 4 gN\F
de p=p(H) =n?6u - 20 *. 5" (L)H
Zosedenns. CkopucraeMoch HacjaigkoM 2.1 Ta
MIPUIYIIEHHSIM, 0 (¢ = g, b= %.

[TeperBopennsi FOura-®enxesst Takol (HYHKIHT
Ma€ BUTJIS

©*(z) = (|z| + Din(|z| + 1) — |z|,z € R.

[Tpu = > 0 maemo:

)= —1=1z)= 1Y) =In(z+1),z >
0.

B ymosi (2.7) maemor:

(Ao(eXp{wé(l)} - 1>a>”H 1=
(‘io G 1)g>}11 +1=
Ay 1 3

(
o

= Ymosa (2.7) Mae BUITIAT;

Vo) e

1

E ﬁ+1> A
\V 2H

o

2

J

Ea
2H

A

i , 92— 5
0 +h T

N > max < 1.025 (

B ymosi (2.8) 6ymemo marn:
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[Tpu Besukux N (k) ~
(N + 1)

2

H 1
> NS |In
aw\/%

Ymona (2.8) Habye TAKOTO BULJISIILY:

c

SNH SNH SNH
2uexp{ — In + 1
5 5 5
Ao\ 21 ap\/ o5 ap\/ 35
%
S(N +1)H
o [ SN +DT) <,

aw\/%

4
)% (L) H

ap :

YV BumaJky 3aJaHol B YMOBI TeopeMu QyH-
KIil ¢ mapamerp a, = 1. 3Bijicn BUNIEBaE TBEP-

H

_ 2. 984 24
ge p=m=-22""-5 H(C

254 18 _4
JKeHHsT TeopeMu 2.2, ne p = TWOH - 2H -
2
—= E T
57 H ( c ) : O
3 BwusnaueHHsI 4YUCJIOBUX IMapaMeTpiB Mo-

gmejgeirl i KOMIT'IOTepHE MOIEeJIIOBAHHS
y3arajJbHEeHOTO ApPob0oBOro 6POYHiIBCHKO-

o pyxy

Ha ocroBi Teopemu 2.2 3HaiigeM0 YNCJIOBI Tapame-
Tpu Ta moGyLyeMo Mojeb Z, BusHaueny B (2.6),
1o HaOJIMKAE MPOIEC y3arajbHEHOro IPOoOOBOTO
OPOYHIBCHKOI'O PyXy Z, BU3HAYEHUH 38 JIOIMOMO-
rom (2.5), i3 3ajanumu HagiliHicTIO 1 — 1 Ta TOUHI-
crio ¢ B ipocropi C([0, 1]) ayist pisHux 3HAYCHD 1H-
nekca Xwopera H. Ymosa (2.9) € j10cuTh 1pocToro
i 11 po3B’si3KM MOXKHA 3HAWTU y SBHOMY BUTJISIII.
Ymosa (2.10) mocuTh CKIaJHA, ajle BOHA PO3B’si-
3YETHCS YNCEJIbHUME METOJ[AMH.

o* (5N " 1) _ <5N " 14 1) y Anroput™Mu  06YHCIIEHHST YHUCIOBUX TIapame-
Ao Ao TPiB Ta 1OOYIOBU TPAEKTOPIN BiIMOBIIHUX MO-
SNH SNH Jenefl peaslizoBaHO y MPOTPAMHOMY CEepeIOBU-
X ln( e 1+ 1) — ( v 1> = mi R. IMobymyemo momenb TpaekToOpil cTporo -
0 0 CcyOrayccoBoro ysarajabHEHOrO ApoO0BOTO OPOYHIB-
SNH SNH SNH cbKoro pyxy Juist bysiil p(z) = exp{|z|} —|z| -1,
- In - = +1, r € R, maxitinocti 1 — v = 0.95 Ta TouHOCTI
Yo\ 20 Yo\ 20 Yo\ 20 0 = 0.05 Ta piznux nmapamerpis H.
(GAL)E (N 4 1) (N + 1) ° 1. Hy = %. Toxni marumemo, mo ¢ = 0.05373;
= PR 10 ( 1 - 1) +1] = 3 TeopeMu 2.2 BHUIIUBAE:
2(1-2)As N~ = 0
. e 1 =0.2518,
5%aéﬂ%géf%.(%)%(N+1)H S(N +1)H " e 3 ymoBu (2.9) maemo, mo N >
25 Tq (52 )iNE ‘In \/j +1 max {18.68,0.27},
© a
’ oV eH e 3 ymosu (2.10) Bummmsae, mo N >
A (k%) 1289.
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Orxke, nocrarabo mokyactu N = 1289 . Ha
PUCYHKY HI2KYe 300parkKeHO MOJe/ib Tpae-
KTOpil cTporo (p-cybrayccoBoro ysarajibHe-
HOTO JIPOOOBOrO OpPOYHIBCHKOIO PYyXy JIJIs

H =

[[SY

Model delta=0.05, 1-nu=0.95, H=3/4

Z(t)
0.4 0.6 0.8 1.0

0.2

0.0

0.0

time (t)
Puc. 1. Monens y3arajibHEHOTO JpOOOBOTO
i -3
GpoyHiBCHKOTO pyXy 3 apamerpoM H = 3

2. Hy = L. Toai marumemo, mo ¢ = 0.02643;
3 Teopemu 2.2 BUILIMBAE:

o 1= 20611,

e 3 ymoBu (2.9) maemo, mo N >
max {8.188,0.337},

e 3 ymosu (2.10) Bunmsae, mo N > 243.

Omr:xe, qoctarabo mokgactu N = 243.

Model delta=0.05, 1-nu=0.95, H=7/8

Z(1)
-0.3 -0.2 -0.1 0.0

-0.4

-0.5

time (t)
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Puc. 2. Mogesns y3arajabHeHOTO JpobOBOTrO
OpoyHIBCHKOTO pyxy 3 mapamerpoMm H = %

3. Hy = %. Toxai marumemo, mo ¢ = 0.02341;
3 Teopemu 2.2 BUILIMBAE:

o 1= 2.7527,

e 3 ymoBu (2.9) maemo, mo N >
max {7.45,0.344},

e 3 ymosnu (2.10) Bumusae, mo N > 203.

Om:ke, mocrarabo mokaactu N = 203.

Model delta=0.05, 1-nu=0.95, H=8/9

2(t)
-0.1 0.0 0.1

-0.2

-0.3

0.0 0.2 04 0.6 0.8
time (t)
Puc. 3. Mogesb y3arajabHeHOTO 1pobOBOTrO

OpoyHIBCHKOTO pyxy 3 mapamerpoM H = %

3 pucyHkiB 6a4nMo, 1110 9UM OiIbIle 3HAYEeHHA
inpekca Xiopcra H, TUM IJIaJInom € Kpusa, Ipu
IIBOMY 1 MEHIITOI0 € HeoOXiaHa KiIbKICTh TOMaHKIB
N y mozerti.

Bucaosku

Y poboTi HOBEAEHO TEOpPEMY, IO MICTUTH yMO-
BH, 32 SKUX MOJesib By (2.6) HabumKkae nporec
CTPOro (p-CyOrayccoBoro ysaraJbHEHOrO JIPOOOBO-
ro GPOYHIBCHKOIO PyXy i3 3aJlaHUMM Ha/ ifHICTIO
ta rTounicTio y npocropi C([0;1]) y Bunmajky, Ko-
m p(z) = exp{|z|} — |z| — 1, x € R. Busnaueno
mapaMeTpu Mojesiell Ta 3MOJIeTbOBAHO TPAECKTOPIT
BIJITOBiTHUX TIPOIIECiB /I Pi3HUX iHIEKCIB Xiop-
cra H i 3ajjaunx 3Ha4Y9eHb TOYHOCTI Ta HAIIIHOCTI
y mporpaMHOMy cepejnioBuiii R.



Bicnux Kuiscvkoz2o nayionanrvbro2o yrisepcumemy

Bulletin of Taras Shevchenko

iment Tapaca Ilesuwernra 2021, 2 National University of Kyiv
Cepia: Pizuro-mamemamusri HAYKY Series: Physics & Mathematics
Crircok BUKOPHUCTAaHUX I2KepeJT References

1.

Buldygin V. V., Metric Characterization of
Random Variables and Random Processes /
V. V. Buldygin, Yu. V. Kozachenko. — Ameri-
can Mathematical Society, Providence, RI,
2000. — 257 p.

. Dzhaparidze K.O. A series expansion of fracti-

onal Brownian motion / K.O. Dzhaparidze,
J. H. van Zanten // Probability Theory and
Related Fields, 130, 2002 — P.39-55.

Giuliano  Antonini R. Space of (-sub-
Gaussian random variables / R. Giuliano
Antonini, Yu. V. Kozachenko, T. Nikitina. //
Rend. Accad. Naz. Sci. XL Mem. Mat. Appl.
(5), 2003. — 27. — P.92-124.

Kozachenko Yu. Simulation of Weakly
Self-Similar Stationary Increment Sub,(2)-
Processes: A Series Expansion Approach /
Yu. Kozachenko, T. Sottinen, O. Vasylyk
// Methodology and Computing in Applied
Probability, Vol. 7 (3), 2005. — P. 379-400.

Kozachenko Yu. Simulation of fractional
Brownian motion with given reliability and
accuracy in C([0,1]) / Yu. Kozachenko, O.
Vasylyk // Theory of Stochastic Processes,
Vol.12 (28), no.3-4, 2006. — P. 59-66.

Krasnosel’skii M. A. Convex Functions and
Orlicz Spaces. / M. A. Krasnosel’skii, Ya.
B. Rutickii. — Moscow, 1958 (in Russian).
English translation: P.Noordhoff Ltd, Groni-
ngen, 1961. — 249p.

Bacuaux O.1. p-CybrayccoBi BUIAJIKOBI 1IPO-
necu / O.I. Bacunuk, FO.B. Kozauenko, P.€.
Amuenko. — K: Bumasaumuo-nomirpadiunmit
nentp “KuiBcbkuii  yuiBepcurer’, 2008. —
231 c.

Kosauwenxo [0.B. BaHaxoBbl MPOCTPAHCTBA
CJIly9aliHBIX BEJMYUH THUIIA CyOrayCCOBCKUX /
10.B. Koszauenko, E.J1. Ocrposckuit // Teo-
pus BeposgTH. u MareMm. craruct. Ne 32, 1985.

— C.42-53.

Bacuaux  O.I. MopgentoBaHHSI CTPOro (-
CcybrayccoBoro ysaraJibHeHOTO JIpob6oBOro 6po-
yaisebkoro pyxy // O.I. Bacunuk, LI, JloBu-
npka //Bicnuk KHY im. T. IleBuenka. Ce-
pist: iz.-marem. mHayku. Nel, 2021. —C. 11-19.
https://doi.org/10.17721/1812-5409.2021 /1.1

25

1.

. GIULIANO

BULDYGIN, V. V., KOZACHENKO, YU. V.
(2000) Metric Characterization of Random
Variables and Random Processes. American
Mathematical Society, Providence, RI, 257 p.

. DZHAPARIDZE K.O., ZANTEN J. H. (2002)

A series expansion of fractional Brownian
motion. Probability Theory and Related Fi-
elds 130, p.39-55.

ANTONINI, R.,
KOZACHENKO, YU. V.  NIKITINA,
T. (2003) Space of ¢-sub-Gaussian random
variables. Rend. Accad. Naz. Sci. XL Mem.
Mat. Appl. (5) 27, p.92-124.

KOZACHENKO YU., SOTTINEN T,
VASYLYK O. (2005) Simulation of Weakly
Self-Similar Stationary Increment Sub(2)-
Processes: A Series Expansion Approach.
Methodology and Computing in Applied
Probability, Vol. 7 (3), p. 379-400.

. KOZACHENKO YU., VASYLYK O. (2006)

Simulation of fractional Brownian motion wi-
th given reliability and accuracy in C([0, 1]).
Theory of Stochastic Processes, Vol.12 (28),
no.3-4 p. 59-66.

. KRASNOSEL’SKII, M. A., RUTICKIL, YA.

B. (1961)  Convexr Functions and Orlicz
Spaces. Moscow, 1958 (in Russian). Engli-
sh translation: P.Noordhoff Ltd, Groningen,
249p., 1961.

VASYLYK, O. 1., KOZACHENKO, YU.
V., YAMNENKO, R. E. (2008) ¢-sub-
Gausstan random process, Kyiv: Vydavnycho-
Poligrafichnyi Tsentr “Kyivskyi Universytet”,
231 p. (In Ukrainian)

. KOZACHENKO, YU. V., OSTROVSKII E.I.

(1985) Banach spaces of random variables of
sub-Gaussian type. Teor. Veroyatnost. i Mat.
Statist., 32 , p. 42-53. (In Russian)

. VASYLYK O.I.,, LOVYTSKA ILI. (2021) Si-

mulation of a strictly ¢-sub-Gaussian generali-
zed fractional Brownian motion. Bulletin of
TSNUK. Series: Physics and Mathematics.
1, p. 11-19. https://doi.org/10.17721/1812-
5409.2021/1.1 (in Ukrainian)

Received: 22.08.2021



Bicnux Kuiscvko20 HauionaabH020 YyHigepcumemy Bulletin of Taras Shevchenko

iment Tapaca Ilesvwerra 2021, 2 National University of Kyiv

Cepia: Pizuro-mamemamusri HOYKY Series: Physics & Mathematics
VIK 519.21 https://doi.org/10.17721/1812-5409.2021/2.4

B. Tonomoswuit, kandudam Hayx, douerm V. Golomoziy, Ph.D., Associate Professor

On estimating exponential moment for
the simultaneous renewal time for two
random walks on a half line

O1iHka eKCHOHEHI[IHHOr0 MOMEHTY Jist
4acy OJHOYACHOT'O BiJHOBJIEHHH JIBOX
BUIIA/IKOBUX OJIyKaHb HA MiBOPAMIA.

Kuiscbkuit namionayipHuii yHiBepcuTeT iMeHi
Tapaca Illesuenka, 01033, Kuis, Bysi. Bosomu- Taras Shevchenko National University of
MHUpCbKa 64. Kyiv, 01033, Kyiv, 64 Volodymyrska st.

B dawiti pobomi mu po3zanadaemo ymosu iCHYSAHHA MG CKIHYEHOCTNT EXCNOHEHUITHO20 MOMERNY
O0NA wacy 00Ho¥acH020 6i0H08AEHHSA 080T GUNAJKOBUL OAYKAHL HG Nienpamit. Jlonyckaemoves, wo 6u-
nadkosi bAYKAHHA € HEOOHOPIOHUMY 34 4acoM. OMPUMAHT YMOBU 304 AKUL EKCTMOHEHUITHULT MOMEHIT
CRIHYEHUT OAA KONHCHOZ0 OKPEMO20 AGHUI02G G TAKONHC OAA UACY CNIADBHO20 TOMPATAAHHA | MHOHCUHT.
Hoka3a10, AKUM YUHOM MOACHA OOYUCAUMU OUIHKY Y NPAKMUYHUL 3GCMOCYEAHHAL.

Pesyavmamu docaidorcerns donosidarucy wa Miotcrnapooniti nayrosit xongepenyii “Modern Stochasti-
cs: Theory and Applications. V" (MSTA-V).

Karwmosi caosa: Teopia 6idnoeaenHa, CrACBAHHA, He0OHOPIOHT aaryroeu Mapkosa.

This paper is devoted to studying the recurrence properties of a pair of time-inhomogeneous random
walks on a half-line. We consider a chain of the form X1 = (X,,+W,)", where Xq is a given starting
point (random or non-random), and increments Wy, are independent, but not necessarily equally di-
stributed random variables, which makes Markov chain (Xy)n>0 time-inhomogeneous. We demonstrate
that there exists a set C = [—c,c| such that under suitable conditions on Wy, (which are the ezistence
of a uniform geometric moment and uniformly negative expectation), the chain (X,)n>0 has finite
exponential moment for the return time to the set C'. The exponential moment, thus obtained, is uni-
formly bounded on the C'. We show how the parameter ¢ can be calculated in terms of the distribution
of Wy, and provide formulas for the bound of the exponential moment, which are suitable for practical
application. Later we extend this result to the pair of Markov chains of the same form. We demonstrate
that under the same conditions, an exponential moment exists for the simultaneous return time for the
pair of chains to the set C x C. We also provide bounds that could be calculated in applications, provided
that distributions of increments are known.

Key Words: Renewal theory, coupling, time-inhomogeneous Markov chains

Communicated by Prof. Moklyachuk M.P.

1 Bcryn 0 9acy MOTPAIJITHHS Y MHOYKWHY JIJT AaTOMAPHUAX
Ta 3araJbHUX JIaHIIOriB MapkoBa BimnosigHo. Ba-
OniHKK1 MOMEHTIB JIJIsl 9aCy CHiJIBHOTO MOTPAILISTH- K IIBO 3a3HAYNTH, MO KJIIOYOBY POJIb Y HOOYIO-
Hsl J1BOX JlaHuioris Mapkosa y nesHy MHOXKUHY Bi-  pi omimok Bimirpae ymosa scysy (drift condition)
JUrparoTh KJIFOIOBY POJIb JI HOOYIOBY CKJICIOBAH-  gKa, IMIAPOKO BUKOPUCTOBYETHCS Y KJIACUIHIN Te-
Hs1 JIBOX TaKUX JIAHIJOIIB, II0 Y CBOIO Y€Pry JO03BO-  opiil opmopignux tammoris Mapkosa (mus. [4] Ta
JIsI€ PO3B’gI3yBaTH IMUPOKUI KJIac 3a/ad, 30KpeMa [1])
OTPUMYBATH OITIHKHU CTIKOCTI TIepexiTHUX HMOBip-
HOCTEll 3a M KPOKiB ab0 OIHKU CTIMKOCTI (pyH- Y pobori [2] 6ysno orpumano BapiaHT yMO-
KI[JOHAJIIB BiJI JBOX JIAHIIOTIB. BaxK/IMBUM acle- Bu 3CyBY JJI HEOOHOpiaHuX JaHiioris Mapkosa,
KTOM MeTO/y CKJICIOBAHHS € Te, 1[0 OLIHKU MOXKHA sSKWI rapaHTye ICHYBAaHHA EKCIIOHEHIIIHHOIO MO-
OTPUMYBaTH HaBiTb JjIf HEOJHOPLAHOro 3a 4acoM MeHTy. Lo ymMoBy Oys10 BuKopucTano st mobya0-
BUIAJKY, IO BUKJINKAE BEJIHUKI TPYIHOINII DM BH- B OIHKU OJHOYACHOTO IOTPAILISHHS JBOX (MO-
KOPHUCTaHHI KJIACUIHUX METOJIIB. JKJINBO HEOJHOPIHUX) JaHIoriB MapkoBa y 1es-
B naniit poboTi BUKOPHCTOBYIOThCSI pe3y/ibTa- Huil aroM. ¥ pobori [3| ni pesynbraru Gyio ysa-
TH JBOX mpanp [2]| Ta [3] y gkux Gy70 po3BHHY- TraJIbHEHO Ha BUIAJOK HEATOMAPHUX MHOXKHH, IIPH
TO TEOpiIo I MOOYIOBU OIIHOK €KCIOHEHIHHHO- IbOMY BHKOPOCTOBYBABCS BiIOMHIT METOJ pPO3IIie-
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mwiennst (splitting method) - nus. [4].

B pesymbprari 6ynm orpuMaHi He JIUINE YMO-
BU iCHYBaHHS €KCIIOHEHIIITHOTO MOMEHTY, aJie i 3a-
[IPOITOHOBAHO MiAXiJ 10 OOYHMCIIEHHSI OI[IHOK I[HOI'O
MOMEHTY 13 BHKOPHUCTAHHSM yMOBH 3cyBy. Came
TaKWii MiIX11 i BUKOPUCTOBYETHCA y JIaHii pobOoTi.

[likaBo BiA3HAYNTH, IO JAHITIOTHT, sTKi PO3TJISI-
JIAIOTBCsT B JlaHiil poboTi € aromMapHUMEU (MAalOTh
arom B 0). OziHaK, BUSIBJISIETHCSL, IO JIJIs1 O3B’ si3a-
HHs 381241, 0 PO3IVISIAETbCs OlIbII 3PYyYHO BU-
KOPHMCTOBYBATHU Iijxiz i3 poboru [3], TobTo BHIi-
JIUTH TeBHY “MaJty” MHOXKUHY (B HAIIIOMY BHIIAJIKY
muoxkuny [0, c], ¢ € RY), i mobyaysar npobiy byn-
KIIIO fKa 3aJI0BLIbHSAE YMOBI 3CYBY Ha Iifl MHOXKH-
Hi a He Ha aromi {0}.

3ayBaxKuMo, 110 y JaHiit pobOTi He MpuIrycKa-
€ThCs HOPMAJIBbHICTD BHUIAIKOBOrO Oykanms. Ha-
TOMICTb PO3IVISIAETHCS MTUTPOKUH KJIac PO3MOILIIB
Ha IKUAU HAK/IAIAIOTHCS YMOBH, 110 3aI€3IEIyIOThH
iCHYBaHHS CKIHYEHOT'O €KCITOHEHIIHHOIO MOMEHTY.
Haxknazeni ymMmoBM € TpUPOIHIMU 1 BiIIIOBITAIOTH
BIZIOMMM yMOBaM B OJ[HODITHOMY BHIIAQJKY (JIUB.
[4]). Posrasmaioun muoxkuny [0, c] BIaeTbecst BU-
nucatu IpobHYy QYHKINIO y Maiike SBHOMY BH-
TJISIJTL TS JTOBLIBHOTO PO3TOJIIITY, IO 33 10BlIbHSIE
YMOBaM OIHMCAHUM BUIIE, & TAKOXK OTPUMATH 3PY-
9HI BUpa3" JijIsl OIIHKN €KCIIOHEHIIHHOTO MOMEH-
Ty. st pakxTUIHUX 3aCTOCYBAHbD, /1€ PO3IIOII iH-
KPEMEHTY BUIAJIKOBOTO OJIYKAHHS sIBHO BiIOMMTIA,
OTpUMAHI OIIHKU MOXKHA OOYUCIUTHU 3 JIOIIOMO-
I'OI0 YUCEJIbHUX METOIIB HAOJIMKEHO OOYMCJIMBIIN
IIeBHI IHTErpaJIn.

2 OcHoBHIi Mo3HaYeHHsI Ta (POPMYTIOBAaHHSA
3amaui

Byznemo BUKOpuCTOBYBaTH IIo3HadeHHsa R s
MHOYKHMHH HeBij'eMHux jiificnux umces, ta B(RT)
- no3HavaTUMe GOPEIbOBY o-aaredpy Ha i MHO-
JKUH.

Posrasimaemo jBa nesasiexui janmorn Map-
KOBa {Xr(Ll),n > 0} Ta {X,?),n > 0}, 3i 3naven-
usivu B (RT, B(R™)), 3aganux na cribHoMy iiMO-
Bipaicaomy tpocropi (2, F,P) nHacrynHuM drHOM:

xM >

(X,(f_) +Wn)+,n 1

x(2)

n

(x2

e seauanau W, Z,,n > 0 € He3aIeKHUMHA B Cy-
KYIIHOCTI, 3aJaHl Ha TOMY K WMOBIpHICHOMY ITPO-

+
1+Zn) 7n>17
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cropi (2, F, P) ta MaloTh pO3HO/iIN:
F,(z) = P{X, € dz},
Gn(x) =P{Z, € dz}.

TakuMm anHOM 00MIBA JAHIIOTH € HEOIHOPITHIMN
3a 9aCcoM.
Hexait

Pin: RT x B(RT) — [0,1],
e 1nepexijiHi HIMOBIpHOCTI Ha M-TOMY KpPOII JIJIs
i-Toro janmora, i € {1,2}. Toxi

Pin(z,A) =P {X‘“

Bynemo mosmauarn uepes P;,, i € {1,2},
x € RT mipy acormiitosany 3 sanmorom X (l), 110
crapTye 3 Toukn € RT. Inmumu ciopamu:

Pio{A} =P {X(l) < A|X(gl) - a:} ,

e A € (B(RT))™ - MuokUHA 3 THTIHAPIIHOL 0-
asre6pu na muoxkuni (RT)*. Bignosigne matema-
THUYHE CIIO/IiBaHHA ITo3HadaTuMeMo depes E; .. By-
JIeMO TaKOXK BUKODHUCTOBYBaTH mHo3HadeHns [P, ,
Ta Eyzy, T,y € R 115 mo3HaMeHHS aHAJOTidHOL
HMOBIPHOCTI Ta MaTEeMATHIHOT'O CIOIiBaHHSA IOPO-
JPKEHUX ITapOIO JIAHITIOTIB (X(l), X(Q)).
Hexait ¢ > 0 - KoHCTaHTa, BUSHAYUMO

o) =min{t>1: Xt(i) €[0,q ¢,

0. = min {t >1: Xfl),XISQ)) € [0,¢] x [O,C]}7
(1)
sIK 9ac [epIIoro moBepHeHHsi y MHOKuHY [0, ¢] Ta
Tac MEePIIOTO CILIBHOTO MOTPAILISHHS y IO MHO-
JKUHY 111 000X JIAHITIONIB BiJIIIOBIHO.
Bajaua mojsirae y Tomy, mob 3’sicyBaTh 3a
SIKUX YMOB icHye Take ¢ > 0 ta § > 1, mo

(%)
[Ei,x |:/BUC ] < 00,
Ta

s Beix ¢ € {1,2}, z,y € RT, a Takox orpu-
MaTH OIIHKHI JI7I BUIIEO3HAYCHIX MATEMAaTHIHIIX
cHojIiBaHb. 3ayBaykKuMO, IO 0 Ta 0 MOKHA BBa-
JKATH, sIK BUIQIKOBUMHY BeJIMIMHAMU 38 JaHUME HA
upocropi (2, F, P), Tak i BemanHaMu Ha MIPOCTOPI
((R*)>°, B(RT)*°) 3 mipamu P;, ta Py ,. Tomy B
[IOJIAJIBIIIOMY MU OYJIEMO BiJIbHO BHKODPUCTOBYBa-
T, g9k cumBos P tak i P;, jna poborn 3 numu
BeJIMINHAMHA, Ta OYIb-IKUMHU IHIMTAMH, 10 € PYH-
kuisivu Big X (9. Baysazkumo takoxk, mo 3 Moxe
OyTu pi3HUM y TepImiil Ta APYTiii HEPIBHOCTIX BU-
me. fk mu nmobadnmo jgadgi, came Tak i Oye.
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3  VYmosa 3cyBy st snanmoris X (D ta X3

Posriisimemo nacTyni yMOBH, Ki, IK MU TODAIN-
MO JIaJli, 3a1e3nevyioTh CKIHYEeHICTh eKCIIOHEHITiii-
HUX MOMEHTIB Ta J03BOJISIOTH OTPUMATH 1X OIliH-
KH.

VwmoBa (A) Hexait icuye take € > 0, mo

/ xF,(dr) < —e,
Ta -
/ zGp(dx) < —¢,

g Bcix n > 0.
[umuvu cioBamu,

sup{E[Z,],E[W,]} < —e <O.

n>1

VYmoBa (B) Hexaii icuytors Taki pg > 0, Ta
M > 0, mo

sup{E [exp (poWp)] , E [exp (poZn)]} < M.

n=0
[ummvu ciroBaMu, iCHYIOTH CKiHYEHI €KCITOHEHITil-
Hi MoMeHTH 11 BenmanH Wy, Ta Z,.

OCHOBHUM ICHTPYMEHTOM JIOCJII2KEeHHsT Oy1e
yMOBa 3CyBY y dopwmi;

sznV(LU) < )\V(iﬂ) + bjl[O,c} (.CU),

e V:RT — [1,00]- neska npobua dbynkIist, A €
(0,1), b < 0o - mesiki KoHCTaHTH. My HOKaxkeMo,
o 3a ymMoB (A) ta (B) BukonyeTnhesi ymoBa 3cyBy
st 060x sanmorie X ta X @) 1a, o6uncinmo
BeJIMIUHA \ Ta b.

Teopema 3.1. Hexati dns aaryozie X ma X2
susHavenur suwe sukonani ymosu (A) ma (B).

Todi
1. Ienye maxe wucao ¢ > 0, wo das ecix n = 0

r

o0

/

2. Icnye maxe p > 0, wo

xFy(dz) < —¢/2,

c

xGp(dx) < —g/2.

c

o0
e — py — 1| Fy,(dy) < pe/4,

L.
/.

e — py — 1| Gy (dy) < pe/4,
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oas ecix n > 0.

3. Han Pywwyii V(z) = eP*, n > 0, i € {1,2}
ma dosiavroz0 T = 0 Mmae Micue HaCMYNHa HePIG-
HICTb

E [V (Xﬁjil) X0 = x} <AV (2) + bl g (2),

Ode
A=1—-pe/d<1,

b= sup

(4) i) _

E [V (XnH) X0 = 3:] < 0.
1€{1,2},0<z<e,n=0
JoBenennst.
Ouesnyino, ymoBa (A) rapanrye icuysanns ¢ > 0,
110 33/I0BiJIbHsIE TBepKeHHs 1. Teopemu. [TomiTu-

MO TeIep, IIo

el —1

Iepy—py—1|=p< —py>—>0,p—>0-

Oxkpim Toro,
e — py — 1] < e + ply| +1 € Ly(Fa),

B cuity ymoBu (B). Orxe icaye Take p < pp, 110
/OO

—0oQ

3 ymoBu (B) Takoxk BunsmBae piBHOMIpHA iHTe-
rposHicTh cimeiicrs Besmunuu {W,, n > 0} Ta
{Z,, n > 0}, TakuM YIUHOM KOHCTAHTY p MOXKHA
BUOpaTH He 3aJeXKHOI0 BiJl n i Takoo, IO 3a0-

BlIbHSIE TBEpJKEHHs 2. Teopemu s Fy, ta Gy,.
Posrusinemo npobuy dyukiio V(x) y dopwmi

|7 — py — 1| Fn(dy) < pe/4.

V(z) =€, p < po,

ae p B3saTO i3 2. PosrisimeMo yMOBY 3CYBY LI
XM st poBinbiux n > 0 Ta £ > ¢ MaeMo

oo

PV (2)/V(2) = o / @+ B ()

—00

)
—e Pt (Fn(—oo, —x] +/
—x+0

oo
F,(—o0, —x]e P +/
—x+40

ePz+y) Fn(dy))

eﬂyfh(dy)

[e.e]

(e — py — 1) Fy(dy)

= F,(—o0, —zle P* 4 /

—x+0

N (py + 1) F(dy)

</
—z+0

< Fo(—o0,—xle P + /
—x+40

[e.9]

(e’ — py — 1) Fy,(dy)
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" yE(dy) + F(~x, )

+o |
—c

<1—pe/2 — Fy(—o0,—z](1 — e %)

T (e~ py— 1) Fuldy)

o
—x+40

<1—pe/2 - F,(—oc0,—z](1 — e ")

o0
eV — py — 1| Fy(dy) <

o/

<1—pe/2 — F,(—o00, —z](1 —e P*) + pe/4
<l—pe/d=A<1.

OueBWIHO aHAJIONIYHI MIPKYBAHHSI CIIPaBeJJINBI
TakoXK g Gp. Ockinbku jganmiorn X @) 1o X@
dbemneposi, Ta p < po, 1O dyHKUiA O(T)
[E[V(X&)rlﬂXr(f) = x| € CKIHYEHOIO JIJIsi KOKHOTO
X Ta HENEepepBHOW. A 0T¥XKe € 0OMEKEHOI0 Ha KOM-
naxri [0, cl.

O

4 ExcnoHeHHifiHWMIIT MOMEHT [Jisi dYacy
CIIiIBHOTO momnaJaHHs y MHoOXKuHY [0, (]

Ternep cKOpUCTAEMOCH pe3yJibTaTuMu 3 podiT 2] Ta
[3] mo6u BeTaHOBUTH CKIHUEHICTH €KCIIOHEHIIHIX

(2)

. K3
MOMEHTIB IJId 0p’ Ta O.

Teopema 4.1. Jas aanyozic XV ma X@ su-
SHAMEHUT SUWE, Ma OAL KOHCMAHM p, C, A, b 3 Te-
opemu 3.1 mae micue HepieHicb

By 2] < e b g (a),

ons ecix v >0, 1 € {1,2}.

JoBenenus.
Hame TBepIKEeHHST € IPSIMUM HacJIi KoM Teopemn
1 3 poboru [2].

O

st BCTAHOBJIEHHSI OLIHKH JIjIsl €KCIIOHEHIIIi-
HOr'O MOMEHTA JijII 0. CKOPUCTAEMOCH TeopeMoio
4.3 i3 [3]. Hdus 3pyunocti, dbopmymosanns Teope-
mu 4.3 3 [3| HaBeseHo y omaTKy.

Crouarky nokaxemo, 1mo muoxuta C' = [0, ¢]
€ MaJIoI0 MHOKHIHOIO st stanmoris X (D ra X (2),
[leit pesysbTaT rapaHTYETHCI HACTYIIHOIO TEOPEe-
MOIO.

Aute miepej| UM HaM TIOTPIOHO BBECTH ITOHSIT-
Ts MiHIMyMy aBox Mip. Hexait p, v aBi mipu 3amami
Ha JIedKoMy fiMoBipHicHOMY mpoctopi. Hexait

_ M r_
f= s

14
p+v’
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Tozi MiHIMyMOM JIBOX Mip i Ta v (abo MiHiMasb-
HOIO MIPOIO) HA3MBAETHCsS HIMOBIpHICHA Mipa:

pAv=_(fAf) (n+v),

Je 3HAK - CJIJT pO3yMiTH $IK:

pA(A) = [ (A £ @) v,

JIJIsI OBLIBbHOT BUMipHOI A.
AnajoriyHuM YMHOM MOXKHA BU3HAYNTHU MiHi-
MaJIbHy Mipy jjist 3yii9eHol ¢im’T mip {p,, n > 0}.

Jlema 4.1. Hezati XY ma X@ aarnyrozu axi
susnaveni suwe. Ipunycmumo 0aa HUT GUKOHA-
ni ymosu (A) ma (B). Hexali U - minimanivHa
mipa Oas cim’i dmosipnicnur mip { P, (x,-),1 €

{1,2}, z €[0,c]}. Tooi
a:=7(RT) >0,

ma das i € {1,2}, z € [0,c] ma A € B(RT) mae
MICUE HEPIBHICTD!

Pin(xz,A) > av(A),

de v(A) = v(A)/a - dmosipricra mipa, npuwomy
v([0,c]) > 0.

JoBeneHHs.
B cuiy ymosu (B):

ir;%{Fn(—oo, 0], Gp(—00,0]} > 0.

roxi juist « € [0, ¢

Tngf(‘] Py p(x,[0,c]) = 1111;% Fo (=00, ¢ — z]

> inf F,(—o0, )
inf n(—00,0] >0

Ta  aHAJOTiYHAa  HEPIBHICTH BUKOHAHA  JIJTd
P, (x,[0,c]). Takum dunom Mipa U HEHyIbOBa
ta 7([0,¢]) > 0. Toxi, oueBnAHO, ¥ KOPEKTHO BHU-
3HaveHa fiMoBipHicHa Mipa, jist sikol ([0, c]) > 0.

]

Temep Mu roTOBI MOYaTH MEpeBipKy yMoB Te-
opemu 4.3 3 [3]. He Brpauatoun 3arajbHOCT, BBa-
JKaTUMEMO, 10 « < p BU3HadeHe Buiie B Teopemi
3.1.

B sakocri dyukuiit Vi(x) 3 ymosu 1, Teope-
mu 4.3. 6yziemo BukopucToByBaru dbyskiil V() =

e*®. 3ayBa)KuMo, 10 BOHU HE 3aJieXKaTh Bif ¢, 1 €
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OJTHAKOBUMMY JJIsT BCiX MOMeHTIB dacy. CKopuTas-
much HepiBaicTio Yepnosa, gk y (2|, po3minr 3.2
OTPUMAEMO:
P.{o() > n} < e™A",
IJId T > ¢, Ta,
Po{o gi)

>n} < (A + DA™,

st © € [0, ¢]. Orke ymosa 1 Teopemu 4.3. BUKO-
HaHA, 3 KOHCTAHTAMU

Bo=A"",
D = Xe®“ + b,
e KouncTauTu ¢ Ta b Busnadeni B Teopemi 3.1. Tle-
peBipumMo ymoBy 2. st mboro Tpeba po3riIsiHy TH
_ Pia(z,A) — i (A)

]_—Oét

OCKiJIbKY B HAIIIOMY BUIIAJKY, (¢ Ta V HE 3aJI€KATh
BiJI ™ Ma€MO:

P, (x,A) —av(A)
1—« '

%

g (A) =

b
s ¢ = 1 maemo

fAﬁ[O,oo) F,(dy — z) — av(A)

), (A) = T
14(0)Fy,(—o0, —z]
11—« ’
Tomi
1) (V) f0+ (Fn(dy — x) — av(dy)) e
qn,x - 1 —a
Fo(—oco. —
+ n(—00, 5'7]
11—«
OueBniHO, IO aHAJIOrIYHA PIBHICTH Mae Micie i
TSt q,(f;(V) gakmo 3aminuru, I, na G,,. Toai cko-

pucrapumch ymosowo (B), orpumaemo:

~

(4)

l1-a)@=010-a) sup nz(V)
n>0,0<x<c,i€{0,1}
< (M —a [Z eVu(dy)) +

sup,, { Fj,(—00, 0], Gp,(—00,0]} < o0
(@
30KpeMa MaeMO Taky TpybOy OIIHKY mjist ()
M+1
1—a’

Q<

ne M Busnageno B ymosi (B).

Ymoga 3 Teopemu 4.3 3 [3] rapanryerscs Te-
opemoio 4.1.

Taxum gunom Bci ymoBu Teopemu 4.3. BUKO-
HaHi 1 ME MOXkeMO COPMYJIIOBATH OCHOBHHI pe-
3yJIbTaT JAHOI pOOOTH.
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Teopema 4.2. Hezati XV ma X@ dsa aaruyozu
Mapxosa sushaverur suwe, wo 3ad08iAbHAIOMD
ymosu (A) ma (B). Hexati A\ e,p,c - Koncman-
mu 3 Teopemu 4.1 a a,v - KOHCMAHMG HA MIHO-
pusayiting mipa 3 Jlemu 4.1. Todi dan dosisvhux
xz,y €RT

(1) (2)
Eqy[07¢] < Mo <Eac [5(()% ] S1+ By [5gc ] Sg) ,

de
H(”VW )

a(A"t—1)
1—a)QA 1+«

1
5 — 1A 2
Y = {(l—a) <1+()\1)62Q>} )
€ - d06IALHA MAAA KOHCTNAHING
" = (av[0, )™ x,
o, v suanavwero y Teopemi 4.1,
. 56n+1
In(1—Dé ™ -1
xexp<n( )<50_1 >)7
1
6 = (1+¢&/2)m¥mo,
- L+ (B — DA™ -
D=D 1
T ( s, @)
D = X\e®“ + b,

a, ¢ mab 3 Teopemu 3.1,

><<1+

m = min {n

[ Cons ) 1 ()]
) (2)

S1 ma Sz susnaueno 6 Teopemi 4.2 3 [3], ma eonu
3a006IALHAIOMD HEPIGHICTND

50()\_1 — 1)
P 50 ’

1|Dé;™ < 1},

no

1
(1+8)(1-m

L+
1=

My= |1+
0(1_

max {51, 52} < D(1 — )7,

Q susnaveno y (2).
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Hosenennsi.
3ayBaxKUMO, IO IMONEPEeTHHO MU IIePEeBipuIn BCi
ymoBu Teopemu 4.3 3 po6oru [3], Ta 3Haiinum Bu-
pas st Q. Ockinbku orpuMani dy Ta 0 MeHi
3a fp = A~ TO OUEBMIHO TAKOXK BUKOHAHI YMOBI
Teopemu 4.2 3 [3]|. Toxi uepiBHicTb

(1) (2)

Ta Bupas s My BunsmBaoors 3 Teopemn 4.2 (3
[3]), a dopmysn st koncranT 3 Teopemu 4.3 ta
MIOIIEPEIHIX MipKyBaHb. [

5 Homaroxk

Hasomumo dopmymioBannsa Teopemu 4.3 3 poboTu
[3]. Ba merassimu mo3HaYEHD, TA JIOBEJIECHHIME Bijl-
CIJTAEMO YnTada J0 TeKcry camol poboru [3]. Bei
nocuiaHHs y (GOpMYJIIOBAHHI TeOPEMU BijIIOBiTa-
I0Tb OPUTiHAJIBHIN pOOOTI.

Teopema 5.1. Hexati XV ma X@ dsa aarozu
Mapxosa, wo 36008iA0HA0MD YMOBY MIHOPUIAUTE
(Condition (A) - 6 opueinaavhiii pobomi) ma
XM X gignosioni poswenaeni aarnuyrozu, wo

(1)

BUSHAMEHT Y PO3JinG 3, 8UNAOKOST BEAUNUH o',
ag) susnaveni 6 (1) ma pi, po € Mi(€). Hosna-
wumo i = (1 — ag)pi x {0} + i x {1}.

1. Ilpunycmumo icnye excnonenyitino 0omi-
HYua nocaidosricms 3 xoucmanwmamy D > 0,

Bo > 1 ma eumipni Pyrruii v, B SR
t +

3

sup P! ag) >n

t=0,xeC

ma dan scix x € £\ C

P! {
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2. [as xoorcnozo t = 0,z € Cyi € {0,1} susnauu-

MO TUMOGIPHICHY MIPY qu;() € My maxy wo

_ Ptﬂ'(l‘,A) — OétUt(A)
1— (677 ’

IIpunycmumo, wo

Q=

sup
t>0,2€Cie{1,2}

J

g(f) v (C) > 0.

an (V)

ai

sup (dy)V, (y) < oo.

t>0,2€C, i€{1,2}

3. Hexati

Hrxwo ymosu 1-8 suxonani, modi cmani oy >
1,81 > 1,7 > 0,71 > 0 ma € > 0 moorcymsv 6ymu
00paHE HACTYNHUM YUHOM:

(5[)<\/1+(

70::{(1—-a)<1+—(50_

€ - J0GIALHA MAAL KOHCTNAHING

afo — 1)
1 —()z)ﬁoQ—i-Oz7

@)} ,

6m+1

1= (aigt (@) " (1n (1 o) (&

)Bo
52

dp—1

)

61 = (1+e/2)7m,
- 147 (60 — 1) )( 50(60—1))
l)_Dl—%J@+_ﬁm—% SAG Bo—0do )’

m =min {n > 1|Ds;"™ < 1},

e (55 (2)]

2Dﬁm+l
ma « eusnaverno y Condition (A).
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OpeaHizayia cy4acHux XMapHux HOCIYy2 CRUPAEMbCA AK HA MeOopemuyHi pe3yiomamu 3 J02iCMUKU,
00CHI0JCeHHsT onepayiil, J1aHYI02i6 NOCMAYAHHS, Mepexc nepeoavi (mpancnopmysannsy) iHgopmayii, max i
HA Npakmuyuni 00CsAeHeHHS HOGIMHIX IHGopMayiino-KoMyHIKayitiHux mexHono2iu. OCKinbKu 6Ci MeuKanyi
njaaHemy Cmaroms NOCMIUHUMU KOPUCTNYBAYAMU | B0OHOYAC MEOPYAMU MAKUX HOCHYye, MO NUMAHHA
O0eyeHmpanizo8aH020 NPUIHAMMA PilleHb CIMaloms NO8CAKOEHHUMU. Y pobomi 8uK1adaemscs NOCMaHo8Ka
npobnemu maxkux piweHb 3 OO0KY ROCMAYANbHUKIE (Npoeatioepis) XMApHUX nociye i NPONOHYEMbCS
Mamemamuune Gopmyn08ants 8ION0GIOHOI 3a0ayi ONMUMIZAYIL 3 PeCYPCHUMU OOMENCEHHAMU.

Pezynomamu docrioocenns oonosioanuce na Midicnapooniii naykositl kougepenyii "Modern Stochastics:
Theory and Applications. V"' (MSTA-V).

Kniouosi cnosa:bacamoxpumepianvia onmumizayis , 8i000paicenHs, mepedicd.

The organization of modern cloud services is based on theoretical results in logistics, operations
research, supply chains, information transmission (transportation) networks, and on the practical
achievements of the novel information and communication technologies. As all the inhabitants of the planet
become regular users and at the same time creators of such services, the issues of decentralized decision
making are becoming everyday problems. The paper presents the setup for the problem of such solutions by
suppliers (providers) of cloud services and suggests a mathematical formulation of the corresponding
optimization problem with resource constraints. It is a starting point for further mathematical elaboration of
the new everyday problems.

Key words: multicriteria optimization, mapping,network.

EdextuBHe  3a0e3medeHHs  pecypcaMH € BUCOKONPOAYKTUBHUX OOYWCIEHB), IO 3HAYHO
CKJIQJIHOK0 TIPOOJIEMOI0 B CEPENIOBHINAX XMAapHHUX YCKIaIHIOE 3abe3nedeHHs pecypcis [3].
obuncienp (XO) BHacHimOK IXHBOI AWHAMIYHOL [lomepenHi AOCHIMKEHHS 30CepemKyBaliacs Ha
MIPUPOIN ¥ HEOOXITHOCTI MIATPUMKHN TE€TEePOreHHUX €IWHOMY THITI YroJ MpO piBEHb OOCTYrOoBYBaHHS
3actrocynkiB [1]. Xoua texwomoris BipryampHux (Service Level Agreements, SLAS) uu 3pa3kiB
mamma  (Virtual  Machine, VMS)  1no3Bojisie  3aCTOCYHKIB BHKOPHUCTaHHS pecypciB  (Ha BeO-
mapanenbHoO BHKOHYBaTH KiTpka  poOOYHMX 3aCTOCYHKax), MPH3BOIAIYMA N0 Hee(heKTHBHOTO
HaBaHTaxeHb (workloads) 1 BuKOpPHCTOBYBaTH KOPHCTYBaHHs pecypcamu. MOKHA 3ampOIOHYBaTH
CHinbHy  iHQpacTpyKTypy, ISl TEXHOIOTiS HE TiAXOAM 1O BHPIIIEHHS TPOOIEMH PO3IOJILTY
rapaHTye NPOIYKTUBHOCT1 (performance) pecypciB y mexax 11O/l 3 BUKOHAHHSIM Pi3HUX THUITIB
3aCcTOCyHKy. TOoMy mpoBaiiJiepn XMapHUX ILEHTpPiB pOoOOYMX HAaBaHTaKEHb 3aCTOCYHKIB, 30Kpema,
00pobki  manux (IJOJZI) HajmaroTh TepeBary HEIHTEPAKTHBHHX 1 TpaHCAKIiHHUX. [IPOMOHYIOTHCS
CTaTHYHOMY, a HE JUHaMIuHOMY po3MimieHHr0 VMS, KOHTpONIb HAaIXOMKEHHS 1 MexaHi3M IUIaHyBaHHS,
TOOTO Hee(EKTUBHOMY BHKOPHUCTAHHIO pECypciB, HE SKi HE JIUIIE MaKCHUMI3ylOTh MNPUOYTOK i
JAl04H TapaHTid MPOIYKTHBHOCTI [2]. BUKOPHUCTAHHS PECypciB, ajie i rapaHTyloTh Te, IO

Kpim Toro, poboui HaBaHTaXEHHS MOXYTb MaTd BHUMOrH QOS KOpHCTyBayiB 3aJ0BONIBHSIOTHCSA 32
pizui Bumoru sikocti mociyru (Quality of Service, SLAs [4]. ExcrnepumeHTanbHO Oyno JOBEICHO
Q0S) uepe3 BUKOHAHHS PIZHOTHUIIHUX 3aCTOCYHKIB BaXKJIMBICTh ypaxyBaHHS pisHux tumiB SLAS i
(BeO-3acTOCYHKIB abo 3aCTOCYHKIB mTpadiB 3a iX MOPYLICHHS, a TaKOX KOMOiHAIii

© T'opbauyk B.M., Bapmamum T.O., Ocunenko C.I1., 2021
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poOoUMX HaBaHTaXKEHb Ui KPaloro 3a0e3medeHHs
pecypciB 1 Bukopucranus 11O/l 3ampornoHoBaHmit
MexaHi3M [4] 3a0e3medye CyTT€BE TMOMIMIICHHS
MOPIBHSIHO 31 CTATHYHOIO KOHCOJINAI€I0 cepBepiB i
3MeHInye nopymenas SLAS.

XO nmpusBenu 10 3MiHM T[apajurMH, KOJIU
MiAPUEMCTBA, 3aMIiCTh MIATPUMKU CBOEI BIIACHOI
IHPPACTPYKTYpH, MOYANHN 3[ICHIOBATH ayTCOPCHHT
cBOIX oOumcitoBanbHUX mMOoTped Ta IT-morped 3a
paxyHOK CTOpPOHHIX mpoBaiaepiB mocayr [1-5].
XMapu — 1 BEIMKOMAaclTaOHI ayTCOPCHHTOBI
HOJl, siki po3TamioBYOTH THCSYI CEpBEPIB, sKi
MOXXYTh OJHOYAcHO 3amyckaTu Oarato VMSs. Tomy
BOHH PO3TAIIOBYIOTH HIMPOKHUI CIIEKTP 3aCTOCYHKIB 1
CTBOPIOIOTh y KOPUCTYBa4iB YSIBIICHHSI
HEOOMEXKEHUX O0YHMCIIOBAIILHUX PECYPCiB HA OCHOBI
TUIATH BIIIOBIIHO 10 00CATY BUKOpHCTaHHS [2].

Omuum 3 HacmiakiB [areprery peueit (Internet of
Things, 10T) € momeHHa MosBa BENMKHX 00’€MiB
JNaHWX, SKi HE 3aBXIU 3HAXOMATh HAaJIeKHE
3aCTOCYBaHHS 4epe3 ICTOTHI BiJICTaHI YW 3aTPUMKH
JI0 BIAMOBIIHOI XMapH aHamizy LUX JaHuX. Tomy
po3poliisieThest HOBa Monenb TymanHux (fog) i
nepudepiitaux (edge) odumcieHs, 30aTHA CBOEYACHO
aHai3yBaTH (CIpWiiMaTH) YYTIWBI NaHi (B peXUMIi
pealbHOTO Yacy) Ha MepexeBid  nepudepii,
CYMDKHIA 3 MICIIEM TIOSIBM JTAHUX, 1 HMiATPUMYBaTH
mii (peakmii): y Takiii momeni Jmmie BimiOpaHi maHi
HA/ICWJIAIOTBCA /10 XMapH aHalizy Ta TPHUBAIOTO

36epiragas. KpiM Toro, XMapHi TOCIYTH, SKi
HamaloThCsl  BEITUKHUMH  KOMITAaHIIMH  (CKaXKiMo,
Google), MokHa TaKoK JIOKQJIi30BYBaTH, 1100

MIHIMI3YBaTH Yac BiATYKy 1 30UIBIIYBAaTH THYYKICTh
obocmyroByBaHHs.  Takoi  mokamizamii ~ MOXKHA
JOCATaTH IUIIXOM PO3TOPTaHHS MajJOMAaCIITaOHHX
O/ (cloudlets; xmapok), ae 11e moTpiGHO, OIM3BKHX
no ximieHTtiB  (mpuctpoiB  10T) 1 3’emHaHmx 3
LEHTPATI30BAaHOI0  XMapol  d4epe3  Mepexi,
dbopmyroun mepudepiitHy xmapy 3 MHOKHHHUM
noctymom (multi-access edge cloud, MEC). MEC
BKJIOYA€ TPUHAWMHI TPU CTOPOHH — IIPOBalepiB
Inrepuer-indppacrpykrypu (Internet as a service,
laaS), mpoBaiizepiB 3actocynkiB (Software as a
service, SaaS), mpogaiinepis Mepexi (network as a
service, NaaS).

i croporm MOXyTh MaTH pi3HI I,
YCKJIaTHIOIOYH IHTETPOBAaHUI MEHEDKMEHT PeCypCiB
MEC. [lns Takoro MeHEXKMEHTY IPONOHYIOThCS
pi3HI METOIM B 3aJIGKHOCTI BiJl TOTO, SKOTO THUITY
MOCTyTH Tpeda PO3MIIIyBaTH Ta SK HAsBHI pecypcH
CITiI PO3MOAUISTH O 3aCTOCYHKIB KITI€HTIB, 30KpeMa
MOOITEHIX 3aCTOCYHKIB. Tomy 3aMiCTh
LEHTPaJi30BaHOrO MEHEDKMEHTY pecypciB
MPUITYCKAEThCSA  JCLEHTPaNli30BaHUH  MEHEKMEHT
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KOXKHOIO 13 cTopin 1aaS, SaaS, NaaS, skuii MiHiMi3ye
CHEProCIIOKMBAHHS IHPPACTPYKTYpH Ta BHUTpPATH
CIIOXKUBAYIB, 3a0€3MMeuyr0un poOOTY 3aCTOCYHKIB. 3a
eMITIpUYHUMH  OLIHKaMH  (CHiAIB  peajbHOro
pobouoro HaBaHTakeHHs Bix Kiacrtepa Google),
niaxiz [4] 103BOJIsE€ 3HUKYBATU CHEPTOCIIOKUBAHHS
Ha maibke 12 % (B ocHOBHOMY, 3a paxyHOK laaS), a
BUTpaTH KOpHCTyBadiB — Ha Onuspko 18 % (B
OCHOBHOMY, 3a paxyHok NaaS), 3a0e3neuyroun
JOCHTB SIKICHY poOOTY 3acTocyHKiB.Taki 3aCTOCYHKH
B PEXHUMI peambHOro 4uacy, SK OHJAiH-irpu Ta
BificokoH(epeHIlii, MatoTb 000B’sI3K0B1 BUMOTH (ON-
demand requirements) 3abe3nedyeHHsT BUCOKOSIKICHUX
pe3ynbTaTiB  y MekKax JIOMOBJICGHOTO TEpMiHY,
HaIpUKIAJ, BUMOTH KOPOTIIOTrO Yacy BifITyKy uepes3
3B’S130K 3 HAHOJMKYMM CEPBEPOM 3aCTOCYHKIB.
Bukopucranuss ~ xMapHoi  tuiardhopmu  JUIs
pO3ropTaHHs 3aCTOCYHKIB Yy peaJlbHOMY dYaci
NPOMOHYE psiI TIepeBar, BKIIOYAIOYM 3a3BHYAi
MEHINII  eKcIutyaTamiiini  BuTpati  (operational
expenditures, OpEX) Ta posmomin pecypciB Ha
BUMOTY BIAMOBIHO 10 mMOTped 3acTocyHKy. OmHak
3aCTOCYHKH B PEXHMI pPEaTbHOTO 4acy MOXYTb OyTH

YyTAUBAMH JO SKOCTI MEpeXi, HampuKiIan, 10
3aTpUMOK  (3B’s13Ky) MDK KOPHUCTyBa4aMH  Ta
cepBicamu. ToMy BHMOTHM TaKWX 3aCTOCYHKIB
MOXYTh  33JIOBOJIGHSITHCS ~ 4Yepe3  MO€JIHAHHS

HOBOITOCTAJIO1 TEXHOJMOT11 mepudepiitHux 00InCIeHb
3 MEC Ta TyMaHHHMX OOYHMCIICHb, YMOXKIIUBIIIOIOYH
3nifcHeHHs orepamnid Ha nepudepii mepexi. CeHc
BBEJICHHS B €KCILTyaTallifo i€l TEXHOIOTil ojsrae B
PO3MOALII TOCIYT abo 3aITyCcKy 3aCTOCYHKIB OirnK4e
0 KIIEHTIB 1 A0 MICIp TONUTY Ha pe3ydbTaTH
omepamid. Ile gocsATaeThCs Uepe3 PpO3TOpPTaHHS
MajoMacmTabHuX abo wmikpomacmTadaux [O/]
ONMM3BKO 10 KIEHTIB 1  IMNOKIOYEHHS 10
perionanpaux xmapaux 1O/]. 3azHaummo, cuctem
MEHEUKMEHTY [UISl  3allyCcKy Ta MPaKTHYHOTO
3aCTOCyBaHHS Takux iHQpacTpykryp Ha 2021 p.
Maiike He Oyrno, 3a BuHsATKOM AWS Outposts
(https://aws.amazon.com/outposts/), 1o BHANDIM Ha
putok y 2019 p., Ta neperisinyroro OpenStack [3].
Kpim Toro, y pamxkax MEC abGo TymaHHUX
O0YHCIIeHh € TIeBHI THWTAHHSA, IO MOTPEOYIOTh
BHUBUCHHS, HANPHUKIAA: a) NI CIiJ pO3TrOpTaTH IIi
mami IOJ (xmapkm); ©) sKi cepBicH CIif
BCTAaHOBIIIOBATH; B) J€ Ta SKi PECypcH CIif
PO3IIOAIATH 3aCTOCYHKaM KOPHUCTYBAdiB; T) SIKOIO
MOOLITBHICTIO KOPHUCTYBadiB (MIrpalfi€ro CcepBiciB)
ciij ympaBiatd; 1) sk 3ragani pamxa MEC crin
ONTUMI3yBaTH (MakCHMIi3yBaTH UM MiHIMi3yBaTu
pi3HI Wimi — MOHETapHi BUTPaTH KOPHUCTYBaUiB,
EHEeprocroXKUBaHHA, MPOAYKTUBHICTh HaBaHTAXKECHHS
3 TOTJISIAY 3aTPUMOK, TPUBAJIOCTI BUKOHAHHSI TOILO).
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Xo4a THUTaHHS B), T), 1), 3A€OUIBIIOTO, € CXOXKUMHU
10 TPaAULIHUX XMap, ajle cTpaTerii MEHEIKMEHTY
3 LUX NUTaHb JUIS TyMaHHOI iHQPAaCTPYKTypH CIij
MepenpOeKTOBYBATH.

3acimyroBye yBard BUBYCHHS OCHOBHHUX MPOOJieM
PO3IIONIUTY YK PO3MIIIEHHS PECypCiB, MOB’S3aHUX 3
nepudepiiHuMu  (TyMaHHUMH) OOYMCITIOBATBHUMH
miaTgopmMaMu: a) A€ CIiJ BCTAHOBJIIOBATH Mai
HO[ (xmapku ©Ha mnepudepisx Mepex), o0
3aJI0BOJILHATH TOMUT KOPHUCTYBA4iB 1 BOAHOYAC
3HMXKYBATH TJ00albHI BHTPATH iHPPACTPYKTYpH
(cymy OPpEX Ta kamitanpHux BuTpar (capital
expenditures, CapEx)); b) sk cmig posropraTu
MOCITYTH rIo0ansHOr0 KOHTPOJIO micist
BCTaHOBJICHHSI TUIaTGOPMH; C) SKOTO PO3MIpy UM
Macmtaby mae Oytu miardopma. Bupimenns mux
pobiiemMm BIIKpUBATHME MOKJIMBOCTI TS
KOHCYJIBTAII MPO 3aralibHy CTPYKTYPY PO3MOJITY
Yd PO3MIIEHHS I PI3HUX BU[IB TyMaHHUX a0o
nepudepiitHux Mocayr, a TaKoXK PO iX CTPYKTYypy
MEHE/PKMEHTY UM MIrpartii.

Xoua cywgacHa momenb XO, siKy 3a0e3medyroTh
KiJIbKa HaJBEIMKHMX 1 BETUKUX mpoBaiiaepis (Google,
Amazon AWS), € MHUPOKO BKUBAHOIO, IHHOBAIIiMHI
Ta  HOBITHI  TexHoiorii  (3actocynku  lOT,
nepudepiiiai oduucinenns, MEC) BmiuBaioTh Ha
po3BuUTOK i€l Momenmi. I1lo0 Bmopatvcs 3 mUMH
TEXHOJIOTIYHUMH 3MIHAMH, XMapoBi Ta MeEpexKeBi
CIUIBHOTH HPALIOIOTh y HaIpPsAMKY
BEJIMKOMACIITaA0OHUX PO3MOAUICHUX 1HPPACTPYKTYP
manopo3Mmipaux 1O/l (XmMapok), BCTaHOBJICHHX Ha
niepudepii Mmepexi OmKIe 10 KOPUCTYBAUIB Ta iXHIX
MPUCTPOiB, TOOTO TyMaHHHX iH(pacTpyKTyp (II0
MICTSITh 3aCTOCYHKH PO3IOAUIEHOI KOH(Iryparii, siKi
CKIamaloThcss 3 pi3HEX MoxayniB). TywmanHa,
nepudepiifHa Ta XMapHa IapagurMa IIPHBEPTAE
OUThIIIMI 1HTEpEC, 3BAKAIOUM TaKOXX Ha Te, IO BOHA
nominmye pyxauBicte (agility) i mpoaykTHBHICTH
MOCIYT 3 TOYKH 30py Hacy Binryky. Hampuknap,
3aCTOCYHKH loT MOXYTb CKOpHUCTATHCA
pO3TrOpTaHHAM nepudepiitanx BY3JIiB JUTS
3MIACHEHHS] aHaji3y B PEXHMI pEabHOro 4Yacy,
30epiratounn  ocHoBHI LIOJl ams  mormmOmeHoi
AQHAJITUKK JJAHWX: TIOETHYETHCS 3rajiaHa rapagurma
3 MEC (sxa mae MHOKHHHUH, a HE JTUIIe MOOLTLHUH
JIOCTYTI), 1110 TIepe0yBa€ B 30HI MEPEXKi paliofOCTYILY
(radio access network, RAN), me Tyman a6o
niepudepis Moxe MOB’SI3yBaTH CIIOKUBYI MPUCTPOT,
arperyiud JaHi Bif ceHcopiB (mo ix mepemaui Ha
BiJIalieHy XMapy).

Kpim Toro, xmapka sax wMiHi-HO/J, mo wmae
BINOBiaTH  HOpMaM  BEIUKOIO  XMAapHOro
mpoBaiinepa, Morida O  TiATPUMYBaTH  TaKy
arperaito, po3TallOBYIOUYHMCh Ha OiNbLIK BiacTaHi
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BiJl KJIi€EHTa, HK CeHCOp abo ceHcopu, Oe3 moTpeOu
nepeOyBanHs B 30HI RAN.

Kpim Bu3HauyeHHS TOTO, A€ CIiJl PO3rOpTaTH YU
BCTaHOBJIIOBATH TepudepiiHi XxMapu, pymii Takoi
€BOJIOLIi MaIOTh MPOEKTYBATH MPHUUHATHI CUCTEMH
MEHEDKMEHTY, SKi J03BOJSTHMYTh:  OIEPATOPy
(xmapi, MepexKi, nepudepii) arperyBatH,
CIOCTEpiraTH Ta BUSBIATH TaKi MacOBO PO3MOALICHI
pecypcH; BIPOBAXKYyBaTH HOBI BUIM TOCIYT, SKi
MOXYTh PO3TOPTATUCS 1 KEpyBAaTUCS OIEpaTOpOM
abo xopucryBadyamu. OJHAaK TPOEKTYBAaHHS TaKol
CHCTEMH MEHEKMEHTY € CKJIaJJHUM, 00 TyMaHHI 4u
nepudepiiiai  iHQPACTPYKTYpH BIAPI3HSAIOTHCS Bij
TpaaUIiAHUX xMap I0/10 reTePOreHHOCTI,
JIUHAMIYHOCTI, MOXIMBOCTI BEJIMKOIO PO3IMOMALTY
pecypciB, eKoHOMIT BiJl MaciiTaly.

MECs mnporoHyioTh OOMEKEHI pecypcu Ha
nepudepii  Mepexi, yMOXIIMBIIOIOYM  3aITycK
3aCTOCYHKY  KOpPHCTyBada B  Oe3mocepenHin

ONMU3BKOCTI Bl HHOTO UYepe3 PI3HOMAHITHI TyMaHHI
O0YHCIICHHS, SKI BXOAATH y BIAMOBIAHI XMapK 3
neBHOi xmapu. Pecypc mnepudepii HamaeTbcs Ha
xmapii uu cepsepi MEC. Kpim toro, 3actocyHok y
XMapIii Ipamroe mprHaiMHi Ha ofHii gorignii (hop)
BiJICTaHI 3B’s3Ky, Ha BiIMIHY BiJ CBO€EI MMOYaTKOBOI
peamizariii Ha MOOITEHOMY (TyMaHHOMY) TPHCTPOI
91U OCHOBHOMY (COre) IarepHeri (BimmaneHiid xmapi).
ToMmy 3aTpuMKa 3aCTOCYHKY MOXE TIOTCHITIHHO
3aJIeKaTH Bix mociayr Mepexi. CKiHYeHHa KiTbKiCTh
pecypciB  XMapKkd TEK MOXKE BIUIUBaTH Ha
epeKTUBHICTh 1X pO3MOAITy 1O MiAKITIOYEHUX
KOpHCTYBadiB: X04a € MIXOAW A0 MOALTY pecypciB
KUTPKOX XMapoK Yy TIE€BHIH TeorpadiuHiii 30Hi,
mpoOiieMa ePEeKTUBHOCTI CTa€ CKIATHOI, KOJH ITi
pecypcr TpPONOHYIOTHCS PI3HHMH TpoBaiepamMu
MOCITYT 3 PI3HAMH [UTSIMH 1 3aBJaHHSIMH.
AHanorivHo 0 TIpoBaiAepiB, KOpHCTyBadi
MOOLTBPHHUX TPUCTPOIB, SKi 3aITyCKAIOTh 3aCTOCYHKH,
MaloTh pi3HI IiJi Ta KOHKYPYIOTH 32 PECypcH:
KOXKHAA KOPUCTYBad XO4Y€ ONTHUMI3yBaTH CBid
BIIACHHI BUTpAI a00 MPOAYKTUBHICTh 3aCTOCYHKY.

Kpim TOTO, pi3Hi pecypcu MOXYTh
MPONOHYBATHCA TPH PI3HUX BUTpaTax, pIiBHIX
SHEepPrOCIIOKUBAHHS Ta TPOAYKTHBHOCTI.

PosMimnieHHst pecypciB MOXK€ iCTOTHO BIUIMBATH Ha
E€KOHOMIKY mpoBaiinepiB mocmyr (uepe3 laaS) i
criokuBauiB (4epe3 SaaS): HampHKIag, HHXKYA
MPOAYKTUBHICTh 3aCTOCYHKIB 30LIBIIyE BHUTpATH
KOPHCTYBauiB, a TaKOX E€HEPrOCHOXHMBaHHSI. Tomy
BXJIMBO 3a0e3leuyBaTd BiINOBIIHI pecypcH s
TOro, 1100 3a/J0BONBHATH BUMOrH QOS 3acTocyHKY
Ta 1imi npoaitaepiB. 1o crocyerbess MOOLTEHOCTI,
TO KOPUCTYBadi PyXalOThCS, a MOXIYJi 3aCTOCYHKIB
SBHO MITPYIOTh CE€pel XOCTIB s IiBHUICHHS
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MOTEHIIHHO YCKIAJHIOIYH MEHEIKMEHT PeCcypciB.
Cepen BiOMOBIAHUX METOAIB MEHEHKMEHTY pECypCiB
JUTS TOCATHEHHS PI3HUX IIUJICH CYTTEBUMH €. METOJIU
MEHEDKMEHTY  iHQpacTpyKTypu Ta  HasBHHX
pecypciB  (laaS, SaaS, NaaS) mns migBUIIEHHS
PYXIIMBOCTI MOCTYT 1 MPOAYKTHBHOCTI 3 TOUYKH 30pY
YJacy BIATYKY, a TaKOXX 3HIDKEHHS EHEPrOBUTPAT;
criocoOM  oprasizaiiii BHUKOHaHHS HaBaHTAKEHb
KOpUCTYBadiB,  pO3TallyBaHHsI Ta  BHUAUICHHS
HEOOXiJIHUX pecypciB abo cepBiCiB; aIrOpUTMHU
epEKTUBHOIO  pO3B’sI3aHHSA 334  PO3MIIICHHS
(MepexxeBHX Ta OOYMCIIOBABHHUX) PECYPCiB  JUIs
MIATPUMKH HOBITHIX MOOUTRHUX 3acTocyHkiB MEC;
MiIXOAW JI0 peaiizamii Ta BTUICHHS MOZCIeH 1
QIrOPUTMIB Yy TporpaMHe 3a0e3nedeHHs, SKi
JEMOHCTPYIOTh 1X AOLIbHICTh 1 MPAKTUYHICTb.
IMpobnema  meHemxkmenty pecypcie  MEC
CKJIaJJHA TUM, IO TPOIMOHYBAHHS SKICHUX ITOCTYT
KiHI[EBUM KOpUCTYBa4aM 3aNIKUTh BiJI
pPI3HOMAHITHUX  TpaBIiB, MUI  SKAX HE €
AHTArOHICTUYHHMHU, i€ 1 HE € OJHAKOBUMHU. TaKuMH
rpaBIsIMH € BiIacHUKU iHOpacTtpykrypu (laaS),
MpoBalaepiB  3acTOCYHKIB  (SaaS), MepexeBux
oreparopiB (NaaS). KokHuii 3 HHUX KOHTPOIIIOE

TeBHY dYacTUHy Bciei cumcremu. HeBin’ emHOIO
CKIaJ0BOIO € Te, IO KOMYHIKAIliiiHi Ta
O0YHCITIOBAIBbHI ~ CIIPOMOXKHOCTI  TOTPIOHI IS

rapaHTyBaHHs BHCOKOI QOS 3 TOYKH 30py Majioro
gacy BIATYKY Ta BHCOKOI IPOIYCKHOI 3aTHOCTI.
OCKiNbKH TpaBIli MOXYTh MAaTH pI3HI IMTHOBI
(¢yHKIIl, TO TOBeAiHKa OJHOTO TpaBIS MOXKeE
MTOTEHI[ITHO BILTMBATH HAa TIOBEIIHKY 1HIITOTO TPABIIS.
Tpamumiiiauii  minxim  npumyckae, [0  BcA
iHbpacTpyKTypa YHPaBISETHCS €IWHUM TPaBIEM,
SKUM  3ae0uTpmioro  3abesmedye  pecypcm, abo
BiIIiNisie  KEepIBHUITBO MepexXi 3  pecypcaMu
3aCTOCYHKIB BiJ 6a3oBoi niepuepiiaoi
00YHCITIOBAIBHOI CIpOMOXHOCTI. Y miaxomi [4, 5]
po3mimenHs pecypcie 'y MEC  BBaxkaeThcs
pe3yIbTaTOM KOHKYPEHIIT TPaBIiB, KOXHUAN 3 SKHX
MOXK€ ONTHMI3YBaTH CBOIO HUIHOBY (yHKIir0. Llimi
CTOpiH TIEBHUM YHHOM Y3TOKYIOTBCA: OCKUIBKH
HEJJOCTaTHE 3a0e3neyeHHs 3aCTOCYHKIB
3HIDKYBaTHME JOXOAM BCIX CTOpiH  (KJII€HTH
IIyKaTUMYTh 3aCTOCYHKH JIeiHJe, a IpoBaiaepu
IIYKaTUMYTh KIIIEHTIB), TO Y CTOPIH € CTUMYIIH JiSITH
y Jiama3oHi Biff BUTpally BCiX TPaBIiB pa3oM JO
nporpamty Beix rpasuiB. OCKiNbKH 3BUYAHHI METOIH
OIITUMI3allii HE TapaHTYITh BUTPAINy BCiX TPaBIIiB
pa3oM y MOoAIOHMX CLEHapisx PO3MillleHHS PecypciB,
TO MOKHA 3BEPHYTHCS JI0 METOAIB Teopil irop [6].
Sk npaBuito, npoBaiigepu SaaS po3MiLlyloTh CBOi
3aCTOCYHKM Ha BIpTyaji30BaHUX pecypcax, LIo
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npoBaiiiep SaaS MarTh JOTPUMYBATHCS KOXKHOI 3
BuMor QOS 3actocyHky, sK ckazaHo B SLA 3
KOpUCTYBauaMH, J¢ BU3HA4Ya€ThCsA JOXig SaaS Ha
OCHOBI JIOCATHYTOTO PiBHS MPOAYKTHBHOCTi. OmHaK
MPOAYKTUBHICTh 3aCTOCYHKIB 3QJISKHUTh HE JIUIIC Bill
o0uMCIIOBAIBHUX  pecypciB (1[0  HaJalThCA
npoBaiinepom laaS), ame Takok BiA TPOITYCKHOL
3JaTHOCTI Mepexi (10 HaJaeThes MpoBaiinepamMu
NaaS). AHanoriyHo poBaiiepu MOCIyT
BU3HAYATHMYTh MPIOPUTETHICTH CBOIX POOOYMX
HaBaHTAXKEHb, BUXOASYM 3 mpupoau (cBoix abo
CTOpOHHIX ) 3actocyHkiB. Ockinmbku y MEC
nposaiinepn NaaS mMoxyrp Oytu BracHukamu laaS
(BHYTpIIIHBOI MEpexi) Ta CTOPOHHIMHU OIlepaTopamMu
(30BHIIIHBOT) MOOUTEHOI Mepexi, TO MepexeBi
pecypcH Bij pi3HUX TpPOBaiepiB CIiJi Ha/JaBaTH 3a
JIOCTYITHUMH I[iHAMH.

[poBaiinepu SaaS mpuIISIOTH OCHOBHY YBary
MakcHMMIi3allii CBOIX J[JOXOMIB uepe3 MiHiMi3alliio
SLAS, 3MeHuIyroudM  3arallbHi  BUTpaThd  Ha
00YHMCITIOBATBHI pecypcu (o HaJIat0ThCsI
npoBaiinepamu 1aaS), a Takok Ha MEpEKEBI pecypcH
(o HamaroThes mposaiaepamu NaaS i cTopoHHIMU
MpoBaiiiepaMu  MEpPEKEBUX IOCHYT). Y BHUIAIKY
MHOXKHHHHMX TpoBaiaepiB laaS a60 MHOXHHHOCTI

MECs, mnpoBaiinepu SaaS KOHKypyBaTUMYTh 1
BHCYBaTUMYTh CBOi  I[IHOBI  MpOMO3WIi  Ha
BHUKOPUCTAaHHSA 1HQPACTPYKTypHHUX pecypciB. 3
iHmoro Ooky, nmposaigepu laaS 1 cropouHi
MpoBaiiiepu MEpExKEBUX MOCIIYT

MaKCHMI3yBaTUMYTh CBOi TOXOJIHU HUISXOM OLTBIIIOTO
HaJaHHS CBOIX BipTyalizoBaHuUX pecypciB. llpu
npoMy mpoBaiifepu laaS  MakcuMi3yBaTUMYTh
BUKOPHCTaHHS CBOiX pecypciB s MiHIMIi3alii
€HEeprocroXUBaHHS.

Y mpomnoHOBaHil TEOPETHKO-IrpoBili Mofemni €
TPH TPaBIli 3 Pi3HUMH MiMbOBUME (QyHKIisiMu: 1aaS
MIHIMI3y€ E€HEproCIOKUBAHHS Yepe3 CIPSIMYBaHHS
pobodoro HaBaHTa)KEHHS Ha HAWMEHI pecypcu;
SaaS mMakcuMmizye MPOAYKTUBHICTH OOCITYTOBYBaHHS
npu  oOMexeHHsX SLAS, 30UTBIIYIOYM JTOXOMW;
CTOpPOHHI TIpOBai/lepu ¥ omepaTopu MepEeKEeBUX
MOCAYr MIHIMI3ylOTb MepeXeBHH Tpadik i
rapantyBanHas QOS 'y ceHci wacy BIATYyKYy.
IMoznaunmo N mHOXuHY (nepenik) {1,2,...,N } Bcix
Takux rpaBUiB. KpiM Toro, KoXHHiH rpaBelb Mae
HaGip (mepenik) K={12,...,K } pi3HHX HasBHHX y

cebe BHUIIB pecypciB, 30KpeMa, OOYHCIIOBAITLHUX

(laaS), 3actocynkoBux (SaaS), KOMYHIKaIllfHUX
(NaaS). TlIposaiinep mMeN mociayr mpPOMOHYE
pecypen C" ={Cc"Cl..CI'}, e CI -

HPOIIOHOBaHMN HUM 00csr pecypcy tuny K . Takum
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N N N N
C=1>.C1.>.Cs, 2. Ci t=4D.Cy
i=1 i=1 i=1 i=1 k=1,., K

3aBmanHs  (job)
3aCTOCYHKY 3 Ii€l MHOXHUHH (MOJYJb 3aCTOCYHKY)
norpedye (koamimiiHoro) Habopy pecypciB, SKUH
Hanexutb MHOokMHI M ={M;,UM,U..UM/}
BCIX 3aCTOCYHKIB IIPH YMOBI, 1[0 KO)KHOMY MOJYITIO
3aCTOCYHKY BHJIIJIEHO HEMOUTBHI pECypcH KOXKHOTO
rpaBiss Me N : MOayJaeM 3aCTOCYHKY BBaXKa€ThCS
Te, IO 3allyCKaeThcs pIBHO oxuH pa3. Hexait
KOKHUI MOIYJb | 3aCTOCYHKY 3aIyCKaeTbCsl Y

Koxne xoHkpeTHe U1

BipTyalibHii MammHi 4M KoHTeiHepi. Kpim Toro,
3aBJaHHS MOXXE€ MICTUTH  BEIUKY  KUIbKICTh
KOHTEIfHepiB, BIPTyallbHUX MallWH, MEPEKEBUX
pecypciB, sSIKi MOXKYTh MaTH CIIIIBHE PO3TAIyBaHHS;
pO3TallyBaHHsI JIMINE OJHIE] BIPTyaJbHOI MAaIIMHU
Yy KOHTEeWHEepa Ha XOCTI YW 3aCTOCYHKY CIIPOIIYE
MOCTaHOBKY 3ajaadyi. [lpunmycTuMo, IO KOXHUI
MOJyJib BUMarae He Outbiie oaniei VM um omHOrO
KOHTEHHepa, a 3arajpHe 4mcio Haganmx VMS abo
KOHTEHEPIB 3aJ0BOJBHATHME pecypcHi (resource)
BUMOTH R, 3acTOCYHKIB.

Hexaii cucrema MEC wMae oauH Kiactep
(xmapHUi o), KUTbKa nepudepiftHux
po3TarryBaHb (XMapokK) 1 YHCICHHI MOOUTbHI dYH
TymanHi puctpoi. Li pecypen 3’eaHaHi Mk 00010
yepe3 Mepexi Tak, 10 XMapKh MepedyBaroTh Y
Oe3nocepenHiil OIM3BKOCTI IO TYMaHHUX IIPUCTPOIB.

Mopayni  3aCTOCYHKY  PO3MOAUISIOTBCS 1
3aIyCKaloThCs Ha IMX pecypcax. Xwmapauit LOJ
CKIamaeThcs 3 H TereporeHHMX KIACTEPHUX XOCTIB
(hosts) he{l2...H}. Koxuomy xocty h
BiIIOBiTae (capacity)
C"={cl,ch....ck } 3a pecypcom tumny k € K : siximo

BEKTOp  CIIPOMOKHOCTI

pecypcamu € Iporecop, nam’ T, CXOBHUILE, MEpexa,
to Bekrop h=C"=(4,3,2,1) o3HauaTHMe XOCT,
skuit Mae 4 onuHUIi npouecopiB (CPU), 3 omuHuti
mam’siti (RAM, BumiproBanoi y rirabaiitax), 2
OJMHUII JIICKOBOTO CXOBHUIIA (BUMIPIOBAaHOTO ¥
TepabaiiTax), MEpEKEBy KapTy Ha OJUHUIIO
MPOIYCKHOI 3/1aTHOCTI (Tiradit B cexyHny). Hexait
TakoK € M mepTdepiiHUX po3TallyBaHb (XMapoOK),
a KokHa nepudepiitHa xmMapka € € M cKIaaeTses 3
MHOXKHHU S TeTeporeHHHX XOCTiB; TMOAIOHO 0
ch
se S simmosinae Bekrop CY<< ch CIPOMOYKHOCTI.

Koxxna VM wMoxe 3amyckaTd KOHKPETHUH
MOJYJb 3aCTOCYHKY uM 3aBiaHHA. [losHaummo J,

BEKTOpa KO)KHOMY TnepudepiiiHoMy XOcCTy

b
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3acTOCYHOK abo 3aBAaHHS,
kopuctyBauem U e {1,2,...,U }.

KoxxHui 3acTOCYHOK MICTHTH KilbKa MOAYIIB,
SIK1 TIPALOI0Th 0JJHOYacHO. KpiMm Toro, pisHOMaHITHI
tun VMS a0o koHTeiHepiB Hallepe/ BU3HAYaI0ThCS
KO)KHUM XMapHUM (200 XMapKOBHM) IIpOBaiiepom;
pecypcaM  KOXKHOTO THUIY BIANOBiIa€  BEKTOP
cipomoxknocti R={n,n,,....I; }.

nogaHe OKpEMUM

3a3Haunmo, mo kokHa VM um KoHTeitHep Moxke
3MIIICHIOBATH €JMHE 3aBAaHHs (MOAYIb 3aCTOCYHKY)
y JaHMH MOMEHT 4acy sk Ha BignaneHomy L{O/I, Tak
1 Ha XMapKax.

Pecypcn pizHoro tuny xocra he H um xmapku
Se S OyayTh 3aHHATUMU JIMIIE TOJI, KOJU Ha IIbOMY
XOCTI YW XMapli CTBOpeHO KoHkperHy VM um
koHTeiiHep. Takum  ymHOM, Mirpamis  VMS
YMOXJIMBITIOE MOOUTEHICTE MOJTYJTIB 3aCTOCYHKIB.

3a BUINCHABEJCHUX YMOB, 3amuTh (requests)
pecypciB JiIsi  KOHKpeTHoro 3aBianHs | (abo
KOpPHUCTYBaua) MO)KHA BU3HAYUTH SIK MATPHIIO U XV,
ne psaaok 3agae Tun VM uu KoHTeiHepa, a CTOBITCIh
— pi3HI pecypcd, moB’s3aHi 3 TunoM VM uu
KOHTeWHepa:

j i i i

) 1 Ny Iy

| | i i
Ri=|2 |22 T2 Fov
] i i i

ru I’ul ru2 ruv

Tomi Bci 3anmuTH (Bifg ycix mpoBaiaepiB MMOCTYT)

BH3HAYAIOTHCSA po3mmpeHoro Marpuieio U xV
BHAMOT PECypcCiB
h hy N v
R Ll |1 2 v
Iy b1 Tu2 fuv

[pumnyckaemo, 0 KOHKPETHE 3aBIaHHS MOKHA
MPU3HAYUTH MIOHAWOUTBIIE ogHOMY XocTy. Hexait
JUIsl KOHKpeTHoro xocta heH MoxmuBuii cran
PO3MIIIEHHS] ~ pPecypciB  3aJa€TbCsid  MAaTPHICIO
posmimienns (allocation) uxv

h h h h

a; a; 9y ay

h h h h

Ah | & 4 Ap azy
h h h h

au aul au2 auv

ze ag « — 00car pecypciB K Ha KOHKPETHOMY XOCTi

h, Bugitenux xonrteitnepy uyun VM d . Toni,
aHaJIOT1YHO JI0 MaTPHUL BCIiX 3alUTiB, MOXHA BBECTH
MAaTpPHIIIO BCIX PO3MIILIEHB (Bifl yCiX MpoBaiiaepiB)
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a a, a, ay ne Xij — QyHKUiA BINOOpaXXeHHs Bl 3aCTOCYHKY |
A a | |8y ay A,y Ha TpoBaiizepa |, a 3araJbHa KOPUCHICTH CHCTEMH
: : : : MEC (ycix mnposaiigepiB) Bix M 3acrocyHKiB

M
ay 8y, ay» ayy 3amaeTbed U = ZUi )

Jlnst kokHOro xocra pimieHHs (decision) mpo
PO3MIILIEHHS peCypCiB € HA0OPOM YCiX MOXKIIMBOCTEH
(possibilities), ocHoBanux Ha MaTpuii R :

D={A A% . A" . A"}

Mera mnpoOiieMu pO3MIIIEHHS pecypciB, TNpU
naHux Matpuili R Tta Habopi C, — oOuuciuTh
NPUIHITHE BiIOOpaXKEHHS BiJl PEeCypCiB J0 3aBJaHb
KOpHUCTyBaua: pi3Hi rpaBui (IpoBaiiiepu pecypcis,
3aCTOCYHKIB, MEpPEXKi) CHUIBHO TPUXOIATH 10
€IMHOTO pIllIEHHs, 1110 onucye po3mimieHHs VMS,
SKI € HaKpaluMH Y3rOKEHUMH PO3MILICHHIMH
wis Bciei cuctemun MEC y ceHci omrumizaii

SHEPrOCIIOKUBAHHS Ta TPOAYKTUBHOCTI  (4acy
BUKOHAHHS 3aBJIaHB).

Skmo BBaxkaTM IO  IIpoOJIeMy  3amaduero
OJHOKpHUTEPIaJbHOI  ONTHMI3alii, TO KOXHHUH

TpoBaiifiep IMOCIYT OKpeMo Oa)kae MaKCHUMIi3yBaTH
CBOI0 KOPHCHICTh NUISIXOM TaKOTO PO3MIIICHHS
CBOIX HasBHUX pecypciB, 1mo: laaS wmiHiMizye
C€HEPTOCIIOKUBAHHS Ta MPOTYKTHBHICTE POOOTOTO
HaBaHTa)XEHHs (CIIOAIBAaHUK Yac BUKOHAHH:A); SaaS
MIiHIMI3y€ CIOIBAaHUHM Yac BUKOHAHHS 3aCTOCYHKIB;
NaaS minimizye mepesxesuit Tpadik [7]. Ils 3amaga
mojisira€ 'y BUHOOpI Takoi MaTpuii A pO3MillEeHHS,
sSKa  MaKCHMI3y€ CyMy  KOpPHUCHOCTEH  ycix

).

Kpim toro, manst xoxxnoi VM un 3actocynky | ii

n

N
npoBaiepin Zu?(A,eM

i=1

MaTpHILI A pPO3MIIIIeHHs] HAa KO)KHOMY TIpoBaiiiepi
mocnyr N e{laaS, SaaS, NaaS} 3amaerncs
¢dyukuiero X, €{0, 1} BimoOpaxxeHHs pecypciB Ha

N
npoBaiiiepy 3 OOMEXEHHSIM ZXiN <1, sxe
i=L

O3HAyYa€, MO KOKHHUH 3aCTOCYHOK PO3MIIIYETHCS
piBHO OAMH pa3 Ha omgHOMY 3 TpoBaizaepiB. Ilicms
PO3MIIIEHHS. 3aCTOCYHKY | KOXHHH KOpUCTyBad
IUIATUTh 33 HHOTO IIiHY (PriCe) P, sika CKIaJa€eThCs 3

laaS SaaS NaaS

Bin " Pins Pin — BapTocTell (KOPHCHOCTEN)
mocnyr laaS, SaaS, NaaS mns  3acrocyHKy,
KOpUCTyBaua, KaHaldy | BIAMOBIJHO Ha XOCTI
(mpoBaiimepi) neN. Tomy KOpHCHICTH YycCi€l

cucremu MEC Bix KOHKpeTHOro KopHCTyBaua i3
3aCTOCYHKOM | 3aJa€ThCs

Ui = Xij(pil?as

SaaS

NaaS
+ 0 B
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i=1

Omxke, mera Bciei cucremu MEC mnonsrae y
MakcuMizanii kopucHocti U 1pu  OOMEXEHHSX:
pO3MIllIEHI PECypCHI CIPOMOKHOCTI HE MOXYTh
MEPEBUIYBATH 3arajlbHUX CIPOMOXKHOCTEH; st
KO)KHOI'O KOpHCTyBaua pO3MIIIYIOTBCS PECypCH
PiBHO OIMH pa3 B fioro 6e3mocepenHiit OIM3bKOCTI.
Bumiesasnaueny npobiieMy MoxKHa chopMyiitoBaTH
K 3aj7a4y OaraTOKpUTEpialbHOI OmTHUMI3alii Juis
MEC, mo ckmagaerbes 3 LOJl, KigbKox
nepudepifHuX po3TamyBaHb (XOCTiB) 1 3aBJaHb
KOpPHUCTYBauiB, sIKi MpPAIOIOTh Ha PI3HOMAHITHUX
VMs: 3Haiitu BigoOpaxeHnHs VMS 10 XOCTIB Take,
o MiHIMI3ye KyMYJISITHBHE €HEpProCHOKHBaHHS
MEC ta wMakcumidye nponyktuBHicth VM
(miHimi3ye yac BukoHaHHs Ha VM). AHaNIOTiYHO JIIst
SaaS mMae MakcHUMIi3yBaTHCS TPOJYKTUBHICTh PI3HUX
3acrocyHkiB. Kpim Ttoro, mas  NaaS mMae
MaKCHMI3yBaTUCS JOCTYITHA TIPOMYCKHA 3IaTHICTh
(bandwidth) B . BeaxaTrmeMo IPOIYKTHBHICTIO Yac
BUKOHaHHA Ha VM: yuM MOBIIMI Yyac BUKOHAHHA Ha
VM, Ttum ripmre, 1 HaBmaku. TakuM YMHOM, MOKHA

MIHIMI3yBaTH 3TOPTKY KUTBKOX 3TaJlaHuX KPUTEPiiB
N

M N M N
2 8] tijxij+ztk_ZB_U_zu?(AlM)'
i-1j=1 =l k=1 -1

me X% — Gyukuis BinoOpaxenHs VMs Ha xoct

(% ; =1, sxmo koukperna VM i BinoOpaxaeTses Ha
XOCT ), € — CIOXHMTa €Hepris Ha XOCTi | s
VM i, j — Yac BUKOHAHHS VM i Haxocti j,t, —

Yyac BHKOHaHHS 3acTOCYHKY K . Lls miHimizalis mae
OpaTH 10 yBarm OOMEXKEHH:, 10 pi3HI pecypcu K,
posmimeni mnst VMS, He MOXYTh NepeBHINYBaTH
CIIPOMOXHOCTI XOCTiB (TIpoBaiiepis) N :
N
D x
=
Kpim Toro, mae Opatucs 10 yBaru oOMEXKEHHs, IO
st VMS iponoHy0ThCS I TOTPiOHI pecypcH:
M
D x
leN
3a3HayMMO, IO Yac BHUKOHAHHS 3aCTOCYHKY
00epHEHO TPONOPIIHHUNA TPOAYKTHBHOCTI MEPEXKi,
gKa, B  CBOI  4Yepry, He  IponopuiiHa
EHEProcIOKUBaHHIO.

[Ipu ontumizanii 3a OAHUM KpUTEpiEM IpoBaniaep
SaaS MakcuMizyBaTHME CBill  JOXiH IIISAXOM

n

n
ik f; (:k .

n
ik < M-
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MiHiMi3amii BUrpamiB kopucTyBadyis. llpore Hikui
BUTpAaTH Ha KOPUCTYBauyiB MOXYTb 30UIBIIYBAaTH
YHCI0 KIIEHTIB 1 OMUT Ha MOCTYTH, sIKi HebakaHo
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BimnoBimHUX mpoBaaepiB laaS ta NaaS (sxi mMaroTh
Onu3bKi iHTEepecHn). SKiio nmpoBaiiepu NpOMOHYIOTh
MOCIYTH, HacamIiepes, KIIEHTaM 3 HaWBUIIOK
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Topbauyx B. Exonomika Internet-zacrocynkis
i mudposoro kourenty / B. T'opbauyk, C.
I'aBpunenko, I'. Tomorykos, /. Hikonenko //
The Role of Technology in the Socio-
Economic  Development of the Post-
Quarantine World. M. Gavron-Lapuszek, A.
Karpenko (eds.) Katowice: Katowice School
of Technology, 2020. P. 81-88.

Gorbachuk V. The impact of cloud services
pricing on provider profit, consumer surplus,
and social welfare / V. Gorbachuk, S.
Gavrylenko // CEUR Workshop Proceedings.
—2020. — 2866. — P. 237-245.

Bardadym T. On biomedical computations in
cluster and cloud environment / T. Bardadym,
V. Gorbachuk, N. Novoselova, S. Osypenko,
V. Skobtsov, I. Tom // Cybernetics and
Computer Technologies. —2021. — Ne 2. — P.
76—84.

Zakarya M. epcAware: a game-based, energy,
performance and cost efficient resource
management technique for multi-access edge
clouds / M. Zakarya, L. Gillam, H. Ali, 1.U.
Rahman, K. Salah, R. Khan, O. Rana, R.
Buyya // IEEE Transactions on Services
Computing. 2020. doi:
10.1109/TSC.2020.3005347.

Li K. A game theoretic approach to
computation offloading strategy optimization
for non-cooperative users in mobile edge
computing / K. Li // IEEE Transactions on
Sustainable Computing. 2018. doi:
10.1109/TSUSC.2018.2868655.

Moxnsuyk M.I1. Jlexuii 3 Teopii Bubopy Ta
npuidHsTTa pitens /| ML.IL. Moxknsayk, P.€.
SImuenko. KwuiB: KuiBchkuii yHIBepcUTET,
2007. 256 c.

Gorbachuk V.M. Wholesale price contracts
under random demand / V. M. Gorbachuk //
Modern Stochastics: Theory and Applications

2021, 2

38

Bulletin of Taras Shevchenko
National University of Kyiv
Series Physics & Mathematics

JOJAaTKOBE OOMEKEHHsI: Taka MpOIO3MLis MoAiOHa
nepeBa3i (Big mnposaiingepa laaS) kopucTyBadiB
Gmail na xmacrepi Google mopiBHSHO 3 KiacTepoM
Azure MicroSoft .

Takum 4uHOM, MpoOIeMa PO3MILIEHHSI pecypciB
MEC € nmocuTh cKIaiHOI 1 Takorw, IO MOTpeOye
HOBITHIX  MIIXOAIB A0  JCIEHTPAJIi30BaHOTO
OPUAHATTS pillleHb Y CHUTyalisX nepebopy Belnkoi
KIIBKOCT1 BapiaHTIB — aHANI3y BETHKHUX JAaHUX.

V. Kyiv: Taras Shevchenko National

University of Kyiv, 2021. P. 67—68.
References

GORBACHUK, V. et al. (2020) Economics
of Internet-applications and digital content.
In The Role of Technology in the Socio-
Economic Development of the Post-
Quarantine World. M. Gavron-Lapuszek, A.
Karpenko (eds.) Katowice: Katowice School
of Technology, pp. 81-88.

GORBACHUK, V. and GAVRYLENKO, S.
(2020) The impact of cloud services pricing
on provider profit, consumer surplus, and
social welfare. In CEUR Workshop
Proceedings, 2866, pp. 237-245.
BARDADYM, T. et al. (2021) On
biomedical computations in cluster and
cloud environment. Cybernetics and
Computer Technologies, Ne 2, pp. 76—84.
ZAKARYA, M. et al. (2020) epcAware: a
game-based, energy, performance and cost
efficient resource management technique for
multi-access edge clouds. IEEE
Transactions on Services Computing. doi:
10.1109/TSC.2020.3005347.

LI, K. (2018) A game theoretic approach to
computation offloading strategy
optimization for non-cooperative users in
mobile edge computing. IEEE Transactions
on Sustainable Computing. doi:
10.1109/TSUSC.2018.2868655.
MOKLYACHUK, M.P., and YAMNENKO,
R.E. (2007) Lectures on the choice theory
and decision making. Kyiv: Kyyivskyj
universytet. 256 p.

. GORBACHUK, V.M. (2021) Wholesale
price contracts under random demand. In
Modern Stochastics: Theory and
Applications V. Kyiv: Taras Shevchenko
National University of Kyiv, pp. 67-68.

Hapittuoia mo penxonerii 30.08.21



Bicnux Kuiscvkoz2o nayionansvbro2o yrisepcumemy
iment Tapaca Ilesvwerra
Cepia: Pizuro-mamemamusri HOYKY

VIIK 519.21

I. I. Tomiuenko!, %. ¢.-m. .
O. FO. Maciorka?, k. ¢b.-m. .
M. II. Moknsayk?, 0. ¢.-m. n., npog.

ExcrpanoJsiisi mepioAnYHO KOpPeJIbOBAaHUX
CTOXaCTUYHUX IIOCJIiJIOBHOCTEMN 3
MPONyCKaMU CIIOCTEPEXKEHb

'Harionampauit Texuiunmii ynisepcurer YKpainn
"KuiBcbkuit nomitexaivnuii incruryr Irops Ci-
kopcbkoro”; M. Kuis 03056, Ykpaina

e-mail: idubovetska@gmail.com

2 KuiBchKuil HaljoHAIbHHI yHiBepcuTeT iMeHi
Tapaca IlleBuenka, m. Kuis 01601, Ykpaina
e-mail: omasyutka@gmail.com

e-mail: moklyachuk@gmail.com

2021, 2

Bulletin of Taras Shevchenko
National University of Kyiv
Series: Physics & Mathematics

https://doi.org/10.17721/1812-5409.2021/2.6

I. 1. Golichenko!, Ph.D
O. Yu. Masyutka?, Ph.D
M. P. Moklyachuk?, Dr.Sci., Prof.

Extrapolation problem for periodically
correlated stochastic sequences with
missing observations

! National Technical University of Ukraine "Igor
Sikorsky Kyiv Politechnic Institute”, Kyiv 03056,
Ukraine

e-mail: idubovetska@gmail.com

2Taras Shevchenko National University of Kyiv,
Kyiv 01601, Ukraine

e-mail: omasyutka@gmail.com

e-mail: moklyachuk@gmail.com

Hocaidoicyemnsea 3a0ama onMuUMaisHo20 0UIHIOGANHA MHITHUT dynxuionanie AC = Zj’;l a(5)C(j),
610 HeGIdOMUT 3HAEND NEPIOUYHO KOPEAbo8arol cmoxacmuyunol nocaidosnocmi ((J) na ocnosi cno-
cmepeaicens nocaidosnocmi C(j) + 0(j) 6 mowrax j € {...,—n,...,—2,-1,0}\ S, S = U {—M; -
T+1,....,—M;_1-T—N;-T}, de 0(j) - nexopeavosara 3 ((j) nepiodusno xopeavbos8ana Cmoracmu-
YHa NOcALdosHicmb. OMpPumaro Gopmysl Oaf 00MUCAEHHA ZHAUEHD CEPEIHBOKBAIPAMUYNHUL NOTUOOK
ma CNEKMPANLHUT TAPAKMEPUCTIUK ONMUMAALHUL 0Uinok dynruyionary AC drsa nocaidosnocmetds 3
BI0OMUMY CNEKMPANOHUMY WIADHOCTNAMY. DOPMYAU, WO BUHANAIOMb HAUMEHW CPUAMAUGBT CNe-
KMPAALHE WIADHOCTE A MIHIMAKCHO-DOOGCMHT CEKMPAAOHT TAPAKMEPUCTIUKY ONMUMAAOHUL NHIT-
HUT OUTHOK PYHKUIOHAAIE NPONOHYIOMDBCA Y BUNAOKY, KOAU CNEKMPAAbHE WEALHOCTNT NOCAII08HOCTEN
MOYHO HEGIOOMI, 4 6KA3GHT MHONCUHY JONYCMUMUL CNEKMPANOHUL ULALHOCTE.

Pesyavmamu docaidorcerns donosidasucy wa Miokcnapodniti nayxosit kongepenyii “Modern Stochasti-
cs: Theory and Applications. V" (MSTA-V).

Kamowosi caosa: Tlepiodudno Kopeasvosana cmoracmudma NocAido8HICMb, MIHIMAKCHO-POOACTHA
OUIHKA, HAGUMEHW CNPUATNAUBG CNEKMPAAbHA WIADHICTD, MIHIMAKCHO-DOBACTHG CREKMPAALHA TAPa-
KMePUCmuKa.

The problem of optimal estimation of the linear functionals A( = Z;i1 a(7)C(j), which depend
on the unknown values of a periodically correlated stochastic sequence ((j) from observations of the
sequence ((j) + 0(j) at points j € {...,—n,...,—2,—-1,0} \ S, S = Uf;ll{—Ml T4+1,...,—M; 1-T—
N;-T}, is considered, where 0(j) is an uncorrelated with ((j) periodically correlated stochastic sequence.
Formulas for calculation the mean square error and the spectral characteristic of the optimal estimate
of the functional AC are proposed in the case where spectral densities of the sequences are exactly
known. Formulas that determine the least favorable spectral densities and the minimax-robust spectral
characteristics of the optimal estimates of functionals are proposed in the case of spectral uncertainty,
where the spectral densities are not exactly known while some sets of admissible spectral densities are
specified.

Key Words: Periodically correlated sequence, optimal linear estimate, mean square error, least
favourable spectral density matriz, minimax spectral characteristic.
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Introduction

W.R. Bennett [1] in 1958 started to explore
cyclostationarity as a phenomenon and property
of the process, which describes signals in
channels of communication. Studying the stati-
stical characteristics of information transmissi-
on, he calls the group of telegraph signals the
cyclostationary process, that is the process whose
group of statistics changes periodically with ti-
me. W.A. Gardner [5], [6] highlights the greatest
similarity of cyclostationary processes, which are
a subclass of nonstationary processes, with stati-
onary processes. He presented the bibliography
of works |7] in which properties and applications
of cyclostationary processes were investigated ti-
11 1992. Recent developments and applications of
cyclostationary signal analysis are reviewed in the
papers by A. Napolitano [30], [31]. Note, that in
other sources cyclostationary processes are called
periodically stationary, periodically nonstationary,
periodically correlated. We will use the term peri-
odically correlated processes. E.G. Gladyshev [8]
in 1961 was the first who started the analysis of
spectral properties and representation of periodi-
cally correlated sequences based on its connection
with vector stationary sequences. He formulated
the necessary and sufficient conditions for determi-
ning of periodically correlated sequence in terms
of the correlation function. A. Makagon with
coauthrs [17], [18] presented detailed spectral
analysis of periodically correlated sequences. Main
ideas of the research of periodically correlated
sequences are outlined in the book by H.L. Hurd
and A. Miamee [12].

The linear extrapolation and interpolation
problems for stationary stochastic processes under
the condition that spectral densities are known
exactly were first introduced by A. N. Kolmogorov
[15]. Solutions of the extrapolation and filtering
problems for stationary processes and sequences
with rational spectral densities were proposed by
N. Wiener [36] and A. M. Yaglom [37]. Esti-
mation problems for vector stationary sequences
were investigated by E. J. Hannan [11] and
Yu. A. Rozanov [34]. Since stochastic processes
often accompanied with undesirable noise it is
naturally to assume that the exact value of
spectral density is unknown and the model of
process is given by a set of restrictions on spectral
density. K.S. Vastola and H.V. Poor [35] have
demonstrated that the described procedure can
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result in significant increasing of the value of error.
This is a reason for searching estimates which are
optimal for all densities from a certain class of
admissible spectral densities. These estimates are
called minimax since they minimize the maximal
value of the error of estimates. A survey of results
in minimax (robust) methods of data processing
can be found in the paper by Kassam and Poor
[14].

Ulf Grenander [10]| was the first who proposed
the minimax approach to the extrapolation
problem for stationary processes. Formulation and
investigation of the problems of extrapolation,
interpolation and filtering of linear functionals
which depend on the unknown values of stati-
onary sequences and processes from observati-
ons with and without noise are presented by
M.P. Moklyachuk [22], [23]. Results of investigati-
on of the problems of optimal estimation of vector-
valued stationary sequences and processes are
published by M.P. Moklyachuk, O.Yu. Masyutka
[25], [26], [27]. In their book M.M Luz and M.P.
Moklyachuk [16] presented results of investigati-
on of the minimax estimation problems for linear
functionals which depends on unknown values of
stochastic sequence with stationary increments.
LI. Golichenko and M.P. Moklyachuk [2], [3], [4],
[24] investigated the interpolation, extrapolation
and filtering problems of linear functionals from
periodically correlated stochastic sequences and
processes. The interpolation and filtering problems
for stationary sequences with missing values was
examined by M.P. Moklyachuk, O.Yu. Masyutka
and M.L.Sidei [19], [21], [28], [29]. The interpolati-
on problem of linear functionals from periodi-
cally correlated stochastic sequences with missing
observations was investigated by I.I. Golichenko
and M.P. Moklyachuk in [9].

In this paper we presented results of investi-
gation of the problem of optimal linear estimati-
on of the functional A( = Z;’il a(7)¢(7), whi-
ch depends on the unknown values of a peri-
odically correlated stochastic sequence ((j) from
observations of the sequence ((j) + 6(j) at points
jef ., —n,...,=2,-1,0}\ S, S = Ui {—M; -
T+1,...,—M;_y - T — N; - T}, where 6(j) is
an uncorrelated with ((j) periodically correlated
stochastic sequence. Formulas for calculation of
the mean square error and the spectral characteri-
stic of the optimal estimate of the functional A(
are proposed in the case where spectral densities
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are exactly known. Formulas that determine the
least favorable spectral densities and the minimax-
robust spectral characteristics of the optimal esti-
mates of functionals are proposed in the case of
spectral uncertainty, where the spectral densities
are not exactly known while some sets of admissi-
ble spectral densities are specified.

1 Periodically correlated and multidi-
mensional stationary sequences

The term periodically correlated process was
introduced by E. G. Gladyshev [8] while
W. R. Bennett [1] called random and periodic
processes cyclostationary process.
Periodically  correlated  sequences
stochastic sequences that have periodic structure
(see the book by H. L. Hurd and A. Miamee [12]).

are

Definition 1. A complex walued stochastic
sequence ((n),n € Z with zero mean, E((n) = 0,
and finite variance, E|C(n)]?> < +oo, is called
cyclostationary or periodically correlated (PC) wi-

th period T (T-PC) if for every n,m € Z

EC(n+T)C(m +T) = R(n+T,m+T) = R(n,m)
(1)
and there are no smaller values of T > 0 for which

(1) holds true.

Definition 2. A complex walued T-variate
stochastic sequence &(n) = {&,(n)}._,,n € Z
with zero mean, E,(n) = 0,v 1,...,T, and
E||E(n)||? < oo is called stationary if for all n,m €

Z andv,p € {1,...,T}

ESy(n)€u(m) = Ryp(n,m) = Ryu(n —m).

the case, we denote R(n)
and call it the covariance matriz of

18 =
T
vp=1

If  this
{Rw(n)} o

T-variate stochastic sequence £(n).

Proposition 1.1. (E. G. Gladyshev [§]). A
stochastic sequence ((n) is PC with period T if
and only if there exists a T-variate stationary
sequence £(n) = {fl,(n)}le such that ¢(n) has
the representation

T

C(n) =>_e¥™™IT¢,(n), n €L

v=1

(2)

—

The sequence £(n) is called generating sequence of
the sequence ((n).
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Proposition 1.2. (E. G. Gladyshev [8]). A
complez valued stochastic sequence ((n),n € Z wi-
th zero mean and finite variance is PC with period

T if and only if the T-variate blocked sequence ((n)
of the form

(), =C¢nT +p), n€Zp=1,...,T

15 stationary.

(3)

B " T
We will denote by fC()‘) = {fg“()‘)}wzl

the matrix valued spectral density function
of the T-variate stationary sequence ((n)
(¢i(n),...,¢r(n))" arising from the T-blocking

(3) of a univariate T-PC sequence ((n).

2 The classical projection method of linear
extrapolation

Let ¢(j) and 6(j) be uncorrelated T-PC stochastic
sequences. Consider the problem of optimal linear
estimation of the functional

AC = a(i) (),
j=1

that depends on the unknown values of T-PC
stochastic sequence ((j), based on observati-
ons of the sequence ((j) + 6(j) at points j €
{iy—m,....,—1,0} \ S, S U {—M - T +
l,...,~M;_y - T — Ny - T}, My = Sh_o(Ny, +
Ky), No=Ky=0,.

Let assume that the coefficients a(j),j > 1
which determine the functional A( satisfy condi-

tion
[oe)
> la(i)| < o0
j=1

and are of the form
0= ((0-[7]7) + ] 7) -
= a(v +JT) = a(j)e™"/", (5)
v=1,...,T,7>0,

where v =T and j=A—1,if j=T -\, A€ Z, or
a(j) = a(T-N) = a(T+A=1)T) = a(A—1)2™A-DT/T
Under the condition (4) the functional A has the
finite second moment.

Using Proposition 1.2, the linear functional
A( can be written as follows

(4)

J J

T >3 ~
Z eZﬂijV/TC(V+jT) —

v=1

AC = ali)c) = al))
j=1 7=0
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o T [e%s)
=33 a()e”™ () =D a" ()¢G) = AL
j=ov=1 =0
where
() = (a1G): - var()
a(G) = a(eX /T v =1,....T, (6)

G = {aG))_ s
sequence, obtained by the T-blocking (3) of uni-
variate T-PC sequence ((j), j > 1.

Let C(j) and 6(j) be uncorrelated T-variate
stationary stochastic sequences with thjg spectral
{fun}  and

)

T-variate stationary

density matrices fg()\)

o ={mo},

problem of optimal linear estimation of the functi-
onal
0 o~
A= a (5)S0)
=0

that depends on the unknown values of sequence
5 (5), based on observations of the sequence
C:(}) + 6(j) at points j € {.. =11\ S,
= U {—M,...,— M, — Nl - 1}, M, =
>heo(Nk + Kr), No =Ko =0, )
Let the spectral densities f¢()\) and f7()\)
satisfy the minimality condition

respectively. Consider the

™

/

Condition (7) is necessary and sufficient in order
that the error-free extrapolation of unknown
values of the sequence ((j) + 6(j) is impossible
[34].

Denote by Ly(f) the Hilbert space of vector
valued functions b(\) = {b,(A )}V , that are
integrable with respect to a measure with the

density f(\) = {fuu( )}V,L 1

/

e[S + 7)) ar < 400 (7)

™

Fwnﬁﬁwz

™

) Fup(N)bu(N)dA < +o0.

Denote by L5(f) the subspace in La(f)
generated by functions
v=1,...,T,

7_1}\§7

€26,,0, = {Suu 0,

jef{...,—
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where d,,, is the Kronecker delta: 4,, = 1,6,, =0
for v # p.

Every linear estimate Ag of the functional Af
from observations of the sequence ((j) + 6(j) at
points j € {..., ..,—1}\ S has the form

E—”ﬁww%wwﬁw»=

/ Zh A (Z5(dN) + Z0(dN), (8)

- {Z§(A)}T and Z0(A) =

where Zf(A) B

{Zﬁ(A)}T
v=1 o L ~
of the sequences ((j) and 6(j), and h(e
{hv(eM)};1
estimate AC. The function h(e™) € L;(fg—i- f(;).
T}E mean square error A(i—i; ff, fg) of the esti-

are orthogonal random measures

z‘>\) —

is the spectral characteristic of the

mate A5 is calculated by the formula

—

A £, %) = BIAC - AP =
% _W [A(BM) B i_i(ei)‘)} Tff()\) [A(ei)‘) _ H(e“‘)}
(9)
+% BT (eX) PO R(eN)dA,

The spectral characteristic l_i( ff, fg) of the opti-
mal linear estimate of A( minimizes the mean
square error

- — — — - —

AP 17 = AR, 1) 14 1) =
= min _ A®fC %) = min E]A - AC.
heLs(fS+£9) Al

(10)

With the help of the Hilbert space projection
method proposed by A. N. Kolmogorov [15] we
can find a solution of the optimization problem

(10). The optimal linear estimate AC is a projecti-
on of the functional A§ on the subspace HNS[Q? +
0] = H°[Cu(5) +0,(4), j € {..., —m, ... _1}\5 V=
1,...,T] of the Hilbert space H = {¢ :
0, E[¢|> < oo}, generated by values C,,( ) -

d\+
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0,(7),7 € {-y—n, ..., —1}\§, v =1,...,T. The
projection is characterized by following conditions

1) ACe H*[( + 4],

2) AC— AC L H*[C+ 4.

The condition 2) gives us the possibility to
derive the formula for spectral characteristic of the
estimate

where
C(e?) = Z é(n)e'™,
nel’
where I' = SU{0,1,2,...} and &n),n € I, are
unknown vectors of coefficients.
Condition 1) is satisfied if the system of
equalities

holds true.

The last equalities (12) provide the following
relations for all m € I':

R(fS, e ™A =0,meT  (12)

NN I AT ay

—T

7=0
ST i T ¢ G —1 _iA(n—m)
S gy [ G+ o e

(13)

Denote the Fourier coefficients of the matrix

functions (fS(\) + f9(N)~' and fSN)(FS(N) +
) as

Blm—n) = 5 [ (500 + F0) e man,
Rm=3) = o= [ FEOVGEQ ) e,
nmel,j=0,1,2

Denotebya' = (0',...,07,a"(0),a' (1),...)a
vector that has first Y7 | K; = K1 + ... + K zero

vectors 0 = (0, ...,0), next vectors @(0),a(1),...
——

T
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are constructed from coeflicients of the functional
A( by formula (6).
Rewrite the relation (13) in the matrix form
Ra = Bc,
where ¢ = (€7 (k))ger is a vector of the unknown

coefficients. The linear operator B is defined by
the matrix

Bs,s Bs,sfl Bs,l Bs,n
Bs—l,s Bs—l,s—l Bs—l,l Bs—l,n
B=| ... . . ,
By s Bis1 By Bin
Bn,s Bn,sfl Bn,l Bn,n

constructed with the help of the block-matrices

=M, -M
Bim = {Blm(kaj)}k:lMlillefl j:_n]l\/[mfl_]vm_p

Blm(kM]) = B(k _j)a lvm = 17"'787
Bia(k, §) = {Bun (k. )5 20wy 500
Bln(kh]) = B(k _j)v l= 17"'787

Bnl(kvj) = {Bnl(ka])}zozo ji::?\/[m_lmefp
Bnl(k’]) = B(k _j)7 m=1,..s,

Bnn(k’j) = {Bnn(ku?)}zozo (J?io’

The linear operator R is defined by the
corresponding matrix, which is constructed in the
same manner as matrix B.

The unknown coefficients ¢(k),k € T are
determined from the equation

¢=B'R3, (14)
where the k-th component of the vector € is the

k-th component of vector B"'Ra:
¢(k) = (B™'Ra)(k), k € T.

We will suppose that the operator B has the
inverse matrix.

The mean-square error of the optimal estimate
AC is calculated by the formula (9) and is of the
form

AR, €, 17) = B|A - AC? =

43
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7T -

FEFEON+F7 ()

 FIN)e" TR ax . G(k)+

FX ST Oy [ G0+ )
nel’ kel’

x ek gx . d(k) =

= (Da, d) + (Bc, ), (15)

where (a,b) denotes the scalar product, D is
defined by the corresponding matrix, which is
constructed in the same manner as matrix B, with
elements

D(k —j) =
L”[fa 3 j i eiG-F

27 J_,

See |27] for more details.

Theorem 1. Let ((j) and 0(j) be uncorrelated T-
PC stochastic sequences with the spectral density
matrices fC( ) and f‘g( ) of T-variate stationary
sequences 5(3) and 9( ), respectively. Assume that
fE(N) and fO(N\) satisfy the minimality condition
(7). Assume that condition (4) is satisfied and
operator B is invertible. The spectral characteri-
stic ﬁ(fc, f%) and the mean square error A(f<, f%)
of the optimal linear estimate of the functwnal Af
based on observations of the sequence CG) +00)
at points j € {..., 1}\S are calculated by
formulas (11) cmd (15).

Consider the mean-square estimation problem
of Af based on observations of the sequence f (5)
at points j € T A S. In this case
the spectral density f7(\) = 0. T/h\e spectral

characteristic h( fg) of the estimate AC is of the
form

o . : - -1

RT(F) = AT =T [F )], ae)

where unknown coefficients é(k), k € I' are
determined from the relation

Bc =4 (17)
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¢ =B34,

where the linear operator B is defined by the
matrix

Bs,s Bs,sfl Bs,l Bs,n
Bs—l,s Bs—l,s—l Bs—l,l Bs—l,n
B = . . . . ,
By s Bis1 Bi1 By,
Bn,s Bn s—1 Bn,l Bn,n

)

constructed with the help of the block-matrices

7M’rn
By, = {Bim(k, j) };. kf ‘M Ny—1 J=—Mpp_1—Nm—11
By (k,j) =B(k—j7),l,m=1,..,s,
Bln(k ])_{Bln( ) kylMl 1-Nj— ]_.7 =0>
Bun(k,j) = Bk —§), 1 =1,...5,

Bk, §) = {Bui(k: 5) o0 721
nl(k')]):B(k_J)? :17"" S,

Bnn(k)j) = {Bnn(ku])}zozo ]‘?‘;0’

Bnn(kaj) = B(k _j),

with elements

Bl ) =5 [ [ 1] el

kel,jel.

The mean square error A(f¢) is defined by the
formula

A(f) =

Thus, in the case without noise we have the
following result.

(¢, a). (18)

Corollary 1. Let ((j) be a T-PC stochastic
sequence with the spectral density matriz fS()\) of

T-variate stationary sequence ((j). Assume that
fS(N) satisfies the minimality condition

/7r Tl dr < 4o (19)

—T

Assume that condition (4) is satisfied and operator
B is invertible. Then the optimal linear estimate



Bicnux Kuiscvkoz2o nayionanrvbro2o yrisepcumemy
iment Tapaca Ilesuwernra
Cepia: Pizuro-mamemamusri HAYKY

of AC based on observations of 5(3) at points j €
{eee;=ny e, =1} \ S, is given by the formula

hTfCZCdA / Zh

AC =

—Tr

The spectral characteristic h( fg) and the mean

square error A(fg) of AE are calculated by
formulas (16) and (18).

Let us consider the mean-square estimation
problem of functional

N-T
ANC =) a()¢3)
j=1

that depends on unknown values of T-PC
stochastic sequence ((j), based on observati-
ons of the sequence ((j) + 6(j) at points j €
{,— ,—1,0} \ S. 6(j) is uncorrelated with
¢(7) T-PC stochastic sequence.

Using Proposition 1.2, the linear functional
An(C can be written as follows

N.-T
AN = a(j)C() =
j=1

N-1
_ CL 27rz]V/T<(V+jT)
3":0 v=1
N-1 T _ ~
=D > a6 35) =
}7:0 v=1
N-1 o
=D d' (1<) = AxG,

where @' (j) is defined by relation (6), (5)

T
{ei}
obtained by the T-blocking (3) of univariate T-PC
sequence ((j), j > 1.

Let C(j) and 6(j) be uncorrelated T-variate
stationary stochastic sequences with the spectral

[},

vp=1

is T-variate stationary sequence,

density matrices ff(/\) and

= {mw},

problem of optimal linear estimation of the functi-

onal
- N-1 ~ =~
= > a'(5)S0)
7=0

respectively. Consider the

(20)
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2

that depends on the unknown values of sequence
((j), based on observations of the sequence
gi(N) ( ) at points j € {..., w—1F\ S
S = U {- Ml,...,—Ml_l—Nl—l},Ml
Ek:O(Nk -+ Kk-), NO = Ko =0.

The estimate

AL (e Z€(dN)

—Tr

AnC = (21)
of the functional AN§ is defined by the spectral
characteristic hy (™) € Ls(fC + f9)

Denote by ax | ((T, .07, a'(0),...a (N—
1), 07,07, ...) a vector that has first Y ;_| K, zero
vectors 07, next N vectors @(0),...,@(N — 1) are
constructed from coefficients of the functional
An¢ by formula (6).

With the help of Hilbert space projection
method we can derive the following relations for
allm e I':

N-1 . ) ) i
) C‘L’TG)% QRO =
7=0
T i " ¢ 0 —1_iX(n—m)
Z° ") 3 /_W(f M)+ 7)) e dX.

(22)

Denote by Ry the linear operator which is
defined as follows: Ry (k,7) = R(k,j), j < N —1,
Ry(k,7) =0, j > N —1. Then we can rewrite the
relations (22) in the matrix form

RNa}{/ = Bé.

The unknown vectors ¢é(k), k € T,
determined from the equation

are

¢ =B 'Rya}.

The spectral characteristic of the optimal esti-

—

mate ANf is calculated by formula
i}\) _

= (AR SN = CTE™) £+

EE(e

-1

(23)

where
N-1

3 a)e

7=0

AN(BM)

The mean-square error of the optimal estimate

—

ANf is calculated by formula

Al £5, %) = BlANG — Andl? =
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where linear operator D is defined as follows:
k>N-—-1lorj>N-—1.

Theorem 2. Let ((j) and 6(j) be uncorrelated T-
PC stochasjic sequences with the spectral density
matrices fC(\) and f%()\) of T-variate stationary
sequences 5(;) and 5(;), respectively. Assume that
SN and fO(\) satisfy the minimality condi-
tion (7). Assume that operator B is inverti-
ble. The spectral characteristic hy(e™) and the
mean square error A(EN;fg, fg) of the optimal
linear estimate of the functional ANE based on

-~ =~

observations of the sequence ((j) + 0(j) at points
jge{.,—n,...,—1}\S, are calculated by formulas
(23) and (24).

In the case of observation without noise we
have the following result.

Corollary 2. Let ((j) be a T-PC stochastic

sequence with the spectral density matriz f¢()\)
of T-variate stationary sequence 5(]) Assume
that f<(\) satisfies the minimality condition (19).
Assume that operator B is invertible. The spectral
characteristic ﬁN(eiA) and the mean square error

A(fg) of ANZ are calculated by formulas
AR = AR 0T [FF] L @)

A(f) = (€ dn).
The linear operator B is defined in Corollary 1,
vector € is defined by the equation € = B~ 'ay.

(26)

Ezample 1. Let {(n), n € Z, be a 2-PC stochastic
sequence such that ((2n) = n(n) is a univariate
white noise with the spectral density f(\) = 1
and ((2n + 1) v(n) is an uncorrelated wi-
th n(n) univariate stationary Ornstein-Uhlenbeck
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sequence with the spectral density g(\) = m
Consider the problem of estimation of the functi-
onal

A1 =¢(1) +¢(2)

based on observations of ((n),n € {...,—1,0} \
(—3, -2} {...,—5,—4,—1,0}. Here S
{~3,-2}, N\ =K, =1, M; = 2.

Rewrite functional A;¢ in the form (20)

- 2)e?m0/2 q(2 4 0 -
2)e2i20/2)T — (1,1)T, (0) = (C(1+0-2),¢(2+
0-2))7 = (¢1(0),62(0)7, S = {—2}. The spectral
density matrix of 2-variate stationary sequence
¢(n) is of the form

F = <f(0A) g(OA>>

— —

The matrix [f¢(\)]

is of the form

SO

(1 0Y (0 0N i, (0 0 i
“02) 0 B (o )

= B(0) + B(—1)e ™ + B(1)e*

and satisfies the minimality condition (19). In the
last equality matrices
(0 0
~\0 -1

are th_el Fourier coefficients of the function
[f(A)] . In order to find the spectral characteri-
stic h1(e™) and the mean-square error A(fS) of

the estimate Alz let us use the Corollary 2. To
find the unknown coefficients

B(0) = <é g) . B(~1) = B(1)

k) = (B~ 'ay) (k)
kel =50U{0,1,..} ={-2,0,1,..}

we use the equation (17), where vectors
&= (@(=2,80,8(1),.), & =

(07,@"(0),07,...). The operator B is defined by

matrix
B Bln)
B = ,
(Bnl Bnn
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with block-matrices

By = {Bll(kvj)}k:—2 j=-2 = B(0)7

B, = {Bln(kaj)}k:—2 ]o'i() =
(B(=2) B(=3) B(—4) ...) = (0205 05....),

By = {Bnl(kaj)}kzo j=-2=
(B(2)B(3)B(4)..)" = (02020,...)7,

Bnn = {Bnn(kd)}go:o ;‘).;O =
B(0) B(~1) O,
B(1) B(0) B(-1)
0, B(1) B(0)

i

where Oy = (8 8)
The inverse matrix B~! can be represented in
the form .
B 0
-1 _ 11
5o < 0 Bm%> ’

where B! = (B(0))~!, B! is the inverse matrix
to Byy. To find B;,! we use that matrix [fS(\)]!
admits factorization

o0

PN = 3D BG) =

j=—o00

= (Z w<k>e—“‘*> (Zw(kw’“) =
k=0 k=0

(G o)

o0

> (ke
k=0

wtere w0 = (5 9) v = (5 5),
6(8) = Ok = 2 and p(0) = (g ) ol =
0 0) 41

If we denote by ¥ and & linear operators
determined by matrices with elements ¥(i,j) =
Y — i), (i,5) = w(j — i), for 0 < i <
U(i,j) = 0, ®(¢,5) = 0, for 0 < j < 4. Then
elements of the matrix B,,, can be represented in
the form By, (i,7) = (PP*)(4, 7). It is not hard to
verify that W@ = ®W = . This makes possible

2021, 2

47

Bulletin of Taras Shevchenko
National University of Kyiv
Series: Physics & Mathematics

to write elements of B, in the form B,

(@*@)(i, ) = 75 (i — 1) — D).
Using equation € = B™'ay we can represent
the unknown coefficients ¢(k), k € I' in the form

&(—2) =0,
B, (0,0)@(0),
By, (1,0)a(0),

&(0)
1)

i) = B, (i,0)d@(0), i > 2.
The spectral characteristic hi(e™) is determi-
ned by the formula (25)
hi(e?) = =T (0)B(—1)e ™ =
—B;,(0,0)@(0)B(—1)e".

characteristic is of the form

hi (€?) = —(0,—1)e ™.
The optimal linear estimate Alf can be
calculated by the formula (21)

Since By, = ¢*(0)¢(0)

10
0 1), the spectral

A:8 = (1) = ¢(0).

—

The mean-square error of the estimate Alf
determined by (26) equals

—

A(f) =

ETa Z_1‘1

) = 2.
3 Minimax (robust) method of linear
extrapolation problem

Let f(A) and g(A) be the spectral density matrices
of T-variate stationary sequences (| () and 5(]'),
obtained by T-blocking (3) of T-PC sequences ()
and 6(j), respectively.

The obtained formulas may be applied for fi-
nding the spectral characteristic and the mean
square error of the optimal linear estimate of the
functionals Af and ANf only under the conditi-
on that the spectral density matrices f(A\) and
g(A) are exactly known. If the density matrices
are not known exactly while a set D = Dy x D,
of possible spectral densities is given, the mini-
max (robust) approach to estimation of functi-
onals from unknown values of stationary sequences
is reasonable. In this case we find the estimate whi-
ch minimizes the mean square error for all spectral
densities from the given set simultaneously.
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Definition 3. For a given class of pairs of spectral
densities D = Dy X D the spectral density matri-
ces fO(N) € Dy, g°(\) € Dy are called the least
favorable in D for the optimal linear estimation of

the functional AE if

A(f2, %) = AR(£°, ¢%); £, 6°) =

= max A(h ,0): [ 9).
pax (h(f,9); f.9)

Definition 4. For a given class of pairs of spectral
densities D = Dy x Dy the spectral characteristic

EO(A) of the optimal linear estimate of the functi-
onal AC is called minimaz (robust) if

R\ eHp= () Li(f+g),

(f.9)eD
min max A E; ,g) = max A EO; L)
heHp (f,9)€D (h: f,9) (f.9)€D (h%s £,9)

Taking into consideration these definitions
and the obtained relations we can verify that the
following lemmas hold true.

Lemma 1. The spectral density matrices fO(\) €
Dy, °(\) € Dy, that satisfy the minimality condi-
tion (7), are the least favorable in the class D for
the optimal linear estimation of Ag, if the Fourier
coefficients of the matriz functions

(PO +°ON7H POV +¢° ()

FPOEN) + ")) ")
define matrices B°, R°, DY, that determine a
solution of the constrained optimization problem

max ((Rd@, B"'Ra)) + (Da,a)) =
(f.9)€D
= (R%G, (B°)"'R"@)) + (D, ).

The minimaz spectral characteristic RO = E(fo, ')
is given by (11), if h(f°, ¢°) € Hp.

A(R(f°,6°); f.9)

X (AT(eiA)gO(A) + (co(e“))T)*dA + ;T/

—T
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In the case of observations of the sequence wi-
thout noise the following corollary holds true.

Corollary 3. The spectral density matriz fO(\) €
Dy, that satisfies the minimality condition (19), is
the least favorable in the class Dy for the optimal
linear estimation of Af based on observations of
C(j) at points j € {...,—n, ..., —1}\ S, if the Fouri-
er coefficients of the matriz function (f°(\))~!
define the matriz B°, that determine a solution
of the constrained optimization problem

;rel%>;<3’1d’, ) = ((B")"'ad,a).

The minimaz spectral characteristic hO = h(f9) is
given by (16), if h(f°) € Hp.

The least favorable spectral densities fO(\) €
D¢, ¢°(\) € D, and the minimax spectral

characteristic h° = h(f°,¢°) form a saddle poi-
nt of the function A(h; f,g) on the set Hp x D.
The saddle point inequalities

AR £,9) < AR 2, ¢%) < A(R; £2,4°),
Vh € Hp,Yf € Dy, Yg € D,

hold true when R0 = H(fo,go), E(fo,go) € Hp
and (f°, ") is a solution of the constrained opti-
mization problem

A (H(fo,go); £, g) — sup,

(f,9) € Dy x Dy. (27)

The linear functional
calculated by the formula

A(R(f%,6°); f.9) s

= % /7r (AT(e“)gO(A) + (Co(e“))T) (FOO) + ")) LF O (OO + ¢°(A) L

(ATEO) = (CENT) () + ") ' x

% g2 + g2 (0) L (AT ()00 — (™) T) dn,

where C0(e") =3 .&”

¢%(n) = (B°)~'R"a)(n).

(n)e™*, column vectors

The constrained optimization problem (27)
is equivalent to the unconstrained optimization

48

problem [?]:

AR(S°, 6°); £, 9)+

AD(f?.g) = -
+6((fvg)|Df X Dg) —)il’lf,

(28)
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where 6((f,9)|Dy x Dg) is the indicator functi-
on of the set D = Dy x Dy. A solution of the
problem (28) is characterized by the condition
0 € 0AD(f°, ¢°), where AP (P, ¢°) is the subdi-
fferential of the convex functional Ap(f, g) at poi-
nt (f%,9°) [33].

The form of the functional A(l_i(fo,go);f,g)
admits finding the derivatives and differentials of
the functional in the space L x Lj. Therefore
the complexity of the optimization problem (28)
is determined by the complexity of calculati-
ng of subdifferentials of the indicator functions
d((f,9)| Dy x Dy) of the sets Dy x Dy [13].

Taking into consideration the introduced defi-
nitions and the derived relations we can verify that
the following lemma holds true.

Lemma 2. Let (f°, g") be a solution to the optimi-
zation problem (28). The spectral densities fO(\),
g°(N\) are the least favorable in the class D = Dy x
Dy, and the spectral characteristic RO = h(f0,¢°)
18 the minimazx of the optimal linear estimate of
the functional AE if H(fo, ) € Hp.

In the case of estimation of the functional
based on observations without noise we have the
following statement.

Lemma 3. Let fO(\) satisfies the condition (19)
and be a solution of the constrained optimization
problem

A(R(f): f) = sup, f(\) € Dy, (29)
AN =5 [ ()
< ()TN0 Eax

where CO(e) = Y @ %(n)e™, column vectors
£0(n) = ((B%)1&)(n).

Then fO(\) is the least favorable spectral
density matriz for the optimal linear estimation
of Af based on observations of 5(3) at points
j e {.,—n,...,—1} \' S. The minimaz spectral
characteristic h® = H(fo) is given by (16), if
E(fo) € Hp.

4 The least favorable spectral densities in
the class D = D x D‘[f

Let f(A) and g(\) be the spectral density matrices
of T-variate stationary sequences ((j) and 6(j),
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obtained by T-blocking (3) of T-PC sequences ¢(7)
and 6(j), respectively.

Consider the problem of minimax estimation
of the functional AE based on observations of the
sequence C()+0(j) at points j € {...,—n, ..., —1}\
S under the condition that the spectral densi-
ty matrices f(A) and g(\) belong to the class
D = Dy x Dg, where

Di = {f(A) ;T/_Zf(k)dkzP},

Dyt = {g(A) V(A <g(\) <UW),

™

2T

i ={sig. [

DY? = {g()\) Tr V(A) < Tr g(\) < Tr U(N),

gNdA = Q},

—Tr

FN)dA :p},

1 vy
Tr g(N\)d\ = q},

27

where P, () are known positive definite Hermitian
matrices, spectral densities V(\), U(\) are known
and fixed, p, ¢ are known and fixed numbers.

With the help of the method of Lagrange
multipliers we can find that solution (f°()), g°(\))
of the constrained optimization problem (27) sati-
sfy the following relations for these sets of admi-
ssible spectral densities.

For the pair Dé X Dgl we have relations

(9" (N A(e?)+C0(e

= (2 ) +g°()aa’ (f7(\) +g°(A),  (30)

(P A -COE)(f°
= (PO +8 ODFFT 1 )+ )+

where &,E are Lagrange multipliers, ¢1(A) < 0
and ¢1(A) = 0 if g°(A) > V(A), ¥2()) > 0 and
¥a(N) = 0 if g°(\) < U(N).

For the pair Dg X Dgz we have relations

(9° (N A(P)+C0(e)) ((9° (V) T Ale!
=a’(f'(N) +¢° (V)% (32)

PN T A +CO(e™)

(A) " A(e?)=Ce™)

(31)

MHCO (™)
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(O A(e)=COePM)) ((fO (V) TA(EP)=COe™) T (COeM))(CO(e™)) T =

(e
= (8% + o1(A) + o2(N) (SN + 9" (V)% (3

3)
where a?, 32 are Lagrange multipliers, ¢1(\) < 0
and @1(\) = 0 if Tr g°(\) > Tr V() ¢2(A) >0
and p2(A) = 0 if Tr g°(\) < Tr U(N).

Hence the following theorem holds true.

Theorem 3. Let the spectral densities fO(\) and
g°(\) satisfy the minimality condition (7). The
least favorable spectral densities fO()\), g°(\) in the
class D(l] X Dgl for the optimal linear extrapolati-
on of the functional AE are determined by relati-
ons (30), (31). The least favorable spectral densi-
ties fO(N), g°(\) in the class D x DY? for the
optimal linear extrapolation of the functional Af
are determined by relations (32), (33). The mini-
mazx spectral characteristic of the optimal estimate
of the functional Af s determined by the formula

(11).
In the case of observations of the sequence wi-
thout noise the following corollaries hold true.

Corollary 4. Let the spectral density fO(\) sati-
sfies the minimality condition (19). The least
favorable spectral density f°(X\) in the class D}
or D2 for the optimal linear extrapolation of the
functional AC based on observations of 5(5) at poi-

nts j € {...,—n, ..., —1}\ S is determined by relati-
ons, respectively
(COUeM)(C (™)) T = FPNaa’ fo(n),  (34)

(COUeM)(C (™) = (S V)2, (35)

by the constrained optimization problem (29) and
restrictions on the density from the corresponding
class D(l] or D%. The minimax spectral characteri-
stic of the optimal estimate of the functional AE 18
determined by the formula (16 ).

Corollary 5. Let the spectral density fO(\) sati-
sfies the minimality condition (19). The least
favorable spectral density fO(\) in the class DY
or Dg2 for the optimal linear extrapolation of the
functional AC based on observations of 5(3) at poi-
nts j € {ioey =My ey —1}\§ is determined by relati-
ons, respectively

50

= (B2 4+ @1(\) + 92(N) (' (V)% (37)

by the constrained optimization problem (29) and
restrictions on the density from the correspondi-
ng class Dgl or D‘IP. The minimax spectral
characteristic of the optimal estimate of the functi-
onal Af is determined by the formula (16).

5 Conclusions

In this article we study the extrapolation of the
functionals A and An( which depend on the
unobserved values of a periodically correlated
stochastic sequence ((j). Estimates are based on
observations of a periodically correlated stochastic
sequence ((j) + 60(j) with missing observati-
ons, that means that observations of ((j) +
6(j) are known at points j € Z \ S, j €
{oy =0y =2, 1,0} \ S, S = Ui {-M; - T +
1,...,—M;_1-T— N;-T}. The sequence 6(j) is an
uncorrelated with ¢(j) additive noise.

The extrapolation problem is considered
under the condition of spectral certainty and
under the condition of spectral uncertainty. In
the first case of spectral certainty the spectral
density matrices f(A) and g(\) of the T-variate
stationary sequences C(n) and 6(n), obtained by
T-blocking of T-PC sequences ((j) and 6(j),
respectively, are suppose to be known exactly. Wi-
th the help of Hilbert space projection method
formulas for calculating the spectral characteri-
stic and the mean-square error of the optimal
estimate of the functionals are proposed. In the
second case of spectral uncertainty the spectral
density matrices are not exactly known while a
class D = Dy x D, of admissible spectral densiti-
es is given. Using the minimax (robust) estimati-
on method we derived relations that determine
the least favorable spectral densities and the mi-
nimax spectral characteristic of the optimal esti-
mate of the functional AC. The problem is investi-
gated in details for two special classes of admissi-
ble spectral densities. In each of cases of spectral
certainty and uncertainty the case of observations
of the sequence without noise 6(j) are presented.
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Y pobomi poszenanymo Oesaxi enracmugocmi CMOXACMUYHUX MAMPUYb BETUKUX POIMIPHOCMEL 34 YMO8
HEe3aNedCHOCMI  elleMeHmi8 mampuyi abo 3a yMO8 He3aneicHocmi psokie (cmosenyie). Ilpoananizoeano
OCHOBHI elacmugocmi cnekmpy cmoxacmuynoi mampuyi. Taxooc po3ensiHymo 3acmocy8anHs OaHUX
pe3yibmamie 00 3a0a4 Kiacmepuzayii ma ubopy onmumaibHO20 YUCa KIAcmepis.

Pezynomamu docrioxcenns oonogioanuce na Mixchapoouii nayxositi koughepenyii ~"Modern Stochastics:
Theory and Applications. V"' (MSTA-V).

Kurouosi cnosa: cmoxacmuyna sunadkoea mampuys, CHeKmp Mampuyi, ONMUMaibHe 4Ucio Kiacmepis.

In this paper, we consider some properties of stochastic random matrices of large dimensions under
conditions of independence of matrix elements or under conditions of independence of rows (columns). The
main properties of stochastic random matrices spectrum are analyzed and the result of convergence to 0 is
proved of almost all eigenvalues. Also, the application of these results to clustering problems and selection
of the optimal number of clusters is considered. Note that the results obtained in this work are consistent
with the Marchenko - Pastur theorem on the asymptotic distribution of eigenvalues of random matrices with
independent elements. The results proved in this paper can be interpreted as a law of large numbers and will
be used in the study of the asymptotic behavior of the maximum.

Key Words: stochastic random matrix, spectrum of a matrix, optimal number of clusters.

Crexrpansuuii aHamiz MaTpuis [1, 2, 3] € onHuM 2. Z?’=1 Ajj=1.

i3 BOKIMBHX MiAXOIB ONTHMI3allil KITBKOCTI [[ig BHmajAKOBOKW MATPHIEI OYyAEMO pO3YMITH
KJIACTepiB NpH KIacTepu3alii B 3ajadax LITYYHOrO MaTPUIIIO, EIEMEHTAMH SKOI € BHIAJIKOBI BEIWYHHHY,
iHTenekTy. Teopid BUNaAKOBUX MATPHULb € OAHIEIO 13 prsnaveni pa iimoipricHoMy mpoctopi (€, F, P).

MATEMAaTHYHUX MOJEICH PO3YyMHHX Mepex (Smart OcHoBHa imes poOOTH TMonATaE y JOKami3arii
Grid) [4], wo onncye QYHKUiIOHYBAHHS BENMKMX  pracHuX 3HAYEHb CTOXACTHUHOI MaTpULi BEIHMKOI
cucreM (mepeBakHO eHeprocucreM). OpHuMm 13 posmiprocti. JUIsi LBOrO OyHEMO KOPHCTYBATHCS
OCHOBHHX 3aBJaHb, IOB’A3aHHX i3 MOOYIOBOIO 1y (hakToM, IO OHAM i3 BJIACHMX 3HAYeHb
BEIMKOl  CHCTEMH € pO3MOAUT  (YHKIIH MDK  croxacTuunoi MaTpuLi, IO BiANOBiA€ HE3BITHOMY
OCHOBHUMH “IieHTpaMu’ cucteMu. Kpim Toro, BIuiB nanirory MapkoBa, € 1 Ta Bci BIacHi 3HauYeHHs
BUIAJKOBHX (aKTOpiB B CcHCTeMi MOXe OYTH  croxacTuumoi MaTpulli HE NEpPEeBHILIYIOTh 3a
OnucaHo — came  3a  JIOMOMOTOIO  CTOXACTHHHUX  aGcomoTHUM 3HAYEHHAM OAMHMINO. Takum uMHOM,
BHIAJIKOBUX MaTpuilb. Hanami, 1mii cTOXaCTHYHOW g ocHOBI 1aHOT BIACTHBOCTI, PO3POGIEHO aIropUT™

MaTpuIieio A = Ayxy Oynemo po3yMiTH MaTpHIIO, 15 BH3HAYCHHS ONTHMAIBHOI KUIBKOCTI KJI1acTepiB
1110 BOJIOJ1€ HACTYITHUMU BIACTHBOCTSIMU:

1. Aij > 0;

kopt-

© Kupuaenxko O.JI., Manuk [.B., Ocranos C.E., 2021
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Bicnux Kuiscbroeo nayionanvbnoeo yHieepcumeny
imeni Tapaca Lllesuenka
Cepin ¢izuxo-mamemamuyni HayKu

PosrisiHeMo oOcHOBHI MO3HauYeHHA, SIKi OYAYTb
BUKOPUCTOBYBaTHCS y JHaHii pobori. OcHOBHHMU
MaTeMaTHYHUMHU 00’€exTamu, AKi OynyTb
BHUKOpPHUCTaHI HWXYe € rpad Ta JaHor Mapkosa.
I'pad O6ymemo mosunayatu uepes G = (V,E), ne V=
{1,2,...,N} MHOXWHA BepmuH rTpada, E =
{eq, ..., em} — MHOXMHa pebGep rpada, 110 3’ €THYIOTh
BepummHU i3 V. [lpunycrtumo, mo rpad 3amaerbes
MaTPHIICIO CYMIKHOCTI A

A = Anxn,
Jie eneMeHT Ajj piBHMA BaroBoMy KoedilieHTy Mixk

BepiuHamu i Ta j. CToXacTHYHA MaTPHILT
ij
VoA €Y)

j=14ij
mo Bignosimae rpady G Ta 3aJa€ThCS MATPUIICIO
CyMDKHOCTI A, 3amaeTbcs cmiBBigHOmeHHIM (1),

Pij =

)

Matputis P % Oyne OCHOBHHM — IIPEAMETOM
JOCHDKeHHS B JaHiii poOori. Hamami Oynemo
BIIOPSIKOBYBAaTH BJIACHI 3HA4YeHHs Marpuii A
HACTYITHUM YHHOM
12D = [2,(AD] = -+ = [Ax (A)I.

3rigHO 3ayBaXKeHHsS 3pOOJICHOrO BHINE, BIPHI
HACTYIIHI CHiBBiIHOIICHHS

{ L(P) =1,

2;(A)] <1,i >1.

Teopema 1. Hexali BUKOHYIOTBCS HACTYITHI

YMOBH:

1. Bci enementn wmatpumi A = Ayxy €
HE3aJSKHUMH Ta MalTh  OJUHAKOBHM
PO3IOILT

Aij ~ Distr,

ne posnoain Distr mae Hociem miamuoxuny (0, o)
Ta BOJIOAIE CKIHUEHHHM MOMEHTOM MOpSAKY 2 +
5,6 >0;
2. Enementu matpuui nepexomy 3a 1 kpok Bj;
BU3HAYAIOTHCA 13 cImiBBigHOMEHH (1)

po__ i
& 21121:1 Aik.
Tomi 3a iMOBipHICTIO Mae Miciie 301KHICTh
A, (P) - 0,
npu N — oo,
JoBenennsi. Jlns pmoBemeHHS naHOTO  (hakKTy

Bij3HaunMo, mo 3HadeHHsa A,(N), mo Bignosimae
3HAYCHHSIM MaTpHIIi

N

j=1 Aij

Pij=E<

pieae 0. [lns noBemeHHS HbOro (GakTy pO3rIITHEMO

BIIACHI 3HaYeHHS MaTpuii P y HacTyriHOMY BUTIISAL
detl —P) = A" + ¢, A" 1 + o cp_qA + ¢y,

e Koe(illieHTH C; BHU3HAYAIOTHCS 32 HACTYITHOIO

dhopmymnoro
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6= (D' ) det(Mi(®),

ne My (i) — ronoui mMinopu matpuri P posmiprocti
i Xi. DBuxopucroByrouM JaHEe IpPENCTaBIICHHS,
Ak

OTPUMAEMO
Pkk = Z

3rigHO O3HAYECHHS 3HAYEHb Cj, OTpI/IMaeMO Ha OCHOBI
npurnymeHHs 1 TeopeMI/I
N
Z S
N
k=1

ZZ 1Ak

Jly1g BCiX 1HIMX 3HAYEHb Cj, i = 2, OTpUMAEMO

E(c)) = -

B(e) = (—D'E( ) det(My())
k
= (=)' ) B(det(Mi(®)).

Kk
Po3rnsHEMO 3HAYEHHS E(det(Mk(i))). Jlnis 1poro
CKOpHUCTaEMOCS TUM (HaKTOM, IO
E(det(Z)) = det(E(Z))

Mpu YMOBI, IO psnku (abo CTOBMIl) MaTpwili Z
He3aJIeKHI BEKTOPHI BHUIAIKOBI BEIWYUHH. Y
HaIlIOMY BHMAAKY, PSAIKH MaTpuii P € He3anexHi B
CYKYITHOCTI, TOMY Ma€ MICII€ CITiBBITHOIIICHHS:

E(det(Mi()) = det (E(Mi(D)),
npudomy Bei 3uavenns matpuri E(My(i)) pisni %
TakuM ynHOM

E(det(M (1)) = 0.

BuxopucroByroun nmaHi 004HMCISHHS, 3HAHIEMO, 0

“ycepenHeHHH XapaKTEPUCTUIHUI TOJTiHOM ™
Matpuli P piBauit
E(det(Al —=P)) = EQA™ + ;A" 1 + - cpqA + ¢p)
= A"+ E(c)A" 1 + - E(cy_1)A + E(cy) =
=An — -1
OTxe, po3B’sI3KaMH XapaKTEPUCTUIHOTO PIBHSHHS
E(det(Al —P)) =0

€ JIBa 3HAUYCHHS

M=1L%4=0i=2.,N
To0T0, ‘ycepemHeHe 3HAaYEHHS BIIACHOTO 3HAYEHHS
A, piBae 0 32 yMOB TeopemH.
Hdns  noBenennss 30DkHOcTi 10 0  BUmazkoBoi
BEIMYUHU A, PO3TIITHEMO IUCHEPCii JdiaroHaIbHUX

€JIEMEHTIB
N

D ZP"

i=1

N
= Z D(P;) = ND(P;y),
i=1
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OCKUTbKA BCi 3Ha4yeHHs B
OJITHAKOBO  PO3MOALJIEHI.
BUIAIKOBOI BETMUYUHH

1
D(Py;) = E(P}) — NZ
OO0uuciIMMO JAPYyruii MOMEHT JUIsl  BHIAIKOBOI

BeTMYMHM P2, BHUKOPHCTOBYIOUM iCHYBaHHS Ta
O00OMEXEHICTh IPYroro MOMEHTY:

2
A11
E(P4) = E <—> :
]N=1 Ali

Hnst Benukux N Ha OCHOBI IIEHTPaiIbHOI TPAaHMYHOL
TEOPEMU OTPUMAEMO

€ HE3AICKHUMHU Ta
OO0uncauMo AucHepciro

N
A;i — EA; +
X = Z Ay =VN—-1 Z (u—u):
j=1j=#i j=1,j=#i N-1
(A —BAy) |
T Y m
oVN—-1

j=1,j=i
nem = EAy;, 0% = = D(Ajj). Buxopucroyroun nane
MPEICTABICHHS, OTPHMAEMO

X=~+vN—1Z + Nm.

TyT BuUNanKoBa BeIMYMHA 7 Mae HOPMaJIbHHUA
posmoxin i3 mapamerpamu (0,1). Ha ocHOBI iboro

A 2
2y _ 11 -
E(PZ) = E(Z%Al) ~

A1y 2 _
E (A11+\/N—1Z+Nm I{Z>°}) -

2
1{z>o}>
2
All

{Z>0}> )
N—1

BukopucToByroun faHe NpencTaBiIeHHs, OTPUMAEMO

E< All
Ay; + VN—1Z + Nm
1 A
~ E< 11
N-1 A11+Z+

e
A =

1
E(P) = 0 ()
Ta
1
D(P,y) = 0 (W)
TaKI/IM YHUHOM, BI/IKOpI/ICTOBy}OI‘IH JaHEC
HpeI[CTaBJ'IeHHH, OTpI/IMaeMO

N
o(>n)=o(2)
. 11 - N .
i=1
Juis moBeneHHs TOro (akTy, 1o A, (N) npsmye a0 0
3a HMOBIpHICTIO, BHKOPHUCTAEMO HACTYIIHE
CITIBBIIHOIIIEHHS

z(“i(A) - Hi(B))Z < Tr(A — B)?,
i=1

55

2021, 2

Bulletin of Taras Shevchenko
National University of Kyiv
Series Physics & Mathematics

ne y;(A), u;(B) — Bacui 3HaueHHs MaTpuip A Ta B,
BIIOPSIZIKOBAHI 32 CIIaIaHHSIM.

BHUKOpUCTOBYIOYM ~ JlaHE  CHiBBiJHOLICHHS,
OTPHMA€EMO HACTYITHY ouiHKy TUTST ;[Mcnepci'l' A, (N):

E(L(N)° _D(AZ(N)) <

ZD<MN>><E >3 (D))

iu —) iE@ ) -

i=1 i=1
N N
i=1 i=1

D(A(N)) = 0 (%)

Tomi, 3  BpaxyBaHHSM  JIOBEJCHUX  BHIIE
Npe/ICTaBlIeHh Ui MOMEHTIB Py, TBep/UKEHHS
TEOPEMH € HaCIiIKoM HepiBHOCTI YeOuiosa.

Otxe,

JocnimkeHHsaM OIITUMAIBHOL KIJIBKOCTI
KJIaCTepiB aBTOpH 3aiiManuchk B poborax [5,6]. Bymau
PO3TIISTHYTI METOMM  3HAXOKEHHS ONMTHUMAJIbHOI
KinbKkocTi KiaactepiB k-Core decomposition [7]
ta «Meton kT [8]. IlumMu meTtomamu
BH3HAYAINCh ONTHMAaJbHA KUIBKICTh KJIacTepiB
Ta IIEHTPHU KJIACTEPIB ISl PI3HUX CETMEHTIB BeO-
npoctopy. PosrnsHeMo Ternep 3anady BH3HAYCHHS
ONITHMAJIPHOI ~ KUIBKOCTI  KJIACTEpiB  HA  OCHOBI
CTOXaCTHYHOI MaTpuili P, 1o 3aja€ IMepexoad B
nesikidn cucremi. Takoxk OymemMo TpHUITyCKaTH, IO
CTOXaCTHYHA MaTpuIlsl P Mae OJOYHMH BHTJIAA,
TOOTO Ma€ MicIie CITiBBiAHOMIEHHS

P=
p®
Err@b

Err2 Err(Lkope)
Err(kopt'l) Err(kopt'z)

ko
P?z) ET'T'(Z pt) (2)

P(kopt)

ne P® sanarore iiMoBipHOCTI mepexomy B i — My
wractepi ta Err(®)) — iimoipocti mepexony 3 i —
ro KjacTepy B j — wid kiacrep. Matpuiii Err@D
OyZeMO XapaKTepu3yBaTH SK “TIOMHIJIKH TIEPEXOJIiB
MDK cycigHiMu  Kiactepamu. Hexail 3B s3kd
BCEpeIUHI KiacTepa € Habarato CHUJIBHIIIUMHU HIXK
3B’A3KM MDK Kijacrepamu. JlaHe mpuIynieHHs
OyzemMo BUpaXaTH HACTYITHUM YHHOM

ng
min min E PTS) >
(€1, kope METL, .1 J
Jj=1
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LG MU Oynemo KOPUCTYBaTHCS HACTYITHUM
>a max max |1-— Z p® | CIIBBiHOLICHHSM
i€1,...kopt MEL,..,1; mj 1

j=1
ne n; — posmipuicte Matpuui PP, a € (1,00) -
JesKHi mapaMerp NmoAiOHOCTi. 3ayBakKHUMo, LIO0 MpU
@

a — oo Bci momunku Err, — 0. B ipoMy BUMaIKy

km
MaTpurst P mepeTBOprOETbcss B ONOYHO -
JiarOHaJIbHY MaTPHIIIO BUTIISIILY
PO 0 0
@
=9 P 0 3)
0 0 P &opt)

To6to, MaTpuis P’ B IbOMY BHIIQJIKY 33/1a€ YiTKO
Bu3HadeHi k,y,, Knacrepu ganux. Kpim Ttoro, s
MaTpuili P, 3aaHoi criBBiqHOIIEHHM (3),

n — ny —
MP) = = Ay (P = 1
Ta
, .
|AL(P ) - 1| > &l > kOptl
Jie TIapaMeTp & 3aJIeKHUTh BiJ PO3MIPHOCTI CHCTEMHU
(kIbKOCTI 00’€KTIB KJIacTepHU3allii) Ta mapamerpy o.
st BU3HAYCHHS! ONTHUMAIILHOI KUTHKOCTI KIIACTEPiB
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3. Zhidong Bai, Zhaoben Fang, Ying-Chang
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kope = #{1 (P -1l <. @)

Jlane criBBifgHOIICHHS € HaciakoM Teopemu 1 Ta
ACHMIITOTUYHOI ITOBEAIHKY BIACHUX 3HaueHb A; (P),
[ < kopt-

3ayBaXnMo, IO pe3yibTaTH OTPUMaHi B poOOTI
Y3TOIUKYIOThCA 13 TeopeMoto Mapuenko — Ilactypa
[9] mpo acuMOTOTHYHMIA PO3MTOALT BIACHUX 3HAYEHD
BUIIAJIKOBUX MATPHIIb 13 HE3AICKHUMH €JIEMEHTAMHU.
Takoxk, CHil BiAMITUTH, WO pPe3yabTaTH TEOPEMH
MOXYTh TPAaKTYBATHCSA SIK 3aKOH BEIMKHX YHCE.
KpiMm TOro, BuU3HAYEHHS ONTHMAJIBLHOI KIIBKOCTI
KJacTepiB  OyJayeThCs HAa aACHMIITOTHIIl BJIACHUX
3HayeHb Matpumi P mpu N — oo,  Opnepxani
pe3yabTaTd  MOXYTh OyTH  3aCTOCOBaHi  JUIS
BH3HAYEHHs ONTUMAJIbHOI KiTbKOCTi Kimactepis Grid
system, ckJIamHUX Mepex, IPH  JOCIHiKEHHSX
CTPYKTYpPH BEO-IIPOCTOPY TOIIIO.

(ITIKT-2017, 05-08  xoBtHs).  Ilparmi
koH(pepeniii. — YepHiBii: BunaBHuumii miMm
«Pomosin», 2017. —C. 67-69.
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B pobomi poseasdacmubes Y3a2aAbHEHHA NOHAMMA HOPMANLHUL YUCEA, 8 KOHMEKCME KAGCUYHO20
$-20 npedcmagsaernns Achux wucea, no eidnowenmio do QQs-npedcmasienms, enepue podaaanymozo M.
Ipayvosumum. [oeaubaroemoea pesysvmam 1. Hisena ma I Llyxepmana, no sidnowenmio 0o mempu-
yrot meopii Hopmanrvrur wucen E. Bopeas. Ilokasaro, uo muootcuna 6cix @Qs-HOPMAALHUT YUCEN MAE
mipy Jlebeza 1. Bemanosaoemvbes 36°A30% MIHC 8AACTMUBICNIO HOPMAAOHOCTIVE MG PIBHOMIPHOIO PO3NO-
JIAEHICTNI0 NOCATO0BHOCTNG HUCEN, NOPOOHCEHUL ONEPATMOPOM 3CYBY NO BIOHOWEHHIO DO 610N0610H020 “U-
caa. Byao scmanosaeno, wo muoocuna ecix wucen 6idpisky [0; 1] das axux eidnosidna nocaidosnicmo
NOPOOAHCEHA ONEPATNOPOM AIBOCTNOPOHHDBO20 3CY6Y Qs-UUPP € PIEHOMIPHO PO3NONIAEHON0, MAE NOGHY Mi-
py Jlebeza. Bionosidni meopemu no2aubaro0ms peaysvmamu MempuyHoi meopii @ s-podkaadie ditichux
wucen 6i0pisky [0; 1] ompumarnuz M. Ipayvosumum ma I'. TopGirum.

Pesyavmamu docaidorcerns donosidasucy na Miokcnapodniti nayxosit kongepenyii “Modern Stochasti-
cs: Theory and Applications. V" (MSTA-V).

Knouoei crosa: Qs-HOPMAADHE YUCAO, PIGHOMIPHO PO3NOAIAEHA NOCAIO0EHICTL, ep200UuMHE nepe-
meoperhs, (QQs-uurindp.

The paper considers the generalization of the concept of mormal numbers in the context of the
classical s-th representation of real numbers, in relation to the Qs—representation, first considered by
M. Pratsiovytyi. The result of I. Nivena and H. Zukerman is deepened in relation to the metric theory
of normal E. Borel numbers. It is shown that the set of all Qs-normal numbers has a Lebesque measure
1. The connection between the property of normality and the uniform distribution of the sequence of
numbers generated by the shift operator in relation to the corresponding number is established. It was
found that the set of all numbers of the segment [0;1] for which the corresponding sequence generated
by the operator of left-hand shift Qs-digits is uniformly distributed has a full Lebesque measure. The
corresponding theorems deepen the results of the metric theory QQs-decompositions of real numbers of
the segment [0; 1] obtained by M. Pratsiovytyi and G. Torbin.

Key Words: Qs-normal number, uniformly distributed sequence, ergodic transformation, Qs-cylinder.

1 Bcryn
Hexaii (qo;q1;---;qs—1) — CTOXacTUYHUIT Be- Ilpencrasmenns 1 HasmBaeTbea Qs
KTOp 3 CTPOr0 IOJATHUMH KOOpAMHATaMHU. Bimo- | mpeacraBiaeHHAM dYuciaa x. UUCIO T y IHOMY

Mo |1, ?], mo mas poBimbHOrO JiificHOrO umMCIa BUITQJIKY Ma€ 300parKeHHsI:
z € [0;1] icuye nociigoBricTh unces (B mopasb-

r =A% .
momy 1udp) o, € {0;1;...;5—1},  Vn € N raxa, Q1203 Qe
1o Icuye 3umciena MHOXKUHA YUCEI, IKI MAIOTL JBa
IIpeJCTaBAeHHS 1 BiIMMOBITHO 300paskKeHHsI:

+o00o
T = Zﬂan “Gon_1 " Gom_z " -+ "oy (1) A@s _
n=1

ajag...an(s—1) Aafag‘..(cxn—l—l)(O)‘

ne fo=0,61=q0,.--,08s-1=qo+q1+...+¢qs_o. Bianosimgai unciia Ha3UBaOTHCS () s-pallioHaAILHIMA.
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Yucno T OymemMo Ha3UBaTH Qs- 3posymijio, 1o

c/1a00OHOPMAJIBHAM, $KINO I KOXKHOI mudpu
v € {0;1;...;s — 1}:
. Ny(x;
lim M =gy,
n—o0 n
e Ny (z;y) — xiabkicrs mudp 7y cepes unces
Al,...,0n,.
Yucio x OysieMo Ha3suBaTU () -HOPMAJIBHUM,

SIKIINO JIOBLIBHOTO HAOODPY 1D (V15725 - - -3 Vk):
i Yol i 59 7Y,
j=1

ne Np(x;(v1;792;-.-3v)) — KUIbKicTb GJIOKiB
(V13- .57k) cepex ducen aq, ..., 0. SAkmo 6y-
i ToaHuM Ny (25 (V13925 - - -3 Yk)) — 1ie KUIBKICTh
HoMepiB j € {1;...;n—k—1}, Takux 1mo a1 =
i it KoxKHOIO 4 € {1;...;k}.

Adkmo gg = g1 = ... = gs_1 = % , M Ma-

€MO KJIACUYHE O3HAYEeHHSI HOPMAaJILHOTO Ta CJia-
OOHOPMAJIBHOTO UHCJIA JJISI S-TO IIPEICTABICHHS
Jificanx ancen [3).

[TocaimoBHIiCTD T, HABUBAETHCS PIBHOMIPHO
POBMOMITIEHOIO 3a MOJIYJIeM 1, SIKIO ISt JTOBIb-
Hux mgificanx 0 < a < b < 1:

Ny ([a; b
Nn([a38]) —b—a (n— o00),
n
ge  Nyp([a;b]) — klabkicTs  4wmces — cepej
{z1},{z2},.. ., {zn}, #axi wnHamexxkarp BiapisKy

[a; b].

Hobpe Binomo [4], mo uucio x € HOpMAaJb-
HUM B KJIACHYIHIN $-KOBiil cucTeMi 9ucjIieHHs, TOM1
i TIIBKY TO/II KOJIN MOCJIIOBHICTE 8" € piBHOMIp-
HO PO3IOIiIEHOIO.

2 IIpo CTPYKTYPY MHO>KWHU Qs

HOpMaJIbHUX YHCeJI

Posrnisinemo nactynnuit onepaTop 3cyBy

T(Aansag..‘an...) = Ag;ag.‘.an...a

y BUIAJKY KOJIM YUCIO € (g-PAIlOHAJIBHUM JI0-
MOBHMOCH BUKOPUCTOBYBATU HOT0 300parkeHHs 3
nepiozom (0).

Jlema 1. Ilepemeopenns T'(x) € epeodurmnum
si0nocHo Mmipu Jlebeza.

Jlosedenns. Tlokaxkemo, 10 BiOBiIHE Iie-
peTBOpenHs 30epirae Mipy Ha 60pebOBiil curMa-
ajredpi.

. AQS

71 ({AQS ala?...aTL(s—l)D -

a1az...an(0)?

|
—_

s

Qs AQ@s
|:Ako¢1a2...an(0)’ Akalag...an(sfl):| .

k=0
n
Qs _
AOQO&Q...Otn(S—l)]) - qu‘j’
j=1

A ([A&Qfag...an(oﬁ

n
Qs CAQs _
A [Akalag...an((])’ Akalagu.an(sfl)} = 4k H Go; -
j=1

Takum YUHOM, Ma€eMO:

s—1
A (U [Agczlag...an(o);Agaslaz...an(s—l)]> =

k=0

; AansaQ...an(S—l)} ) ’

OCKIJIBKE CyKYITHICTBb BiZIpi3KiB

(s

a1az...an(0)

Qs . A@s
[Aoqocg...an([))’ Aoqozg...an(l)}
nopojkye B(R)N[0; 1], To a/1st KOXKHOT MHOXKHHE
E € B(R), maemor:

[Tokaxkemo, 1m0 mneperBopenHsi 1'(z) MeTpUYHO
TpaH3uTuBHE BijgHOcHO Mipu Jlebera. IIpumycru-
Mo, 1110 icuyiorh Muokuuu U, W Taki, 1o

UUuW =10;1];
Unw = g,
T-Y(U) = U;
T W) =Ww.

Hexait u = A(U) € (0;1) ta X (t) — xapakre-
puctrdHa HYHKIIs MHOKUHE U

vo-{iis

3pO3yMiJIO, 10 KOXKHOI'O

r =AY el

a1ag...0k...
1 KO2KHOT'O HATYPAJIbHOIO | IUCII0

IE(Z) — AQS

q1q2--qa102...0...
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€ TpooOpPa3zOM X TOPSIAKY | JJisi TIEePEeTBOPEHHS

T(x).
Maemo:
s _ l
X(Aglaz Q.. ) - X(CC( ))

IToznaunmo

Qs s

[Aalaz al(O)’ a1a2...al(1)]’

Ma€EMO:

UNB)= [ X(t)d\ =
/

= Qa,9as - - - 9o /X(t)d)\ = UQa,Yas - - - Ga; -

POBFJIHHGMO YUCJIO £ > 0 Take, mo 1 —u > €.
muokuun [0; 1] mators jromarai mipu Jlebera, To
icHye TO-
YKa, MJBHOCTI z. TakKuM 9uHOM, JIJIsI JTOBIJIBHOTO
€ > 0 icaye § > 0 Take, 10

3a TEOPEeMOI0 IIPO TOYKHU IIJIBHOCTI,

AMUNA)
A(A)
JJISL JOBLIBLHOIO Biapiska A gKMi MICTUTL TOUKY

z i mipa Jlebera sikoro c¢Tporo mesria ¢.
Poaristremo amcio ng Taxe, 1o

(max(qo; q1; -3 gs—1))" < 6.
[Tosrauammo:
Qs
Ablbz b
1 po3raggHEMO BiJIPI30K
A = By, = [A% A% ).
70 b1b2...bng,(0)? Tb1ba...bpg,(s—1)
Maewmo:
AMUNA) = ugp, - - Gb,,
AUNA) > (1= AA) = (1= ), - o,
UQpy - - - Gbny > (L =€)y - - by,
Ta
1-—u<e.

Maemo cymepevdHicTh.
Jlema 2. /Jlasa matioce 8cix wuces x
Q . .
A&los...an... NOCATOOBHICTID

z,T(x), T*(x),..., T (x),. ..
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e pisnomipro posnodisenoro na [0;1].
Jlosedenna. Ockinbku nepersopenust 1'(x) €

eproJuIHuM BigHOCHO Mipu Jlebera, To fjist 3aj1a-

moro h € N 3a teopemorio Biprkoda-Ximanma

E cos(2mhT*(z)
1- k?zl
11m
n—-+o0o

n

1
— /COS (2rhz)dx =0
0

)
Jist Maifixke Beix z € [0;1].
[Toznaunmo uepes Aj, MHOXKHHY THX THCET
x € [0;1], ayist IKUX BUKOHY€ETHCsE yMoBa (2), Tosi
A(Ap) = 1. Bposywmino, mo A(A*) =1, ne

+oo
:ﬂ@.
k=1

Orxe, /11 KO?KHOIO HATyPAJILHOrO h Ta IJIs J0-
BlibHOTO T € A* :

3 cos(2nhT*(z))
lim "= = 0.
n—-+00

n
AHajiorivyHo MOKa3yeMo, 10 icHye MHOXKuHa B*
Taka, mo A\(B*) = 11 aj1s 10BIIbHOTO HATYpAb-
Horo h € N rax € B*:

n

k=1

sin(2rhT*(x))

lim
n—-+4oo n

1
— /sin 2rhxdx = 0.
0
Orxe, 11 KOxKHOrO & € A* N B*:

mn

> e

k=1

2mih Tk (x)

lim
n—-+0o00

i cos(2mhT* () + i i sin(2rhT* (x))
k=1 k=1

n

lim
n—-+00

n
T06TO nocioBHICTE 1™ () € pIBHOMIDHO pO3IIO-
nisenoro Ha [0;1]. Ockinbku A(A* N B*) = 1, ma-
€MO TIOTpibHe.

Binpizok

AQS

A@s
Y17v2--7(0) A ]

) = Y1v2-- i (s—1)

A(y1372; - - -

Oymemo HazuBaTu (Q¢-IUIHIPOM [-I'0 paHTYy.

Jlema 3. Hexati M — mmoocuna eciz Q-
YUAIHOPIG [-20 paney 0af K0IHCHO20 HAMYPAALHO-
20 1. Ilocaidosricmo T, € PIGHOMIDHO PO3NOJiie-
1010 MOdi T MiALKU MOJI, KOAU

N(zp; A)
n

lim

n—oo

= A(4),
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ons Kootenoi mmoorcunu A € M, de A(+) — mipa
Jlebeaa.

Zlosedenns. LAKIO x, PIBHOMIPHO PO3IOIiIe-
Ha, TO OYEBUIHO PIiBHICTH BUKOHYETHCA. PO3Tiis-
HEeMO IIPOMIKOK [a;b], e a > 01 b < 1 (Bunajox

a = 0 abo b = 1 po3rIgmaOThCI AHAJIOTTIHAM
YIHOM ).
Hexait
_ 5 _ AQ@s
a= Aana'zm b= Am,@z.-.

Posrasmemo mocmimoBHICTE BiApisKiB
B

CAQs
,ABI/BZ--BH(O)} ’

3po3yMijio, 0 3HaARIETHCsS HAbIp (g-IMIHIAPIB
N-Ir0 paHry

. AQ&

_ [ AQ:
Cn = [A B1Ba..-Bn(5—1)

aras...an(0)’

Co= A%

ajag...an(s—1)

(). ()

A(vﬁl);nél);-.-; é”) - A(?ﬁ”ﬂb Lo )
Taxi, 1o
J
Co=JA (0 in).
i=1
Magewmo:
lim Nl(ﬁck;Cn) _
l—00 l
j ) (., .,
- . Ny (l‘k,A (771 oo )) _
—1 l—o00 l
J
= Z A (A (ngr); e ;n,gT))> = A(Ch).
=1
AHaJIOTIYHO JOBOAMTECS, 1O
tim M@0 5
l—o00 l

OcKinbKH IJId KO2KHOT'O HaTyPaJIbHOT'O 7.

Ny(xx; Cr)

: < Nz(l“k;l(a; b)) _ Ni(wy; Cn)

= l

TO TepefIoBIy J0 rpanutii | — 400 i BpaxyBas-
I, 1110

lim A(C)) =b—a = lim \(()),
=00 l—o00
Ma€MO:

o Nilans (a:0))

=b—a.
l—0o0 l “
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Jlema 4. Yucno

2= Daz0s..
€ Q s-Hopmasvrum modi i MiALKY Modi, KOAU NOo-
catdoswicms T™(2) e pisnomipno po3nodiaenoro.
Jlosedenma. Hexait nocaigosuicts T (z) piBHO-
MIpPHO PO3IO/IiIEHA.

Bposymino, mo N (T*(2); A(y1;72;. . .
JIOPIBHIOE KibKOCTI GJI0KIB (1;72; ... ;7)) cepen
madp o1, g, . . ., oy, . JdificHo ancio A%%Q... HaJle-
KUTh BIAPIBKY A(Y1;72; - .. ;7;) JUIIe TOJl, KON
Ny = Y 1 koxkaoro r € {1;...;1}. Maewmo:

Np(z; (715 -
n

;)

Nop(Tk(2); Ay -

n

in) ;1))

_)

l
MAM; - 57) = [[ v, (n = +00)
j=1

TOOTO 2 € () s~-HOPMAJILHUM.
Hexait z € Qs-HOpMAJILHUM, TOJII JIJIsT KOYKHO-

ro Qs-mminagpa A(y1;...;7;) MaeMo:
No(T™(2); A(y15- - 37)) _ Nalz (13- 5m))
n n

l
[, = MA(; . 5m) (0 — +00),
j=1

3BiIKM BPAXOBYIOUH JIEMY 3 OTPHUMAEMO MTOTPIOHE.
Takum wumoM, BpaxoByouu Jjiemu 1-4 mnpu-
XOJIUMO JI0 BHCHOBKY, [0 MHOXKHHA BCiX (s-
HOpPMaJIbHUX |nces Mae Mipy Jlebera 1.
Teopema 1. Hexati a, nocaidosnicmov doda-
MHUT YUCEA TAKE, WO

lim a, = +o0,

1.

n—o0
. a
lim —* — 1,
n—o0 QA
modi Hucao
Qs
r=A
0...01...1.(s—1)...(s—1)..0...01...
S~ ~ e
laoa1]  lg1a1] [gs—1a1l l[aoan] [a1an]

€ CAGOOHOPMANDHUM.

Zosedenns. Hexait k— mocTtaTHBO BeInKe Ha-
TypaJibHE YUCJIO0, TO/l ICHY€ HATYpaJIbHE YUCJIO T
Take, IO

n+1

Enj <[(J0aj]+- : -+[qs_1aj]) <k<>

Jj=1 Jj=1

(

[(Joaj]+. . .—i—[CIs—laj])-
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3posymisio, 1o

Ni(z; k) i=1
]{; n+1
> ([qoaj] + ...+ [qs,laj])
=1
IToznaunmo "
T =Y [gia;),
j=1
Ta
n+1
Un =Y ([(Joaj] +...+ [%4%])-
j=1
Tni1l = Tn _ [¢iGn+1]
Untl — Yn  [QoGng2] + ... + [gs—1an+2]

3po3yMmiJio, 110

Tl = T ¢iGng1 — 1 _
> —
Yn+1 — Yn qo0n+2 + ...+ gs—1an+2
An+1 1
= g+ — —q (n— 0).
An+-2 Anp4-2
Tpt+1 — T < qiln+1 o
< —
Ynt1 — Yn  Q00n42 + .-+ @s—10n42 — (s — 1)
qi
= e T (n — o).
An+1 An+41
Orxe,
I In+1 — Tn
m —— qi

n—=00 Ynit1 — Yn
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Gia;
Ni(x; k) =
k S '
([qoaj] +...+ [qsqaj])
j=1
ITozmaunmo
n+1
= laiaj]
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Ap+2 1
=q - — gi(n — o0).
An+1 An+1
Zn+1 — Zn qi0n+2 i
< =
tntt —tn  Q0Ons1+ ...+ Gs—1an41 — (s — 1)
qi
e il 00).
an+2 an+2
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B pobomi docaidocyemvea acumMnmomusHa nosediHka Mo0YAs TaAPAxmMePucmuHol Gynryii eu-
nadko6oi seAuNUHY, OYHKUIEIO DPO3NOJIAY AKOL ABAACMBCA KAACUNHA CUH2YAAPHA Gynkuis Kanmopa.
Axuyenm 30iCHI0EMDCA HA 00MUCAEHHT BEPTHBOT 2PaHUYT MOOYAS TAPAKMEPUCTIUNHOT GYHKUIT Po3Nodi-
2y Kanmopa. ﬁMOBipHiCHa Mipa, wo 6idnoesidac po3nodiay Kanmopa exodumv do kiacy CuMEmMpuiHUL
3eopmox bephyani, inmepec 00 Axux Ha cvb0200HiwWHIT denv € snawnum. Cumempuuni 3zopmxu bep-
HYANE AKMUBHO Q0ACIOHCYBAAUCD AK GIMYUSHAHUMY Mmamemamukamu: M. Ipayvosumud, I Typbin,
I Topbin, H.Ionvwapenxo, O. Bapanoscvkut ma thwumu, max i 3apybiocnumu: FErdos P, Peres Y,
Schlag W, Solomyak B, Albeverio S ma inwumu. Beaununa 8eprnvoi 2paruti MoOYAS TAPAKMEPUCTIU-
ynot Pynruyii 6idiepac 6aNCAUBY POAL 6 MPOOAEMI BUSHAUEHHA ACOE2IBCHKOT CMPyKMYypu po3nodiiie
CYM HANEEHO 30IHCHUL 6UNAIKOBUT PAJIE 3 HEZANEHCHUMU JUCKPEMHUMU J00anKaMU (6UNadkosuT e-
auvun muny otceccena-Binmepa). B emammi snatideno moune 3HaveHNA BEPTHOOL 2PAHUYL MOOYAR
rapaxmepucmuHoi gynryii posnodiay Kanmopa.

Pesyavmamu docaidorcers donosidarucy wa Misicnapoonit nayrosit kongepenyii “Modern Stochasti-
cs: Theory and Applications. V" (MSTA-V).

Karouosi crosa: nocaidosricmy, 6unadko6a 8eAUMURA, TAPAKMEPUCTNUYHG ynKkyia, po3nodia Kan-
mopa, mpitikosutl posx.aad.

The asymptotic behavior of the modulus of a characteristic function of a random variable, the di-
stribution function of which is the classical singular Cantor function, is investigated. The emphasis
1s on calculating the upper bound of the modulus of the characteristic Cantor distribution function.
The probabilistic measure corresponding to Cantor’s distribution belongs to the class of Bernoulli’s
symmetric convolutions, the interest in which is considerable today. Bernoulli’s symmetrical convoluti-
ons were actively studied by both domestic mathematicians: M. Pratsovyty, G. Turbin, G. Torbin, J.
Honcharenko, O. Baranovsky and others, and foreign ones: Erdos P, Peres Y, Schlag W, Solomyak
B, Albeverio, S and other. The value of the upper bound of the modulus of the characteristic function
plays an important role in the problem of determining the Lebesgue structure of distributions of sums
of probably convergent random series with independent discrete terms (random values of the Jessen-
Winter type). The exact value of the upper bound of the module of the characteristic Cantor distribution
function is found in the article.

Key Words: sequence, random variable, characteristic function, Cantor distribution, ternary decomposi-
tion.
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1 Bcryn

Hexait £, — moctioBHICTD HE3aIEXKHUX BUITAIKO-
BUX BeJMYUH, gKi HaOyBaioTh 3HadeHb (0 Ta 2 3
MMOBIPHOCTAMHE % Bimnosinno. Posrisnemo Bura, -
KOBY BEJIMYUHY

E=Y 37"
k=1

Bimomo [3], mo F¢(x) € KIacu4HOO CHHIYIISPHOIO
dyuxkiicio Kanropa.

s BUmaiKoBOl BesmauHu Y Ta 11 xapakre-
puctmanol bynkuii fy(t) = M (") posrasmemo
BEJINIUHY

Ly = lim sup|fy(t)|.

[t| =00

Bigomo [2], 110 K110 posnois ¢ JUuCKpeTHuil, TO
Ly =1, ajke fy(t) e maitxke-niepiomuanoio dyn-
KIli€ro. AKIO po3Mo/iii ¢ abcoTI0THO HEIIEPEeBHUIL,
To Ly = 0. fxmo posnozin 1 cunryaspuumii, To
L, moxke mabyBaTn JIOBLIBHOIO 3HAYCHHA 3 Bij-
pisky [0;1]. B po6ori [8] ZKupo nasis npukia
CHUHTYJIIPHOTO PO3HOIiNLY ), nia akoro L, = 0.
[Tpukjag xapaxTepucTUIHOl (PYHKII CHHTYJISAP-
HOT'O PO3NOALLY 1, ans akoro Ly = 1 nHaseleno
Bintaepom B poboti [10] ta €cceenom B [7]. Cun-
ryJIpHi po3noaim ¥, 1 akux L, nabysae 3a/ia-
HOTI'O 3HaueHHs 3 Bipi3Ky [0; 1] nmobyosani IIsap-
nem [9].

B misomy, mpobsiemMa 3HAXOJKEHHST TOYHOT'O
3HaYeHHs Ly, JUIa BUNIQJIKOBUX BEJUYNH 1, IO €
CyMaMU HalleBHO 301KHUX BUIMAIKOBUX PsAJIiB 3 He-
3aJIEXKHUME JIUCKPETHUMH JIOJAHKAMHU € HEeTPUBI-
aJIBHOIO, TIPO IO CBiguars poboru |1, 4, 5, 6].

2 BejguumHa BepxXHBLOI TPaAHUI MOIYJISA
XapaKTePUCTUIHOI (QYHKINHT PO3MOaiTy
KanTopa

Teopema 1. Bukonyembvbces pieHicmy:

+oo
™
Le= H cos(g—n).

n=1

Hosedenns. 3po3ymiso, 1o

00 +oo
el = T] 17, )1 = [T leos(zo)l
k=1 ° k=1

+oo
™
> 1 )| = —
Lg > lim |fe(n3")] k| |1008(3k)- (1)
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Hexait ©t,, — 3pocTatotua HEOOMEXKEHa ITOCJIII0B-
HICTDb JifCHUX YuCces Taka, II10

lim [fe(to)| = Le.

n—-+o00

3po3yMiJio, 110

Slogs(tn)]42 = Blogaltn) 11 3

Slogatn) 12 = 3logs ()12 9

. . . ﬂ-tn

OckinpKu HOCTiNOBHICTD MoasForTT2 obMmerkeHa, To
3 Hel MOXKJINBO BUIIMTH 30iKHY MiIIOCTIIOB-
HicTh. OTKe, icHY€e 3pocTarda HeOOMeXKeHa IMOCTi-

JOBHICTDH AilicHUX duces t, Taka, 110

lim |fe(min)| = Le.

n—+00

(2)

I tn e [1_ 1]
n—1>I-§I-100 3[l0g3(t;)]+2 =7 9’3"
ITo3snauumo:
tn
* _ n
7 = S
Hexait

—_ A3
7_AaOO...O11...122...2...00...011...122...2...7
e T N o o

ay bl cq an bn cn

e =0 abo a=1.

IIpunyctumo, 1o mocsimoBHOCTI @, Ta by,
obMexKeHi, TOOTO sl JIesIKOro HaTypaJabHoro L Ta
JIJIsI KOZKHOTO HATYpPaJIbHOrO N: an < L Ta by, < L.
Posriisinemo Bunaku.

Bunanok 1. Icaye N1 € N takwit, mo mjs
KOYKHOTO HaTypaJjibHoro n > Ni: ap = 1. 3anurie-
MO YHCJIO Y B HACTYITHOMY BUTJISIJIi:

= A3 .
v Q1(02---Q0d( 00...Oal1a12...a1d1...OO...Oanlanz...andn.“
e1 en
Hexait
* AB
g Q1A02---Q0dy 000 Q110012...Q1 4 - 000 an1o¢n2,..andn7'17'2...’
ey en
ae T,7T,... — JOBLIbHI mudpu. 3po3yMijio, o

Jutst koxkaoro k € {1;2;...5n — 1}

yt - gloterrdittectde — wy + Ao
~—~

€k+1
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e Wy — JesiKe IlJIe 9UCJI0, IPUIOMY

> 8j0..010)°
——

Maemo:

|cos(ry* - gdorertditdrentdiy |COS(A%O...O 1(0))|'
~——

L
3posymijio, 1o iCHye HaTypaJibHe Yucjo ly Take,
110

|CO$(A%O...O 1(0))’1O < L.
——
L

3posymijio, 1o iCHye HaTypaJibHe Yucjo l| Take,
IO I KOYKHOTO 1 > [1 mepri dog +e; +dy + ... +
e, + dj, nudp TpiiikoBux 306pakens wuces y*(n)
Ta 7y piBHI.

3po3yMiJIo, 110 iCHY€E HATypaJbHe YUCIO l9 Ta-
Ke, IO JJIsT KOXKHOTO 1 > lo:

logs(tn)] +2 > do + e1 + di + ... + ey + dy.

Hexait I3 = maz(l1;12), Toai nupu n > l3 MaeMo:

H |cos(~y

|COS(A00 01 )|l0 < Lg

\fg 7Tt 3d0+61+d1+ Aej+d; )‘ <

L
Maemo cymepedHicTb 3 yMOBOIO 2.

Bumnagok 2. Icaye No € N Taxuii, mo s
KO2KHOT'O HATYPaJIbHOTO 1. 2> No BUKOHYETHCSA yMO-
Ba ¢, > 1. 3amminemMo 4ucjo Y B HACTYIIHOMY BH-
DTS

_ A3
7= Aﬁolﬂoz--ﬁofo 22...2 81112 By, -

g1 gn

3posyMmisio, o I KOKHOT'O HATYPAJIBHOTO K :

MipKyroun aHajJoOTiYHUM YWHOM, $K 1 O BigHO-
IIIEHHIO JI0 IOIEePeIHBOT0 BUMIAIKY OTPUMAEMO, IO
JJIsT TOCTATHBO BEJIMKUX N

| fe(mtn)| < Le.

Maemo cymepedHicTb 3 yMOBOIO 2.

Bumagok 3. Icaye N3 € N Taxuii, mo s
KOKHOT'O HATYPAJbHOTO 1 > N3 BUKOHYETHCST YMO-
Ba an = ¢, = 0.

2021, 2
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SanuiemMo Iucso 7y B HACTYITHOMY BUTJISTL:

3
Y= Aalfsg...aj(l)-
Maewmo:
; 01 02 J; 1
3 —gi(L L 2 -
gl (3 +32+ +3])+
IIpu (n — +00) Maemo:
» 01 O J; 1
*(n) . 3 J2L 22 -
'y(n)3—>3(3+32+ -1-3])-1-
o1 O dj, 1
cos(v*(n )33)—>cos(3j(3+3§+ +3J)—|- ) =0.

3po3yMmiJio, 110 iCHy€e HATypaJibHe TIHUCIIO '3 Ta-
Ke, 110 JJIsT KOYKHOTO N > T3

[logg( n)] +2> aj.

Maemo:

|f5(7rt )| < cos(y*(n) - 37) — 0(n — +00).
Maewmo cymepedHicTh 3 YMOBOIO 2.
OTtxe, abo TTOCTITOBHICTD a,, HeOOMeXKeHa abo
HEOOMEXKEHOIO € MOCJIIIOBHICTD ¢y, .
Bunanok 4. Hexait v
ipparionaspie uncio (y # z;Va,b € N).
Bunanoxk 4.1. Hexaii a,, € HeOOME>KEHOIO I10-
CJIIJOBHICTIO.

3anuieMo 4ucsIo vy BI/II‘JIH,ILiZ

TPIIKOBO-

3
Y01702--Yohg 00...0 711712718, - 00...0 Y01 vnny, -

k1 kn,

v=A

3po3yMisIo, IO Cepes| TUCEIT Y1p,, V2hy, --- 3OO
HECKIHYeHHA MHOXKHMHA OJMHHUIL ab0 HECKIHYEHHA
MHOYXKHHA, JIBIOK.

Bunanok 4.1.A. CepeJ 4uces yip,, V2hy ---
HECKIHYeHHA MHOYKUHA, OJUHUII.

3amuIemMo YUcjI0 7y Y BATVISI:

3
€01€02---E0mg 00...0811612...€1h1 OO...OEnlu.Enmn...'

vy=A

o1 on

Jie TIOCJTIJTOBHICTD 0, 3pOCTaioya.
It 3aJ1aHOTO JOCTATHRO MaJjoro € > (0 icHye
HaTypaJibHe A* Take, 110

3?<€.
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3po3yMmiJio, 1o icHye HATYpaJibHe Yncio A Ta-
Ke, 110
oq > A"

3po3ymijo, mo icHye HaTypajbHe ducyio Ny
Take, 10 JJsT KOXKHOTO N > Ny mepirni mg + o1 +
mi + ... + o, + my, Tudp TPIiKOBUX 300parKeHb
ancesn y*(n) ra vy piBHi.

3posymMiso, 1o icHye HaTypasjabHe aucao N
Take, MO JJIsd KOXKHOTO 1 > Nj:

[l093(t;)} +2>mg+o01+mi...+ 04 +m4y.

Hexait Ng = max(Nyg; N5), Toni npu n > Ng
MaEMO:

7*(n) - 3m0+2f£11 (0j4+m;) _
1 1 1
__ A3 h _
- AlOO...OalAaQA...aAmA... < 3 + 304 < 3 +e

—
°A

Bunanok 4.1.B. Cepex 4qucesn Yin,,V2hys ---
HECKIHYEeHHA MHOXKWMHA, JIBIHOK.

AHaJOriYHUM YWHOM, K 1 y BuUmagky 4.2.A
MOXKJINBO OTPUMATH, IO I JESIKOI TOCJIiOBHO-
CTi HATYPAJBHUX UUCET P’

0.

2
lim |v*(n)3P* — =
im () -
Bunanoxk 4.2. Hexail ¢,, € HeOOME>KEHOIO I10-
CJIITOBHICTIO.
3aluimeMo 91uCIo Y y BUIJISII:

2021, 2

v = Agoleog...eoro 22...26011612..01r, ..022..20, 0p1..Onryy ..
N———"

S1

3posyMino, mo cepen uucesa O, 0,,... abdo
HECKiHYeHHA MHOXKHHA, HYJIB abo HeCKiHYeHHa
MHOXKHUHA, OINHUIIb.

Axmo cepen uucen 60y,,,0;,,... HecKiHYeHHA
KIJTbKICTh HYJIIB, MOXKJIUBO TOKAa3aTH, IO JJId Jie-

SIKOI TIOCJIIJIOBHOCT] HATYyPaJbHUX YUCETT @'

lim |y (n)

n—-+0o0o

1
3 — —| =0.
3
Axmo cepexn uucen 6y,,,0;,,... HecKiHUeHHA
KIJIBKICTh OAMHUIb, MOXKJIMBO IIOKA3aTH, IO I
JEeSIKOl MOCJIiIOBHOCTI HATYPAJTbHUX TUCEN Uy, :

2
. * P
Jim |y (n)3* — o = 0.
Bumagok 5. Hexait v — TpiiikoBo-

partioHaIbHE 9IUCJI0, TOOTO JIjIsI JESIKUX HATYPaJIb-
HUX @ Ta b BUKOHYETHCS PIBHICTDL ¥ = =

30

66

Bulletin of Taras Shevchenko
National University of Kyiv
Series: Physics & Mathematics

Yuciio v MOXKJIMBO 3allUCATH Y BUVIAJ:

__ A3
7= AmuQ---uE(O)’

Jie [LE JTIOPiBHIOE oauHUIN abo NBiiiKi.
3 iHmoro 60Ky YHCIIO Y MOXKJINBO 3AIUCATH Y

BUATISIL:
3
1/11/2...VF(2) ’

T=A
Jie Vp JTOPIBHIOE HYJIIO ab0 OJIMHMUITI.
Jlerko GaunTH, 10 TOCIIIOBHICTE Y*(n) abo
MICTHUTBH HeCKiHUEeHHY KIJIBKICTb YJIEHIB BUJLY

3

7= H1p2...LE 00...0...

Tn

Jie T, HeoOMeXKeHa MOCJIIOBHICTD; abo Y*(n) Mmi-
CTUTDH HECKIHYEHHY KLIBKICTH YJIEHIB BUJLY

3
ViVv2.. VR 22..2.0

Yn

’Y:

Je Y, HeoOMeXKeHa.
Mipkyroun aHAJI0TIYHO 10 BUTIAJIKY 4, MOXKJTH-
BO IIOKA3aTH, IO

3E-1 _ HE

lim |v*(n) | =0,
n—-+00 3
abo
. " o1 1tvr
lim |y*(n)3" " — ——| =0.
n—-+o0o 3

OT:ke, € BIDHUM OJIHE 3 TBEPKEHD.
TBepmaxkennst 1. {1 KO>KHOTO JIOJATHOTO €
Ta HaTypasjbHOro N iCHYIOTH HATypaJIbHI 4uCIIa
n > N ta H, > 2 Taki, 1o
mhn
I3,

-l <e.

TBepa>xkeHHsT 2. ]I KOKHOTO JOJATHOTO &€
Ta HaTypaJbHOTro 1’ iCHYIOTH HATypaJbHI 4HCIa
n >T ta G, > 2 Taki, 1o

7rt; 21

Y

[Tpunycrumo, 1o

| <e.

+o00
Le > [] cos(zp) = £e(m).
k=1

Bubepemo momarae wmcsio ¢ Tak, 1o

+o00
1 T
0 < 5(Le— kl_Ilcos(?)k)),
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3BIJIKA
400 -
Le—6>0+ Hcos(g—k),
k=1

TONi icHye HaTypaJsibHe ducjao Ny Take, IO JJIst
BCiX HaTypaJabHUX 1 > Ny BUKOHYETHCS YMOBA!

1feli)] — Lel <
3BiAKH

|[fe(ta)| > Le = 0. (3)
Hexaii Bukonyerbcsi TBepazkeHHsi 1. Ockiibku
dbynxmnis | f¢(x)| e HemepesHoIo, TO icHye £ > 0 Ta-
Ke, 110 JIs KOXKHOIO YUC/IA T, sIKe 33J10BOJIbHSIE

YMOBY
|z — 7| < e,

BUKOHYETHCST yMOBA.:
|| fe(@)] = [fe(m)|] <9,
TOOTO
+o0 .
[fe(@)] < |fe(m)+6=6+]] cos(3x)-
k=1

3po3yMmijio, o iCHye HaTypaJibHi dnucia n > Ny
Ta H, > 2 raxi, 1o

Tl

m g
|3Tn - g’ <3
3BLIKHT _
s —l <,
a ToMy _
el < fe(m] +6:
Maewmo:
_ 7T£V Hp,—1
[fe(tn)l = 1fe (g =1)] H ICOS <

iy
< Welgm, =)l < [fe(m)l +0 < Le — 0.

Maemo cymnepedHicTb 3 yMOBOIO 3.
Hexaii BukoHyeThcsi TBEpIAXKEHHS 2.
3a3HagynmMo, 1110

[fe(2m)| = leos(

s i 2
T cost5p) =
k=2

= COS

HCOS 3k < HCOS

= | fe(m)l.
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Ockinbkn dyukuis | fe(x)| € HenepesHo0, TO icHye
€ > 0 Take, MO /I KOXKHOTO UHCJIA T, SKE 330~
BOJIbHSIE YMOBY

|z — 27| < e,
BUKOHYETBCsI YMOBA:

| fe()| = | fe2m)l| <6,

TOOTO

+oo

fel@)] < |fe(@m)| +6 =5+ H jcos(2x

)l

3posymijo, 1o icuye HaTypaJsibHi umciaa n > Ny
ta G, > 2 Taxi, mo

tn
\32— — — 27| <,
a TOMy
Tty
[fe(ga, =)l <Ife(@m)] + .
Maewmo:
7ty Cn 1 »
fe(tn)] = fe(5a=7)] H ICOS <

ity
< |f§(@)| <|fe(@m)| +6 < Le — 6.

Maemo cymepedHicTb 3 YMOBOIO 3.
Or:xe,

110 Pa30M 3 YMOBOIO 1 JIOBOJUTH TBEP/ZKEHHS Te-
OpEMU.

3 Bucuosku

B pobori goeeneno, mo

A lllm sup | fe(

+00 -
0l = I cos(z).

n=1
Juls XapakTepuctuanol GyHkuil fe(t) BumaakoBol
Besimanan £, (DYHKIHEIO PO3IOMIIY SIKOI € CHHTY-
sspaa pyukiis Karnropa.

B pesysibrari 6ys10 TaKOXK MOKA3aHO, M0

lim suplfs( )| = hm | fe(mn)|.

[t|— n——+
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Onepamopruti nidrid npu doCAI0HCEHHT BUNAIKOBUL €80AI0UIT DO3B0AAE OMPUMYBATNU HACTNYNHE

PESYALINAMU Y CTEMT NYACCOHOBOT ANPOKCUMAULE: GYHKUIOHAALHE ePAHUYHT TNEOPEMU HA 3POCTIAIONUL
THMEPBAALAL HACY A PO3E AZ0K NPObAEMU BeAUKUT 6i0TUAEHb. MU 30cepedumoct Ha oCmaHHIt 3adani.

Cneuyugixa acumnmomuwrozo aHaiidy Y CTemi NYaccoro6oi anpokcumayii 06yYmoeiena mum, wo
BHAYEHHA CMPUDKIE CTNOTACMUNHOT cucmeml NOJIAAIOMBCS HG 061 HACTIUHU, MAAT CMPUbKU, U0 610-
6Y8aOMBCA 3 LMOBIPHOCTNAMU, OAUSLKUMU D0 00UHUYT, | EAUKT CPUOKU, W0 6100Y6a10MvbCca 3 iMO-
BIPHOCTNAMU AKE NPA2HYMb 00 HYASL PA3OM 3 MAIUM napamempom cepii € — 0.

Pesyarvmamu docaidorcenna donogidarucy na Misicnapodnit naykosii xongepenuyii “Modern Stochasti-
cs: Theory and Applications. V" (MSTA-V).

Karmosi caosa: Bunadkosi eoatouii, nyaccoriecvka anpokcumauis, npoosema 6eAuKUT 6i0TUNCHD.

The operator approach in the study of random evolutions allows us to obtain the following results
in the Poisson approzimation scheme: functional limit theorems at increasing time intervals and the
solution of the large deviations problem. We will focus on the last task.

To solve the problem, asymptotic analysis of nonlinear generators of random evolutions with Markov
switching should be conducted in the series scheme. The specifics of asymptotic analysis is conditioned
by the fact that the jump values of the stochastic system are split into two parts: a small jump taking
values with probabilities close to one and a big jump taken values with probabilities tending to zero
together with the series parameter € — 0. So, in the Poisson approximation principle the probabilities
(or intensities) of jumps are normalized by the series parameter € > 0.

Having the limit nonlinear generator, we are able to construct the rate functional to solve the large
deviations problem.

Key Words: Random evolutions, Poisson approzimation scheme, large deviations problem.

ITix TepminOoM nyaccorosa anpokcumayisa Tpe- IMAJKOBOTO IPOIECY 3a JOINOMOIOI0 ITyaCCOHOBUX

ba po3yMmiTH cxemy, MOMIOHY /10 CXeMU ycepemTHe-
HHs YU uy31iHOT alrpOKCUMAIIIT, siKa J03BOJISIE
BUBYATH I'PAHUIHY OBEIIHKY BUIIAIKOBUX IIPOIIE-
CiB Ha 3pOCTAIOUNX iHTepBaJsax dacy. TakuM dn-
HOM, Ile HE € KJIACU4YHA 33J[a4a HAOJIMKEHHS BH-

© 1.B. Cawmoitnenko, T.A. Camoiinienko, B5.B. Tosraii, 2021
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ITPOIIECIB.

OcHoBHa ijes1  IIyacCOHOBOI
(uB. |5]) mossirae y ToMy, 10 MaJIMM MapaMeTpOM
cepil HOPMYIOTbCs iMOBipHOCTI (260 IHTEHCHBHO-

cti) mux crpubkiB. Takum dnmHOM, CTPUOKH PO3-

aIPOKCUMAITil
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JijieHi Ha JABa TUNNA: MaJii CTPpUOKU 3 IMOBIPHOCTSI-
MM, OJU3bKUMU JI0 OJWHHUIN, Ta BEJUKI CTPUOKH,
dKi BiOyBarOThCs 3 iMOBipHICTIO, M0 mpsimye 10 0
pa3oM 3 MaJImM ITapaMeTpoM cepii € — 0.

Ilpuxaad 1. HaBememo mpocTuii IpuKJ/Ia BULIAI-
KOBOT BeJIMYMHU 3 TIOAIOHIME BJIaCTUBOCTSIMU. He-

Xail i o
P{a =b} =&%p,

Pl{a =ca; + &’} =1 —¢&?p.

Tomi maemo:
Ea =c¢ca; + 52(bp +b1)+ 0(62),

Ea? = 2(1p + a2) + ofc?).

IIi MOMeHTHI yMOBH XapaKTepU3YIOTh AIpo-
keumaiiito Jlesi.
VY Bumnajky kosit a; = 0, MaTuMeMo

Ea = e?(bp + b1) + o(?),

Eo? = £2b%p + 0(62),

i TOMy, IOK/JIABIIH & = €2 OTPUMAEMO MOMEHTHi

YMOBH, IO XapPaKTePU3YIOTh IIYACCOHOBY AIlPOKCH-
Mallilo, Ky 1 PO3IVISHEMO JaJIl 3aJJIs CIIPOIIECHHS
BUKJIQJIOK:

Ea =&(bp + b1) + 0(€),

Eo? = 2b*p + 0(8).

ITpu socitikeHH] TPOIECIB 3 HE3AJEKHUMU
MPUPOCTAMH MOMEHTHI YMOBHW HAKJIQIAIOTHCI HA
BI/IIOBiIHE SIJIPO IHTEHCUBHOCTI, HOPMOBaHE Ma-
JIMM TTapaMeTpPOM cepii.

Hexait C3(R%) e kimacom dbynxiiit, mo BusHa-
qae Mipy Ta BKJIIO9a€ B cebe mificHo3HadIHI 0OMe-
wxeni dynxmii, Taxi mo g(u)/|u|?> — 0, mpm |u| — 0
axmo g € C3(RY) (|4, 5]).

PosristremMo ¢iM’10 HOpMOBAHUX MapKOBCHKUX
nporeciB 3 Tpaekropisimu B Dgr[0, 00) Ta He3ase-
JKHUMU IIPUPOCTAMU B CXeMi cepiil 3 MaJIuM Tapa-
MeTpoM cepii € — 0, > 0:

ne(t) = n(t/e),t >0,
III0 BU3HAYAIOTHCA TeHepaTOPaMA

ep(u) = &1 [R o+ v) — p(w)]F=(do).

Hexait BUKOHYIOTBCA yMOBH IIyacCOHOBOI
AIPOKCUMAITil:
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C1: Ilyacconosa anpoxkcumauisi.

PA1 Anpoxkcumanys cepemHix:

b :/ ol (dv) = e[b + 65),
R

Ta

o = / 2T (dv) = el + 62],
R

ze
b < 4+00,c < +o0.

PA2 [Ina sapa inTeHcumBHOCTel Mae MicIie
ACHUMIITOTUYHE IIPE/ICTABICHHS

P = /R g(0) % (dv) = [Ty + 6]

s Beix g € C3(R) - xmacy dysKiiit,
o BusHavae Mipy (nus. [4]).

Anpo fo(dv) 3aJIaHO Ha KJjaci PyHKITH,
o Busnadae Mipy Cs(R) crissinmomnte-
HHAM

F, = /R g()T(dv), g€ Cy(R).

& I3 13

3uexryBanbHO Masi jgonaHku 0, 0¢, 07

3a/J0BOJIbHAIOTH YMOBY

05| = 0, &—0.

PA3 Mae Miciie CriBBiIHOIIEHHS

c::/ v’T(dv),
R

[0 3yMOBJIIOE BiACYTHICTD judpy3iitHOl
CKJIQJIOBOI B TPAHUYHOMY T'€HEPATOPI.

C2: PisHnomipna K6adpamuuna iHmezposHicmob:

lim
Cc—r 00

v’ (dv) = 0.
|v|>c

Jlema 1. [lenepamop npouecy 3 HE3GAEHCHUMU
NPUPOCMAMU

ep(u) = ! /R ol +v) — p(w)]F=(do)

8 CTeMi NYaccor08ot AnNPoOKCUMAULL MAE HACMYNHE
ACUMNIMOMUYHE NPEJCTNABAECHHA

Tp(u) = by (u)+ /R [ (utv) —p(u) —v¢' ()T (do)

+0%,
de |0°p| — 0,6 — 0,e > 0.
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JoBenenns. Ilepenumemo Bupas s reHe-
paTopa HaCTYITHUM YHHOM:

I (u) '(u)

/R lp(u+v) — ()

2

e @) + <7 [ o)

L
2

Jlerko Gaunru, mo dyHKIsa ¥, (v) = p(u +

02 ()T (dv).
R

v) — p(u) — vy (u) — ”2—290”(11) HAJIEXKUTH KJIACY

C3(R). diiicHo,
Vo (v)/v? = 0,0 =0

PIBHOMIpDHO TI0 % 38 YMOBU OOMEXKEHOCT TIOXITHIX
dbyukmnii p(u) ma xkommaxrti. Kpim Toro, ma dyn-
Kiist HenepepsHa i obmexena mist o(u) € CZ(R)
3a ymoeu PA1.

Taxum annom, 3 ymo PA1,PA2 maemo:

I p(u)

/ [p(u+v) — p(w) — v (1)
R

2

(% =~ C
—gw"(U)]Fo(dv) +b¢'(u) + 59" (w) + O

+0cp + O

3acrocoBytoun ymoBy PA3 ocrarouno orpu-
Ma€MO aCUMITOTUYHE ITPEJICTABICHHS:

Fplu) = be'(w) + [ [olu+v)

R

—p(u) = vg/ (w)T(dv) + 0.

Jlemy noejieHo.

Posp’s130k mpobiteMu BeMKWX BiIXUIEHBb 13
BUKOPUCTAHHSAM HEJIHINHOIO eKCIOHEHIIIITHOTO Te-
HepaTopa, siK IIPABUIIO, peaJlizyeThest B 4 erann [3]:

(1) O6uucaenns eparuurozo excnoneryitino2o
(neainitinozo) eenepamopa H, wo sushavae seau-
Ki BLOTUAECHMA.

(2) Busnauenmnsa excnonenyitinoi KomMnaxmmo-
cmi cim’i d02PAHUNHUL TMPOUECTE.

(3) Bushauenmns npuryuny nopieHAHHA OAd
2PAHUYHO20 2eHEPATNOPA.

(4) O6uucaenns sapiayitinozo npedcmasaeh-
HA PyrKyionaay il

Ha Tpernomy erami mamol mporpamMu I0OBOJIHU-
THCsI €UHICTh PO3B’SI3KY PiBHAHHS

(I-aH)f =h,a>0
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JJIsI IOCTATHBO IMTUPOKOro Kjacy dyukiiit h. Ha-
CJIIIKOM IHOTO (PaKTy € 30i2KHICTD HEJIIHINHIX Ha~
niBrpyn Hy, mo 3yMOBJIIO€ IPUHIUI BEJIUKHX BiJl-
XUJIeHb JJIsi CKIHYeHHOBMMIPHHUX PO3IOMIIIB I0-
TPAHUYHUX TIPOTIECIB, & 3 YMOBU €KCIIOHEHI[IHOT
KOMITAKTHOCTI ciM’T IOrpaHnTIHAX TIPOIECiB i TpHUH-
I BeJIMKUX Biaxuierb y npocropi Dg |0, 00).

Erann (2) — (4) mis ekcloHeHIIHHOIO reHe-
paTopa, IO BiJITOBITAIOTH IIporiecaM SKi OIMHUCAHO
B cTarTi, peasizoBano B MoHorpadii [3]. A cawme,
MMUTAHHST €KCIIOHEHIIHHOI KOMIAKTHOCTI JIJIsT TIPO-
1eciB 3 He3aJeKHUMU IIPUPOCTAMU PO3TJISTHYTO B
ITpuknamax 1.5, 4.23 Ta B nmr. 10.1.2 ta 10.3.2; mre-
peBipKa TPUHITUAITY ITOPIBHAHHS JJIT TPAHUYIHOTO
€KCIIOHEHIITHOrO reHepaTOpa BULJISLY ﬁogo(u) =
H°(¢/(u)) nposenena B mm. 10.1.3 i3 3acrocysan-
maM Jlemm 9.15; Bapiariiline npeacTaBIeHHsT Ipa-
HUYHOT'O €KCIIOHEHITIHHOTO MeHepaTopa MPOBEIEHO
B nn. 10.1.5 na ¢.200 i3 3acTocyBanusm Teopemu
8.14.

BayBaskKUMO TaKOXK, IO iHTepIIpeTallist HeJi-
HIfHOT HaIiBrpynu sik HamBrpynu Hicio Ta i1 38’s1-
30K i3 3aj/laver0 KepyBaHHsI 03BOJIsIE OyIyBaTH
dyHKIIOHA i1 Y HAWOIIBII 3Py IHOMY LISt JTOCJTi-
JokenHs uris (nus. [Tpukian 2 Huxkge).

Posrisimemo mapkosebknuit mporec x(t),t >
0, Ha crangapTHOMYy basosomy npocropi (E,E).
Hexait Binmopimauit remeparop L Mae 1iiabHy
obnacty Busnavennss D(L) C Bg, sxa micturh
HeIepepBHi pa3oM 31 CBOIMHU MOXiTHUMHA (DYHKIII.
Tyr Bg - 6anaxiB npocrip [ilicCHO3HAYHUX ODOMe-
JKeHnx TecT-OyHKI ¢(x) € E, 3 HopMoIo: ||¢]| :=
Supyc g [9()].

[Tosnaumvo Takoxk depes Cp(E) mpoctip me-
nepepBHUX (DYHKIII, 1110 HaJekaTh Br. Knacuana
minifina Hamsrpyna npouecy x(t),t = 0 3a1aeTbest
K

Lig(u) := Elp(x(t))[2(0) = u],

a HeJliHiiTHa HamiBrpymna:
Hyp(u) := In E[e?@)|2(0) = u],

abo
Hyp(u) = In Lye?™,

Ile mificHo mamiBrpyma, 60 MaeMoO:
Hyiso(u) =1n LHSe@(“) = In L;L,e?™

= In Lye™ L") = In L) = H,H, ().

JloBeieMo HACTYIHUI PE3yJIbTAT, SIKU BUKO-
PHCTOBYEThHCs O€3 JI0Be/IeH s, 30KpeMa B [3].
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Jlema 2. Heaimitinut excnoHenuyttiHull 2eHepa-
mop, wo eidnosidac nanieepyni (1) mae euzand:

Ho(u) = e WL W) ¢ D(L).

JoBenenHsi: 3 ypaxyBaHHSIM CITiBBi/IHOIIIEH-
Hsl

Li—1=tL+o(t),t — 0,

Ma€MO:

o1 o1
Ho(u) = %1_{% ;(Ht —Ip(u) = %1_>0 ;(HtSD(U)

—p(u)) = lim %(ln Lie?™ — In e¥(W)

t—0

1
= lim n Ine ¢ [, er®)

1
= lim — In{1
t—0 t—0 ¢

1
) W) 11V = lim — W[, erw)
+le Lie 1]} %1_H>(1) ; In{l+e [Lie
1
—e?PWN = 1im = —p(W) [P ()
e?\ ]} }g%tln{l—i-e [tLe?™™ + o(t)]}

i Lo, _ (), ()
t—0 t

Jlemy noBejieHO.

Bukopucranus HesiHIHONO €KCIIOHEHIITHOTO
reHeparTopa Ipu JIOCTIKEeHHI TPOOJIEMU BeJIMKIX
BIIXUJIEHD IJIsT MapKOBCBKUX IIPOIECIiB BMOTUBO-
BaHe HAasBHICTIO 3B’S3Ky MiXK HEJIHIAHOIO HaIiB-
PYIIOIO, IO BifNOBizae reHepaTopy Ta (HyHKIO-
nasom mil. HaBememo macTymHi MipKyBaHHS, IO
JIEMOHCTPYIOTh TaKU 3B sI30K.

[Ipobiema BenIMKNX BIAXUIEHB IS MapKOB-
cbKoro tnporecy x°(t),t > 0 B cxemi cepiii 3 Mmajum
napamerpom £ — 0(g > 0) nossirae y BijiyKaHHi
dyukuionany aii I(x). OpHe 3 MOXKJIMBAX O3HA-
venp [(z) nacrymme [3]:

Osnavenna 0.1.

—I(z) = lim liminf e In P{z(t) € Bs(z)}

0—0 e—0

= lim limsup e In P{2°(t) € Bs()},

=0 =0
ne Bs(z) :={y € E:r(z,y) < d}.

Mae wicue nacrymue TBepizkenus(®Dopmyiia
Bpuka [2])noBesenHst sikoro MoxHa 3HaiiTu B [3],
TBepmxenns 3.8.

TBepmxxeHHss 1. Hexatli maproscvrkutll mpouec
25(t),t =20, e = 0 (¢ > 0) e excnonenyitino Kom-
naxmnum 6 Dg[0,00) ma ichye eparnuys

A(p) = lim e In B[e?" (/7]
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ona eciz p € Cy(E).
Todi x5(t) 3adosoavHac NPUHUUNY GEAUKUT
sidxusens 3 GyHruionasom il

sup {p(z) — Ap)}.
peCy(E)

I(x)

TakuMm 9MHOM, JTOCTIIZKEHHST IIPOOJIEMHI BEJIN-
KX BiIXUJIEHD JIMCHO OB’ SI3aHO 3 TPAHUIHOO TI0-
BEJIIHKOIO HEJIIHIITHOI HaIiBIpyIn

Hfp(u) := eln Be?@ ®)/e, (2)

Hagenemo nacTymHuit pe3yabrarT, SKIil TAKOK
BUKODPUCTOBYETHC B [3| 6€3 HAE:KHOTO JI0BEIeH-
H4.

Jlema 3. Heatnitinud excnonwenuitinull eemepa-
mop, wo eidnosidae naniezpyni (2) mae suzand:

Heo(u) = e—w(U)/agLsew(u)/e’ erW/e ¢ D(L?).

JoBenenHsi: 3 ypaxyBaHHSIM CIIiBBiIHOIIICH-
HA

L — 1 =tLF +o(t),t — 0,

Ma€eMO:

1 1
S 1 - £ _ — T - £
Hop(u) = lim > (Hy — I)p(u) = lim > (Hyp(u)

) = g e

— lim S 1n e/ [gep(W/e — Jimy € In{14e()/e
t—0 t t—0 ¢

x[Lie?W/E — ¢#(W/e]} = lim € o—ew)/ep e pr(u)/e
t t—0 ¢t

_ oW/ e ge(w)/e

Jlemy JtoBesiEeHO.

Orxke, rpaHUYHY TOBEIHKY HEJIHIHOT HAITIB-
Py MOXKHA BH3HAYATH 3& PAXYHOK aCHUMIITOTH-
YHOT'O aHAJII3Y BIJIITOBITHOTO HEJIIHIITHOTO OIepaTo-
pa.

PosristHemo Bumamok mporeciB 3 He3aIeKHHA-
MU IPUPOCTAMH, & caMe CiM'I0 HOPMOBaHUX (TyT
£,6 = 0 Tak mo d ‘e — 1) MapKOBCLKUX HpOIIe-
cis 3 TpaekropismMu B DR |0, 00) Ta He3aIeKHIMI
[IPUPOCTaMHU

nl(t) = en®(t/6%),t > 0,

IO BU3HaAYaIOTLCA I'eHepaTopaMn

() = 572 / [p(u -+ 6v) — p(w)]F=(dv). (3)
R
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Hexa#t BUKOHYIOTHCI yMOBH IIyacCCOHOBOI 21790 -1 / / v
x (A I (dv)+6 A — =l

anpokcnvanii PA1-PA3. (Ago(u))"JT7(dv) L Aovlu) o (u) =05

PO3B’HSOK 1T O6JI€MI/I BEJIMKUX Bl XWNJIEHDb JId ~ 1
. b 8 s o ()T (dv) + 6 eby! (u) + =ec (1) + 67
IIPOIIECIB 3 HE3aJIC2KHUMU ITPUPOCTaMM B CXeMl1 ry- 2

aCCOHOBOI AITPOKCUMAITl BUBHAYAETHCS 33, JIOTTIOMO- / 1 2
R

15 (Asp(w)? = (¢ () *IT* (dv)

I'OI0 HEJIHIHOT'O eKCIIOHEHIIfIHOrO reHepaTopa:
1
H; 0" (u) = e~ #/%6T e/, (4) +6 ege(y ().
BacrocoBytoun dopmyiny Teitiopa mo Tect-
bynkmiit o(u) € C3(R), Ta ymoy PA2 orpnmae-
MO:

JIema 4. Excnonenuitinud eenepamop (4) 6 cxemi
NYACCOHOB0T AMPOKCUMAULL MAE HACTNYNHE ACUM-
NMOMUYHE NPEICTNABAEHHA

Hy () = 571 [ [0 - 1= g/t

Hi"p(u) = Hro(u) + 0570, ()
2 . ) 2
de i p(u) € CHR), § 0570] 0.,0 50, — 5 (¢ @PIE o) +571e [ (7055 (@)
R
/ / 70, \1T30 v, 2“4 " 50
Hrp(u) = b/ (u) + [ [0~ 1= v/ (]F°(dv). 05" (@) = 8 5 (¢ (@) (dv)
R

(6)

doBenennsi: BpaxoByouu BUris g reHepaTo-

3
~ 1
+6te / 52%@"'(G)FO(dv)—|—6_15b<p'(u)+§5cgp”(u)

pa (3), maemo 11 reHeparopa (5): 45 5/ s2v 7)) (dv) + 6~ 550(%0 (u))2.
u) = 51 / [eAdezmw(U) _ 1]fe(dv), BanOByIO‘{I/I PA3 ta rpannumy ymoBYy
e = 1, ocraTouHo MaeMo:
,0
e y HE (2)p(u) = Hr(2)o(u) + 03,
Acp(u) =6 [p(u+ 6v) — p(u)]. s
ne |03 ¢ — 0,e,6 — 0.
[Tepemnuiniemo Bupa3s jijisi TeHEpaTOpa HACTY- Jley J10BejIeHo.
ITHUM THHOM: BaJuIIaeThCsl BIIKPUTUM ITUTAHHS TOOYI0BU
s A BapiaIiifHoro mpejcraBjieHHs: (DYHKIIOHALY il HA
87 . . .
Hp p(u) =4 / sl 1 — Asp(u) OCHOBI I'PaHUYIHOTO HEMHIHOTO onepaTopa, ToOTO

caJiizallid NyHKTY 4) IporpamMu po3B’a3aHH«d [IPO-
p Il Iy HKTY porp p p

1 917 1 6aemu Besukux Biaxuiaenb [3]. Il KoHCTpyKIis
_§(A‘W(u>) JT*(dv) + 96 /R[Ayp(u) pumImBac 3 gopmyan Bpuka Ta TicHO 1MOB’d3aHa

3 MapTUHTAJIBHOIO 3a/1a9€I0 KepyBaHHsI.
7(A5<p(u))2]f5 (dv). IIponemoHCTYEMO SIK caMe IIOB’si3aHi MiXK cO-
6oto Hesinilina Hanisrpyna (1), Bianosigauii Hei-
Jlerko 6auuTu, 1o dyHKIIis wg(v) = 252" yijinmit orepaTop Ta MapTUHTAJbHA 33Ja9a Kepy-
1—Asp(u)— %(Ag(p(u))z nasaexkuth kiaacy C3(R).  Bamms. JIng nporo crodarky BCTAHOBHMO 3B 130K
Iiiicuo, MixK HesiiHiftHOIO HamiBrpynoro (1) Ta HamBrpyIo0

Y (v)/v? = 0,0 = 0. Hicio |7, 8].

Hanmami mst imoBipaicHOT Mipu P, 1o 3ajaHa

Kpim Toro, na HKIlIS HelepepBHa 1 oOMezkeHa .
b , I PyHKI pep Ha mpocTopi F mosHavaTmMemo

JIJIST KOXKHOTO § 3a yMOBH OOMEKEHOCTI (DYHKINT
¢(u). Binbme Toro, obmexkenicts dynkuii v (v) e EP f(z) / f(z)dP(z
piBHOMipHOIO IO u 3a ymMoBu C2 Ta obMexKeHOCTI
noxiguot ¢’ (u). dAxmo mra imoBipHicHOT Mipu (), abCOJIIOTHO
Takum umnbaoM, 3 ymos PA1,PA2 maemo: HeIlepepBHOI BiIHOCHO iHIOI iMoBipHicHOT Mipu P
BUKOHYETHCS CIiBBiTHOIIIEHHA

H p(u) =67 'e /R (250 — 1 — Asep(u) — % % = e?) /0, C = EP W),
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TO Ma€EMO

dQ

In EF ()
n-5 = eu n B e,

! (u) =

3BIJIKM OTPUMAEMO TOTOXKHICTH

1o %9

In EPef®) — dP

p(u) —
Posrnsinemo Hesiniiiny namisrpymny (1), no6y-
JIOBaHy II0 MapKOBCBKOMY Iporiecy Z(t):

Hip(u) = In EP[e?@®)|2(0) = u).
Bacrocyemo nacrymnunii pesyasrar ([1], Tsep-

Jokennst 1.4.2):

TBepmxkeHHss 2. Hexatl FE-sumipruti npocmip,

P(E) - cim’a imosipricnuxr mip ma npocmopi E,

o(x)-0bmesicena sumipna Pynruis ¢ 1 E — R.
Todi mae micue sapiayiting Gopmyaa

sup B {p(x(1))
QEP(E)

a0
n G} )

Ingimym docszaemvesa 1o IMOGIPHICHIT MIPT
Q, Axa ¢ abcorOMHO HENePePsHo0 GI0HOCHO MIPU
P i 3adososvhac ymosi

In BPee(@®) _

—1In

1

o) -
fE e@(x)dp

pl®) =

[TpaBy uacruny pisaocri (7) MoxKHa iHTEpIIPE-
TYBaTH K HeJliHiliHy HamBrpymy Hicio. s namis-
rpylia BUKOPHUCTOBYETHCS MPU PO3B’S3aHHI Map-
TUHTAJIbHI 331241 KepyBaHHs1 B pobori |7]. st no-
OY/JI0BH BIJIIIOBITHOTO MapTHHTaJa 3 KEPYBAHHAM
CKOPHUCTAEMOCH HACTYITHOIO JIEMOIO, sIKa, BUILINBAE
3 OUIBIN 3arajbHOTO PE3YILTATY - HEPETBOPEHHS
lipcanosa (auB. jemy 5.8 B [3]).

Jlema 5. Hexat x(t) € E € pose’askom mapmur-
2a.40H0T 300041 OAS 2eHePamopa

Lo(x)

(@) [ (o) = p()Pla.dy)
3 posnodinom P € P(Dg[0,00)), ma mexal
Hg(x) — e_g(x)Leg(x)‘

Lna 6yodv-axoeo T > 0 osnavumo mipy QQ €
P(Dg0,0)) wepes

dQ

7p(2()) = exp{g(z(?)) - 9(2(0))
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-/ ' H(o(s))ds . ®)

Todi no mipi Q maproscorut npoyec {x(t),0 <
t < T} e pose’askom mapmunzaronoi 3adavi 0as
LI, oe

LIf(z) = e IO L(p(x)ed®) — e 9@ p(z)Led®)

e /E e9W) 95 (o(y) — p(a)) Pl dy).  (9)

3 ocTaHHBOI JIeMH BUILIMBAE, 110 3a MIpoo ()
mapkoBebkuit mporec {x(t),0 <t < T'} € po3s’siz-
KOM MapTHHTaJbHOI 3aga4di qyst LI, a came

90(33(75))—%0(93(0))—/0 LIp(x(s))ds  (10)

€ MapTHUHraJIOM 3 KepyBaHHSM ¢ () BiIHOCHO Mipn
Q € P(DEg[0,00)).

Temep mokakemo, 110 HeJHIHHINE HaMiBrPyIi
Hicio gificHo BijfnoBigae HeTiHITHTNE oniepaTop, Mo-
B’si3aHuii 3 33/1a9€10 KePyBaHHSI.

Brimno Teopemu 3.1 [6] icuye imoBipHicHMit
posunozin @, na P(Dg[0,00)) Takuit mo Hamis-
rpyna Hicio (7) mae Buryssg

(@)}

Bzasmu B Jlemi 5 B sikocTi mipu () posmoii
Qt,» oTpuMaeMo (3 ypaxyBaHHsIM TOrO, 110 (10) €

MapTHHTaTOM)
(=)}

+¢(x(0)). (11)
[Min6epemo dbynkmio AY(z) Tak, mob B mpasiii

yactuni (8)
o)) ot
0
(12)

Tyt fg A9(x(s))ds - e came Toii pyHKIIOHA,
IIIO/I0 TKOT'O PO3B’sI3y€ThCsl pobsieMa MiHiMizaril
B [6].

Hexait R4 —
rajbHOl 3aJa4i 3 KepyBaHHsM 1pu ¢(T)
g,2(0) = x, Toai 3 HepiBHOCTEI

t
EQt,cc {/
0

Qt T
dP

Hypla) = B {w(w(t))

th T
dP

Hyp(x) = EQt= {/Ot LIp(z(s))ds — In

t

g(z(t)) ))ds = A9(x(s))ds.

PO3IO/II PO3B’I3KY MapTHH-

inf (L9 (a(s))

g

< Hyp(w) —

- A9<x<s>>ds>}
o((0))
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MOXKEMO CTBep/KyBaTu piBHOMipHY Ha FE 306i-

<inf Eftws
g

/L%mm—ﬂmmw

0

JKHICTD

lim ¢~ (Hy — Ip(z) = Ho(z)

t—0

= inf(L9p(x) — 47(2)) (13)
3a ymoB (i-vii) crarti [6].

Ymosu (i-vil) rapanTyorh 3012KHICTH HeiHIM-
HUX HAIBIPYN JI0 TPAHUYHOIO HEJIHIWHOTO reHe-
patopa H. Y pasi, aKIlo BJACTHCS BiJIITyKaTH T'e-
HepaTop 3 KepyBanusam LIp(z) ta dyHKiio 3 Ke-
pyBauusMm A9(x), ski 3a/10BOIBHAIOTL ymoBH (i-
vil), MOXKJIMBO 10Oy tyBaTu (DYHKIOHAI [T BUXO-
Jisiau 3 HaCTymHUX MipKyBaHb (auB. Teopemn 5.15
Ta 8.14 3 [6]).

Omxke, Hexail iCHye I'paHdlld Jijis HAIBIPYII
Hicio, 1o BimoBimaoTh JTOrpaHIYHUAM IIPOIIECAM,
B cxeMi cepiit ipu € — 0

Hip(u) :==¢€ln Eer(@=(t)/e

i BoHa JopiBHIOE Hy.
Bynyemo mapruHraiabHy 3a7ady 3 KepyBaH-
HSIM

| optatolds < ..
[0,4]

wdm—w@w»—/ -

[0,2]

Lip(z(s))ds =0, (14)
AKift Bijnosigae Haniprpymna Hicio H, o3HadeHa B
(11). Brizso (7) Ii TakoXK MOXKHA LIPEJICTABUTU Y

BUTJISI 1
Hip(u) = In B e#@®)

sk rpanuiio H o(u).
Hacrynse TBep/pKeHHsI Ojipa3y BUILUIMBAE 3
Tepmxenns 1 ta crniBeinmomens (7), (8) ta (12):

TBepaxkenuss 3. Qynkuionans il daa doeparu-
uno20 npouecy z°(t) mae suzand

| aras)as,
[0,00)

de T - MHOHCUHA PO36°A3KIE MAPMUH2ANLHOT 3a-
daui (14).

I(x)

= inf

Ip(xz(0)) +
0(z(0)) L

[Tpu 3acTocyBanHi OO METOIY JIOCTIiIZKEH-
HS MA€EMO CIIPaBy He 3 HAMIBIPyIaMH, & 3 Jorpa-
HUYHUMHU HEJHHIHHUMU €KCIOHEHIIIHUMU IreHepa-
ropamu Hfp(u), skl BiIOBIIAIOTH MApKOBCHKO-
my nporecy z°(t). Tomy 3HaifmoBmm rpannaHMit
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rereparop Ho(x) MoxkeMo BHKOpUCTATH TeHepa-
Top 3 KepyBanuam LIy (z) Ta cuissigmontenus (13)
Jist nomyky dbyskiii AY(x), a norim BUKOpHCTA-
1 11 771 o0y noBu QyHKIIOHATY [il. 3po3yMijo,
[0 TIPU IOMY IIi/IX0/Ii BUHUKAIOTH HMUTAHHS PO
3012KHICTh HAIIBIPYI CaMe JI0 HAIIBIPYIIH I'DAHU-
YHOTO TE€HepaTopa i MPO EeKCIIOHEHIIHY KOMITa-
KTHICTD JOTPaHIIHOTO Tporiecy. Came Ha 11l TUTa-
HHS BI/IIOBITatoTh eramy 2) — 3), onucaHi Ha mova-
TKY CTaTTl Ta JIOCJiKEHI JJisl BUMQIKY ITPOIECIB
3 He3aJIeKHUME [IpupocTamMu B Monorpadil [3].

Ipuxaad 2. TloBepHemocst 0 HOPMOBAHUX Map-
KOBCBKUX IPOTIECIB 3 HE3AIEKHUMHU TTPUPOCTAMHE

n(t)

Mu goBesu, MO B yMOBaX IIyaCCOHOBOI aIrpo-
KCUMaIlil po3B’s30K MPoOJIeMU BEJIMKUX BiIXUJICHD
JUI TAKUX MPOIECIB BUZHAYAETHCS 38 JIOIIOMOTOI0
HeJIHIHHOrO eKcroHeHIiiiHoro reaeparopa (6).

O64ncIMMO TeHEepPaTOP MPOTIECY 3 HE3ATEIKHI-
MU IIPUPOCTAMH Ta KEPYBaHHAM ¢ 3a (POPMYIIOI0

(9):
I‘Z"Sgo(u) = e 9T pe9/0 — 790109/

S0 (t/6%),t = 0.

— 6—9/65—2/ [p(u + 6v)ed /0 _ p(y)ed(W/d
R
—p()e? 0T ()T ()

=572 [ MR o+ 6) — ()
R

_ 52/  L)=() o+ 60) — o(a)
R

v? ~
—ovy'(u) — 525¢"(U)}F5(dv)

—ag(u 2 ~
672 / P )[5vg0’(u)+52%90"(u)]F€(dv).
R

OckisibKu mifiHTerpaibia QYHKIHS y HepIrno-
My inTerpasi HasexuTh kiaacy Cs(R), moxkemo 3a-
CTOCYBaTH yMOBY IIyacCOHOBOI arrpokcuMmariii PA 2:

g(utév)—g(u)
e 5

I@%mozaﬂs/ [p(u + 6v) — ()

R
2

e @) +57 [

R

—dvg’ (u) — 62 CRAR

2 2 ~
3690 g O)][5vp (u) + 8" (u) T (dv).

[ligiarerpanpbia YHKIS y HEPHIOMY iHTe-
rpaji Mae mopsaoK 62, Tomy npu €,6 — 0,0 le —
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1 nepuwmit inrerpad € o(g, d), Haromictb y gpyromy CHECOK BUKOPHCTAHUX JKepeJI

iHTerpaJii MaeMo:
2

Ff]"scp(u) = 5_1<p'(u)/ vevgl(“)fg(dv)—i—/
R R 2

+0(6)]T% (dv) + o(e, 6).

3HOBY BUKOPHCTABIIA yMOBH IIyaCCOHOBOI
ampokcumariii PA1,PA2 orpumaemo:

I‘Z7590(u) = 5_1690'(u)/ ve’9' T (dv) + o(e, 8).
R

Orxe, nosHauuBmM z = ¢ Ta IOKJIABIIN
Y(z) = [ge"*T%(dv) maemo rpanuunuii renepa-
TOP 3 KEPYBAHHSIM Z Y BUIJISJI:

Top(u) = ¢ (u)y)(2).

IMokmazemo ' = p,)' = ¢ Ta obumcaUMO

dyuxuio L(q) 3a dopmyioo (A(p,q) :==To(u)):

L(q) = St;p(A(p, q) — H(p)) = St;p(qp — H(p)),

e H(p) BU3HAYaA€ETHCA 3 ABHOI'O BUIVILALY I'€HEpa-

Topa (6):

1) 1= Hole) =tp— [ [ =1 = oplf(av).

Maewmo:

<w—mmn=mﬁw—4@%4—mﬁum;

—q—b— /R[vevp —o]T%(dv) = 0,

TOOTO P BU3HAYAETHCS 13 CIIBBIHOIICHHS
/ 0e’’T0(dv) = q — (b — bg) < 0.
R

Asuuit Buruisi dyuknii L(q) MoxkHa oTpuMa-
TH, iJICTABUBIIN OTPUMaHe 3HaveHHst p(q) B dop-
MyJLy
L(q) = qp — H(p).

OyHKITIOHAJ Jil MATUMe BUTJIS;

Bisbin geranbHuii oris) pe3ysabraTis Ta npu-
KJIQJ[iB MOXKHa 3HafiTu B MoHOrpadir [9].

1% (u)
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V it pobomi docaidncyromubea 8AaACMUBOCTE MPAEKMOPLT 6UNAJKOBUT NPOUECE8, WO 3a0aI0Mb
P036°A3KYU QUCNEPCIUHUT PIBHAND CMAPWUL NOPAJKIE 3 Y-CYb2aYCCOBUMU 2APMOHIZ08AHUMY GUNAOKO-
BUMU NOUAMKOBUMY YMOGaMU. OCHOBHUT pe3ysvbmam pobomu — ue OUuinKUu O0Af WeUuUdKocmis pocmy
BKA3AGHUT NPOUECIB HA HEOOMENCENUT MHoocunax. Kaac p-cybeayccosur sunadkosuxr npouecie 3 @ym-
Kuiero p(x) = %, a € (1,2], e npupodrum y3a2asoHeHHAM 2aYCCOBUT NPOUECTS. [AA MAKUT NOYAMKO-
UL YMOB OUIHKYU PO3NOJIAIE CYNPEMYMIE PO3E A3KIE MOdICYMb bYmu 0buucseHi 6 documv NPocmomy
su2aadi. Ouinky 0as weudkocmi pocmy po3e’askie JuPepeHUIaAOHUT PIBHAND 3 YACTNKOBUMU NOTi-
OHUMU CIAPWUT NOPAOKIE Y 6uNadky 3a2a4v1020 6u2andy N-pynkuii Opaiva @ ompumano 6 [9], de
suBedeHHA 2PYHMYBaN0CA Ha pesyavmamar pobomu [12]. Tym mu eukopucmosyemo dewo iHwul nio-
10, AKUT 2PYHMYEMDBCA HA GUKOPUCTNAHHT THUL020 EHMPONITHO20 THMEZPAAY | 0GE HAM MONCAUBICMD
y sunadky p(x) = 2 " e (1,2], ompumamu 6upasu 0as OUIHOK Y ABHOMY 6U2AAJL.

o
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In this paper, there are studied sample paths properties of stochastic processes representing solutions
of higher-order dispersive equations with random initial conditions given by p-sub-Gaussian harmoni-
zable processes. The main results are the bounds for the rate of growth of such stochastic processes consi-
dered over unbounded domains. The class of p-sub-Gaussian processes with ¢(x) = %, l<a<?2,
1s a natural generalization of Gaussian processes. For such initial conditions the bounds for the distri-
bution of supremum of solutions can be calculated in rather simple form. The bounds for the rate of
growth of solution to higher-order partial differential equations with random initial conditions in the
case of general ¢ were obtained in [9], the derivation was based on the results stated in [12]. Here we

- (1,2], to present the

use another approach, which allows us, for the particular case p(x) o

expressions for the bounds in the closed form.
Key Words: p-sub-Gaussian processes, higher-order dispersive equations, random initial condition,
rate of growth

1 Introduction harmonizable process

= d , ¢ ER,
Let y(t), t € R, be a real strictly @-sub-Gaussian (@) /RH(ML) y(w), ©

process with ¢(z) = %, 1 < a < 2, determi-
ning constant Cy and its covariance Ey(t)y(s) = where k(v) = cosv or k(v) = sinv. (The

I'y(s,t) has finite variation. Consider the related corresponding definitions are given in Appendix.)
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Let
Utta) = [ 1ee N0,
where
N
I(t,z,\) =k </\x + tZak)\zkH(—l)k) , (1.2)
k=1

t>0,z €R, and {ag}l_, are some constants.
Suppose that the following condition holds

[ e a0, ) < oc, (13)

for some 0 < p < 1.

In [9, 10] it was shown that under the above
settings, the random field U (¢, x) given by (1.1) is
the classical solution to the initial value problem

N

O*HU(t,z)  OU(t,x)
ay e = B ,t>0,zeR,
k=1
(1.4)
U0,x) =n(z), z € R. (1.5)

We refer to [1, 9, 10| for rigorous definition of the
classical solution and for a discussion on the above
equation and more general ones in random and
non-random contexts. Note that the equation (1.4)
belongs to the class of linear dispersive equations
whose study is important from many points of vi-
ew, both in theoretical and practical aspects (see,
e.g., [14]).

Conditions of existence of the classical soluti-
on to the problem (1.4)—(1.5) with random -sub-
Gaussian initial condition for the case of general
¢ are stated in [1, 9], properties of solutions are
investigated in [9, 10], in particular, different esti-
mates for the distribution of supremum of soluti-
on, and in [9] bounds are presented for the rate of
growth of solution.

The solutions of heat equations with sub-
Gaussian random initial conditions were investi-
gated in |7, 8]. In the papers [4, 5|, there were
studied sample paths properties of stochastic
processes representing solutions (in La(€2) sense)
of the heat equation with random initial conditions
given by ¢-sub-Gaussian stationary processes. The
main results were the bounds for the distributions
of the suprema for such stochastic processes consi-
dered over bounded and unbounded domains.

The estimates for the distribution of
supremum of solution to the problem (1.4)—(1.5)
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with random ¢-sub-Gaussian initial conditions for
the particular case of p(z) = ‘%, 1 <a<?2, are
given in [10].

Proposition 1 ([10], Cor.3.1). Let y(u), u € R,
be a real strictly p-sub-Gaussian random process
with o(x) = %, a € (1,2], determining constant

Cy and Ey(t)y(s) = T'y(s,1).

Let U(t,z) = [ I(t,z,\)dy()\), where I(t,z,\)

is given by (1.2), a <t < b, ¢ < x < d, and

€0 = Supa<i<p Tp(U(t, ).
c<x<d

Further, let the constant p € (0,1] be such that
(1.3) holds.

Then
(i) U(t,z) exists, is continuous with probability
one and for its sample paths the Hélder continuity
holds in the form

sup
t,tle[a,b]:|t7t1 |§h
z,x1€[c,d]:|z—z1|<h

Tw(U(t,x)—U(tl,xl)) S QCZCyhp,

where Cy is defined in (1.8);

(i) for all 0 < 0 < 1 such that ey <
2C7Cy(2/2)? with s = max(b—a,d — c), v such
that é + % =1, and u > 0 the following inequality
holds true

P U Y(1 H'y
{ sup | (tvx)|>u}<2€xp{_w}
a<i<b Ve
cZr<d

x (2eC7C,) ¥ P52 (020) VP
(1.6)

In particular, if the process y(u), u € R}, is
Gaussian, then

2 1— 0 2
P{ mq)H7@¢w\>1@>§26Xp{__3l4i7)7}
a<t<b 280

c<z<d

x (2eC7)?/P 3% (02)~2/°
(1.7)

for all 0 < 6 < 1 such that 0T < 2Cz(5/2)P and
u > 0.

In the above proposition the following
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constant is used

= [ LG fgmen
k=1

(4 iamﬂenk\p) i, (\, )|
k=1

< [ 30 (S

< (1 + (i arll01)") dir, (. (18)

k=1

the convergence of the last integral is guaranteed
by the condition (1.3).

Class of ¢-sub-Gaussian processes with
p(r) = |x£'y , 1 < a <2, is a natural generalizati-

on of Gaussian processes. For such initial condi-
tions in (1.5) the bounds for the distribution of
supremum of solution can be calculated in the si-
mple closed form as given in Proposition 1 above.

In the present paper we continue the study
of the behavior of solution in this particular case
and obtain the bounds for the rate of growth of
solution.

Note that bounds for the rate of growth of
solution (1.1) in the case of general ¢ were obtai-
ned in [9], the derivation was based on the results
stated in [12]. Here we use another approach based
on the use of Theorem 1 stated below in Secti-
on 2. This allows us, for the particular case under
consideration, to present in Section 3 the expressi-
ons for bounds in the closed form. Some necessary
definitions and statements are given in Appendix.

2 Estimates for the rate of growth of -
sub-Gaussian processes

In this section we present some general results for
p-sub-Gaussian processes defined over bounded
and unbounded domains.

Let (T,p) be a metric (pseudometric) space
and X(t),t € T, be a p-sub-Gaussian process.
Introduce the following conditions.

Condition 1. Let the space (T, p) be separable,
the process X be separable on this space,
€0 = supset Tp(X(t)) < oo, and there exi-
sts a strictly increasing continuous function

o(h),h >0, such that ¢(0) = 0 and

sup T,(X(t) — X(s)) < o(h).
p(t,s)<h
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Condition 2. The function r(z),z > 1, is
non-negative nondecreasing and such that
r(e¥),y > 0 is a convex function.

Let N(u) = Np(u), v > 0, be the metric massi-
veness of the space (T,p), that is, N(u) is the
number of elements in the minimal u-covering of
(T, p).

Denote

)
I.(8) = /0 r(N(e"Yw))du, 6§ >0.  (2.9)

For a function o(t), t > 0, we denote by
o=V (u),u > 0, the inverse function.

Proposition 2. Let X = {X(t),t € T} be
a p-sub-Gaussian process, conditions 1-2 hold,
p(t,s) = 1,(X(t) — X(s)), t,s € T. Suppose
I.(g9) < 0.

Then for all0 <0 <1 and u>0,A>0

Eexp {)\ sup |X(t)\} <2Q(\,0),
teT

and
P{ sup | X ()| > u} < 2A(0,u),
teT

where

)\60

Q(X,0) = exp {@(m) }74—1) (Iéiio))

ABu) = exp{ — ¢ (M) LD (@)

€0 960

Proposition 2 is a variant of the result stated in |2,
Theorem 4.4, p. 107] (see also [10, Theorem 2.3|).

Condition 3. Let f(t), t > 0, be a continuous
strictly increasing function such that f(¢) >
0 and f(t) — oo as t — oo. Introduce the
sequence by = 0, bg1 > by, by — 00,k — o0,
brr1 — by > 2A. Denote Vi, = [bk, bgy1] X
[—A,A],k‘ = 0,1,..., fk = f(bk), &k =
SUP(¢,z)ev;, To(€(t,2)), and suppose that 0 <
€ < 00.

Denote v, = ok(bgy1 — bg), where o are
introduced in the next theorem, 6 = inf} z—:

Theorem 1. Let &(t,z), (t,z) € V, V =
[0,4+00) X [—A, A], be a p-sub-Gaussian separable
random field and Conditions 2 and 8 hold. Suppose
futher that:
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(1) there exist the increasing continuous functi-
ons oi(h),h > 0, such that ox(h) — 0 as

h — 0,
sup  7p(§(t, 11) —E(t2, 22)) < o (h)
(ti,mi)GVk,’iZLQ
|t1_t2‘§h7
|z1—z2|<h
and for k=0,1,...

Ir,k(’)’k) = /O’Yk T(va (o',(c_l)(u)))du < 00;

(it) C'=35lg 7 < oo
(tit) for any 0 € (0, 1)
k=
Then
(i) for any 6 € (0,min(1,6)) and any X > 0

Eexp{)\ sup £, x)’}

(t, x)EV f(t (2.10)

)
2o o(25) e {507}

(i) for any 6 € (0,min(1,0)) and any u > 0

1£(t, x)|
P
{ s S >

2o { - (22 o (242}

Proof. For the proof we use the same arguments as
in [5], extended for the case of the domain of the
form [0, +00) x [-A, A]. Let 7, > 0,k =0,1,...
and Y 7, i = 1. Then for any A >0

(2.11)

B )
I0) =Eexp A sup =]

< Eexp{/\i sup M}

— o)y, Tk

< H (Eexp{)\rk sup |§(t’x)|}>rl’€

(ta)evi Tk

By using Proposition 2 we obtain

)\rksk

<] QI/Tk(eXp{du - e)fk)})a

k=0
1
IT”;(Eekgk) ) ) h

(0
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—on{ o) )
()

1
T

X H21/"’“<
:2exp{icp((
k=0

)
X exp { i le log (T(*l) (Ir”;(isk) )) }

k=0
C—f’“. Then we obtain the estimate

Let . =
(2.10):

I\ < 26XP{‘P(%>}

1 o= &k _1 (Ir i (Oer)
<o {3 s (M (F 7))}
The estimate (2.11) follows then by

Chebyshev’s inequality.

Corollary 1. Let conditions of Theorem 1 hold
with op(h) = cxh®, ¢, > 0,0 < B < 1, and
|bkr1 — bg| > 2A, but condition (iii) is replaced
by the following one

(iv) There exists 0 < v <1 such that

_2y

by

1 =
L F (b — b)PeS
S1=Z€k (H}k k)% Cr

< 0.
k=0

Then

(i) for any 6 € (0,min(1,0)) and any X > 0

(¢, 2)]
Eexpq A
S o iy

4 AC
< 2hexp {o(1=5) i)
(i5) for any 0 € (0,min(1,0)) and any u > 0

£6t,2))]
P{@SSEV O
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Proof. Under the conditions of Theorem 1 we can
write the estimate

Lx(er) < Lop(ep)

ek
[ ) e
0 20, 7 (u) o (u)
Therefore, we can apply conditions of
Theorem 1 using the integral fr’k.
We choose r(z) =z -1,z > 1,0 < a < fin
Theorem 1, then using similar calculations as in
[5] (see Corollary 7 therein), we obtain

1) <fr7k(65k))

95k

)QCE 22(%*1)

22—1((bk+1 — by,

< >
(9816)5

+1).

Applying the inequality log(l 4+ z) < %, for
0 <~v<1and x>0, we can write the estimate:

S(0,r) < Clog(25 1)
o] 17% % 3
1 €} oy [ Cr 27

+-5 Drst — by)?T
P (brg1 — ) (

k

from which we obtain the expression for A;(0).
Statement (i) follows from (i) in view of
Chebyshev’s inequality.

3 Estimates for the rate of growth of the
fields U(t,z) over unbounded domains

We apply now the results of the previous section
for the filed U(t,z) given by (1.1) with (¢,z) €
V =[0,+00) x [—A, A].

Theorem 2. Let y(u), u € R, be a real stri-
ctly p-sub-Gaussian random process with o(x) =

%, a € (1,2], determining constant Cy and

Ey(t)y(s) = Ty(s,1).
Let U(t,x) = [ I(t,z,\)dy(\), where I(t,z,\)
is given by (1.2), (t,z) € V =[0,+00) x [—A4, A].
Further, let the constant p € (0,1] be such that
(1.3) holds.
Suppose that:
(i) Condition 2 is satisfied and Condition 3 holds
with €, = sup( ey Tp(U(t, x)) < 005

(i) C = 3 % < oo;
k=0 "F
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(iit) There exists 0 < v <1 such that

_ 2y

1—=L
& e (or = be)®
S1 = Z k < oQ.
— i
Then for any 6 € (0,min(1,6)) and any u > 0
U(t,z))|
Py sup —————>u
{ (t,x)eV f(t) }
4 uP(1—6)% ~
< 2¢ exp{—iﬁcﬁ }A1(9),
where
o §1(2(jzcy)2v/p 94/p=2 ~
Ao =ew (== (T )

B is such that é + % =1, Cyz is given by (1.8).

Proof. We apply Corollary 1. Conditions of
Theorem 1 hold with oy (h) = 2C7C,h*, p € (0,1],
therefore ¢, = 2CzCy. All other conditions are
modified correspondingly and lead to the result.

Remark. The bounds for the rate of grows of the
random field U(t,z), (t,x) € V = [0,+00) X
[—A, A], which represents the solution to the
problem (1.4)—(1.5), were studied in [9] for the case
of a general . The approach in the present paper
is based (following [10]) on consideration of the di-
fferent entropy integral given by (2.9), which leads
to the presentation of bounds in the explicit form,
for p(z) = %, a € (1,2]. The case of general ¢
should be further investigated.

Appendix

Definition 1. |2, 13] A continuous even convex
function ¢ is an Orlicz N-function if ¢(0) = 0,
o(z) >0,z #0,and lim 22 =0, lim £

z—0 7 £—00

—— = Q.
x

Condition Q. Let ¢ be an N-function which sati-

sfies lim inf0 “Ogg) = ¢ > 0, where the case ¢ = 0o
T—r

is possible.

Definition 2. |2, 3, 11] Let ¢ be an N-function
satisfying condition @ and {2, L, P} be a standard
probability space. The random variable ¢ is ¢-
sub-Gaussian, or belongs to the space Sub,(£2),
if EC = 0, Eexp{A(} exists for all A € R and there
exists a constant a > 0 such that the following
inequality holds for all A € R

Eexp{A(} < exp{p(Aa)}.

The random process ¢ = {((t),t € T'} is called ¢-
sub-Gaussian if the random variables {((t),t € T'}
are @-sub-Gaussian.
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The space Suby(§2) is a Banach space with
respect to the norm (see [2, 11]):

Tgo(g)
Definition 3. [2, 13| The function ¢* defined by

= inf{a > 0 : Eexp{A(} < exp{p(al)}.

©"(x) = sup(zy — ¢(y))
yeR
is called the Young-Fenchel transform (or convex
conjugate) of the function .

Definition 4. [3, 6] A family A of random
variables ( € Sub, () is called strictly ¢-sub-
Gaussian if there exists a constant Ca such that
for all countable sets I of random variables (; € A,
i € I, the following inequality holds:
) 2
(3.12)

is called the determining

The constant Ca
constant of the family A.

1/2

ppYe

i€l

> NG

i€l

The linear closure of a strictly ¢-sub-Gaussian
family A in Ly () is strictly ¢-sub-Gaussian with
the same determining constant ([6]).
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La cmammsa npuceaydena 3acmocysaro memody Morwme-Kapao 00 oyiniosanni onyionie wa He-
ATKBIOHUX purkax. Anomarvra cyboudysia - ue dobpe 8idoma MOJeAb A ONUCY MAKUT PUHKIS, KOAU
CNOCMEPi2a10mues 610HOCHO Mpusast nepiodu bes 6ydv-axoi mopeieai. Jis nobydosu cybdudysitinux
modeseti Ham nompibro saminumu Karendaprul wac t wa desxull cmoracmuywhul npoyec S(t), axud
nazusaemuvca obeprerum cybopounamopom. Obepnenutd cybopdunamop S(t) inmepnpemyemoca ax wac
neputozo JdocaeHeHHA 0eAKoT UiHu, AKA NOMIM NPOMAZOM MPUBANO2Y HACY MONHCE HE 3MIHIOBAMUCD T
ba3yemvbea Ha GUKOPUCTNAHHE 0EAK020 1HW020 BUNAGIKOBO20 NPOUECY, UL0 HA3UBAEMBCA CYOOPIUNAMO-
pom. YV uith pobomi Mu NPONOHYEMO BUKOPUCTNAMU 2AMMA-NPOUEC AK CYOOPIUHAMOD OAf cYOOUPY3it-
1ot modeai Baweave. Buxopucmosyiowu dobpe 6100Mmi 8AGCTNUBOCTE OAA 2AMMA-NPOUECIE Ta 0bepHe-
HUT 2GMMA-TPOUECIS, MU 3HATOOUMO KOGAPIAUITHY cmpykmypy dpaxmanrvhoi modesi Bawenrve 3 FBM
(Pppaxmanvrum 6POYHIBCHKUM PYTOM) Y AKOMY 3AMIHIOEMO HaAC MG 2AMMA-TPOUEC, G NOMIM D0CALONHCY-
emo 1 acumnmomunny nosedinky. Ilomim mu zacmocosyemo memod Morwme-Kaparo 0an ouinto6aHHs
onutoni8 Yy Uil cybdudysitinot modesi Baweave. JIas 4020 MU UKOPUCTNOBYEMO TMEPAUITIHE CTEMU
ons modearosanns N cuenapiis it Ha axyit oaa Hawur modesets. Taxooc mu JeMOHCMPYEMO HUCAOET
DE3YALMAMU.

Knmowoei crosa: cybdudysis, zamma-npouec, memod Morwme-Kapio, ouiniosants onuionis.

This paper focuses on applying Monte Carlo approach to option pricing in markets with illiquid
assets. Anomalous sub-diffusion is a well-known model for describing such markets, when relatively
long periods without any trading are observed. For constructing sub-diffusive models we need to replace
a calendar time t with the some stochastic processes S(t), which is called inverse subordinator. The
inverse subordinator S(t) means first hitting time and based on subordinator processes. In this paper
we propose to use gamma gamma process as subordinator for Bashelie sub-diffusion model. Using well-
known properties for gamma and inverse gamma processes we find the covariance structure of fractional
Bachelier model with FBM time-changed by gamma process and then explore the asymptotic behavior
of it. Then we apply Monte-Carlo method and propose procedure of option pricing for Bashelie sub-
diffusion model. For this aim we use the iterative schemes for simulating N scenarios of stock prices
for our models. Finally we demonstrate numerical results.

Key Words: sub-diffusion, gamma process, Monte-Carlo approach, option pricing.

1 Introduction nance in fractal activity time (FAT) models to
provide long memory (dependence) for log returns.
In the papers [1], [2], [6]- [8] were presented option
pricing for such models, which belong of the larger
class of diffusion process with "market” time.

In recent decades time-changed stochastic
processes are getting increasing attention.These
stochastic processes are used for example in fi-

(© Nataliya Shchestyuk, Serhii Tyshchenko 2021
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Time-changed stochastic processes are also
used in statistical physics to model anomalous di-
ffusion phenomena. In markets with illiquid assets,
we often see the similar anomalous sub-diffusion,
when relatively long periods without any tradi-
ng are observed. This feature is most common for
emerging markets in which the number of parti-
cipants, and thus the number of transactions, is
rather low.

Sub-diffusion is a well known and established
phenomenon in statistical physics. It occurs if we
replace the calendar time ¢t with S(t), where S(t)
is called the inverse subordinator. The inverse
subordinator means first hitting time and it is gi-
ven by the following formula:

S(t) =inf{r >0:U(7) > t}. (1)

There are several methods for finding price
values of Cy(Xo, K, T, o) for subdiffusion models.
One of them is to find call or put option price as
solution of the forward partial integro-differential
equation (PIDE) with some initial conditions [5].
The another method is by approximating integral
in opting pricing formula [3]. And finally the
method we use is Monte-Carlo approach.

The Monte-Carlo method is based on modeli-
ng the trajectories of the inverse subordinator
Sy(t) in the interval [0,7] and calculate the
fair price as the mathematical expectation. This
method already was applied for two kinds of
subordinators [3]: a stable and tempered « stable.

In this paper we propose to use gamma
processes as subordinators.

The paper is organized as follows. In Secti-
on 2 we recall what is non-fractional Bachelier
model, how to find fair price for this model and
how to estimate difference between Bachelier pri-
ce OB = C(Xo, K,T,o) and Black-Scholes price
CBs,

In Section 3 we we remain what is sub-
diffusion and consider gamma processes as
subordinators for Bashelie sub-diffusion model.
Some basic well-known properties of the gamma
process as a subordinator and some very useful
properties of inverse gamma process as a inverse
subordinator were considered. Then using these
properties we find the covariance structure of
fractional Bachelier model with FBM time-
changed by gamma process and then explore the
asymptotic behavior of it.
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In Section 4 we apply Monte-Carlo method
and propose procedure of option pricing for
Bashelie sub-diffusion model. For this aim we use
the iterative schemes for simulating /N scenarios of
stock prices for our models as in [9)].

In Section 5 we present numerical results for
evaluating fair prices for Bashelie sub-diffusion
model with gamma process as a subordinator.

Last section contains conclusions.

2 Non-fractional Bachelier model

This section reviews some well-known results
about option pricing in a arithmetic diffusion
framework. We will consider later a time-changed
version of this model.

It is worth to mention that recently in the
day 2020-04-20, oil futures reached for first time
in history negative values, where Bachelier model
took an important role in option pricing and ri-
sk management. It demonstrates that sometimes
using of Bachelier model is more reasonable than
Black-Scholes.

Now we consider a financial market in which
is traded a risk-free bond and a stock. The risk-
free bond, noted A;, earns a constant interest rate
r and satisfies the differential equation:

dA;

=rdt Ag=1,t>0.
At r 0 3

(2)
We assume that the stock price, X, is ruled
by a following diffusion:

dX; = [I,dt =+ O'dBt, (3)
where 1 € R is the drift parameter, o € R is the
volatility.

It means that the stock price dynamic follows
arithmetic Brownian motion:

X(t)=Xo+ut+oB(t), t >0. (4)
Here, B(t) is the standard Wiener process or
Brownian motion (BM) on the probability space
(Q,F,P).

The model (2)-(3) with solution (4) is arbi-
trage free and complete (see [3]). The option prices
can be obtained by standard martingale method.
The fair values of call and put on a stock X; with
expiry date T and strike price K are expressed as
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Xo— K Xo— K
C(XO,K,T,U)ZU\/W)()+(X0—K)N ( ; (5)
oVT oVT

P(Xo,K,T,0) =oVTé (

Here, ¢ and N are respectively the probabili-
ty distribution function (PDF) and cumulative di-
stribution functions (CDF) of the standard normal
distribution.

The link between fair prices (5) and (6) for
call and put options is given by the put-call parity
formula:

P(Xo,K,T,0) = C(Xo, K,T,0) + K — Xo.

Notice, the values of fair prices computed
by Bachelier and Black-Scholes approaches are
very close. The difference between Bachelier pri-
ce CP = C(Xo, K,T,0) and Black-Scholes price
CBS was estimated in [3] as follows
BS o _Xo_

T 12v2

where o is the implied volatility in the Bachelier
model.

In the remaining of this paper, we explore the
option pricing of a time-changed version of this
model. We would like to extend Bachelier model
for emerging market with periods, where assets
price does not change. The next section introduces
sub-diffusion and the stochastic clocks that we use
as time-changes.

3 Sub-diffusion Bachelier
Gamma subordinator

model with

The usual model of sub-diffusion in physics is
the celebrated Fractional Fokker-Planck equation.
This equation was derived from the continuous-
time random walk scheme with heavy-tailed wai-
ting times. Equivalent description of sub-diffusion
is in terms of subordination, where the standard
diffusion process is time-changed by the so-called
inverse subordinator.

A subordinator is a stochastic process of
the evolution of time within another stochastic
process, the subordinated stochastic process. In
other words, a subordinator will determine the
random number of "time steps"that occur wi-
thin the subordinated process for a given unit of
chronological time.

K — Xo
oVT

87

> + (K — Xo)N <Ii_\/jfo) . (6)

Thus, subordinator Uy is a stochastic process
with positive, non-decreasing sample paths and
taking value in R+.

We consider Levy subordinators for which
increments are independent and homogeneously
distributed. It is known that from the
Levy—Khintchine formula the Laplace transform
of Lévy subordinators has the following form:

E (ewat) — eftf(w)7

bw + f0+oo(1 — e “*)v(dz) and

where f(w)
beRT.

The inverse subordinator means first hitting
time and it is defined by the formula (1).

This inverted Lévy subordinator is in general
no more a Levy process. However Sy, t > 0,
is positive and non-decreasing and has a [5] all
requisite properties to be used as stochastic clock.
By construction, the inverted process may be
constant. Therefore, any process subordinated by
S; exhibits motionless periods. These random di-
stributed motionless periods are characteristic for
the subdiffusive dynamics and they represent the
waiting times in which the test particle gets
immobilized in the trap. In analogy with the physi-
cal description of sub-diffusion, we can consider
the sub-diffusive arithmetic BM [3]:

X(8(t)) = Xo+pS(t) +oBu(S(t)), t =0, (7)

where S(t) is subordinating process and B(t) and
S(t) are independent.

In recent years number of papers devoted
to using the processes time-changed by inverse
subordinators as models adequate for anomalous
diffusion phenomena have grown rapidly. We only
mention, for instance an inverse « - stable subordi-
nator, the inverse tempered stable subordinator
and the inverse gamma process as a time-change
was examined in papers of M. Magdziarz, , A.
Wylomarnska. The general case inverse subordi-
nators based on infinite divisible processes were
explored for example by T. R. Hurd and A.
Kuznetsov, J..

In this paper we would like to use gamma
process as a subordinator for description time peri-
ods in which price does not change. It is reasonable
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because gamma process is a pure-jump increasing where I'(z) is the Gamma function.

Lévy process and thus it is a good candidate for 5) The Laplace exponent for gamma process
construction waiting time. U(t) is given by
Suppose Uz, t > 0, is gamma process

['(t,a,B), thus it is a positive nondecreasing Uiy = 1 log(1 + u).
process such that Uy = 0, and its increments v
Ui+s — Ut, t > 0, are stationary independent and 6) The moments for gamma process U(t):
have gamma distribution.

1 E(U(t)) = M L

a0 Lem /P, (8) L(t/v) v

where « = s/v, § = 1 and v is a positive
parameter. Some basic properties of the gamma

if t = oo.
7) The correlation function is

process are well-known: s
1) Multiplication of a gamma process by a Corr(U(s),U(t)) = \/;
scalar constant A is again a gamma process with
different mean increase rate. s < t, for any gamma process U(t).
The inverse subordinator S(t) defined by (1),
AL(t o, B) = D(t; o, B/A). with gamma process U(t) has follows properties
(see [4]):

3) The sum of two independent gamma

1)The inverse subordinator S(t) for gamma
processes is again a gamma process.

process U (t) is inverse gamma process, and its tail
behavior satisfies:
Lt a1, 8) + Dt a2, 8) = Tt on + a2, B).
2 —-1/2 x/v—t vt z/v
4) The density function f(z,t) for gamma P(S(t) > z) ~ (T) ¢ <;)
process U (t) is given by

it z — o0.
1 Ly, 2) The moments for S(t) of first and second
fla,t) = F(t/v)azv ey>0, order can be computed as
Mi(t) = ES(t) = v (t + 1> et / h e d (9)
: 2 o (L) [(log(y))? + 7™
1t o0 e Yt log(y)
Mt_EStQ_u2<t++>—2y2e—t/ dy. 10
(0 =E0 2" o 79 [(osw)? + 727 1o
3) The covariation function is

1 t
Cov(S1,Sie) = yMalt) + [ Milt 4+~ y)ddM(y) - Mr(e+ K)M(0) ()

0

It is useful to find the covariance structure changed by gamma process and then explore the
of fractional Bachelier model with FBM time- asymptotic behavior of it.

Proposition 1. If X; is a stochastic process given by (), where U(t) is Gamma process, then, for any
integer k > 0:

Cov(X(t), X(t+ k)) = p?Cov(S(t), S(t + k)) + 0*Cov(ByS(t), By S(t + k)), (12)

where covariation function between S(t) and S(t + k) is defined by property (11) and covariation
function between BpS(t) and By S(t + k) was explored in [5]:
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t
Cov(BuS(t), BuS(t + k)) = Man (t) + 2H/ Map—-1(t + k — y)dMi(y). (13)
0

where My(t) = E(S(t)(t)), H - is the Hurst exponent.

The results follows from (9)-(11) and the fact that

Cov(X(U(t), X(U(t + k)) = p>Cov(S(t), S(t + k)) + uoCov(S(t), By (S(t + k))+

14
+ poCov(By (S(t)), S(t + k)) + 0*Cov(Bg (S(t)), Bu(S(t + k))), (4
where Cov(S(t), Bu(S(t+k)) = Cov(Bg(U(t)),S(t+k)) = 0 because we suppose the inverse subordi-
nator S(t) and FBM By (S(t)) are independent.

4 Monte-Carlo Option pricing in sub- on is completeness of market model. The Second
diffusion Bachelier model Fundamental theorem of asset pricing states that
the model is complete if and only if there is a
For the sub-diffusion market described above the unique martingale measure. In the paper [3] were
usual requirement for the fair option pricing is  given two different proofs of the incompleteness
that arbitrage opportunities do not exist. For this  of financial market model based on subdiffusive
it is enough to prove the existence of the equi- ABM. If the subdiffusive model is incomplete, then
valent martingale measure. In [3] was introduced it is reasonable to obtain different prices of deri-
the following measure vatives depending on the choice of the martingale
2 measure. The choice of the measure ) defined in
Q(A) = / exp {—73(51/; (T)) — l&p (T)} dp, this way is the natural extension of the martingale
A 2 : : :
measure from the classical Bachelier model, in
where v = £ and A € F, and was proved the context of subordination. Moreover, measure
that the subdiffusive arithmetic BM X(¢) is a () minimizes the relative entropy. So, from paper
martingale with respect to @. Also in [3] was [3] we know that the subdiffusive model (7) is
shown that the market model, in which the arbitrage-free, incomplete and the fair price of the
asset price is described by the subdiffusive ari- European call option with expiry date T" and strike
thmetic BM, is arbitrage-free. The second questi- price K is given by:

Cw(Xo,K, T,a) = <C(X0,K, Sw(T),a» = /OOO C(XO,K,:c,oz)gw(a:,T) dx (15)

where, gy is the PDF of Sy(T). There are 5 Numerical Results
some ways of finding fair price. One of them is by
approximating integral in (15). But this approach In this section, the algorithm for using Monte-
requires that ¢ is known exactly. The another Carlo approach are demonstrated.
method is to find call or put option price as We considered spot price Sy = 277.0 for
solution of the forward partial integro-differential March 14, 2020. The strike price for call opti-
equation (PIDE) with some initial conditions. ons with maturity T = 1/12 year is set at K =
And finally the method we use is Monte-Carlo 255;260; 265; 270, the yearly volatility for returns
approach. The Monte-Carlo method is based on of the underlying asset is computed at o = 33.7%,
modeling the trajectories of the inverse subordi- the yearly riskless interest rate is set at r = 5.8%.
nator Sy (t) in the interval [0, 7] and calculate the The main steps in a basic Monte Carlo
fair price as the mathematical expectation. approach to estimating fair option price in the ari-

thmetic sub-diffusion model are as follows:

This method already was applied for « stable 1. First we simulate N trajectories of U(t),
and tempered « stable subordinators in [3]. In this that is a process of independent stationary
paper we apply Monte-Carlo method for gamma increments having gamma distribution. We divi-
subordinator. de the interval [0,7] into subintervals of length
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/delta, where the increments U(t + ) — U(t),
t = 0,0,20,...,7 —  have gamma distribution
with parameters ¢/v and 1. We simulate 7'/0
independent random variables from this distributi-
on. Finally, the trajectory of U(t) is obtained as
the cumulative sum of the increments.

2. In order to simulate the approximate
trajectory of the inverse gamma subordinator we

2021, 2
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need to use following approximation scheme:
Sy,s(t) = (min{n € N: Ty (dn) >t} —1)0. (16)

Here, 6 > 0 is the step length and Ty(7) is the
subordinator.

3. For a given time of maturity T generate
N values of the inverse subordinator S(7") and
calculate N option price values, using formula
(15). See Fig. 1.

Inverse subordinator

08

06

04

02

00

0.00 0.25 050 0.75

100 125 150 175 200

t

Puc. 1: The trajectories of inverse subordinator

4. Find the fair price as mean for N scenarios,
obtained in the step 3.

The results of the above algorithm are
presented in Fig. 2. We observe a typical trajectory
of ABM with gamma waiting times. And we use

the above algorithm to perform Monte Carlo si-
mulations in order to approximate the fair option
price for sub-diffusion model. Some basic results

for European call options are presented in Table
1.

Taba. 1: Numerical comparisons

Strike Price Last (Market) Subdiffusion Bachelier Black-Scholes
255 32.60 31.09 30.34 26.67
260 28.67 26.82 25.80 22.76
265 27.00 24.81 23.97 19.17
270 23.00 20.53 19.35 15.92

In order to evaluate the accuracy of the
proposed method and to compare it with fair prici-
ng according to the Black-Scholes formula, we can
compare their percentage errors. The percentage
error for a given strike price K can be computed

as a following ratio:

’Ctheoret'ical - Cmarket’ 100%

PercentageError =
Cmarket

Overall, the results show that average percentage
errors for Subdiffusive pricing (7,5 %) and for
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Arithmetic Brownian Motion Bachelier

2772

27171

2770

276.9

276.8

276.7

276.6

0.00 0.25 0.50 0.75

Subdiffusive Bachelier medel

100 125 150 175 200
t

27173

2717.2

W_s(t)

27171

2717.0

276.9

Puc. 2: Sample realizations of the standard ABM (top panel), and the corresponding subdiffusive ABM

Optimal ABM pricing (11 %) are less than for Fair
Black-Scholes Pricing (24%).

However, these errors may indicate that the
proposed model is very sensitive to volatility o,
and to the periods without price‘s changing.

Thus, we offer our approach as an alternati-
ve to the Bachelier and Black-Scholes formula for
emerging markets.

6 Summary

Following the financial tsunami experiences of
2008 and the crisis of Covid19 in 2020, we can
observe that some kinds of risky assets have the
periods in their dynamic without change and the
risk controls of derivative instruments on stocks
and other financial assets have become extremely
important. Thanks to sub-diffusion approach, the
investor gets a tool, which allows him to take

91

into account these features in the option pricing.
Monte-Carlo approach with gamma subordinator
allows evaluate option price easy.
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Hocnioocyemovces numanns nobyoosu anpoxcumarnm Ilade ons ¢ynxyii 06ox sminnux. Ilobyoosana
0806UMIDHA (DYHKYIOHANbHA NOCIO06HICb, KA MAE Y3A2ANbHEHEe MOMEHMHE 300paXNCeHHs | 6UBHAYEHI
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came 3 (-anano2om eKCnoHeHmu eq .

Knrouosi  cnosa: anpoxcumanm Ilaoe,
PpayioHanvbHa anpoKcuMayis.

MOMeHmMHEe  300paAdCenHs,  2inepeeomempuyHull  pso,

Generalized instantaneous image were introduced by V.K. Dzyaduk [1] in 1981 and proved to be a
convenient tool for constructing and studying the Padé approximants and their generalizations (see [2]). The
method of generalized instantaneous images proposed by Dzyadyk made it possible to construct and study
rational Padé approximants and their generalizations for many classes of special functions from a single
position. As an example, the Padé approximants is constructed for a class of basic hypergeometric series,
which includes a g-analogue of the exponential function. In this paper the construction of the Pade
approximants for the function of two variables is investigated. A two-dimensional functional sequence is
constructed, which has a generalized instantaneous image, and rational approximants are determined, which
will be generalizations of one-dimensional Padé approximants. The function of the two variables is entirely

related to the basic hypergeometric series, namely with the g-analog of the exponent €, .
Keywords: Pade approximation, instantaneous image, hypergeometric series, rational approximation.
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Beryn Ta TeopeTrnyHi BinomMocTi. {x ., a y mpocropi Y --

nocninosricTk enementis {Y;}, Taxi, mo
Se.j =X Y K jel, oy

ITo amasorii 3 (1) MOXXHA BHU3HAYUTH y3arajbHEHI

€JIEMEHTIB

VY3aranpHeHi MOMeHTHI 300pakeHHS Oynmu BBemeHi
B.K. I3sauxom [1] y 1981 p. i BUsBUIMCS 3pyIHHM
IHCTpyMEHTOM 11 TOOYHOBHM Ta  BUBYCHHS
anpokcumartiii [Tane ta ix y3aranbHeHb (quB. [2]).

MOMEHTHI 300pa)K€HHS JIBOBUMIPDHUX YHCIIOBHX
O3nauenns. Bynemo TOBOPUTH, 110 g TOCI1JOBHOCTEU.
IIOCJIZIOBHOCTI KOMIUIEKCHHX 49ucen {S, },., Mae Osnguenns.  bylemO  TOBODHTH, IO  Jd

. . . . : 0
Miclle y3arajibHEHe MOMEHTHE 300pakeHHs Ha “\oOPHMIPHOL HHCIOBOL TOCIIAOBHOCTI {Smbem-o

Ma€ Miclle y3arajibHEHe MOMEHTHE 300pa)KeHHS Ha
no0yTKy nmiHifinux mpoctopiB X T1a Y  3a
03Ha4YeHOI0 Ha IbOMY A0OYTKY OiniHiiiHOIO (hopmoro

noOyTKy JiHiiinmx mnpocropie X Ta Y  3a
O3HAYEHOI0 Ha I[LOMY J00YTKY OiTiHIHHO (hOpMOIO
(), axmo y mpoctopi X BKa3aHO MOCIiJOBHICTH
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(.y), Axmo y mpoctopi X BKa3aHO ABOBHMIpHY
noctioBHicTh eneMenTiB {X, .} o> @ Y IPOCTOpi
Y
{yj’n}jf)’n:0 TaKi, 1o

=Xemr Vi) K lomnel, 2

[To ananorii 3 TuM, SIK Y BIANOBIAHICTH YMCIIOBIH

{sk }T(O=0

dopmansuuii  crenenesuit pax T (z) = Z AN
k=0

€JIEMEHTIB

JIBOBHMIPHY  ITOCIIiJIOBHICTh

Sk+j,m+n

IOCHITOBHOCTI MOKHA IOCTaBUTH

. v v . . 0
JBOBMMIpHIH uncnoiit nocnizosrocTi {S, -} o

MOXHa TIOCTaBUTH Yy BiAMOBIIHICTE (QopManbHUI

CTeleHEeBU I psn JIBOX 3MIHHHX

o0

_ k _.m

f(z,0)= ) s..2'0 ©)

k,m=0
Hnst  pspie Buriasmy (3) MOKHAa — BU3HAYMTH
pariioHanbHi arpOKCUMAaHTH, 10 OyayTh
y3arajbHEHHSIMA  OJHOBUMIPDHUX  alpPOKCHMAaHT

[Mane, 3a pisauMu cxemamu (muB. [3, c.323]). Ilpu
bOMY THOTPIOHO 3adikcyBaTH IE€BHI OOMEKEH]

obmacti N i D 3 Di Ta 1o0yayBaTH ajreOpaidHi
MHOTOWICHH
Py (z,0) = Z pk,mzkwm’
(k.m)eN
k m
QD(Z’a)): Z Qk,mZ @ ’
(k,m)eD

TaKUM YHUHOM, MO0 siKoMora Outblme KoediIlieHTIB
€ m ¥ PO3KIai

f(z,w) _h@o)
Qp (2, )
JOPIBHIOBAITU HYIIO.
Hactynnuii pesynerar € anajmorom Teopemu B.K.
IM3sguka [1] ns Bunmanky (yHKIIH ABOX 3MiHHHX

(muB.[4]):

k

‘o™

2

(k,m)el 2

k,m

Teopema 1. Hexaii gopmanbHUII CTENEHEBHU psif

JBOX 3MIHHHUX Mae BUDIAA (3) | it ABOBHMIpHOI
o0

MOCITI TOBHOCTI {Sk m} Mae Miciie y3arajabHeHe

k,m=0
MOMEHTHE 300paxkeHHs BUIIIsiLy (2). Tomi sKimo aist
nesknx N, N, ell iCHye  HeTpHBiaJbHUI
y3aranLHeHHﬁ IOJIIHOM
(Ng,N3)
N1 N, ZZC " yivn (4)
j=0 n=0
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TaKuH, 10 BUKOHYIOTHCSI YMOBU 010pTOrOHAJILHOCTI

<Xk,m'YNl,N2 > =0 ()
(k,m) € ([0, N,1x[0,N,]), {(N;,N,)}

Cﬁ,’:‘ﬁ'\,’jﬂ # 0, T0 pauionanbHa QyHKLis

npu i

N;—1 N, -1

k m
m (N )
v DIDIEACID DI e R
QN1 N,(z,w) k=0 m=0 j=0 n=0
N, N,-1 N, m
N k (N )
EEDIDIICD 3 I LI
k=0 m=0 j=0 n=0
N;-1 N, k N,
N kK _m c(N }
+a)zzzzw NllJnskJm+n
k=0 m=0 j=0 n=
(N1.N) J n
pe Q. (2, @)= ZZCNllJ N, nZ MaTuMe
j=0 n=0

pO3KJax y CTENeHEBUH psiji, KOSPIIIEHTH SKOro
30iraTUMyThest 3 KoedirieHTaMu psny (3) 1us BCix

(1,n) €([0,2N,]x[0,2N,]) , {(2Ny,2N,)}-

HacmipaBni B Teopemi 1 Moxna  BHOpaTH
ysaranbHeHui  momiHoM Yy 3  yMOB
0lOpTOrOHaNBHOCTI 10 €JIEMEHTIB X, , HE JJIs
(kM) e ([0, N,Ix[O,N,]), {(N,N,)}, & s

(k,m)eH, ne H -- neBna wmuOxwmHA 3 [ i
obMexeHa TIESTKOTIO KPHUBOIO
p=p(@),pe[0,7/2], 1o MICTHTb

(N, +D(N, +1) -1 touky. Ilpu ubomy 3a N mu
MOXX€MO  BHOpath  Oyap-iKy  MHOXHHY 3
([N, ©]x[N,,©]), mo € o6'eaHanHsM

[0, N, —1]x[0,N, —1]
surisny {(K,m):k €[0,N, —1],me[N,, x(k)]} ra

KBaJparta 3 MHOXHWHaMH

{(k,m):me[0,N, 1],k [N, y(m)]}, e
X(k), y(m) -- nesixi dpymkuii 3 [, B [J, Taxi, mo
X(K)=N,,y(m)>N, s Bcix k i m. Tonmi
MHOMHHA E Oyne MaTu BUIJISA/L

N UH+(N;,N,), ne H+(N;,N,) -- mHoxunHa,
OTpHMaHa TapaielbHUM IEPEMIllleHHSIM MHOKUHH
H , npu sxomy touka (0;0) mepexomuts y Touky

(N, N,) (teopema 1" [4]).

3ayBa)kMMO, W0 K 1 Yy BHUIAIKy OIHOBUMIPHHUX
y3araJbHEHHMX MOMEHTHUX 300pakeHb, 3ajaua IMpo
JBOBUMIpHI y3araJbHeHi MOMEHTHI 300pa)KeHHS
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Moxe OyTu cQopMynbOoBaHAa B OINEPATOPHOMY 7"

BUIJIALI. A came, NPUITYCTUMO, IO IpocTtopu X Ta

Y € nopmoBamuMu i B mpoctopi X iCHYIOTh

KOMYTYIO4l MDK co00F0 OOMEXKEHI orepaTopH

A, A X - X raki, mo

Aixk,m = Xk+1,m’

AZXk,m = Xk,m+1’
npu Beix K,mell . Hexaii y npocropi Y icHytoTh
obmexeni omepatopu A, A Y =Y, chpsxeni
no omeparopie A, A, BigHocHO OiniHiliHOT popmu

(4, B TOMY pO3yMiHHI,

xeX,yeY
(AXy)=(%AY),
(AX,Y)=(X,AY) .

mo s OyJb-sSKUX

Tomi 300pakeHHs (2) MOXHa 3aMMCaTH Yy BUIJISIL
Scm =(AkAZmXOVO, Yoo)» K.mell, ipan (3) Gyne

30DKHMUM B OKOJI TOYaTKy KOOpAWHAT 10
aHamiTHaHOi  (pyHKII, ™m0 Mae 300pakKeHHS

f (21 0)) = <iR(A1)iR(A2)X0,01 yo,o>l
ne pesombBenTHa QyHkmis R(A) BusHayaeThCH

pisrictio R(A) = (1 —zA)™.

O3nauenns. Host gkl Oa3ncHUM
TIIepreoOMeTPUIHUM  PSIIOM ~ HA3WBAETHCS  PSfI
BUTJISILY
,a,,...,a
rrs b b
b,b,,.... 0,

= N (31§Q)n(az;q)n'...~(ar;q)n y n(r121)j|1+5—f i
Z(bl;q)n(bz;q)n'...-(bS;CI)n {( )'a z,

n=0

(muB. [3, ¢.23]) me §— cumBoxn [oxrammepa (&;0),

BHU3HAYAETHCS (HOPMYJIIOIO

(l1-a)(l-aqg)-...-(1-aq"™"), n=x>1

(;9), = 1, n=0,
[[@-ag™) =lim(a;q),, n=c.
m=0 n—o0

HpeHCTaBHHKaMH 6a3I/ICHI/IX riHepreOMeTpI/I'{HI/IX

pSI}_IiB € TaK 3BaHi (-aHaJIOT'"U CKCIIOHCHTHU
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e,() = (0=2) =Y

= , |zkd,
o (0 a),  (z9).

Eq(z) =0 ¢0 (—0-2)=

0 n(n-1)/2
=51

o (0:0),

2" =(-z;9),,| z|<1.

B [5,6] 3amporioHOBaHO MiAXOaU O MOOYHOBU Ta
nocrimkenns anpokenmant Iaze Gynxuii €,(z) Ta
i y3aralbHEHb 3 BHUKOPHCTAHHSM Yy3aralbHEHHX
MOMEHTHHUX 300pakeHb. 30Kkpema, B [6] s i€l
METH  BUKOPHUCTAHO  y3arajbHEHI  MOMEHTHI
300pakKeHHSI BUTIISIITY

k a
S, =(A%,,Y,), k=000,
3 omepatopom A Ta GriniitHoro popmoro (.,.), 1o
BUpaxarThes uepe3d ( —interpan [xekcoHa (ouB

3, c.39])
(AO = [ (D), =t0- DY plta ) ()

et sxe minxig OyB BUKOPUCTAHHH 1 JJO TOOYIOBH Ta
BuBueHHs anpokcumanT Iane dynkiii E (z) Ta ii
y3aranpHeHb (auB. [7]). A came, npu 0<a <1
BH3HAYABCS JIHIHHIHN IPOCTip

X, ={f:[0,]—>0]|3M >0,

| £ ()x“ |< Mx [0,1]} 3

I fll,=sup | f(X)X*|. Toni X, mpn xoxnomy
xe[0,1]

O0<axl Oyne POCTOPOM.

HeBaxko mepeKoHaTHCs, IO JiHilHuiA onepatop A

X,, a

HOPMOIO

0aHaxOBUM

Burisiny (6) € oOMEKEHWM B MPOCTOpPi

OinmixiiiHa popma

(pw) = [ oDy (2)dyz (7)

€ pPO3AUTHPHO HENEepEepBHOI0 Ha JOOYTKY IPOCTOPIB
X, xX,.

Crpsxenum 710 orepatopa A BigHOCHO GiniHIHOT
¢dopmu (7) Oyzne omepartop

(K0 =[0I = [ oo~ [w(e)dr

(muB. [6]).
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OcHoBHUI pe3yJbTart.

Posrissnemo IIOCIIIIOBHICTD
X () = (A% ) (1) = () T,
(d,9),
me X, (t) =1
i
y; =AYy, j=10,y,(t) =1, ®)
a TaKOX
1_ q)k+l _

g = Akxo;y =(—,k=0,oo. €)]

= ) (CH)
IToxnagemo

Xem (8) =X O+ X, (1), Y0 =y;(O)+y, (1),
ne {Xk (t)}f:o i {yj (t)}io BU3HAueHi (GopMyaaMu
(8). Tomi

Secimen = (Xemi Vi) = (% + X0 Yy + Y, ) =
= (% ¥ )+ (6 Vo) + (Xs ¥ )+ (X Vi) =
=S4j F Sken TSmsj t S,

(10)

maemo Sy, =2(S, +S,), ZAe S, BuU3HAYCHO 3a

dhopmyoro (9).

Takum uymHOM, IS YUCIIOBOi TocimimoBHOCTI (10)
Mae MicIle y3araJbHeHEe MOMEHTHE 300paKeHHsS Ha
X, xX,

IOOYTKY TIPOCTOpiB 3a OUTIHIHHOIO

dhopmoto (7).

o0

JIBOBHMIpHIM YUCIIOBIH MOCTIIOBHOCTI {Sk m}k o

sika BU3Ha4eHa ¢opmyroro (10), MOXKHA TIOCTaBUTH y
BIIMOBIMHICTh (POPMANTEHUN CTEIEHEBUH PSIIT JABOX
3MIHHUX

(o)=Y 5, 20" =
k,m=0
=2 z (
k,m=0

s, 0"2" = ZZOO:

m=0

S +5p)2¢ 0" =2 ) s,z 0™ +
k,m=0

k=0

_ q)k+l

(1
(9.9),.,

(0]

z"J+
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(11)

X

B a

IIpumyctumo, 110 IPOCTOP1i ICHYIOTh

KOMYTYIO4i MDK
AA X, —>X,:
AXem = Xm (Kom) el

AXem = Xmas (Kom) €l

Tax Xem = X X = Xy + X = X0

A=A:X,—->X,.

co0ol0 00MeXeH1 orepaTopu

SAK TO

[osnaunmo A = A, = A.

Tomi
Skm = <A1k Azmxo,o; yo,o> = <Ak+mxo,o; yo,0> =
= 4 A3 Vo)

3 iHmI0T0 60KY,
Sem = 205, +50) = 2( (A%, Vo) + (A3 ¥o) ) =
= 2((A* + A™)X,; Vo).

Toai maemo, 1110

Ay = ;(Ak +A™)- X,

(12)

Sk Oymo 3a3HaueHo B [8], ¢dyHKIS 300pakeHa
psaom (11) matume BUTIISA

F(2,0)= of (w)-1f (2)
’ -1
Jaui po3rissHeMo MOCiA0OBHICTh

8 = (A%0; Yoo) = KA %: Vo) =
=2((A“+A")'X,;y,), Oek+m=ijiell,

Jlist mocninosHocti {8} .

(13)

BHUKOHYETLCS YMOBaA :



Bicnux Kuiscbroeo nayionanvbnoeo yHieepcumenmy
imeni Tapaca Lllesuenka
Cepin ¢izuxo-mamemamuyni HayKu

N
>l
j=0

N
VNell 3V, => ¢y, =
j=0

1 TaKHi, 110

(XY =(A% Yy =0 k=0,N-1 (14)
abo

(%Y ) = 2((A + A™)X,;Y ) =0  Vmosa (14)

BHUKOHYETHCS 3@ PaxyHOK TOro (GakTy, mo s q--
noninomis Jlexanapa Ly (t;Q), wo 3anoBosnbHsOTH

YMOBH OPTOTOHAJIBHOCTI:

1
L)Ly (a)d,t =0

0

npu N # M, Binomo popmynu:

(07 9), (g
L, (t;q) =
D=2 T (g
(muB., Hamp. [1]).

N+1.

)N ()"

B poborti [8] oTpuMaHO HACTYIHHUI PE3yNbTaT, SIKUH
€ y3aranbHeHHsIM Teopemu 1 [4].

Teopema 2. JInsg aHamiTHIHO! QYHKITIT TBOX 3MIHHUX
f , mo mae 306paxenns (13) 32 BUKOHAHHAM YMOBH

(14), dbyHKIIii
[N /D], (z,

partioHaJIbHi

)_P (z,w)
Qp (2, )

TaKli, 1110

Q(za)=Y e

j=0 n=0

(N.N)
N—j,N— nza)
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k m
_ k_m (NJN)
PN(Z1(0)_ Za)zchanSkjmn+
k=0 m=0 j=0 n=0
GANE o Nm
m ,
+2" ) Y "y D NS
m=0 k=0 =0 n=0
WELES, kK N -
m ,
+o Z0™> > S, i
k=0 m=0 =0 n=0
a koe(imienTu Ck N,k, =0,N 3a70BONBHAIOTH
plBHOCTl
(N,N) N (2N) 7
129 3T T p—
k=0 m=0 j=0

PO3KIaJii B CTENEHEBI psIU, KOCPIIIEHTH SKHX
30iraTuMyThesi 3 KoedimieHTamu psgy (3) ans

dynkuii T mma Beix

(j,n)eE={(j,n)el? j+n<4N -1}
Taxum unHOM, QyHKIIIs (13) 3a/10BONBHSIE yMOBaM
TEOpPEMH 2 1 MU MOXKEMO MO0y IyBaTH anpOKCUMAaHT
Mane dpynkmii (11).

BucHoBKH.

ITo6ymoBana JIBOBUMIpHA (hyHKITIOTHATEHA
MOCITITOBHICTh, SKa Ma€ y3arajJbHEHe MOMEHTHE
300pa’KeHHS 1 BH3HAYEHI pallioHaIbHI
alpoOKCUMAaHTH, 10 OyAyTh  y3arajabHEHHSIMU

OMHOBUMIpHUX amnpokcuMaHT I[lame mus GyHKITINH
JIBOX 3MIHHHX, SKa € Yy3arajbHeHHSM (-aHajora

€KCIIOHCHTH eq .
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IIpeocmasnena poboma npucesyeHa O0OCHIONCEHHIO HEOOXIOHUX YMO8 O/ JNIHIUHUX PIGHAHb
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Knouosi  cnosa: smiwanuti mun pieHAHHA, DYHOAMEHMANbHUL PO38 A30K,

CNiBBIOHOUIEHHS, HeOOXIOHT YMOBU.

iHmezpanvie

The presented work consists of investigations of necessary conditions for linear mixed type
equations in the limited area on a plane. These necessary conditions are determined by the help of
integral relations and at the same time the fundamental solutions of such equations are used.

Key words: mixed type equation, fundamental solution, integral relation, necessary conditions.

Crartio mpeactaBus 1.¢.-M.H. XycaiHos J1.5.

I. INTRODUCTION

The mathematical physics equations [1] - [3]
and special derivative equations [4] - [7] mainly
dealt with problems for three types of equations.
They are equations of hyperbolic, parabolic, and
elliptical types, that Cauchy problem and mixed
problems were considered for the equations of
hyperbolic and parabolic types, but for the
equations of elliptical type Boundary value
problem.

For the first time, Tricomi [8] considered an
equation that was belonged to hyperbolic in one
and elliptical in the leftover part of the area.
Now this equation is called the Tricomi
equation. This is a mixed type equation with a
changeable coefficient.

Later, were also considered problems for
mixed type equations with constant [9].

Finally, Hadamard considered such equation,
that let this equation has both ellipticity and
hyperbolicity characteristics at any point in the

© Sh. Niftullaeva, 2021

area, which is under consideration [10]. This is
called a composite type equation.

Later, Gellersted, Bitsadze and his students
[11]-[20] dealt with these problems. Eventually,
they dealt with the investigation of Boundary
value problems for the mixed and composite
type equations [17] - [20]. These problems are
considered within local Boundary conditions.
We consider nonlocal problems and global
(containing integrals) problems within Boundary
conditions [21] - [27].

Il. PROBLEM STATEMENT

Suppose D=D,uD, cR? being
flatness area in the right semi-flatness
D, ={xe(x,x,):0<a, <x <b, 7,(x)<x, <0}
limited area located in the fourth quarter,

D, = {xe(x,X,):0<a, <x <b, 0<x, <7,(x)}
but, limited area in the first quarter.

limited
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Here is drawn external normal with v, and of
the area D, to the borderoD,, external normal
with v, of the area D, to the border oD,. If
equationx, =7,(x ), x €la,b] the lower
border of the areal’, D,.

If equationx, =y,(x,), x €[a,b]T, but
the upper border of the areaD,. The common

A
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border of the areas D, and D,, but I, X, =0,

x, €[a,,b,], is a finite piece on the true axis. A

complete description of this area was given in
the picturel.

Now, let to see the following equation in the D :

3 3
Pl

=0,x=(x,x,)eD, s =1,2, (1
xoX:  oxiox, (%, @)

here i=+-1, 6D =T, UT,,
but it is the Lyapunov line, if s=1 the resulting
equation, it means

aaul(x)+i63ul(x): 0* [8u1(x)+i6ul(x)]20
X O0X5  OX7OX, OX,O%, | OX, O, ’

xeD,, (2)
equation, in D, is composite type (a mixed
derivative of the Cauchy-Riemann, an elliptical

type),
if s=2but

X, = 71(X1)

Picture 1.

O*u,(x) 0%, (x)_ o2 (auz(X)_auz(X)j

OX,OXE  OXZOX, OXOX, | OX, X,
xeD,, 3)
is hyperbolic equation.
If we look at the classical works, the

analogue of such an equation is derived from the
Tricomy equation. Therefore, equation (1) is
called a mixed and composite type equation.

I1l. FUNDAMENTAL SOLUTIONS
Given in the Cauchy-Riemann equation [3]:
1 1
U(x—¢)=——- : % &eR?,
2 X, =&, + I(Xl _51)
(4)
for a fundamental solution of equation (2) using
a fundamental solution
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Ul(x_f): _Zi_ﬂ_[xz _952 +i(xl _51)]' {In[x

x,£eR?, (5)

we get the statement.
For equation (3) in the same way

;[Xz =& J+(x— 51)]

Uz(X_f): _[‘9

X =&

_52 + X _51 _t)jt

X, & e R?,
we have received a fundamental solution.

In the above statement 6(t) - this is
Heaviside’s only function.

Theorem 1. The fundamental solution of the
given equation (2) is in the form (5), and the
fundamental solution of the equation (3) is in the
form (6).

(6)

IV. MAIN APPROACHES

These approaches are obtained from the
second Green formula by applying the Gauss-
Ostrogradsky formula (part by part integration),
after integration on the appropriate area
multiplying equations (2) and (3) by their
fundamental solutions (5) and (6). Then these
equations (2), (3) and their fundamental solution
multiplying to derivatives of (5), (6) by
integrating along the appropriate areas and
applying the Gauss-Ostrogradsky formula are
obtained from the analog of the second Green
formula. So that, in obtaining of these basic
approaches part by part integration should be
done in such a way that, integration on the area
neither the solutions of equations nor should
more than three derivatives of fundamental
solutions be involved.

Two of the main approaches we have
mentioned are the following:

f[au X

U, Xx—¢ +u, X
OX,0X, .

iaul X oU; x—¢
28 o
ou x OU, x—¢ 0%y,

+ | U X—& +
X, OX, OX,0X, .

oV, x—¢
OX,0X,

cos vy, X, +

2021, 2
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+iu, X 82U1 > Icos dx =
L T oxox, Yk =
u1(§)1 ¢ eDby,
=<1 7
Lu(e) geap, 7

But now u,(x) paid by the function (3)

equation and let us bring the first main approach
obtained with the help of a fundamental solution

(6).

2 ZU .
f 8u2XU2 x—£+u2xa , X—=§
5D, OX,0X, OX,0X,
Jr<9u2 X oU, x—¢ oS v, %, +
2 28
Cdu, x AU, x=¢  du, x U, e
OX, OX, OX,0X,
U, x— ]
—U, X ——=——/C0S v,, X% tdx=
OX,0X,
uz(é)’ ¢eDh,,
=41 8
Euz(ég)’ ¢ edb,, ®)

Thus, each of the main approaches we have
obtained consists of two parts. The first parts are
the solutions of the equations (2), (3), their
derivatives and the analytical statements for the
linear combinations, but the second parts give
the necessary conditions.

Theorem 2. In the direction of D =D, UD,
- X, convex limited flatness area, if
oD=TI,uUTl,- is the Lyapunov line, then

arbitrary solution of equation (1) pays main
approaches.

V. NECESSARY CONDITIONS

At first let us give the necessary conditions,
obtained from (7).

U &n & :__f

U %% % 1ivfxl]dx1+
%X 7151"")(1 51

U x,0
= dy, +
f‘%& +|X1 &
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‘|'_f[71 X —m & +i X1_€1]>< "_;fln[% X, +I )ﬁ_fl]x
T a 3
9 X ou, X ,
- 1 X dx,. 10

X In[% X —n & +l Xl_gl]_l OX % (10)

8Xil.aXZ o= % 2 bo=mnx

2711

. b
il Jon [ & - x - )x

0%, X
OX,0X, -

X In[_% & Tix—§ ]_ dx, +

i . 0
‘}‘%L[In[% X =% & +l X1_€1] ual '

dx, —

X=n %

dx, +

X=0

by
| : ou, X
_;!In[_% & +ix—§ |—

. b
—I—%!M[% X —m & H x4 ]X

ou, X ,
X ox, Xz . Y % dx, 9)
X %
u 0 =—— = X
' f’h X X —=§
0
x[1—iy] % ]d><1——f . )fg dx, +
1
.
[T % %=
: o%u,(x
el ) i - &)1 0
1~72 X,=71(%)
. 17
x[i—ind x g+~ [ =g
. o, X
x Infi x,—¢& |-1 6x118x2 dx, +
i . oy, X
+;af'”[% X +ix—§ | 5)(1 dexl—
b,
_len[i(xl_gl)]w Xm+
7Z'a1 axl X,=0

In the same way in all approaches necessary
conditions are separated.

Finally, as can be seen from obtained main
approaches each of these statements give two
necessary conditions, the first of which are
conditions from obtained by integrating of
equations (2) and (3), but the remaining second
parts become the same as in ordinary differential
equations.

These necessary conditions are the following:

a[aulé +i8ulf] _
&, | 98, 9% g e (12)
_ a[aulﬁ +i8”15] —o,
o2& | og, %G N,
1) [(9U1£ +|6u1§] —
&, | 08, % o (12)
¢, | 08, 9% ),
o [0u, & _8U2 S _
AR o4 )|, (13)
_a[auzﬁ_auzi] 0
oG | 96, 0& &=72 & |
and
P [8u2 £y, 5]
PANE & Jlo (14)
B 3[8u2§_3uz€] ~0
352 852 851 &H=72 & |

The main purpose of this work is to
determine all possible linearly independent
necessary conditions for a given equation (1).

Theorem 3. An arbitrary solution of equation
(1) within the conditions of Theorem 2 pays all
the necessary conditions.

These necessary conditions are made up of a
linear combination of the necessary conditions
given by the main approaches.
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Y pobomi pozensoacmvca ancopumm po3paxyHKy ONMUMANbHO20 3HAYEHHA HNOMOKY 6 JaHYlo2ax
NOCMAYAHHA 3 YPAXYBAHHAM GUMOZ MA CNOOIBAHL KAIOYOBUX 3AYIKAGIEHUX CMOPIH Npoyecy NOCMAYaHHA.
Aneopumm nepedbauac HOWYK OANAHCY MIdC «BUMO2AMUY» MA «OUIKYBAHHAMUY 304 OONOMO20I0
MAMeMamu4Ho20 MOOent08aH A bazamoKpumepianbHoi 3a0aui 0151 KOXCHOI CMOPOHU HPoYecy NOCMAYAHH.
Ompumani napamempu pOo3paxyHKi8 06azamoxkpumepiarbHux 3a0ai NPOHNOHYEMbCA BUKOPUCHIO8Y8AMU 8
AKOCMI  «BXIOHUX» OaHUX O IiMepayilino20 anizopummy HOULYKY ONMUMANbHO20 3HAYEHHS NOMOKY.
IIpononosana mooeinb 003807A€ 8pAXy8AMU IMOBIPHICHI KOIUBAHHS 8 NPOYECAX 3a OONOMO20I0 BUKOPUCTIAHHSL
CMOXACMUYHO20 NPOSPAMYBAHHSA, MA NEPeddaiac MOMCIUBICIb PO32NA0AMU CIMOPOHAM NpoYyecy NoCMAasKu
anbmepHamueHi npono3uyii neput Higie Gopmymosamu 0008 I3KU 34 KOHMPAKMOM, MOOMO [PYHMYIOYUCH HA
SANUUKOBUX MONCIUBOCMAX NICAA 0OPAHHSA HAUKPAWOI anbmepHamugu.

Kurouosi cnosa: nomik, 1anyroe nocmavants, 2pag ianyio2a nocmadants, bazamoxpumepiaivbHa 3a0a4d,
cmoxacmuune npoepamysanHs, aieopumm ROULYKY MAKCUMANTbHO20 NOMOKY 8 JIAHYIOZY NOCMAYAHHSL.

One of the main criteria for planning and evaluating supply chains is the indicator of the flow capacity,
which affects the structure of the supply graph, terms of supply, risks, opportunities and the need to
differentiate supply channels. The paper analyse an algorithm for calculating the optimal value of the flow in
supply chains, taking into account the requirements and expectations of key stakeholders in the supply process.
The algorithm provides for finding a balance between "requirements" and "expectations™ by mathematical
modelling of a multicriteria problem for each side of the supply process. It proposed to use the obtained
parameters for calculating multicriteria problems as "input" data for an iterative algorithm for finding the
optimal flow value. The proposed model allows one to take into account probabilistic fluctuations in processes
by using stochastic programming. The model allows the parties to the procurement process to consider
alternative proposals before the formation of contractual obligations, that is, based on residual capacity after
choosing the best alternative.

Key Words: flow, Supply Chain, Supply Chain graph, multicriteria problem, stochastic programming,
algorithm for finding the maximum flow in the Supply Chain.

Beryn oprasizailii Ta NepCleKTUBY PO3BUTKY PHHKIB
CHOXHMBaHHA BHPOOJEHUX HHMMH TOBapiB 1
Oprasizarii, (bYHKLIOHYBaHHS akux mnociayr. KoHTpareHTH B pamKax JIaHIora

MOB'SI3aHO 3 BUPOOHMLITBOM TOBapiB 1 MOCIYT,
MalTh HEOOXINHICTh KOHIEHTPYBaTH CBOIO

[OCTaYaHHS BHUKOHYIOTH Taki 3aBJaHHS, SK:
NPOEKTYBAaHHS XapaKTEPUCTHK TMPOAYKTY abo

yBary Ha SKICTh JIAHIIOTIB IIOCTa4YaHHA. TIIOCJIYI'H; 3aKyIiBIs CHPOBUHHM Ta MaTepiajiB;
EdextuBHicTh  (yHKIIOHYBaHHS  JaHLIOTIB 00poOKka MarepiaiiB Ta BAPOOHUIITBO MPOTYKIIIi;
BILJIMBAE Ha KOHKYPEHTOCIIPOMOSKHICT ~ PO3IO/LT POAYKIT Ta rapaHriiiHe

. 1. Cumonos, 2021
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obciyroByBanHs [ 1]. OTxe, TaHIIOT TOCTaYaHHS
o0'enHye KUTbKa oprasizarii gyepes
CKOOpDAWHOBAHI BUCXiJHI 1 HU3XiTHI MOTOKH
MmaTepianiB, iHGopMmamii Ta (QiHAHCIB TaKUM
YUHOM, 106 3aJI0BOJIBHUTH noTpedu
KOHTPAreHTIB 1 CIokuBadviB [2].

IToTik B JAHOIOrax nmocTadyaHHyd

OgHuMM 3 OCHOBHMX  KpUTepiiB A
MJIAaHYBaHHS 1 OIIHKK JIAHIIOTIB TOCTa4YaHHS €
MTOKa3HUK MPOMYCKHOT 3AaTHOCTI MTOTOKY.

[loTik — 16 BUMIpHMM TIOKa3HUK pyXy
MaTepiaJbHUX 1 HE MaTeplalbHUX LIIHHOCTEH BiA
MOoCTayalbHUKA [0 CIHOKMBaya, BUPAXEHUU B
YMOBHHUX OJUHMIISIX BUMIpPY (IUITYKH, MOCIYTH,
METpHU, KUIOTrpaMH, Jojapu, oocsr iHdopMmallii Ta

iHm.). Ycemix  QyHKIIOHYBaHHS — Oprasizaifil
3aNeXUTh BiA i 34aTHOCTI IHTErpyBaTu 1
KOOPJIMHYBAaTH  CKJAQJHY MEpexy AUIOBUX
BIIHOCHH MDK TapTHEpaMH II0 JIAHIIOTY
nmocravyanus [3].

Jlns  MopnenroBaHHS — Mpollecy  aHali3zy
MPOMYCKHOT  3/IaTHOCTI  MOTOKY  HEOOXITHO

BUKOHATH J€KOMIIO3HIIIO JIAHIFOT'IB ITOCTAaYaHHS
3a BUJAMHU pecypciB (KOHKPETHOTO TOBapy abo
nocayru). B mexax 1iei ctaTTi He TiepeadaueHo
NETAIBHUN aHaji3 BIUIMBY 3pHBY TIpadiky
[OCTauyaHHsl OJIHOTO TOBapy abo TMOCIyrd Ha
HEOOXITHICTh KOPHUTYBaHHS nporpamu
BUPOOHHUIITBA  Ta  Meperisg  Iporpamu
MOCTa4yaHHS IHIIUX TOBApiB, HEOOXIMHHUX IS
BUPOOHUIITBA TOTOBOT MPOIYKITii a00 MOCITyTH.

Ha koxHOMy eTami JaHIiora MocTadyaHHs
HeoOXiMHO (iKCyBaTH MapamMeTpu 3MIHHHX (SIK
(hakTHYHI, TaK 1 IPOTHO3HI 3HAYEHHS ), 1100 MaTH
MO>KJIUBICTh BUKOPHUCTOBYBATHU iX 3HAYCHHS IS
BUSIBJICHHS OOMEXKEHb B MAaTEMaTUYHHUX MOJAETISX
ICHYIOUOi CHCTeMH TIOCTa4aHHs, Ta MaTu
MO>KJIUBICTh BUSIBUTH CTOXaCTHYHICTh TPOIIECIB.
KinpkicHi AaHi He 3aBXIU MOXYTh OyTH JIETKO
JOCTYIHI, TOMY JUIs IUTAHYBaHHS 1 aHAII3y MOXe
Oyru jmocuTh omucoBoi iH(opmauii  abo
aNbTEePHATUBHUX JIaHUX [4].

B Mexax naHIIOTiB TMOCTayaHHS MParHyTh
IHTerpyBaTd BCl HEOOXigHI TpoLecH i
MiIBULIEHHS €(EKTUBHOCTI 1 pe3yJlbTaTUBHOCTI
MOTOKIB MarepiaiiB, iH(popMallii Ta akTuBiB [5].
CyyacHi ymMoBM  riobamizamii  CHIpHSIOTH
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MOCTYITOBOMY rJ1006aIbHOMY PO3MIOILTY
BUPOOHUYO-30yTOBUX OTEpaliid, MK PI3HUMH
Kpainamu. JlaHiroru OynyroTbes 3a MPUHITUIIOM
cnemiamizamii, = BHpPOOHWYOi  oOpieHTAIil i
JOCTYITHOCTI CHPOBHHHOI 0a3W B  KOXHIH
KOHKpeTHI kpaiHi [6]. CydacHi opranizamii B
3HAYHIA Mipi 3aJIe)KaTh BiJ IIHUPOKOTO CIEKTPY
OPOAYKTIB 1  TOCIYr, BHPOOJEHHX  Ha
r00abHOMY KOHKYPEHTHOMY pHUHKY, IS
opraHizaiii BjacHoi nismbHOCTI [7]. Mepexi
MOCTaBOK 3a3BMYail MOB'I3aHI 3 IHIIUMHU
MepekaMu, B TOMY  4YHCIl  HOKYIIIIB,
NOCTAayalbHUKIB, MPOJABIB, AUCTPUO'IOTOPIB,
pO31piOHUX TOPTOBIIIB, TPAHCIIOPTHUX KOMITaHIN
Ta IHOIMX TOCEPEeNHUKIB, M0  BHUMAarae
BUKOPUCTOBYBATH IHCTPYMEHTH JUIsI aHAJI3y
QIbTEPHATHB.

JlaHIroru mocrayagys MarOTh BIAIIOBIIATH 34
CTaOUIBHICTh NMOTOKY MaTepiaiiB, iHdopmarlii Ta
¢iHAHCOBUX  €JIEMEHTIB,  HEOOXITHUX Yy
BUpoOHMYOMy rmpoueci [8]. lle Bumarae
aHaji3yBatd OaraTOBUMIpPHI TapameTpu, IO
BIUIMBAIOTh Ha KIHIEBUM pe3ynbTar.  JlaHior
MOCTaYaHHS € IHTETPOBAHOIO CHCTEMOIO, sKa
CHHXPOHI3YE PsJl B3aEMOIIOB'SI3aHUX TMPOIIECIB, 3
MeToro [9]:

- CTBOPUTH MOIHUT Ha MPOAYKTH ab0 MOCIYTH;

- KyIyBaTH CHPOBHHY, MarTepiaid Ta IHIII
pecypcu;

- TEepeTBOPUTU  MpHUAOAHY
Marepiaii B TOTOBY MPOIYKIIiO;

CHUPOBHUHY 1

-  MABUIIUTH IIHHICTh MPOIYKTIB, IO
BHPOOJIAIOTHCS;
- MOIIHPUTH BHPOOJICHI IPOIYKTH

PO3APIOHUM TOPrOBISIM 200 MOKYIILISIM;

- cripusiTi 0OMiHY 1H(OpPMAILII€I0 MDK PIZHUMU
JJAHKaMH JIaHIIOTa.

B sAkocti ABOX  OCHOBHMX  HPOIECIB
opraHizamii MOXHa BHUAUIMTA  yIPaBIIHHA
BX1JIHUM MOTOKOM, KOJIM OpTaHi3ailisi BACTYIA€E B
POJIi HOKYMIIS, 1 YIPABIIHHSA BUXITHUM OTOKOM,
KOJIM OpraHizailisi BUCTYMa€ B SKOCT1 MPOAABIIS
(pucynok 1). VY310BX JaHIIOra MOCTayaHHS
MoOXe OyTM KUIbKa 3alliKaBJIEHHUX CTOPIH:
JIeK1IbKa MOCTAaYaJIbHUKIB, BHPOOHUKIB,
JUCTPUO'TOTOPIB, MOCTAYaIbHUKIB JIOTICTUYHUX
IOCTYT, PETYJIIOIUUX OpraHiB, pO3ApIOHUX
MPOJIABIIIB Ta KIIEHTIB.
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Puc.1 Po3smoin moTokiB BcepearHi JIaHIIora MocTadyaHHs

SAx MoxHa MOOAUYUTH HA PUCYHKY 1, KOXKHA
JIaHKa JIAHIIOTa MOXKE MaTH KUIbKa BXITHHX 1
KUIbKAa BHUXITHUX MOTOKIB, IO BIUIMBAE Ha
MPOIMYCKHY 3JaTHICTh MOTOKY 3 KOHKPETHUM
KOHTpareHTOM B JaHIo31l. [loToku BcepemuHi
JIQHITIOra II0CTAYaHHS BKIIOYAlOTh B cebe BcCl
JIOT1CTUYHI omepariii, TOB's13aH1 3
00CITyrOBYBaHHSIM KJIIEHTIB 1 [ii, TMOB'sI3aHi 3
00CITyrOBYBaHHSIM  KOHTPAaKTiB: TMpUHAOM 1
00poOKa 3aMOBJIEHb, IUIAHYBaHHS TIOCTABOK,
YIpaBIiHHS 3armacam, 30epiranHs,
IIHOYTBOPEHHS, KOMYHIKarii 3
MOCTaYaIbHUKAMHU 1 CIIOKUBAaYaMH, TOBEPHEHHS
TOBapy, rapaHTiiiHe OOCIYroByBaHHS Ta IHIIE.
BusnaueHHs NpOMyCcKHOI 3JaTHOCTI MOTOKY €
BKpai BaXXJITMBUM I Oy/Ib-sIKOT opraHizairii, mo
00yMOBIIEHO HEOoOXiAHICTIO HaAsIBHOCTI
iHbopMallii Tpo JOCTYMHICTH pecypcy, HOro
XapakTepUCTUK  Ta  yYMOB  IIOCTa4aHHS.
Hanpuxnan, yepes HasBHICTH BHCOKOTO DIBHS
MPOIMYCKHOT  3[aTHOCTI MOTOKY MaTepiaiu
MEBHOTO THUIIy YacTO MOXJMBO HpuadaTu
BEITUKMMHU TApTIIMU 31 3HAYHOIO €KOHOMI€l0, a
CTaHJIapTHU3aIlisd Onepalliid J03BOJIs€ 3SHU3UTH Yac
00poOKH, alne 11e MOXKe HEeraTMBHO BIUIMHYTH Ha
gac 0OpoOKM 3amaciB, HI0 BIUIMHE Ha oO0cCAT
CKJIQJICBKHMX 3alaciB 1 MOB'I3aHi 3 IIUM BUTpaTH
[10]. 3 inmoro O6oKy, 3pocTaHHs (DaKTOPIB
HEBHU3HAYEHOCTI (BUHHKHEHHS (HOpC-MaKOPHUX
00CTaBMH) B JAHIIOrax 3 HHU3BKUM 3alacoM
MPOIYCKHOT 3JaTHOCTI 3 OOKYy MOCTadalbHUKA
TATHE 70 BHUHUKHEHHS 3pHUBIB B Mporpamax

BUPOOHMIITBA TI0O BChOMY JIaHIIOTY. [Ipukimagom
€ cutyanis 3 JeQIIUTOM 4YilliB Ha PHHKY
aBTOMOO1TIEOy 1yBaHHS, sika BUHUKIIA JiToM 2021
poky [11].

IlocTaHoBKa 3a1a4i BUBHAYEHHS MOTOKY

Huist BU3HAYCHHS MaKCUMAaITbHOT
MPOJYKTUBHOCTI JIAHIIOTA IOCTa4yaHHS, TOOTO
ONTUMAILHOTO TIOTOKY, SIKHiA  3aJI0BOJIBHSIE
o0m/B1 3aIlikaBjeHI CTOpPOHU (MOCTaYaJbHUK 1
MOKyTeIb) Ta JUIS CHPOIICHHS PO3YMIHHS
3aBJJaHHS  NPEJCTaBUMO  JIAHKY  JIQHIIOra
NOCTa4YaHHs y BUTIISAI Tpada 3 OJJHUM JDKEPETIOM
(3 OoKy mocCTavajlbHMKA) 1 3 OJIHUM CTOKOM (3
60Ky mokymis) [12].

G Ci

Puc.2 ®parment rpada maHIora mocTadyanHs

Ha pucynky 2 npezacraBieHa NpsiMHii 3B's130K
Bim | (mocravanbHHWK) 10 | (MOKymenp), ae B
skocTi mapamerpa Cij - MpomyckHa 3JaTHICTh
reHepyBaTH IMOTIK TNocTaBku ToBapy, Cji -
IPOMYCKHA 3/1aTHICTh NpUHMATH MOTIK TOBApPIB.

Ilepm HDK NEpexXoaUTH TNPOLECY MOUIYKY
MaKCHMaJbHOTO TOTOKY Ha TIEBHIA IUISHII
JIAHITIOTa MOCTaBOK HeoOXimHO Bu3HauuTu Cij i
Cji. KoxeH 3 KOMIIOHEHTIB JIaHI[fora OajaHcye B
CHCTEM1 BUMOT Ta 0OMEXEHb, 110 3BOJUTH 3a1a4y
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MOIIYKY MaKCHUMaJIbHOTO TIOTOKY Ha TEBHIH
JUISHII 10 0araToKpuTepiaibHOT 3a/1a4i aHaATI3y
IbTEPHATHB Ta MPUUHATTS pimeHb. OTXe, At
KO’KHOT1 JIAHKH JIAHITIOTA TOCTaYaHHs (MAEThCS HA
yBa3i ACTepMIHOBAHUH MPOIIEC TIOCTAYaHHS MK
MOCTAYaJbHAUKOM Ta TMOKYMIIEM) HeoOXigHO
chopmynoBaTu MaTeMaTUYHY MOJIeITb
OaraTokpHuTepiatbHOI 33134l IPUHHATTS PIllICHb.

Busnaunmo 1ibOBY (YHKIIIO CYKYIHOCTI
BHMOT:

_ (fi(a) » max
Cij_{fi(a)—)min’ =ln (1)
abo
_(fi(a) > max .
Cji_{fi(a)ﬁmin t=1n 2)
IpH OOMEXKEHHSX:
{ = ©
x;=0,i=1n

ne fi(a) — ¢dyHKiA - yMOBH, 3a SKOIO
3MIACHIOETHCS OIIHKA aJTbTEPHATHBH.

Jlnst po3B’si3Ky OaraToKpuTepiaibHOT 3amadi
MO>KJIMBO BHKOPUCTOBYBAaTH METOJ OOMEKEHb.
OyHKII HOPMOBAHHX BIIHOCHUX BHUTpaT w;
MaTUMYTh HacTynHuil Burisifg [13]:

- g mutboBoi (PyHKIE, 10 HEOOXiTHO

MaKCUMI3yBaTH:

f2-fix)
fio_fi(min) ’

(4)

i=1n

wi(fi(x)) =

- I 1UIbOBOT (PYHKIII, 10 HEOOXiTHO
MIHIMI3yBaTH:

0
wi(fi () = L2, (5)
i(max) fi
e fio — ONTUMAJIbHE 3HAYeHHS 1-1 IIILOBOIL
GyBKUiL,  fi(min) HalilMEHIIE 3HA4YeHHs, W10
MaKCHUMI3Y€ThCH, fi(max) — HAHOUIbIE 3HAYEHHS,
10 MIHIMI3Y€ETbCS.

BianoBigHO, KOMIPOMICHUM pPO3B’Si3KaM Ha
MEeBHIA JUIAHII JIAHIIora TOCTadaHHS Oyze
eeKTUBHUN PO3B’S30K IS X;, IO BIAMOBiIAE
yMOBaM:

i=1n
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klwl = kz(l)z =... = kn(l)n
ne k; — Bektop (koedilieHT) mepeBar pimieHHS,
JI0 SIKOTO ICHYIOTh HACTYITHI OOMEKEHHS:

k= {ki: ki > 0,l = H,Z?zl ki = 1} (5)

Otxe, oTpuMmMae pimeHHs Mae  OyTH
ONTUMAJIFHUM OaJaHCOM BHMOI' Ta OOMEKEHb,
po3paxoBaHe Ul KOXHOI CTOPOHH MpPOLECY
MOCTayaHHS, Ta OyTH «BXITHUM)» IapamMeTpoM
JUIs  TIOUIYKY KOHTpareHTIB 1 MNPUHHATTIO
PILIEHHS PO MOCTABKY.

CroxacTu4HicTh 00MekeHb NPHU MOLIYKY
ONTHMAJBLHOI0 3HAYEHHS MOTOKY

BBakaroun 110 BJIACTUBOCTI TIONMHTY Ta
MIPOTIO3UITIT MAaroTh TEHIECHIIII0 bi o)
BOJIATUJILHOCTI, TOOTO 3MIHHICTh XapaKTEPUCTUK
B Me&XaxX KOPHIOPY MapaMeTpiB, TO OaKaHUM €
BUKOPUCTAHHS CTOXaCTUYHOTO MPOTPaMyBaHHS
JUIsl TIONIYKY 3Ha4eHb 3MIHHUX KOe(illieHTIB
PIBHSIHB OOMEXKEHh MAaTEMATHIHOT MOJIETI.

PosriasaumMo MpoI1IeC MOJIEJTFOBAHHS
MaTeMaTH4HOI MoJeil OOMeXeHb B MeXax
onHiel 3 HUILOBUX (YHKIII 3araJbHOi 3amadi
onTUMi3amlii JaHIIora IIOCTAYaHHSA 3 ITO3MI]
nokyrmus  (1). HeoOXximHo  BigMITHUTH, IO
MaTeMaTH4YHa 3a/1a4ya 31 CTOPOHHU MOCTavYabHUKA
(mpomagiis) Oyae MaTH iIECHTUYHI MPOLIECH, aJIe 3
ypaxyBaHHS IHAMBITYyaTbHUX YMOB
nocrayanbHuka. ToOTO PO3IIISIHYTUH METOJ
dbopMyBaHHS MaTeMaTU4YHOI Mojeni Oyne maTu
3arajgbHUI XapakTep sK AJs MOKYII, TaK 1 A
MocTavyajabHHKa.

OTtxe, nUIbOBA PYHKITIS:

fi(a;) » max

npu OOMEIKCHHSX

P{Z?:l Qa;jX;j < bl} = ai,i = 1,m,j = 1,Tl
xij >0

(6)

Jle &; — IMOBIPHICTb BUKOHAHHS, BCTAHOBJIIOETHCS B

Mexax He MeHIn Hik 1-a;, ta {a;| 0 < a; < 1}.
BunankoBa BenWuYMHA @;; Mae HOpMalbHUH

posmozin [14]. BBememMo nomaTkoBy 3MIHHY Y;,
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sKa, BIAMOBIIHO, TakoX Oyde MaTH HOpMaJbHHN
PO3MOL.

Vi = Xiz1 QijX;; (7)
MatremaruuHe CroIiBaHHS Oy/e:
pilyi} = Z?=1 .u{aij}xj; (8)
Jlucriepcisi CTAaHOBUTB:
o {yi} = X 0 {ay}xF 9

BiamoBinHo, BUMagkoBa BETWYMHA Y; MAaE
HACTYITHI BJaCTUBOCTI:

yi € N(xj; wi{yi}, o {yi}) (10)

HeoOximHi yMmoBH (6) MOXJIHMBO 3alucaTtu B
HaCTYITHOMY BUTJISIL
P{yl < bl} = a;, (10)

BBaxaroun, mo QyHKIisA
pO3MOAUTY CTAaHOBHUTS [ 15]:

HOPMaJIbHOTO

FO) == [ exp(-5)dt; (11)

OTPUMAEMO:
bi—pi(yi) .
P{y; < b, =<p{—l l } 12
{yi < b3} oD (12)
ne @ — ¢yHKUig po3moaily CTaHIAPTHOTO
HOPMAJILHOTO PO3MOILTY.
3Biacu:
bi—ui(yi)
—>1—-aqa; 13
oi(¥i) ¢ ( )
Jnss  3py4HOCTI  pO3paxyHKiB  BBEJIEMO
J0JIATKOBY 3MIHHY @, sIKa JOPIBHIOE:
ap =1—ay; (14)
B pesymbraTi mepeTBOpPEHb OTPUMAEMO
HACTYITHUHN BUTJIA JETepMIHOBAHOTO

HEJIHIMHOTO 0OMEXEHHS:
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j=1#i{yi} + (@) /Z}Ll oi{yi} < bi; (19)

abo,

Z;’l=1 ui{aij} Xj + <D(a0)\/2}1=1 O'iz{aij} sz < bi (16)

[PYHTYIOYHCH Ha BHILE HABEIEHOMY, 3BEIEMO
MaTeMaTHUYHy MOJEb OYIKyBaHb 3allIKaBJIEHOT
CTOpOHHU (TIEBHOTO JIAHITIOTA) HE3aJIEKHO Bif il
poJIi B IpoIieci MOCTav4aHHs.

[inpoBa QyHKIIIs:

¢, = {fi(a) - max i=Tm

fi(a) » min”’

pu 0OMEXKEHHSX:

Z?:ll’li{aij}xj + (p(QO)\/Z?:l Giz{aij}x]'z < bi1

Z}Llaijxj < bi! = 1,n, ]= 1,m,

Xij > 0.

3a JOTIOMOT OO0 pilieHHs
OaratokpuTepiaibHOT  3ajadi, OTPUMAEMO
iHbopmalito mpo  HEoOXiJAHI  BJIACTHBOCTI

napaMeTpiB KOHTPAKTy Ha IOCTA4aHHsS TOBapy
a6o mocnyr. I{ro iHpOpMaIlit0O BHKOPUCTOBYIOTH
JUIS TIONIYKY IOCTa4aJIbHUKA, TO PO3PaXYHKY
MaKCHMaJIbHO MOJJIMBOTO TOTOKY HOCTaYaHHS
1o KoHTpakry. [lapamerpu, oTprMaHi Ha TaHOMY
eTani TaKoX SBISIIOTE COOOK0 OOMEXKEHHS s
BUOOPY aJIbTEPHATHUB KaHAIB MMOCTAYaHHSI.

AJTOPUTM  NOHIYKY  MAaKCHMAJbHOIO
MOTOKY B JIAHIIOTY MOCTAYAHHS

BukoHaBImM po3paxyHKH LUIBOBUX (DYHKIIIH
000X 3allikaBIIEHUX CTOpPIH B TMEBHOI JaHII
JaHLora MocTayaHHs  (PUCYHOK 2), Ta
orpumaniy 3HaueHHs Cjj Ta Cji, mepexoaumo 10
HOLIYKY MaKCHUMAaJbHOTO MOTOKY B IE€BHOMY
HanpsMKy. Ha piBeHb (NOTYXHICTb) TOTOKY
BIUIMBA€ HAsIBHICTh QJIbTEPHATUBHOTO IMOMUTY Ta
OpOMO3uIlii, 1[0 BIUIMBa€ Ha  KUIbKICTh
KOHKYPEHTHHUX JIaHOK B IPOEKTOBAHOMY Tpadi.
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Ha piBenp ckiamHocTi rpada TaKoXK BIUIMBAE
KUTBKICTh TPOMDKHHX JIAHOK Y  JIAHIIOTY
MoCTa4YaHHs Bix I 10 |.

Puc.3 — I'pad manirora moctagans

Ha pucyHky 3 HaBeIeHO y3arajJbHEHY CXEMY
JIAHIIOTA TIOCTAYaHHA JIe i + n — Iie TIeBHA JIaHKa
B JIAQHITIOTY TOCTa4aHHsS (CKJIaJd, IOCEPETHHK,
BMKOHABEIp TOCTYT Ta iHINE), al, — icHyoui
aNbTepPHATHBH TIOCTAYANbHUKA, @) — iCHYIOWi
aJIbTEPHATHBH NOKyMI, C;; — 00’€M MOTOKY Bij
MoCTa4aJIbHUKA JI0 TIOKYIISI HA TIEBHIM JIaHIl
JaHIrora nocravyanns, Cj; — HasABHICTb PE3EPBY

JUIs IIOCTAYaHHS [0 IIEBHIM JIaHI{ JaHIIora

MOCTAYaHHS.
OYHKIIOHYBaHHS MOTOKY  Tependadae
HasIBHOCTI YMOBU 3aMiKaBJIEHOCT1 SIK

NOCTavaJIbHHUKA, TaK 1 MOKYMIIS B HASSBHOCTI pyXy
TOBapy abo MOCIYTH 3a MApUIPYTOM B 00Cs31, 110
3a7I0BOJIbHSIE€ YMOBH II€BHOI aJIbTEPHATHUBH.

[Touryk MakCHMManbHOTO MOTOKY Iependadae
HAasBHICTh  ITE€paIifHOTO TMpolecy MOIIYKY
HaNpsMKIiB TEpPEeMIlleHHs, L0 3aJ0BOJIbHIIOTH
ymoBi:  C;; =2 0. Cymapuuii o0csar ToBapy
(mociyru) Bi mocrayaabHUKA J0 HOKYIIIS MOXE
OyTH mepeMillleHO $K 3a JONOMOIOK OJHOTO
HamnpsIMKy MOTOKY, Tak 1 pO3MOJAUIIEHO MK
aJIbTEPHATUBHUMHU TOTOKAMHU B 3aJIe)KHOCTI Bij
napameTpiB Mepexi.

Po3paxyHOK HanpsMKy MOTOKY BUKOHY€ETHCS 3
ypaxyBaHHAM 3aJIMIIKOBOT POMYCKHOT
3IATHOCT1 JIaHKH, SKA 3MIHIOETHCSI B MOMEHT
HA/IXOJDKEHHS TOBapy (MOCIYTrH) B IO JIAHKY, B
TOMY YHCJI1 3 aJIbTEPHATUBHUX LIUISAXIB.

3amady TMOIIYKY MaKCHMAJIbHOTO TOTOKY
MO>KJIMBO BUPIIIUTH 3a JIOTIOMOTO10
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JUHAMIYHOTO TporpamyBaHHs. [lig pimeHHs
. ij
3aadi MPU3HAYMMO MapKep By3Ja [a,{ ;pj], ne

L
Cln] — HalpsAMOK aJbTCPHATUBHOI'O0 IIOTOKY OT

By3Jia [ JIO By3Ja j; p; — BEIMYHHA MOTOKY OT
By3Ja [ JI0 By3Ja j, | — HOMEp By3Ja MOKYIIIIS B
rpadi JmaHIIOra MocTa4aHHS (BU3HAYAETHCS, SIK
Jj =1+ n, 1e N — KUIbKICTh JIAHOK B JIAHIIIOTY).

ANTOpUTM TOLIYKY pIilleHHS nepeadadae
BUKOHAHHS HACTYIHHX eTariB [12]:

1. BusHauaeMo NponycKHY BIACTUBICTD AJIS
KO’KHOT JIaHKH JIAHIIOTa TIOCTaYaHHS ISl BCIiX

ii+1
pebep [a,;'™; p;], 3po6umo nesre npumnymenns,
TO JUIS 3pYy4HOCTI JEMOHCTpalii poboTh
QITOPUTMY  OPUIMEMO  MO3HAYEHHS  Ha
HpOMi}KHI/IX JIJAaHKaX JIQHITOTa IIOCTAYaHHSA
il 0j
a; "' =a,;’. Jlna  nouaTkoBOrO  By37Ta

[a,i1 ;pj] 3pOoOMMO TIPUTYIIEHHS, 0 aHATI3YEMO
nepiry albTepHATUBY MOCTA4aHHs, TOOTO N = 1,
Ta mpu3HaunMo MeTky [a?; oo, —]. Tlepexommo
JI0 HACTYITHOTO €TaIry.

2. ®opMyeMO MHOXHHY albTepHATHBHUX
Iepexo/IiB 3 MOTOYHOrO By3jda B OIK By3ia |
(mokymst), siKy BU3HauuMo sk M;. HeoOximna
yMoBa 1 pmocratHa ymoBa: C;; = 0,Vj € M;.
Sxmo Ha maHoMy erarmi M; # @, To IepexouMo
JI0 HACTymHoro eramy. Slkmo M; = @, To TpeTii
eTan MpOIMYCKAaeEMO, Ta MEPEXOJUMO 10 €TaIry
YOTHUPH.

3. AHani3yeMO MHOXXHMHY aJbTepHATUBHUX
nepexoiiB M; 3 METO BU3HAYEHHS V = [ + N,
BYy3J1a JUIsl SIKOTO BUKOHYETHCSI YMOBA!

Cli = g.relﬁf{cij}; (17)
Skmo o0paHO B SAKOCTI  HaWKpamoi

QJIbTEPHATHBHU BY30J 3 IHIEKCOM CTOKY (TOOTO
IH/IEKC TOKYIIS, OCTaHHsS JIaHKa B JIAHIIOTY
[OCTa4yaHHs), TO alTOPUTM Iepeadadae nepexia
Ha II’ATUH eTarl, B IHIIOMY BUIIA/IKy BUKOHYETbCS
NOBEPHEHHS Ha JIpyruil eram.

4. Omnepauis noepHeHHs. Skmo i = 0, To
pilleHHsI HeMa€e 1 BHUKOHAHHS aJIrOPUTMY
HEoOXiZJHO TmepepBaTH. B iHIIOMY BHIAJKY,
MIOBEPTAEMOCS Ha TOTEPEIHIH BY30J, B SIKOMY
Oyno 3HaiieHO Haiikpamie pilleHHs Ha
HoTepeIHbOI iTepallii aIrOpUTMY, Ta TOYNHAEMO
BUKOHAHHS QJIrOPUTMy 3 JpYyroro  eramy,

114



Bicnux Kuiscbroeo nayionanvnoeo yHieepcumenmy
imeni Tapaca Lllesuenka
Cepin ¢izuxo-mamemamuyni HayKu

IIOIIEPEAHBO BUKIIIOUMBIIHN 3 AJIbTEPHATUB JIAHKY,
3 IKOi BUKOHY€ETHCSI OTEpallisi TOBEPHEHHS.

5. BusHaummo onTUMaNbHUN MapuIpyT 3a
HAsBHICTIO MaKCHMaJIBHOTO MOTOKY. [ mporo

BU3HAuMMO  MHOXHHY V, = {1,v4,v,,..,n},
€JIEMEHTU  SIKO1 [I03HAYAOTh KOMIIOHEHTHU
3HAWJEHOr0 ONTMMAILHOIO MAapUIPyTy Bix

nocravajibHUKa (By30d1 1) 10 MoKyt (By30d j).
TakuM YMHOM, MaKCHUMAJbHHH IIOTIK, IO

MPOXOJUTH IIIXOM KOMIIOHEHTIB MHOXUHHU V),

MOXJTBO PO3PaxyBaTH 3a JIOTIOMOTOI0 (POPMYIIU:

E, = min{p;, ps, ..., Dn}; (18)
3anuIKoBi (mpogiuTHI) IPOIYCKHI1
MOJKJIMBOCTI KO>KHOT JIAaHKU JIaHITIOTa
mocrayaHHsi, TOOTO pebdep, SAKI CKIAIAIOTh
ONTUMAIBHUN  TUIIX  (MHOXHWHA Vp) ,

3MEHIIYIOTECA Ha po3Mup F, B HanpsMKy
MepeMillleHHsI TOTOKY Ta 30UIbLIYIOThCS Ha
po3Mmip F, B IPOTHJIEKHOMY HAIIPSAMKY.

Taxkum unHOM, IS pedpa rpada [ai;”l ; pj],
KU € CKIIaJ0BOI0 YaCTUHOIO ONTHUMAalIbHOTO
msaxy (MHOkMHA V), NOTOYHI 3alMIIKOBI

MIPOMYCKHI MOJIMBOCTI 3MIHIOIOTHCSI HACTYITHHM
YHHOM:

(D:(Cij — By Gi + F)
{ (2):(C;j + B, Gy — Ey) (19)

ne (1) — sxmo moTik B HampsAMKY Bix i 10 |, (2) —

SIKIIO MOTIK B HAIIPSMKY Bix | 110 .
BinnoBiroemo Bci JlaHKH, 110 OYyiM BHIANEH1

Ha YETBEPTOMY €Talli, Ta pOOMMO MPUITYIICHHS,

mo | =0 inepexoauMo 10 APYroro eramy HOBOi
iTepartii.

6. ®dopmynroBaHHS ONTHUMAJILHOTO
pIIICHHS.
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MakcuManbHUR TIOTIK PO3PAaXOBYETHCS 3a
dbopmyIoro:

F=F +F,+...+F,; (20)

Skmo  marm  3HAYCHHS — TIOYaTKOBHUX
napameTpis koxHoro pedpa (C;j, Cj;) Ta 3HaueHb
micIsl TepeTBOpPEHb (KIHIIEBUX PO3PAXyHKIB) -
(Cij,Cj;), TO MONKJIMBO PO3paxyBaTH MPOIYCKHY
BJIACTHUBICTh MEBHOI JIaHKU (pedpa). AJIroputm
pPO3paxyHKy mepeadavac BU3HAUYCHHS 3HAYCHHS
(ay, az)=(Cij — Cjj, Cjy — Cj;). Sxmo a; < 0, T0
MOTIK Yepe3 pedbpo nopiBHIoe a,. fAkmo a, > 0,
TO TIOTIK B 3BOPOTHOMY HAIpsIMKY 4epe3 pedpo
JIOPIBHIOE Q.

OTrxe, micist TPOXOPKEHHS IEKUTbKA iTepariin
o AITOPUTMY MO>KITUBO OTpUMATH
ONTHUMAJFHUN  MOTIK 3  MaKCHMaJbHUM
3HAYEHHSM TPOMYCKHOI 3/TaTHOCTI.

3amady TMONIYKY MaKCHMAJIBHOTO TIOTOKY
TaKOX MOYKJIHBO 3BECTH ()
0araToKpUTepiaIbHOTO BapiaHTY, 3a IOTIOMOTOIO
SAKOTO TIpH OOpaHHI MNIIAXY, IO JI03BOJISIE
MaKCHMI3yBaTH TOTIK, BPaXxOBYBaTH J0JIaTKOBI
napameTpH, sKi MOTpiOHO MakcuMmizyBaTH, abo
MIHIMI3yBaTH.

Bucunosxu

B po60Ti po3riasiHyTO aaropuTM iTepariiHoro
npoIecy TMOMIYKY ONTUMAalIbHOTO TIOTOKY B
JaHIIOraX  TMOCTa4aHHS 3 ypaxyBaHHSIM
OaraToKpuTepiaIbHUX YMOB Ta CTOXaCTHYHOCTI
npoleciB. 3ampONOHOBAaHUHN aITOPUTM J03BOJISIE
MIHIMI3yBaTH PHU3HKH 3PHUBY KOHTPAKTHUX
3000B’513aHb 32 PaxXyHOK MOTIEPEJHBOTO aHAII3Y
1HTepeciB 3alliKaBJICHUX CTOPIH — Y4YacCHUKIB
IpoIleCy MOCTaYaHHs, iX HOTPeO 1 MOKIMBOCTEH,
Ta aHali3y PU3HKIB.
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Y cmammi nposedeno awnaniz cyuacmozco cmawmy ma menOeHyill po3sumky Kibepcnopmy y ceimi 3a
00NnoM02010 OOCTIOMNHCEHHSL 4AC0B8020 pAOY KILILbKOCMI 3anumis IHMEepHenm-KOPUCmy8ayis, OmpuMarHo2o
wsixom  3acmocyeanns  Google Trends. Busuaueno ocnosui gakmopu niotuomy 3ayikaeieHocmi y
Kibepcnopmi. l0eHmugiko6aHo nO3UMUSHI MaA He2aMUBHI HACTKIOKU pPO3BUMK) Kibepcnopmy y ceimi.
Ilpogedene npocHo3ysanHsa c8imMosux meHoeHyili Kibepcnopmy 3a 00NOMO2010 Memooi8 IHMeNeKmyaibHO20
auanisy oanux - nooyoosu MAR-cnaaiinie. BcmanosieHo, wo Kibepcnopm UCmynae 0CHO8010 NPAKMUYHO20
3ACOCY8AHHS KiDEPCROPMUBHUX MEXHOIO02I Y PISHUX 2ATY35X.

Kmiouosi cnosa: xibepcnopm, Google Trends, MAR-cnaatinu.

The article analyzes the current state and trends of e-sports in the world by studying the time series of the
number of requests from Internet users, obtained through the use of Google Trends. The positive and
negative consequences of e-sports development in the world have been identified. The forecasting of world
tendencies of e-sports by means of methods of data mining is carried out. Using the application of
multivariate adaptive regression splines (MARSplines), a model of the relationship between the predictor - a
time indicator and the dependent variable - the time series of the number of requests of Internet users, which
are non-monotonic in nature and provide the possibility of regression switching points. The adequacy of the
constructed model is proved by means of regression statistics and histogram of correspondence of residuals
to the normal distribution law. The expediency of using the method of multivariate adaptive regression
splines (MARSplines) before other statistical methods is substantiated.
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IHocTanoBKa NMpodJieMH y 3arajJibHOMY BHIVISIII Ta
il 3B’A30K i3 BaKIMBMUMH HAYKOBMMH 4H
NPAKTHYHNUMH 3aBAaHHAMH

KiGepcropt cdopMyBaB HOBITHIO iHAYCTpitO, IO
HaOyBae BCe OUIBIIOI €KOHOMIYHOI, COIiaJIbHOT Ta
KyJIbTYpHOI pojii B CycniuibcTBi. Bike cboromsi
KibepcropT € TI00aIbHUM SIBHIIEM, SIKE IPUTAMAHHE
HaBITh KpaiHam, II0 PO3BHBAIOTHCSA. Y TOU JKe dac,
CpaBeIUIMBO 3a3HAYUTH, IO CTPIMKE IMOIINPEHHS
KiOepcropTy CHOpUYHMHSE CYTTEBHH JucOananc 3
OISy Ha WOr0 BHECOK Y COILliajbHO-SKOHOMIUHUN
PO3BHTOK CycmijbcTBa. [lopsia 3 MOMyJsIpHICTIO Ta
MPUXHUIIBHICTh, KIOEPCIIOPT OMHMHUBCS Ha TEPETHHI
MPOTUIIGKHHUX TMOMISAJIB Ha B3a€MO3B’SI30K  Ta
B3aEMOBIUIMB JIFOJAMHUA W KOMII FOTEPHOT TEXHIKH.
OpieHTYIOUNCh HA HAsBHI pe3yJIbTaTH JOCIIIKEHb 3
OT0 THUTaHHS, (OPMYEThCS BHCHOBOK, IO TaKHii
nrcOaliaHC € HACIHiJIKOM PI3HUX MiJIXOJIB JepiKaBU
JI0 1[bOTO SIBHIIA, @ TAKOX OCBIYCHOCTI, KYJIbTYPH H
MEHTaJIbHOCTI HACEJIEHHS MEBHOT KpaiHu.
KiGepcopt  oxommoe — 3HaYHYy — YHCENBHICTb
HACEJICHHS JIEpKaBH Ta IMUPOKUN CIEKTP Mpodecii.
Tak y KiOepCHOpPTHBHIM raigysi 3alisiHi HE TUILKH
rpaBli, aje ¥ mporpamictd, PO3POOHHMKH Irop,
MEHEDKEpH TI0 PO3BHTKY KOMAaHJ Ta OpTraHi3allii
TYpHIpIB, MapKeTOJIOTH, TenepaioKOMIaHii,
YUCJICHHI CITOHCOPCBHKI OpraHizailii Ta JepkaBHi
OpraHu BiaJy.

3Bakaloud Ha IIOpIYHE 3POCTAHHS BILTUBY
KiOepcIiopT B CYCHIBCTBI Ta E€KOHOMIIl JIep>KaBH,
aKTyapHOCTI HaOyBa€ JIOCHIIDKEHHS  CBITOBHX
TEHJEHII Horo po3BHTKY. B sKocTi iHCTpyMeHTY
BCTAHOBIIEHHS ~ BEKTOpPY  pyXy  KibepcmopTy
3arporoHoBano oopatu Data Mining.

AHaJi3 ocTaHHIX J0CHiTKeHb i myQrikamii

Jlocmimkytoun KaTeropito «KibepcropT», BYEHi
OMIKYIOTBCA  PSIOM  BAXJIMBUX  [UTaHb  Ta
MpOOJIEMHUX AaCIEKTiB, SIKi MAalTh MPAMUN YH
OIIOCEPEKOBAHUH 3B 30K 3 IIUM IIOHSTTSIM, a caMe:
Crxorr M. JIx., Cammepni P., becombec H.,
Konnommi K., T'aBpucsk [x., Xanesi T., Ilatpik
Binbsimc k. [1] po3poOsifoTh HaBYAIBHI TPOTpaMu
3 KiOepcropTy y BUIIIX HaBYAIBHHAX 3aKJIaJaxX;
Canaymxa-Ilepuc I'., Kamauwo M. M., banano-
AnmpOuon M. [2] ONHUCYIOTH  KOHCOJNIJAIiO
kibepcriopty B ymoBax mangemii; Jlum C., FOur C.,
Xa JIx. [3] npomoHyrOTH Bi3yaJIbHHH aJIrOpPUTM
BIpTyaJIbHOTO KiOepCrmopTy Uil OHJIaHH-OXOPOHHU
3nopos'ss; YorcoH b., Crr'tor k., Kim JIx., Jlictman
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k., Kim, C., Bimmep P., JIi b. [4] omucywotb
KOHKYPEHTOCIIPOMOXHICTh kibepcmopry;
Kpurnmreiin, C., Maptun-Huneken, A. JI., Typmo
Bupan, JI., Knapkxoscku, M., Pomxkepc, K., Typkaii,
C., Xamsusiinen, I1 [0] po3kpuBaloTs TenepimHe Ta
MmaitoytHe kibepcnopty; I'borgony C., Komak O.X.,
Horan E.A., Tionsberexkun E., Tlomar E. [6]
OLIIHIOIOTh PO3YMOBY BTOMY Ta CTpEC T'paBIiB, fKi
3aliMalOThCS KIOEPCIIOPTOM, 3a JIOTIOMOI'OK 3JIMTTS
manux. OcoOnMBocTi aHamizy Ta  OLIHIOBaHHS
(yHKIIOHYBaHHS Ta PO3BUTKY KiOEpCIIOPTY y CBOIX
TpaKTaTax pO3KpWBaIOTh Taki (axiBii: Ban X., Xyo
X. ta Wxan /. [7] mIomo CTpYKTYpPHOrO aHaji3y
MepeKi MPOMHCIOBUX acolialiii Kidbepcrnopty Ha
OCHOBI CKiagHOi Teopii Mepexi. JlocBig pizHUX
KpalH  CBiTYy y  KiOepCHOpTHBHIM  raiy3i
BUCBITIIIOIOThCS Y HAYKOBHX HAJ0aHHIX CYyYacHHUX
maykoBmiB: I'o X. [8] BigHOCHO HOCIIIKEHHS
pEeKIIaMHOTO MapKeTUHTry Kibepcrnopty B Kwurai; ban
M. A. [8] crocoBHO KOMYyHiKallii y Kibepcropti y
TypeuunHi;

Jlis BMBYEHHS CY4YacCHOrO CTaHy Ta TEHICHIIIH
PO3BUTKY Ki0OepcropTy y CBITI Oyno NpOBeIeHO
aHaji3 JitepaTypu NUIIXoM Oibmiorpadii Tepminy
«e-sporty (kibepcropT) 3a OCTaHHI POKH, Y PI3HHUX
ramy3s;x 3HaHb 3 3aCTOCYBaHHSIM  IPOTpaMu
VOSViewerv.1.6.10.  Pe3ynmpTaTé  AOCHTIKEHB
npenacraBiedHi y rpadiudomy Burimsami (puc.l Ta
puc.2). HaykoBa O6ibmiorpadis JaHOTO TTOHSATTS
npejicTaBlieHa  3a  JIONOMOrOK0  KapTtd 3
BHKOPUCTAaHHSM apXiBHHUX 3i0paHb Scopus.
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Puc.2 Tlepionorpama HaykoBoi OiGiiorpadii moHATTS «e-
sport» (kibepcmopT) 3a OCTaHHI POKH 3 3aCTOCYBAaHHSIM
nporpamu VOSViewerv.1.6.10.

Posrnsnypmm  puc.l Ta  puc.2  MOXHA
CTBEp/DKYBaTH, IO TeMa KiOepCcropTy € JIOCUTh
AKTYaJIbHOIO B CYy4YaCHHX YMOBAaX PO3BHTKY HAYKOBOI
QyMKH TIpOTE€ HE JOCHUTH po3pobiieHor. B cBoiit
OUIBIIOCTI, B HAYKOBHX JIOCHI/DKEHHSIX KibepcropT,
acolliloBaBcss 3 OaraThMa IHIIMMH EKOHOMIYHUM
TIOHATTSAMHU, SK IHCTPYMEHT peaji3amii IeBHHX
nporieciB. Tak, kapra 6i6iorpadigHOTO MOHSITTS «e-
sporty (kibepcmopT) mpencTaBiieHa 3a OIIOMOTOIO
KJIacTepiB, SKi 3rPyHOBaHI 3a HAMPSIMKOM JaHOTO
nuTaHHsA.  JlaHe TIOHATTS BKIOYae B cebe 5
KJIACTepiB, SKI IMO3HAYeHO Ha rpadiky pi3HUMHU
KoimbopaMu. HalOiuIbIr BAroMUMH 3 HUX € KJIacTepH
MOB’A3aHI 3 TOHATTSIMH INTYYHWUH  IHTENEKT,
KOMIT IOTepHHUI TeHMIHT, CIIOPT, 370pPOB’s Ta iHIIi. 3
puC.2 9iTKO BUAHO, 10 KibepcrmopT HabyB HaOLTBIIOL
TMIOITYJIIPHOCTI CaMe 3a OCTaHHIN Tepiof.

Bupinennsi HeBHpilleHMX  paHilme  YacTHH
3arajbHoOl Nmpo0JieMH, KOTPUM HPHUCBAYYETbCS
CTATTH.

HesBaxaroun Ha HasiBHI JOCSATHEHHS y HANpPSIMKY
KibepcriopTy, Hapasi 3aJiIIaeThCs P HEBUPIMIEHIX
MATaHb IOI0 OCOOMWBOCTEH (YHKI[IOHYBaHHS Ta
PO3BUTKY KiOEpCHIOPTHBHOI Tamy3i B  YacTHHI
BHU3HAYEHHS NPIOPUTETHUX TEHACHLIH 1 pO3BUTKY,

J11(0) norpedye MMOJAJIBIITUX MOrIUOIEeHUX
JIOCHIIKEHb.

DopmyIIOBAHHS LijTel cTaTTi

Meroro  cTarrli €  JOCHIDKEHHS  CBITOBHX

TEHJICHII PO3BUTKY KiOEpCHOPTY 3a JOMOMOTIOI0
MeroaiB Data Mining.
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Bukian ocHOBHOT0 MaTepianay

Kibepcmopt mpezacrasise coboro crmocid on-line
CHITKYBaHHA [UIIXOM  BUKOPHCTaHHA  MeEpexi
InTepHer; TEBHA poO3BaXKaJbHA JISUIBHICTB, IO
nependavae 3MaraHHs y eIEKTpOHHUX irpax. Hapasi
BiH 3afiMae OCHOBHY CIOXHBYY HIIIy cepes
MOJIOZOTO MTOKOTiHHSI.

HocnigkeHHs CBITOBUX JDKEpen BKa3yloTh Ha
CHJIbHE 3pOCTaHHS B OCTaHHI POKH  raiysi
eNeKTPOHHOTO cropTy. OCHOBHUMH (aKTOpamMu
TAaKOro MiAMOMY 3alliKaBJICHOCTI Yy KiOepcropTi e:
3HaYHUW TOMHT Ha YydYacTh y Kibepirpax Ta ix

Heperis/;; MAacOBICTh KiOEpPCIIOPTHUBHHUX 3aXOJiB;
BIOJOOAHHS ~ MOJIOJIOTO  TOKOJIHHS,  CHajiax
naHjaeMii;  IPIOPUTETHICT,  KiOepCropTy — Hajx

TPaJUIIIHHUM CIIOPTOM; TIOMYJISIPHICTH KiGepcropry;
3HAYHWUI MOTEHIIIaN PO3BUTKY; 3py4Hi Ta KOM(OPTHI
YMOBH yd4acTi Ta TMPOBENEHHS KiOepTypHIpiB i
kibep3amaranb,  HeoOMexkeHa  OaraToMmilbHOHHA
IS IalbKa ayUTOpis; 3HAYHI Ta IIBUIKI MPUOYTKH;
YHCIIEHH] IMPOMO3UIIil BiJ| iHBECTOPIB; MiHIMaJbHA
BUTPATHICTh KiOEPCIOPTUBHUX 3aXOJiB; BIJICYTHS
morpeda y CHemianpHid GI3WYHIA  CIIOPTHBHIN
MIACOTOBIN; THYYKICTh KiOEpCIOPTUBHOI 1HIYCTPIl;
HEMae MpPHUB’SI3KH 10 MICIS KiOeprpu; po3BHUHEHA
ibpacTpykTypa; Ta iH.

Po3BuTOK KiOEPCHOPTUBHHUX 3aXOHdiB  CIPHSIE
BUHUKHEHHIO PANY TO3UTHBHHUX AacCIEKTiB, a caMe:
MiATPUMaHHS TIEBHOI KyJIbTypH JTO3BILIS;
OTPUMAaHHS 3a/I0BOJICHHS; 3HATTA ICHUXOJIOTIYHOTO

CTpecy; HasBHICTb (I3UYHUX BOpaB TMOPAN 3
00OMEXeHUMHU hiBUIHIMH HaBaHTKECHHSIMH,
MOXIMBICT ~ MEAWYHOrO  OOCIyroByBaHHS  0e3

0CcOOMCTOI TPHUCYTHOCTI; MOXJIHBICTh BHU3HAYEHHS
pe3yIbTATIB TPH 3a JOMOMOTOI0 KOMII FOTEPHOTO

iHTepdeiicy; MOXIHMBICTD TPHUHATTA yd9acTi y
KiOEepCIOPTUBHUX ~ 3axomax  0e3  creniaibHOI
(hi3mgHOi CTIOPTUBHOI MIATOTOBKH; MOMJIMBICTB

OTPUMaHHS 3HAYHUX CyM TOHOpapiB; MOXKIHUBICTh
BiJIBIJaHHS 3aXOMiB 3 MiHIMaJbHAMH BHUTPATaAMHU
pecypciB; TpHMATH y4acTh MoOxe Oyab XTo;
JIOCTYIIHICTH 3 Oy/Ib-SKOi TOYKH CBITY; Ta iH..
Posrnspatoun 0CO0IMBOCTI TIOHSATTS
«kibepcropT», BapTO 3BEpHYTH YyBary Ha II€BHI
HEraTUBHI aCIeKTH, 0 BiH BUKJIUKAE: TICHXOIOTIYHI
(iHTeNeKTyanbHI HaBaHTAXXEHHS BUKIUKAIOTH CTPEC
Ta PO3YMOBY BTOMY, THM CaMHM 3HIKYIOUH
MICUXOJIOTIYHY CTIHKICTh Ta MPOAYKTHBHICTH NpHU
BUKOHaHHI po0OTH; Ticis HEYCHIINIHOI TPU BHHUKAE
NOTIPIIEHHS  HACTPOIO, BUHHMKAE TPUBOXKHICTS,
3HMXKYETbCS BIIEBHEHICTb Yy c00i, IO HEraTUBHO
BiJOOPaYKAEThCSI Ha TCUXOJIOTIYHOMY 3710pOB’i);
¢isnuni  (3HWKeHHA (QI3MYHOI AKTUBHOCTI, IO
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BUKJIMKA€E TIIBUIIEHHS MacH Tijla Ta MaJIOPyXJIUBUI
cnocid  KHTTS; MOPYIICHHST XapyyBaHHs, MIO
HEeraTHBHO BiIOOpakaeThesl Ha (PpisMUHOMY 310pOB’T;
MOTIpIIEHHS! SIKOCTI Ta TPUBAJIOCTI CHY, IO CIIPUSE
XPOHIYHOMY HEJOCHUIIAHHIO Ta BTOMIi,; BHHHKHCHHS
3aXBOPIOBAHb TAKWX SIK HAIIpyra Ta Oinb B 04ax, i
Ta 3aIl’sCTAX); MpaBoBa MpobieMaTHKa Kibepcnopry;
ta iH. [lepemiueHi mepeBarm Ta  HEIOJNIKU
KibepcropTy MOBHHHI aHaNi3yBaTHCh y MOEAHAHHI 3
HampsiMKaMu ~ oro  po3BUTKY. Lle mo3BonuTh
OIEPaTHUBHO 3MEHINYBATH JCCTPYKTUBHHUM BILTHB Ta
MPUMHOXKYBaTH MO3UTUBHHNA. OTxe, TpPOBEIEMO
JOCTIDKEHHS. ~ CBITOBMX  TCGHJEHIIM  PO3BUTKY
KibepcropTy 3a JA0MOMOrol0 ofHOro i3 MeroniB Data
Mining - GaraTOMipHHUX aTaNTHBHUX PErPECHBHHUX
MAR-cIu1aiiHIB TIPOITOHYETHCS y BUTIISAI HACTYITHOI
ITOCJIIIOBHI €TaIliB peai3aliii.

1 eran. ®opMyBaHHS BXiIHOT 0a3M JAOCIIIPKEHHS.
Ha pmanomy erami mnpoBoauThes  ifeHTH(IKALIS
KUIBKICHOT XapaKTEPUCTHKHU OLIIHIOBAHHS TECHICHIIIN
PO3BHTKY KiOEpCIOpTy NUISIXOM BU3HAYEHHS DPIBHIB
4acoOBOTO PsAy KUIBKOCTI  3allUTIB  IHTEPHET-
KOPHUCTYBAUiB JI0 TOHSTTS «KiOEPCIOpT», 3/iiCHEHE
3a momomororo 3acrocyBaHHs Google Trends. [lms
peamizallii JaHOTO eTamy PO3MITHYTO Tepio Jacy 3
ciuas 2004 mo »xoBTeHb 2021 pp. 3a MHOXKXHUHOIO
KpaiH cBITY. 3a pe3yiabTaTaMH aHalli3y KUTbKOCTI
3aIUTIB  IHTEPHET-KOPUCTYBAYIB IO  TTOHATTS
«KiOepcriopT», BUABIEHO, IO KpaiHaMmu-JigepaMu
Buctynatoth: Taimann, Jawis, IlIeemis, Hopseris,
CroBaxis, ITomeima, Ectonis, Yropmuaa, OiHISHIISA
ta Opanris.

2 eran. JlocmimKEeHHS JWHAMIKH IOBEIIHKU
YacoBOTO psANy KITBKOCTI 3aluTIiB  IHTEpHeET-
KOpHCTYyBadiB 1o TTOHSATTS «KibepcmopT.
[lomepenniM eramoM TNPOTHO3YBAaHHS  CBITOBHX
TEHJIEHIII PO3BUTKY KibepcrmopTy 3a JOMOMOTOIO

3aCTOCYBaHHS OaraToMipHHX aJlaTITUBHUX
perpecuHnx ~MAR-cimaiiHiB 10 BHU3HAYEHHS
3aJIeKHOCTI KITBKOCTI 3aIHTIB IHTEepHeT-
KOpHCTYyBadiB bi (o) MTOHATTS «kibepcmopT»

MPOBOMUTHCS JTOCHIIPKEHHS JAWHAMIKA TOBEIIHKA
perpecopa (puc. 1). Jlnst peamizaiii JaHOTO eTamy
MPOBEZIEMO Bi3yaji3allito PiBHIB IOCITiIKYyBaHOTO
94acoBOrO psily IUIAXOM IOOYAOBH JiarpamMu 3a
JOIIOMOIOI0 iHCTpyMeHTapito Statistics, Advanced
Linear/Nonlinear Models, Time Series/Forecasting,
Time Series ARIMA dialog. Jlanuii eran BUCTyIae
MirOTOBYMM JUISl TIPOBEIACHHS Oe3I0CepeIHbOro
CIUTAiH-MOJENIOBAaHHS B PO3pi3i  BU3HAYEHHS
cnenudikanii mykaHoi GyHKIIOHATBHOI 3aJIEKHOCTI.
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Plot of variable: E-SPORT
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Puc. 1 Jlunamika KigbKiCHOT XapaKTEPUCTUKU TEHICHIIH
PO3BUTKY KiOepcropTy - KUIBKOCTI 3aluTIB I1HTEpHET-
KOPHCTYBauiB 0 MOHSATTS «KibepcropT»

Anamiz pucyHky 1 103BONIIE KOHCTaTyBaTH
HasBHICTh 3pOCTal0Y0i TEHJIEHINi JAaHOTO YacoBOTO
psamy 3 YITKO  BUPaXEHOK  KOJWBAaJIbHOO
teaaermicro. [lpugomy 3 2004 mo 2009 poxu
CIoCTepirajiach 3Ha4yHa BOJIATHJIBHICTH KUIBKOCTI
3aIUTIB  IHTEPHET-KOPHUCTYBA4YiB  JO  TIOHATTS
«KI0epCIIopT», MO0 CBIMYUTH TMPO AKTyalli3aIliio
kibepcopTy Ha cBiToBOMY piBHI. [lounHaroum 3
2009 poKy CHoCTEpiracThCs IIBUIKO 3pOCTaroda
TEHJACHIS SK IHAUMKATOp IIJABUINEHHS YyBaru JI0
KiOepcropTy Ta IMiIBUIINEHHS HOro BIUIMBY Ha 3MiHY
CTPYKTYPH CBITOBOTO PHHKY KOMIT IOTEPHUX Ta
mudpoBUX Irop, CIOPUHHATTA KiOepcropry sK
IHHOBAIIHOTO MM X0y 10 KOMYHIKAIil.

3 eran. llporHo3yBaHHA CBITOBUX TEHJAEHIIII
PO3BUTKY KiOepCIopTy 3a IOOMOT0I0 3aCTOCYBAHHS
OaraTOMIpHHX aJaNTHBHUX perpecuBHUX MAR-
crutaifHiB. [li1  BHpPOBaIKEHHS JAHOTO  eTaIy
MIPOIIOHYETHCS BHKOPHCTATH MO>KJTHBOCTEH
IHCTpYMEHTapito Statistics, Data Mining,
MARSplines (Multivariate Adaptive Regression
Splines).  IlinrpyHTsIM  3acTOCYBaHHS  JaHOTO
IHCTpyMEHTapif0 BHUCTymae wMeroanka Dpiamana,
Mpu3HaYeHa M1 pO3B’sI3yBaHHS 3a/1a4 Kiacu(ikaii
Ta perpecii HUIIXOM 3IOIACHEHHS OOpOOKH ITBOX
TUTIB ~ 3MIHHUX  BEIWYHMH: HEMEPEepBHUX  Ta
KaTeropiaJbHUX HE 3Ba)KAlOUM Ha iX XapakTep
pErpecopiB YU perpecanTiB.

[ToOymoBa OaraToMipHHIX aJalTUBHUX
perpecuBEnXx ~MAR-cIUTaiiHiB  TpYHTYETbCS — Ha
HelmapaMeTpUYHIi Tponeaypl BUSHAYSHHS Ta OIMUCY
3aJI©KHOCT] MK MOSICHIOBAJIHHOIO Ta TOSCHIOIOYNMH
3MIHHHMH 32 JIOTIOMOT'OI0 TIEBHOTO HA0O0py 0a3ucHUX
¢byHKUid Ta KoedilieHTIB, SKi (OpPMaNi3yIOThCA
BXiTHUM HaOOpOM CTaTUCTUYHUX JaHHX. bazor
HermapaMmeTpuuHoi — mpouenypu — MAR-cruaiiniB
BUCTYIA€ MiAXiA, 3TiAHO 3 SKUM BXIiTHI 3MiHHI
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(mosicHIOIOUi (PaKTOPHI 3MiHHI) KJIACTEPU3YIOTHCS Ha

TpYIH, SAKi OMHUCYIOThCS crienudiyHIMH
perpeciiiHumu PIBHSHHSAMH Ta O3HaKaMHu
knacudikamii. Came  3acTOCyBaHHS  OMHCAHOI

npoueaypu J1o3Bonsie  (opmanizyBaTu aJanTUBHI
MOJIeNi, SKi B MOJANBIIIOMY BUKOPUCTOBYIOTHCS IIPH
HasBHUX (PaKTaX TOYOK MEPEKIIOYEHHsS perpecii Ta
BpaxyBaHH1 HEMOHOTOHHOTO XapakTepy
B3a€MO3B 13Ky MK MPEIUKTOPAMH 1 perpecaHTamy,
SKI HEMOXJIMBO (opMani3yBaTH 3a JOMOMOTO0
HapaMeTPUYHUX MOZEIIEH.

Hnst onmcy 0a3vcHUX QYHKIIH OaraToMipHHX
ajanTuBHUX perpecuBHUX MAR-crumaiiHiB 1o Ta
ICJISE TOUKK TEPEKIIIOUEHHS perpecii IponoHyeThCs
CKOPHCTATHCh HACTYITHUMH CITiBBiTHOIICHHSIMHU:

(x —k,if x =k
W=k =1 0ifxr<k g
‘t—kif x<k
x—k)_ = .
( ) L 0,ifx=k @)

ne k — Touka neperuHy QpyHKIIii.

Y nmporpamHoMy Takeri Statistica B po3pisi
IHCTpyYMEHTapiro MARSplines (Multivariate
Adaptive Regression Splines) 0a3ucuHi QyHKIIIi
3aIUCYIOThCS HACTYITHUM YHHOM:

(x — k), = max(0;x — k) 3)

(x — k)_ = max(0;t — k) @)

B 3arampHOMy BHIIISAII amanTHBHI pErpecHBHIi
MAR-crutaiftHn ~ anss  r HEHYJIbOBUX  WIEHIB
Ha0yBarOTh BUTIAAY KOMOIHAIii 3BakeHOI CyMu
0asucHuX (YHKIINA Ta X JOOYTKiB:

y =0 =B+ ) B GO

®)
C={0;—k)e (k=) Jkeleypmansd
i=1,...n
e }90 — TIOCTIfiHA BEJIIMYWHA; }9}- — TIIOCTiliHA

BEJIMYMHA, MapaMerp 0araTOMIpHOTrO aJanTHBHOTO
pErpecuBHOTrO pPIBHSHHS; T 3arajgbHa KUIBKICTh
0asucHUX (QyHKIiA; X — BEKTOp BXIJHHX 3MIiHHUX;
C; (X) — j-ra 6asucha ¢ynkuis i3 Maoxuan C a6o
JNOOYTOK ABOX 4M OUIBLIOT KITBKOCTI TAKUX (DYHKIIIH.
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[epexonsun 10 ONUCY BU3HAYAILHOTO IPUHLIUITY
dhopmamizanii 0araToMipHHX aJalITUBHUX
perpecuBHuXx MAR-crnaifHiB 3a3Ha4MMO, IO BiH
BUMArae 4iTKOro BU3HAYEHHS SIK 0a3uCHUX (YHKIIIH,
TaK i TepMiB, caMe siKi 1 HOPMYIOTh KUTBKICTh PI3HUX
KoMOiHamii 0a3ucHUX (QYHKIIH 3 ypaxyBaHHSIM
3BEPHEHb JI0 KOKHI 13 BU3HAYAJILHUX 3MIHHUX.

[Tepexomsrau o moOyI0BH 0araToMipHHX
aallTUBHUX perpecuBHUX MAR -crunaiiniB
3aJIeKHOCTI KUTBKOCT1 3aIlnTIB iHTEepHEeT-
KOPUCTYBadiB JI0 TMOHATTS «KibepcrnopT»  BiA

4acoBOTo (akTopy, OTPHMAEMO HACTYITHI TapaMeTpH
(puc.2): KUIbKICTh HE3AJIICKHUX 3MIHHMX — 1,
KITBKICTh 3aJI©KHUX 3MIHHUX — 1, KUIBKICTh TEPMIB —
4, KiNbKicTh 0a3ucHUX QYHKILIH 3, TOpsIoK
B3aeMOJIii (KUIBKICTh CKIIQJOBHX JTOOYTKY Oa3MCHHX
¢byHkmif) — 1, a TakoX KUIBKICTh 3BEpHEHH JIO
(hakropa-perpecopa - 3.

Model Summary

Model specifications Value

Independents 1
Dependents 1
Number of terms 4
Number of basis functions 3
Order of interactions 1
Penalty 2,000000
Threshold 0,000500
GCV error 159,4393
Prune Yes

Puc. 2 Tlapamerpu cnenudikauii mogeni MAR-crnany
3aJIeKHOCTI KUIBKOCTI 3alUTiB IHTEPHET-KOPUCTYBAUiB 10

MOHATTS  «KiOepcropT» BiJ 4acoBoro Qakropy Ta
KUTBKICTP ~ 3BEpPHEHb 10  pENeBaHTHUX  (PaKTOpiB-
perpecopis
Model coefficients
Coefficients, knots [Coefficients Knots
and basis functions e-sport t
Intercept 22,80541
Term.1 0,26598 77,0000
Term.2 -1,03625| 161,0000
Term.3 0,72314 105,0000

Puc. 3 Koedinientn mozmemi Ta Tepmu moxeni MAR-
CIUIaHy ~ 3QJIeKHOCTI  KUTBKOCTI  3aIUTIiB  1HTEpPHET-
KOPHCTYBadiB 10 TOHATTSA «KiOEepcrmopT» BiX YacoBOIrO

(axTopy
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OTxe, BpaxOBYIOUM TIpENCTaBIeHI Ha puc.3 KOPUCTYBadiB N0 TMOHATTS «KidepcnopT» Bix
koediieHTH, TepMu Ta mapamerpu Mmojeni MAR- dwacoBoro ¢akropy HaOyBae BUIIISITY:
CIUTaHY 3aJIGKHOCTI KUTBKOCTI 3amuUTIB IHTEPHET-
(6)
e —sport = 2,28054050642158e + 001 + 2,65981697439486e — 001
+ max(0; 7,70000000000000e+ 001 —t) — 1,03624613795730e
+ 000 = max(0; t — 1,61000000000000e + 002)
+ 7,23144135607471e — 001 * max(0; t— 1,05000000000000e
+002)
Histogram of e-sport (Res.)
20
85
80
75
4 eran. Ilepesipka amexBaTHOcTi Mozeni MAR- .
CIUIaHYy 3aJIGKHOCTI KITBKOCTI 3alHTIB iHTEpHET- £y
KOPUCTYBadiB JI0 TOHSTTS «KiOepcrnopT»  Bix £
4acoBOro (hakropy. 3 0
AnexsatHicTh  nobymoBaHoi Moxeni  MAR- |
CIUIaHy 3aJIGKHOCTI KITBKOCTI 3alUTIB IHTEpPHET- »
KOPUCTYBadiB JI0O TOHSTTS  «KibepcrmopT»  Bij 5
. o . 1
4acoBOro (akTopy MiATBEPDKEHO:  MiHIMATBHHM : : g
S3HAYCHHAM 3arajlbHOro KpUTEPII0 AKOCT1 MOACI1T — 60 50 40 30 20 10 0 10 2 30 40 50 60 70
y3araJbHEHOr0 KOB3HOIO CEPeIHBOTO MOMIIKH o oo fes) Puc. 5
(GCV error), sike npuiiMae 3HaueHHs 159,44 (puc.2); BIANOBIHICTL — HOPMAIBHOMY — 3aKOHY — PO3NOALTY
koedilieHT neTepMminauii HaGyBae 3HaueHHs 0,53 SQIMIIKIB  MOZIEI MAR-cmany 3QJIEKHOCTI KITLKOCTI
. . 3aIIMT1B 1HTEPHET-KOPUCTYBa41B a0 IOHATTA
(puc. 4); HecyTTEBe BIiAXWICHHS (AKTHUYHUX Ta . .
. . o «kibepcrmopT» BiJ 4acoBoro (Gpakropy
MPOrHO3HMUX 3HAYEHb KUTBKOCTI 3alUTIB IHTEpHET- 5 .
eran. Bu3HaueHHS TEHIEHLIA PO3BUTKY

KOPHCTYBaviB bi(o) TTOHSTTS «Ki0bepcIopTy;
BIMTOBITHICT, HOPMAJILHOMY 3aKOHY PO3MOALTY
3aJIHIIKIB Mogeni (puc. 5).

Regression statist

Regression statistics e-sport

Mean (obsened) 39,77103
Standard deviation (obsened) 17,86146
Mean (predicted) 39,77103
Standard deviation (predicted) 13,00585
Mean (residual) 0,00000
Standard deviation (residual) 12,24254
R-square 0,53020
R-square adjusted 0,52121

Puc. 4 PerpecusHi cratuctukn monpeni MAR-cmnany
3aJIeKHOCTI KiTBKOCTi 3aIHTIB iHTEPHET-KOPHCTYBAYIB 10
TIOHATTS «KiOepCIIOpT» BiJl YaCOBOTO (PAKTOPY

KibepcropTy 3a JOIMOMOTOK TOOYIOBAHOI MOIEINi
MAR-crutany. Ha paHomy erami 3a JOITOMOTOIO
dopmynu  (6) 00YMCIUMO MPOTHO3HI 3HAUYCHHS
KUTPKOCTI ~ 3amUTIB  IHTEPHET-KOPHUCTYBaYiB 0
MOHATTS «KiOepcropT» 3a mepiox 3 TpasHsA 2020 mo
ceprieab 2022 pp. (Tabdmn.1).

Tabmuus 1
[IporHo3Hi 3Ha4YeHHs 3aNHTIB IHTEPHET-KOPUCTYBAYiB 0
MOHSTTS «KiOepcropT»

IIporuos e- IIporuos
Ilepiog  sport Ilepiom  e-sport
2020-05 86,26 2021-07 95,57
2020-06 86,92 2021-08 96,24
2020-07 87,59 2021-09 96,9
2020-08 88,26 2021-10 97,57
2020-09 88,92 2021-11 98,24
2020-10 89,59 2021-12 98,9
2020-11 90,25 2022-01 99,56
2020-12 90,92 2022-02 100,23
2021-01 91,58 2022-03 100,89
2021-02 92,25 2022-04 101,56
2021-03 92,91 2022-05 102,22
2021-04 93,58 2022-06 102,89
2021-05 94,24 2022-07 103,55
2021-06 94,91 2022-08 104,22
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AHani3 MPOrHO3HMX 3HAYEHb 3alHTIB 1HTEPHET-
KOPUCTYBadiB JI0 TOHSTTS «KiOepcrmopT»  Bix
yacoBoro (akrtopy 3a gomomoror moxaeni MAR-
CIUIaHy CBiUUTH NPO IiJBUINEHHS AaKTyaJlbHOCTI
KiOepcIopTy, Mpo IO CBIAYUTH 3POCTAFOUUN TPEH]I
MoOy0BaHOT MOJEII.

BucHoOBKH 3 1aHOT0 JOCTIIKEHHS i MepcneKTUBU
NOANbIIUX PO3BITOK y JaHOMY HanpsMi

3ayBa)KMMO, 110  NPOBEIEHE  JIOCIIDKEHHS
JIO3BOJISIE  CTBEP/PKYBATH, IO KiOEPCIOPT TUTBKU
MOYMHAE HAOMPATH TMOIMYJISPHOCTI B CBITi, YUCIICHHA
ayauTopiss Jroied He oOi3HaHa a0o 3Hae Horo
moBepxHeBo. [Ipore  moTeHmian, AKHA ~ Mae
KibepcropT Ta TOOYIOBaHWH IPOTHO3 JI03BOJISIE
CTBEP/DKYBATH, IO 3POCTaHHS OOCATIB KiOepcmopT
Oyae BimOyBaThch He TUIBKM 33  PaxyHOK
0e3MmocepeIHOr0  PO3BUTKY HOro oOcsrie i
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30UIBIIEHHS ayAWTOpii rpaBLiB 1 TsAadviB, ane i 3a
paxyHoOK MPaKTUIHOTO 3aCTOCYBaHHS
KiOepCIIOPTUBHUX TEXHOJOTH y PI3HUX Trailys3six,
CHPUSIOYM TPOAYKTUBHOCTI JFOACHKOI isUTBHOCTI.
HeoOxigHo BIg3HAYMTH, IO BHMCOKO aJeKBAaTHUM
METOJIOM aHaNli3y CBITOBHX TEHJACHIIH pPO3BUTKY

kibepcmopty € Data Mining. Bukopucranus
HaBEICHOI ~ METONMKM  JO3BONIIE  OTPHUMATH
JNOCTOBIpHI ~ pe3yiabTaTd  BEKTOPY  PO3BHUTKY

KiOepCropTy 3a HEIBHUMHU CKJIQJOBHUMH, OCKLIBKU
chopMoBaHa €IUHA CBiTOBa iHQOpMaliiina 06a3a
JAHUX TPOBEJCHHS YUCICHHUX TYPHIPIB BiJICYTHS.
KopucryBauamMu oTprMaHUX pe3yNbTaTiB MOXKYTh
Oyrn yci cy0’ekTH (QOpMyBaHHSI EKOCHCTEMH
Ki0epirop, OCKUIbKM 3arajbHUN TpPEHII PO3BUTKY
Ki0epcrmopT Ta BUKOPHCTAHHS TEXHOJOTIH HOro
oprasizaiii (HopMyHOTh OCHOBY 0araThOX BHIIB
Cy4acHOi [HTepHeT AisITbHOCTI.
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Memoodom — ManoKymoeo2o  poscisHHs — HEUMmpOHI8  NpPoBedeHO  OOCTIOJNCEHHs — BNAUBY S-npomeiny
xoponasipycy SARS-CoOV-2 na cmpykmypui napamempu MoOenvbHol MniOHOT MeMOpanu Ha CUCmeMax
Jumipucmoingpocchamuounxoniny (JIMPDX) 3 domiwkamu xonecmepury ma Meiamoniny. Bucynymo npunyuenns,
wo 30inbUeHHsT KOHYEHMpPayii MelamoHiny 6 memOpani 3anobicac 63aemMooii KOPOHAGIPYCHO20 S-npomeiny 3
JINIOHOI0 MEMOPAHOIO KAIMUHU. 3a NPUCYMHOCHI OOMIUOK XONEeCMEPUHY 8 CUCTNEeMI 83AEMOOIS TINIOHOT MemOpanu
3 AKMUBHOIO YACMUHOIO S-npomeiny 6i00y6acmvCs 3aneXHCHO 6I0 (haz06020 cmamy Anidy: y 6UNAOKy 2eib-hasu
63aeM00is He 8i0bysacmuvcs, a y piokokpucmaniunitl ¢hazi dooasanns RBD SARS-CoV-2 ¢ cucmemy npuzgooums
00 3MeHUIeHHs MOBUWUHU MeMOPAHU.

Kniouosi cnosa: S-npomein, niniona memopana, Manokymoge po3cisiHisa Heumpomig, xonecmepunr, SARS-CoV-2.

The effect of SARS-CoV-2 coronavirus S-protein on the structural parameters of the model lipid membrane on
dimyristoylphosphatidylcholine (DMPC) systems with cholesterol and melatonin impurities was studied by the
method of small angle neutron scattering. It is shown that an increase in the concentration of melatonin in the lipid
membrane leads to a decrease in the thickness of the lipid bilayer, and an increase in the concentration of
cholesterol leads to an increase in it. It has been suggested that increasing the concentration of melatonin in the
membrane prevents the interaction of coronaviral S-protein with the lipid membrane of the cell. In the presence of
cholesterol impurities in the system, the interaction of the lipid membrane with the active part of the S-protein
occurs depending on the phase state of the lipid. Thus, when the lipid is in the gel phase (at 10 ° C), the active part
of the S-protein does not change the structural parameters of the lipid bilayer, i.e. the interaction between the lipid
membrane and the active part of the S-protein does not occur. At 37 © C, when the lipid is in the liquid crystalline
phase, the addition of RBD SARS-CoV-2 in the system DMPC / 30% Cholesterol / D-O leads to a decrease in
membrane thickness, indicating the interaction of S-protein with the membrane.

KeyWords: S-protein, lipid membrane, small-angle neutron scattering, cholesterol, SARS-CoV-2.

Crattio npencrasus akagemik HAH Ykpainu, a.¢.-m.H., npod. bynasin JL.A.

Beryn KOMITOHEHTiB. KoMIoOHeHTHMII cKkian MeMOpaHH
BU3HAYa€ ii BIACTUBOCTI, @ TAaKOX BIUIMBA€ Ha Taki
OpoLecH  JKUTTEMISTIBHOCTI K~ MeMOpaHHUi
TpPaHCHOpPT, Iiepeladya CUTHANIB, TMOMI KIITHH,
EHJIOLUMTO3, JaTepasibHa AuQy3ia OITKOBHX Ta

Jlininna MemOpaHa € OJHI€I0 3 HAWBAXKJIMBIIINX
CKJIaZIOBUX OyJb-KO1 KIiTHHU. bionoriuni MmemOpanu
MalOThb  3HauYHy  KOMIIO3MLIHHY Ta  (a3oBy
HEOAHOPIAHICTh 3aBISIKM COTHAM XIMIYHO Pi3HHX
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minigaux monmekyn Tta iHmi [1, 2]. Came Tomy
MPOTATOM OCTaHHIX POKIB OyJIO MPHUKIAJECHO BENHKI
3yCHUJIISL UTSl TOCHIKEHHSI CTPYKTYpH Ta JUHAMIKA
mimigHoro  Oimiapy B KOHTEKCTI  PO3yMiHHS
(YHKIIOHATBHUX MEXaHi3MiB THX MPOIECIB, IO
BiZIOyBaroThCsl Ha moBepxHi MemOpanu [3]. Benuka
KUIBKICTh POOIT TPUCBAYCHA JOCIIHKCHHIO 3MIiHH
BJIACTUBOCTEH JIIMIIHUX MeMOpaH Mpu JOJaBaHHI B
HUX PI3HOMaHITHUX JIOMIIIOK, cepel] SKUX OKPEeMO
BUIUIAIOTh XONlECTEpUH Ta MenatoHin [4, 5.
XonecrepuH Biflirpae poJb CBOEPIHOTO
Moaudikatopa InimigHOi ¢aszu. 30UIBIMIEHHS HOro
KUTBKOCT1 B MeMOpaHi MPU3BOIUTH 10 OUIBIII MIUTEHOT
YIIaKOBKH MOJIEKYJI B JIMiIHOMY OilIapi, a TaKkoX JI0
¢dbopmyBaHHA NimigHUX padTiB (TOMEHIB) B MEMOpaHi.
B nitepaTypi HaBeneHO AaHi, 10 BiJA3HAYAIOTH MEBHY
ponb mimigHEX padTiB y Tpolecax 3B’sS3yBaHHS
KOPOHAaBIpyCiB 3 KIIITHHOKO [6, 7]. ¥V meskux BUmaakax
HasBHICTL padTiB € HEoOXITHOW YMOBOW IS
MPOHMKHEHHS Bipycy B KIITHHY (HallpHKIAL,
BcepeauHi pad)Ty MICTUTBCA MEeMOpaHHUH OLIOK,
SIKAW 3B’S3YETHCS 3 BIPYCOM), ajie BOJAHOYAC BiJIOMI
BUMNAJAKA (BIpYC MHIIAYOTO TeMmaTuTy), KOJH
HasIBHICTH padTiB yCKIIATHIOE TPOXOKEHHS BIpyCY B
KJTITHHY, X09a MEXaHi3M TaKOIr'0 BIUIUBY 3aJIUIIAETHCS
HEBIIOMUM.

EKCl’lepI/lMeHTaJ'IbHa yacTuHa

VY Hamii po0OTiI IS BU3HAYEHHS BIUIMBY S-
npoteiny kopoHaipycy SARS-C0OV-2 Ha CTpyKTypHi
MmapaMeTpu MOJAENbHOI JimigHoi MeMOpaHu Oyio
MIPOBENIEHO AOCIHIPKEHHSI METOJOM MAaJOKyTOBOTO
poscisuas  Hewtponie (MKPH) ©Ha cucremax
mumipuctoindocharnaunxominy (JAMDX, razsa 3a
IUPAC:  (2R)-2,3-Bis(tetradecanoyloxy)propyl-2-
(trimethylazaniumyl)ethyl phosphate), mo wicTsTs
JOMIIITKH XOJIeCTEepUHY abo MEJIaTOHIHY .
ExcrnepuMeHTanbHi AOCTIKEHHS! POBOIMINCH AJIS
HaCTYIHUX CUCTeM: BOIHUU po3unH JMOX, IMDX
+ 15% wmenatoniny (abo xomecrepuny), AMDPX +
30% menartoniny (abo xonecrepuny), JIMDX + 30%
MenatoHiny (abo xomecrepuny) + RBD SARS-CoV-
2. Ockinbku (a30BUH CTaH JIMITHOI CHCTEMH
3aJIeKUTh  BiJl  TEMIeEpaTypd,  BHMIpIOBaHHS
MPOBOAMIMCH IpU ABOX Temmeparypax: 10 °C (reip
¢aza) ta 37 °C (pinkokpucraiiyna ¢asza). Sk mozensb
mimigHOT MeMmOpaHM  pO3Tisfanack  OJHOIIAPOBA
JmimigHa  BE3WKYJA, OCHOBHHUMH CTPYKTYPHHMH
rapaMeTpaMH KO € TOBIUHA JIMiAHOTO Oimapy Ta
BHYTPIIIHIN pajliyc BE3UKYIIH.

B pesymprari aHamizy  eKcliepUMEHTaJbHO
OTPUMAaHMX KPUBUX MAJOKYTOBOTO  PO3CISHHS
HEHTPOHIB HA PpO3YMHAX JIHIMIAHAX BE3UKYT 3
JOMIIIKaMH MeNaToHiHy OyJ0 BHU3HAYEHO TOBLIMHY
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mimigHoro Oimapy Ta BHYTPIIIHIA pajiyc Be3UKYJIH
JUIST KOXKHOI 3 JOCHiKyBaHUX cucteM. OTpumani
CTPYKTYpHI mapamerpu HaBeeHi B Taomui 1.

TakuM ymHOM, 30UTBIIEHHS  KOHIIEHTpAIIii
MENAaTOHIHY B JiMigHIH MeMOpaHi NPU3BENO [0
3MEHIICHHS] TOBIIMHM JimigHoro Oimapy. Ilpu
nonasandHi RBD SARS-CoV-2 ToBumHA JiMiIHOrO
Oimapy mpoAOBXKYE 3MeHIIyBaTHCh. KpiMm TOro, 3
HaBeJleHNX JaHuX BUAHO, mo npu 10°C ToBHIMHA
mimigHoro Oimapy Oinbma, HiX mpu 37°C mis yeix
PO3TJISTHYTHUX CHUCTEM.

AHaJNOriyHi JOCTIKEHHS OyJIM MPOBEICHI st
CHCTEM 3 JIOJIaBaHHAM XoJecTepuHy. OTpuMaHi JlaHi
HaBefeHo B Tabmuii 2. Buamo, mo 30iIbIIeHHS
KOHIIGHTpAIlil XOJIeCTEpUHY B JIMIAHIA CcHCTEMI
MPU3BOIUTL JI0 30UIBIICHHS TOBIIMHHU JIIIIHOTO
Oimrapy He3alne)XHO Bin (a3oBoro craHy JimigHOT
CUCTEMH.

Ha Puc. 1 npeacraBneno rpadix 3MiHA TOBIIMHU
JimigHoro Oimrapy B 3aJieKHOCTI BiI JIOJAHUX
JoMmimiok B po3unH JIM®X/D,O  3rigHO 3
pe3yabTaTaMu  EKCIEPUMEHTAIbHUX  JOCHIHKEHb,
HaBeneHux B Taoiumigax 1 ta 2.

—=a— XonecrtepuH 10°C

—e— XonecTepuH 37°C
MenatoHiH 10°C

—v— MenatoHiH 37°C

BiAHOCHa ToBLLUMHA Gilwapy (A)

T T T T
0 15 30 30 + SARS-CoV-2
KOHLIeHTpaLis xonectepuHy/MenaToHiny (%)

Puc. 1. 3anexHicTp BiZHOCHOI TOBIIMHU Oirmrapy
BE3WKYJIH BiJI KOHIIEHTPAIil JOMIIIOK XOJECTEPUHY
abo MenmaToHiHYy, AOAAHHWX Yy CHCTEMY. 3HAa4YeHHS
HOPMOBAHI BiZIHOCHO CHUCTEMH YHCTOI'O PO3YHHY
JIM®X y D20 3a naHoi TemneparypHu.

Sk moKaszanum TpOBEIEHI eKCIepHMEHTANbHI
JOCIIDKEHHS, J0JaBaHHS aKTHBHOI YacTUHH S-
nporeiny SARS-CoV-2 B JimigHy cucremy
IM®DX/30% Menatonin/D20 npakTuyHO He 3MiHUIO
CTPYKTYPHHX MapaMerpiB JimigHoro Oimapy mnpu
000X  TemmepaTypax y  MeXax  IOXHUOKH
excriepuMeHTy. OCKUIBKM MEJNaTOHIH Yy JiMiJTHOMY
Oimapi JioKaizyeTsCsi B 00JacTi JIMIAHUX TOJIB, TO
BiH MOXKE 3aBaKaTW NPOHUKHEHHIO B II0 OOJIACTD
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MoJieKyJaM  S-mipoTeiny. TakuM 4YHHOM MOXHA
CTBEp/DKYBATH, 10 30UIBIICHHS  KOHIGHTpAIlil
MeNnaToHIHy B MeMOpaHi 3amo0irae  B3aeMomii
KOPOHaBIPYCHOT'O S-nporeiny 3 JITITH OO
MEMOpaHOI0.

Ha BimMiHy Big cucTeM 3  JOAaBaHHSIM
MeNaToHIHY, 32 IPUCYTHOCTI JOMIIIOK XOJIECTEPUHY
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B CHCTEMIi B3a€MO/Iisl JIiMiTHOT MEMOpAHH 3 aKTHBHOIO
YaCTHHOIO S-TIPOTEIHY BXKe BiZOYBa€ThCS, MPHUOMY
1151 B3aEMOJIiS pi3HA B 3aJIGKHOCTI BiJ] (ha30BOr0 CTaHy
mimimy. Tak, KoM JIiMi 3HaXOAUTHCA B reiib (asi (3a
temriepatypu 10°C), To akTHBHA YaCTHHA S-TIPOTEIHY

Tabmmsg 1

ToBmwmHM nimigHUX OimiapiB Ta BHYTPIIIHI paliyCH BE3WKYJ, BU3HAYEHI B pE3yNbTaTi aHajizy KpPHUBHX

MaJIOKyTOBOT'O PO3CIsIHHS HEUTPOHIB

TormmuaM nmimigaux OimapiB Ta BHYTPINIHI pamiych
MaJIOKyTOBOT'O PO3CISTHHS HEHTPOHIB

Temnepatypa, °C BuyTpimmHiit pangiyc ToBmmHa minigHOrO
BE3MKYIIH, Gimapy, A
IM®X/D,0 10 240 426+0,1
37 267 40,2+0,1
JIM®DX/15% Men/D20O 10 236 40,1+0,1
37 249 36,0+0,1
AM®DX/30% Men/D,0O 10 230 39,6 +0,1
37 252 358+0,1
AMDX/30% Men/D,0O + RBD SARS-CoV-2 10 230 39,3+0,1
37 259 356+0,1

Tabumg 2

BE3WKYJI, BU3HAUCHI B Pe3yJbTaTi MIATOHKA KPHUBHX

Temneparypa, °C Buytpimniit pagiyc ToBumHa JinigHOro
BE3MKYIIH, Gimapy, A
JIAM®X/D20 10 240 42,6 +£0,1
37 267 40,2+0,1
IM®DX/15% Xon/D20 10 270 435%0,1
37 282 40,0+0,1
IAM®DX/30% Xon/D20 10 235 446 +0,1
37 239 43,6 £0,1
IMDX/30% Xo1/D20 + RBD SARS-CoV-2 10 250 446 +0,1
37 233 41,7+0,1
HE 3MIHIOE CTPYKTYpHHX TMapaMeTpiB IIMiJHOTO
6imapy. Lle Moe O3HAuaTH, IO B3AEMOMiS MiXK Bucnobku
JMTHOI0 MEMOpPaHOK Ta AKTHBHOIO YaCTUHOKO S- 36UIBIIEHHS  KOHLEHTpauWii  MeNaToHiHy B

mpoTeiHy He BimOyBaeThcsi. B cBoio uepry, 3a
temneparypu 37°C, komm diminx mepedyBae B
piakokpuctaniunid ¢aszi, momaBanHs RBD SARS-
CoV-2 B cucremy IAMDX/30% Xonecrepun/D20
MPU3BOJMTH JI0 3MEHIICHHS TOBIIMHE MEMOpPaHH, 1110
CBIIYUTH TIPO HASBHICTH B3a€MOil S-mporeiny 3
MemOpaHo. Bigomo, 110 301IbIIEHHST TeMITepaTypu
JMMiAHOT CHUCTEMHM TPHU3BOIUTH 10 HOPYLICHHS
CTyIeHS YHaKOBKH IMIJHIUX MOJEKYT B MeMOpaHi.
[Ipu upomy 30iMBLIYETBCS BifcTaHb MK JIMIAHUMHU
TOJIOBAMH, Ta 3 SIBJISIOTHCS IOPOKHUHH, Ky MOXKE
MIPOHMKATH OLIKOBa MOJIEKYJIa.

MeMOpaHi 3amobirae B3aeMojii KOpOHaBIpyCHOToO S-
MIPOTEHY 3 JIiMiTHOI MeMOpPaHOIO KITITHHH.

3a MpUCYTHOCTI JOMIILIOK XOJIECTEPHHY B CUCTEMI
B3a€EMO/Iisl JTIITiAHOT MEMOPaH! 3 aKTUBHOKO YaCTHHOIO
S-mpoteiny BiOyBa€eThCs 3aIEKHO BijT (ha30BOro CTaHy
TITiAy: Y BUNIAJIKY, KOJIH JIITif] 3HAXOAUTHCS B Teb-(ha3i
B3a€EMOIisI MK JIITTHOFD MEMOpaHOK Ta AKTHBHOIO
YAaCTHHOI S-TIPOTEiHY HE Bi0OYBAETHCS, y BHIIAJKY
pimkokpucranmiuHoi ¢a3um  pomaBanHs RBD SARS-
CoV-2 B cucremy [IM®X/30% Xonecrepun/D;0
NPU3BOIUTH 0 3MEHIICHHS TOBIIMHU MEMOPaHH.
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