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Kaotcymo, wo nepemeopenns « i3 nanisepynu (S, M) nepemsopens (Mootcau6o, wacmrosur) mmo-
orcunu M 36epizac sidnowennsa exsisarermmuocmi p na M, axwo 3 moeo, wo napa (T,y) HareHcumov
p eunausae, wo napa (a(x),a(y)) makoosic nasesrcums p 0as 0GINHUT T,y 3 00AGCTMNIE GUSHAYEH-
na dom . Muoowcuna S ycix nepemeopens 13 S, aki 36epizaromov daHe BIOHOWEHHA p, YMEOPIE
nionanieepyny nanieepyny (S, M). V pobomi susuaromvcs eaacmusocmi Sy sunadky, kou S e
OIUUKAIUHOIO HANIG2ZPYNOI0 NEPEMBOPEHD.

Knowo6i caosa: 6i0nowenHa eK6I6aGAEHMHOCTIVE, HANIG2ZPYNA NEPEMBOPEHD, DIUUKAIYHA HATIB2PYNA.

It is said, that a transformation « that operates from the semigroup (S, M) of transformations
(that may be partially defined) of a set M preserve an equivalence relation p on M, if (z,y) € p =
(a(x),a(y)) € p for every x,y € doma. A set S of all transformations from S, that preserve the
given relation p, creates a subsemigroup of a semigroup (S, M). In the paper properties of S qre

studied, in the case, when S is a bicyclic semigroup of transformations.
It is verified for which equivalence classes of an equivalence relation p on a set N the semigroup
B will be non-trivial, where B be a natural representation of a bicyclic semigroup by transformations

of a set N.

Key Words: equivalence relation, semigroup of transformations, bicyclic semigroups.

Communicated by Prof. Kirichenko V.V.

1 Introduction

Let (S, M) be the semigroup of transformations of
the set M, that may be partially defined (meani-
ng that S is a subsemigroup of the semigroup
PT (M) of all partially defined transformations of
the set M). The transformation « € S is said to be
preserving the relation p on the set M, if (z,y) € p
implies that (a(z),a(y)) € p for every z,y from
domain dom «. The set of all transformations from
S, that preserve the given relation p, creates a
subsemigroup of the semigroup (S, M), that wi-
11 be denoted by S®). In corner situations, when
p coincides with an equality relation or with the
total relation M x M all of transformations of the
semigroup (.S, M) preserve this relation.
Semigroups S®) for different relations p are
being studied for a long time. Especially the case,
when p is a relation of a partial or a linear order on
M (for example, see Chapter 14 from [1] and the
provided bibliography there). But during the last
years the case, when p is an equivalence relation,

© Dmytro I. Bezushchak, 2018

had grabbed significant attention.

First of all for such semigroups the conditi-
ons of regularity of elements and Green relations
are studied (examples [2] and [3]). Sometimes the
relations from S are being affected by several
restrictions. For instance it may be required the
preservation of a relation of a partial or a linear
order (|4], [5]), or a cross-section of a set of classes
of an equivalence ([6]), or instead of the implicati-

n(z,y) € p= (a(x),a(y)) € p the equivalence is
required (|7]). Also different subsemigroups classes
of the semigroup S are studied ([6], [8]).

We verify for which an equivalence relation p
on a set N the semigroup B will be non-trivial,
where B be a natural representation of a bicyclic
semigroup by transformations of a set N.

We will be using the terminology and notati-
ons from [1].



Bicnux Kuiscvkoz2o nayionanrvbro2o yrisepcumemy
iment Tapaca Ilesvwernra
Cepia: Pizuro-mamemamusri HaYKY

2 Bicyclic finite semigroups of transfor-
mations

Let a € N and [a,00) = {n € N| n > a}. For any
a,b € N by oy, we will be denoting the mapping

Qgp : la,00)=[b,00),a+z—b+x

for every x > 0.

The set B = {agy | a,b € N} creates a bicyclic
subsemigroup of the inverse symmetric semi-
group ZS(N) of all partially injective transformati-
ons. The unit element «;; of the semigroup B
preserves all the equivalence relations on N. We wi-
1l be interested in the problem, for which relations
p from the set Eq(N) of all equivalence relations
on the set N semigroup B will be non unit.

Let us recall that the graph of action of an
element a € ZS(N) is called an directed graph
', with the set of nodes N and the set of arcs
{(z,a(x)) | x € domat}.

Lemma 1. If the cyclic semigroup (a1 2) preserves
an equivalence relation p on N, that is different
from the equality relation, then there exist such p
and q, that p has p — 1 one-element equivalence
classes {1}, {2}, ..., {p — 1} and q infinite equi-
valence classes in the form of

{p+i+kq|k>=0}, i=0,1,...,q—1.

Proof. The graph of the action a1 2 takes the form
of
1 -2 =3 =4 =5 —=--.

Let p be the smallest element from N, that belong
to some equivalence class M = Mj of the relation
p, that consists of more than one element, and let
the next element from M take the form of p + q.
(p,p+ q) € p implies that the pair

(p+¢,p+2q) = (f 1(p), ] o(p + 7))

also belongs to p. Then p + 2¢ also belongs to the
class M. The proof is similar for the case of values

p+3q,p+4q,...

and they also belong to the class M. So, M contai-
ns infinite arithmetic progression with the first
component p and the difference ¢. Since semigroup
(o ,2) preserves the relation p, than the arithmetic
progression with the first component p+1 and the
difference ¢ has to be included in some equivalence
class Ma, that contains aq (M), ..., arithmetic
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progression with the first component p+ ¢ — 1 and
the difference ¢ has to be included in equivalence
class My, that contains

q
oy

S (M),

The draft of the elements p and ¢ implies, that
classes My, Ma, ..., M, do not intersect pairwise.
On the other hand, arythmetic progressions with
the difference ¢ and the first components p, p+ 1,

.., p+q—1 correspondingly can fully cover the set
[p, 00). Therefore classes My, Ma, ..., M, coincide
with corresponding arithmetic progressions. O

Remark. The lemma 1 implies, that the set
of equivalence relations on N, that the cyclic
group (aj2) preserves, coincide with the set of
congruences on the semigroup (N, +).

Lemma 2. If the cyclic semigroup (aa1) preserves
an equivalence relation p on N, that is different
from the equality relation, then there either exists
such q, that p has q infinite classes in the form
of {i+kq|k >0}, i=1,2,...,q, or there exist
such numbers p and q, that alln > p create classes
{n}, that consist of one element, while n < p are
distributed into classes

Jy 1=0,1,...

{p—i,p—i—q,p—i—2q,.. ,q—1.

Proof. The graph of the action a1 takes the form
of
1+ 2+ 3+ 4+ 5 .

Let the number ¢ belong to some equivalence class
M of the relation p, that consists of more than
one element. Without losing the generality we can
consider, that M N[1,¢' — 1] # @, and let ¢ — ¢
be the largest element of this set. Repeating the
considerations from the proof of the lema 1, one
may show that there exists a number ¢/, that the
equivalence classes of restrictions pp ] on the set
[1,%'] will be arithmetic progressions

{t' =it —i—qg ¥ —i—2q,..

3,

1=0,1,...,¢ — 1. If now the number ¢ >t also
belongs to some non-trivial class of the relation p,
the similar proof is for the number ¢”, and that
equivalence classes of restrictions pp 4 on the set
[1,t"] will be arithmetic progressions

{t'—i,t"—i—q" t"—i—2¢",...},i=0,1,...,¢"-1.

But pp 4 is a restriction of the relation ppj 47 on
[Lt],s0d =q"=q
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Now two variants are possible: either there is
no greatest class among non-trivial classes (then
previous considerations imply that equivalence
classes of the relation p will be ¢ infinite arithmetic
progressions {i + kg | k > 0}, i = 1,2,...,q),
or among elements from classes that consist of
more than one element there exists the greatest
element p (then all of the values n > p generate
one-element classes {n} and the values n < p are
distributed into equivalence classes {p —i,p — i —
¢$,p—1—2q,...},i1=0,1,...,q—1.) O

Theorem 1. Let the relation p € Eq(N) be di-
fferent from an equality relation and from N x N.
The semigroup B®) will be non-trivial if and only
if one of the two conditions holds:

1) There exists such a, d and d pairs (p;,q;),
j=0,1,...,d — 1, that a restriction of the relati-
on p on the set {a+ j+md | m € No} has pj — 1
one-element equivalence classes

and q; infinite classes in the form of

{pj+i+dej|k>0}’ i:0,1,-~7f1j—1-

Moreover, the elements from the set {1,2,...,a —
1} can be either randomly united to other equi-
valence classes of the relation p, or generate
separate equivalence classes.

2) There exists such b, d and d pairs (p;,q;),
7 =0,1,...,d—1, that a restriction of the relation
p on the set {b+ j+ md | m € No} has either g;
infinite equivalence classes in the form of

{b+j+kdg | E>0}, j=1,2,...,q;,

or all the values b+ j + ndq; (n > p;) create one-
element blocks, while values b+ j + ndg; (n < p;)
are distributed into blocks

{b+j+pjdg; —i, b+ j+ (pj — 1)dg; — i,

b+j+(pj—2)dg; —4,...}, i=0,1,...,¢; —1).

Moreover, the elements of the set {1,2,...,b—1}
can be either randomly united to other equivalence
classes of the relation p, or generate separate equi-
valence classes.

Proof. If the semigroup B(®) is non unit, then
there exists an element a,; # a1,1, that preserves
the relation p.
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1) Let us consider the case b = a+d, d > 0. In
this case connected components of the graph I'y,, ,
are a — 1 isolated nodes 1, 2, ..., a—1 and d trails

a = a+d = a+2d = a+3d — -,
a+1—a+1+d = a+14+2d = a+1+3d = -- -,

at+(d—1) = a+(d—1)+d = a+(d—1)+2d —
— a+(d—1)+3d — ---.

The set A = {1,2,...,a — 1} and each of
the sets Aj = {a+j+md | m € No}, j =
0,1,...,d—1, are invariant to the semigroup acti-
on (agyp), moreover the action (agp) on Aj is si-
milar to the semigroup action (o 2) on N.

By the lema 1 for each set A; there exist such
values p; and ¢j, that the restriction pN(A;x A;) of
the relation p on the set A; has p; — 1 equivalence
classes {a+j}, {a+j+d},....{a+j+(p—1)d},
that consist of one element, and ¢; infinite equi-
valence classes in the form of {p;+i+kdg; | k > 0},
i=0,1,...,¢; — 1.

The transformation a,j is not identified on
the elements from A, so these elements can be ei-
ther randomly united to other equivalence classes
of the relation p, or generate separate equivalence
classes.

2) Now let b = a —d, d > 0. In such a case,
the connected components of the graph I',, , are
b — 1 isolated nodes 1, 2, ..., b — 1 and d trails

b <+ b+d < b+2d < b+3d -,
b+1 < b+1+d < b+1+2d < b+1+3d < - -,

b+(d—1) < b+(d—1)+d < b+(d—1)+2d +
— b+(d—1)+3d +---.

The set B = {1,2,...,b— 1} and each of the sets
Bj={b+j+md|meNg}, j=0,1,...,d -1,
are invariant to the action of the semigroup (o),
moreover the action (o p) on Bj is similar to the
action of the semigroup (a2 1) on N.

To finish the proof in this case, it is necessary
to repeat the considerations, that are likewise
the previous case, changing the lema 1 by the
lema 2. O
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1 Definitions. Statement of problems. cations of these notion, for instance
Previous results.

Te(y) 2 max[P(£ > y), P(€ < —y)], y > 0.
(1.1a)
Let (€2, F,P ) be a probability space with non It is clear
- trivial probability measure P and expectation
E, @ = {w}. Let also & = {(w), € : Q@ - R Te(y) < Te(y) < 2T¢(y).
be numerical valued random variable (r.v.), i.e.
measurable function. The multivariate case may
be considered further. B. Grand Lebesgue Spaces.

We recall first of all some needed facts about
Grand Lebesgue Spaces (GLS).

Recently, see [22], [27], [29], [24], [34], [35],
[36] etc. appear the so-called Grand Lebesque
Spaces GLS = G(v) = G(¢;b), b = const €
def (1, 00] spaces consisting on all the random vari-
Te(y) = P(l¢] =2 y), y = 0. (1.1) ables (measurable functions) f :  — R with finite
norms

A. Tail functions.

This function T¢(y), y > 0 for the r.v. £ is
defined as ordinary by the formula

The properties of these functions are obvious.

171G W) = G.5) < sup [‘f'} (1.2)

Note that sometimes was used some modifi- pE[Lb) »(p)

© Yu.V. Kozachenko, E. Ostrovsky, L. Sirota, 2018
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Here and in the sequel For instance: ¢(\) = 0.502, \g = oo; the so -

called subgaussian case.
1/p We denote the set of all these Young - Orlicz
= BIPE? = | [P Plaw)] s p> 1, fanction as 0 @ = (o).
Q We say by definition that the centered random
is the classical Lebesgue - Riesz L(p) norm; and Vvariable (r.v) £ = {(w) belongs to the space B(¢),
1(+) is some continuous positive on the semi - open if there exists certain non-negative constant 7 > 0

interval [1,b) function such that such that
il[qlfb)@b(p) > 0. VA € (=Ao, Ao) = meEexp(:lz)\f) < exp[p(A 7))
pElL,
(1.4)
It is proved that. G(%b) 18 Banach functi- The minimal non - negative value 7 satisfying
onal rearrangement invariant (r.i.) space and (1.4) for all the values A € (—Ao, Ag), is named a
supp(G(vp)) = suppp = [1,). B(¢) norm of the variable &, write
Let the family of measurable functions h, =
ho(x), x € X, a € A, where A be arbitrary set, 11€]|B(4) def
be such that
N inf{r, 7>0: VA: [A\| <X =
b € (1,00], Vp € [1,b) = " (p) :==sup| hq |p < 0.
a€A miaerxp(:I:)\f) < exp(o(A 7))} (1.5)

Such a function 1 (p) is named as a natural

These spaces are very convenient for the
function for the family A. Obviously,

investigation of the r.v. having a exponential
sup || ha || G¢A -1 fiecrea'using. tail of di.stljibution, for instance, fqr
acA investigation of the limit theorem, the exponenti-
al bounds of distribution for sums of random
variables, non-asymptotical properties, problem
of continuous and weak compactness of random
3b>1Vpe[l,b) = |h|p, < co. fields, study of Central Limit Theorem in the
Banach space etc.

The space B(¢) with respect to the norm
|| - ||B(¢) and ordinary algebraic operations is a
rearrangement invariant Banach space which is
isomorphic to the subspace consisting on all the
centered variables of Orlicz’s space (2, F,P), N(-)
with N — function

N(u) =exp(¢"(u)) — 1, ¢*(u) = Slip(ku —9o(N).

Of course, the family A may consists on the
unique function, say, h = h(w), for which

These spaces are used, for example, in the
theory of probability, theory of PDE, functional
analysis, theory of Fourier series, theory of marti-
ngales etc.

C. About moment generating function
(MGF).

We present here for beginning some known
facts from the theory of one - dimensional random

variables with exponential decreasing tails of di- The transform ¢ — ¢ is called Young
stributions, see [28], [22], [27], chapters 1,2. Fenchel, or Leg?ndre transform. T.he proof of
considered assertion used the properties of saddle-

Especially we mention the authors preprint i
point method and theorem of Fenchel-Moraux:

[29]; we offer in comparison with existing there
results a more fine approach. o = ¢

Let ¢ = ¢(N), A € (—Xo, Ao), Ao = const €

. . 1l also the Y 'si li
(0, 00] be certain even strong convex which takes Recall also the Young’s inequality

positive values for positive arguments twice conti- A < d(yu) + ¢*(N/7), v = const > 0.
nuous differentiable function, briefly: Young - Orli-
cz function, such that Let F' = {{(s)}, s € S, S is an arbitrary

, " . set, be the family of somehow dependent mean
¢(0) = ¢(0)=0, ¢ (0) >0, }5&10 P(A)/A = oo zero random variables. The function ¢(-) may be
(1.3) “constructive” introduced by the formula

14
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6(\) = 6r(3) < maxinsup Eexp(+¢(s)),

s€S
(1.6)
if obviously the family F of the centered r.v.
{&(s), s € S} satisfies the so - called uniform
Kramer’s condition:

Ju € (0,00), Sup Te(s)(y) < exp(—py), y =2 0.
ES

In this case, i.e. in the case the choice the functi-

on ¢(-) by the formula (1.6), we will call the
function ¢(\) = ¢o(N) as a natural function, and
correspondingly the function

A\ — EeMt

is named often as a moment generating function
for the r.v. &, if of course there exists in some non
- trivial neighborhood of origin.

Moreover, see [1], if b = oo, then the following
implication holds:

)\ILm » (log Eexp(AE)) /A = K € (0,00)
if and only if
lim (¢") (| log U (€, 2)])/z = 1/K.

The aim of this report is to establish the
reciprocal non - asymptotic interrelations
separately mutually possibly exact up to
multiplicative constant between tail functi-
ons, moment generating functions, and
Grand Lebesgue Spaces norms.

Throughout this paper, the letters C,C;(-) wi-
[l denote a various positive finite constants which
may differ from one formula to the next even wi-
thin a single string of estimates and which does not
depend on the essentially variables p,x, A,y etc.

We make no attempt to obtain the best values
for these constants.

Obtained here results are unimprovable and
generalized ones in [22], [27], chapter 4; [29], [30],
[33].

The applications of these estimates appear for
instance in the theory of (discontinuous, in general
case) random fields and following in statistics, see,
e.g. in [3], [4], [5], [16], chapter 11; [25], [43], [44],
[48]; in the theory of Monte - Carlo method - in
[14], [17].
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2 Connection between tails and moments.

A. "Direct estimate". Given: the random
variable ¢ such that for some function () €
U =0Ty ||| =]E]l|GY € (0,00). It is required
to estimate the tail function T¢(x), for sufficiently
greatest values x, say x > e.

Define the auxiliary function

v(p) = vy(p) == pny(p), p =1 (2.1)
and correspondingly
vH(2) = V) (2) = sup (pz — vu(p)), 2 2 0. (22)

p=1
Theorem 2.1. Suppose £ € Gy, £ # 0. Our

statement:
Te(y) <exp{ —v"[In(y/[El) ] }, y>e (2.3)

Proof. One can assume without loss of generali-

ty ||¢]|Gy = 1. Then

Sy <¢(p), pe(lio0); < E[F <¢P(p),

(2.4)

and we apply the Markov - Tchebychev inequality
YP(p) _
Te(y) < »

exp (—(plny — plni(p)) = exp (—(plny — vy (p))) -

It remains to take the minimum over p > 1
from the right - hand side of the inequality (2.4);
y=e.

Remark 2.1. Let us define the following
Young - Orlicz function

N(w) = exp{ v*[Inful ] }, [u] > e,
and as usually

N(u) :=C u?, lu| < e,
where of course C' e? = v*(1).

It is proved in [22], see also [30], [33], that if
the function v(p) = p Iny(p), p > 1 is continuous,
convex, and such that lim_, ¥(p) = oo, then the
Grand Lebesgue Space G coincides up to norm
equivalence with Orlicz’s space L(N) builded over

source probability space.
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B. "Inverse estimate". Given:
p
Te(x) < exp(—C(x)), =0, ((x)=0; (2.5) J(p) < Cgexp(Z7(p)), p > 1.

and we denote Z(y) = ((expy), y € R.

Theorem 2.2. Suppose Z(-) is twice conti-
nuous differentiable convex function on certain
interval (C;o00) and suppose

3C) = const >0 = Cy:= inf Z (y) > 0. (2.6)
y=C1

Then

I€lp < C3exp (Z7(p)/p), (2.7)

or equally
1EI[G(Z*(p)/p) < C5 < 0. (2.7a)

Proof. We have
E|¢" = p/ P T (w)dw < p / AW dy —:
0 —00

=:J(p). (2.8)

It follows from the saddle - point method that

ﬂm<%m{?sz@O=%mMT@

Let us represent a rigorous consideration. We
deduce splitting the integral J = J(p) onto two
ones

C1

J(p):p/_

Note first of all

oo

PV 2Wdy 4+ p / ePV=2W) gy =

00 C1

Ji(p) + J2(p)-

Ch
ePdy <CE, p>1, 0<Cy < 0.

Ji(p) <p /

—00

Denote S = S(p,y) = py—Z(y) and yo = yo(p) =
argmazy>c, S(p,y); then

S(p,y) < myaxS(p, y) — 0.55, (p,y)(y — y0)* <

< Z*(p) — Co(y — yo)?,

therefore

Ja(p) < C7 pexp (Z*(p))

and following

).

16

We used the obvious estimate p'/? < C =
1/e
e/,

This completes the proof of proposition 2.2.
C. Coincidence.

It is convenient for us to rewrite the restricti-
on (2.4) in the following form

lp <pe PP p>1, (2.9)

ie.in (2.4)

e v(P)/p,

Y(p) = u(p) = (2.10)

Theorem 2.3. Suppose that the function
v =v(p), p > 1in (2.9) is continuous, convex,
and such that the function y — v(expy) satisfies
the condition (2.6). Then the GLS norm estimate
for the non - zero r.v. £ of the form

Ep<Cipe @ p>1,  (211)

is quite equivalent to the following tail inequality

T&(y) < exp (7V*(1n(y/02)) s Cy = const € (0’ 00)7

y = Coe. (2.12)

Proof. The implication (2.11) — (2.12)
contains really in the statement of theorem 2.1.
Conversely, let (2.12) there holds. It follows from
theorem 2.2 that the r.v. £ belongs to the space

Gy, € € G(¢y,), where

Yu(p) = exp (v (p)/p), p 2 1.

But v** = v by virtue of theorem of Fenchel -
Moraux, therefore & € G(v).

This completes the proof of theorem 2.3.
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3 Relations between tails and moments
generating functions.

A. "Direct estimate". Given as above, see
(2.5), for the centered r.v. &
Te(z) < exp(—((2)), @ > 0.

It is required to estimate for the sufficiently
greatest values A, say, A > e, the moment
generating function (MGF) for the r.v. £ :

def

9e(N) =

or equally the B(¢) norm of the r.v. ¢ for suitable
function ¢(-) € ®.

The alternative case A € (—e,e) was consi-

dered in [27], chapter 1, section 1.2. Note that we
represent here a new approach.

Ee*, \ = const € R, (3.1)

We must investigate previously one
interest integral. Namely, let (X, M, ) be non
- trivial measurable space with non - trivial sigma
finite measure . We assume at once pu(X) = oo,
as long as the opposite case is trivial for us.

We intend to estimate for "greatest"values of
real parameter A\, A > e the following integral

I()\) ::/ =@y (da) = /CAZC(I),U,(dl‘),
* (3.2)
assuming of course its convergence for all the suffi-
ciently great values A, say A > e.
Here ¢ = ((x) is non - negative measurable
function, not necessary to be convex.
If in contradiction the measure p is finite:
u(X) =M € (0,00); then the integral I(\) allows
a simple estimate

I(A) < M - sup

D {e’\x_C(z)} = M-S @, (3.2q)
ze

Let now pu(X) = oo and € = const € (0,1);
let us introduce the following integral
K(e) = / e @) u(da).  (3.3)

X
It will be presumed its finiteness for all the
positive values € > 0; or at last for some positive

value €y € (0,1); then Ve > ey = K(e) < 0.

Then the following measures are probabili-

stic:
e—€ C(@)

K{(e)

ve(dz) = p(dx) :

2018, 2
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/ v(de)=1,0<e<1. (3.4
X

We have

N

m = /exp()\x — (1 =€) ¢(x)) ve(dz) <
exp{ suplie —(1 =9 ((z)

— exp{ (1—¢) [ :

eXp{ (I—e) C*(

Following,

100) < K(© exp{ (1—e ¢ (

sup
€T

1—¢

)} oo

Lemma 3.1 We assert under formulated here
A

conditions:
=

(3.6)
We intend to simplify the last estimate under

and hence:

< inf

e€(0,1)

10 K@ eo{a-a¢(

some simple additional conditions. In order to
carry out this, we define the function

Cq

X0
for the greatest values X : A > Ao, where Ay, A\g =
const, 0(Ng) < 0.5 (say).

There is a reasonable to choose in (3.5), (3.6)
€ := O(\), see |27|, chapter 3, pp. 99 - 110. We
conclude denoting

() = /X e 0N @) y(dz) = K(O(N)) :

I(\) < Cy K(X) exp (C*(N))

o(\) (3.7)

K
(3.8)

Definition 3.1. We will say that the function
¢ =((z) is regular, iff

JC5 = const < 0o, YA > Ag = K(\) < exp (*(C3\).
(3.9)

It follows immediately from lemma 3.1

Lemma 3.2. We assert under formulated
here conditions and under the condition of
regularity (3.9)

3Cy = const = C4(¢) < 00 = I(A\) < exp (T (CyN),
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Al > Xo. (3.10) we apply the famous Chernov’s estimate, which

We return to the formulated above
problem "A". Indeed, let the estimate (2.5) be
a given. Let us estimate the MGF function

ge(\) = Ee™ A >e.

The case |A| < e may by simple investigated by
Taylor’s formula.

Theorem 3.1. Suppose E¢ = 0 and that
in the estimate (2.5) the function ¢ = ((z) sati-
sfies all the conditions of the lemma 3.2, relative
the ordinary Lebesgue measure p(dr) = dzr and
X = R, in particular the condition of regularity.
We propose

ge(N) = Ee™ <exp (¢*(CN) ), 3C < oo,
(3.11)
or equally

| £ |GC* = C < o0, (3.11a)

Proof. Suppose £ # 0 and A > e; the case
|A| < e may by simple investigated by the Taylor’s
formula taking into account the equality E& =0
and the case A < —e is complete symmetric to the
case \ > e.

We have through integration "by parts see for
details [22],

ge(A) < 142X /000 exp(Ar — ((z)) dx.
We use the statement of the lemma 3.2:
/Ooo exp(Ax — ((z)) <exp(*(C1 N\), A >e.

The estimate of the form

L+ 22 exp ¢ C1 A) < exp(T(C M),

Cy = const € (C1,00), |A] > e,

is proved in particular in the book [27], chapter 1,
page 25.

B. "Inverse estimate". Given: for the

centered r.v. £ the inequality of the form
Ee* < "M, X e R, (3.12)

where k(-) is some finite on the whole axis R even
non - negative function. Let for beginning x > 0;

18

follows in turn immediately from the Tchebychev
- Markov inequality:

ef(N)

e/\:):

~X

P(¢> = e Qe=rN) N > 0,

therefore

P(¢ > 1) < e PazoAe=r(N) — o=r"(2) (3 13)

Y

and likewise estimate there holds for the "associ-
ate"probability P(§ < —z), = > 0. Thus, we
deduce under the conditions of the pilcrow B

Theorem 3.2.

Te(x) < e @ x> 0. (3.14)

Remark 3.1. In the article [15] is builded
an example of the ¢(-) function from the set ®
and the r.v. 7 from the space B(¢) with unit
norm: || n ||B(¢) = 1, but for which there exi-
sts a deterministic sequence {x(n)}, n=1,2,...
tending to infinity with the following property:

3C = const € (0,00), = Ty(x(n)) >

> C exp(—0* (x(n)).

Evidently, the r.v. n is not Gaussian distributed
still in the case when ¢(\) = 0.5 A2, X\ € R.

C. Coincidence.

Theorem 3.3. Suppose that for the certain
centered non - zero r.v. £ there holds the inequali-
ty of the form

Ee* < "M, X e R, (3.15)

or equally

1€ 11B(r) <1,

where k(-) is some finite on the whole axis R even
non - negative continuous convex function such
that

k(0) =0, )\ILm K(A)/A = oo. (3.16)

We assert that the equality (3.15) is quite
equivalent to the following tail estimate

JK € (0,00) = Te(x) < exp (—k"(z/K)), = >0,
(3.17

and herewith
C1K < ||¢||B(k) < C2K. (3.18)
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Proof. The implication (3.15) — (3.17) with B. "Inverse estimate". Given: the non -

K =1 contains in (3.14). Conversely, let (3.17) be
satisfied; one can take K = 1.

It follows from theorem 3.1 that the random
variable. £ belongs to the space B(k**) : ¢ €
B(k*). But ™ = k by virtue of theorem of
Fenchel - Moraux, therefore £ € B(k).

The other details may be omitted.

4 Interrelation between moment generati-
ng function and ordinary moments.

A. "Direct estimate". Given: the (centered)
r.v. & belongs to the certain space B(¢), ¢ € ®:

B < e YD gl = 11¢]1B(9).

It is required to estimate the GLS norm
|€]|G for suitable ¢ — function.

One can take in (4.1) without loss of generali-
ty [€]| = [[€][B(¢) = 1, so that

(4.1)

Ee* <e M AeR. (4.1a)
Define the function
Bs(y) = B(y) == ¢ (e¥), y € R. (4.2)

We have using an elementary inequality

P
zp<<§) cef, 2>0,p>1

Elgr < (£)"er, 2 >0,

therefore
E|¢]” < (g)p- inf

in [e—pln A+¢(A)} _

o (gumipind —o03) =
<—SUPpu B( )):

n>0

S29Y
- (g)p - exp(—8*(p)),
Result:

Theorem 4.1. Denote

Y(g)(p) B (p)/pl, p=1;

then we have under formulated before conditions
and notations

1€ 11GYg) <

=p-exp[- (4.3)

e 1€ 11B(9). (4.4)

zero (centered) r.v. & belongs to the certain space
G), v € U: [|£]|GY € (0,00). We need to esti-
mate the MGF function for the r.v. .

We can and will suppose |[£||Gy = 1,
therefore

Elp <¥(p), p=1. (4.5)

It is convenient for us to rewrite the restricti-
on (4.5) in the following form

|§’P < p e—A(p)/p7 p 2 17 (45&)

i.e. in (4.5)

»(p) = Pal(p) = p e 2P/P. (4.5b)

The concrete conditions on the function A(-) will
be clarified below.
Note that the condition

lim [ (p)/p] = 0

p—0o0

is necessary for the existence of all the exponential
moments of the r.v. £, on the other hands, for the
existence of MGF for r.v. &.
It is enough to use the inequality (4.5) only
for the even number p: p=2m, m=0,1,2,...:
E&2™ < ¥ (2m) = (2m)*™ exp(—A(2m)).
We have for the great values A, say for A > e
using the Stirling’s formula

0 )\Qm
Ecosh(\¢) — 1= n; )‘
> exp(kIn(CA) — A(K)). (4.6)

k=2/4,...
Let € = const € (0,1); we apply the Young’s
inequality, denoting p = In(C\) :
kp < A(ek) + A*(u/e€)
and denoting

Z GA(R)=AR) .

k=2.4,...

(4.7)

E cosh(AE) — 1 < 2" W/9) Z A (eR)=Ak) <

k=2.4,...

oale) - e W), (4.8)
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Introduce also the function A(u) as follows:

Ai(n) = inf In{o(0) exp (A"(u/)}: (49)
then we obtain for the values A > e :
Bt < eA1In(C2N), (4.10)

At the same estimate is true also with another
but again finite constant C3 for the values || < e
and A < —e, following

303 < 00 = EeM L A1I@ D g17)

Let us impose the following important condi-
tion (A) on the source function ¢a(-) :

(A):  3FCiel,00) = Al(ln( |N)]) <

< A*(In( |CN)]), A € R. (4.12)

Theorem 4.2. Suppose the function ¢ = ¥
in (4.5a), (4.5b) satisfies the condition (A) (4.12).

Define the following function

da(N) = A*(In|\])), A € R. (4.13)
Our proposition:
1€ 1B (¢a) < Cu || € [|Gpa. (4.14)

C. Coincidence.

Theorem 4.3. Let the initial function ¢ from
the set ® be such that the correspondent function
Ay = [ satisfies the condition (A). Then both
the norms || £ ||B(¢) and || £ |Gty are equivalent:

1E11B(¢) < Ca|[€|Gg < C5|| E][B(9)- (4.15)

5 Some examples and counterexamples.

Example 1.

Let L = L(\) be positive twice continuous
differentiable slowly varying at infinity regular in
the following sense

-

{

function. Define also for sufficiently greatest values
A, say for |[A\| > e, the ® — function ¢y, =
Gm,L(X), m = const € (1,00) of the form

L [LO/LOY)

def

Gm,L(A) = mT N LYN™), ¢ =m/(m—1),
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and as usually

de
dmr(N) " Crp X2 N < 1 (5.1)

The correspondent B(¢) space will be denoted by
Bm,L = B(¢m,L)~
Define also the following v — function

¢m,L(p) — pl/mLfl/(mfl) (p(mfl)Q/m ) ) > 1.
(5.2)

Let £ be non - zero centered: E£ = 0 r.v. We
conclude by virtue of theorem 3.3 that the includi-
ng { € By, 1, i.e. the inequality

3C1 € (0,00), VA€ R = Eexp X{ <

< exp (¢m,.(C1 A)), 0 < Cy < oo, (5.3a)

or equally
1 € 1[Bém.1 < C1 < oo,

is quite equivalent to the following tail esti-
mate

iC; € (0, 1), Vy}e =
Te(y) < eXp{—02 gt oyt LD (el },
g =m/(m—1), (5.3b)

or in turn is equivalent to the Grand Lebesgue
Space norm estimate

| & [|GYm,L = C < 0. (5.3¢)

It is sufficient to verify this statement to
mention the book [47|, pp. 32 - 33, where is
in particular calculated the Young - Fenchel
transform for the function ¢, ,(\).

Let us consider the case when in addition
LN)=L,(A) =[ln [\]", A >e, r=const € R.

The correspondent ¢ — function will be
denoted by ¢, () :

Gmr(A) = A" (I |AD", [A] > e,

and the correspondent ¢ (p) = ¢y, »(p) — function
has a form

Y (p) = /™ T/ (p 1), p2 1. (54)
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Introduce also the following tail function
T (z) = exp{ —z? (Inz)~(aVr } , T = e.
(5.5)
The following propositions for the non - zero
centered r.v. £ are equivalent:

A. ” § ‘|G¢m,r < 00; (56)

B. ”6||B(¢m,r) < 00; (5.7)
C. 3K =const € (0,00) =

Te(x) < T (2/K); (5.8)

and herewith both the norms || £ ||G¢, .
€| B(¢m,») and the "Tail constant"K are equi-
valent:

K < Cy || € |Gy < Col| € || B(¢m,yr) < C3K,
(5.8)
if we understood as the capacity of the value K
its maximal value.
The last statement generalized ones obtained
in [22], [25], [27], section 1, pp. 22 - 26; [30], [40],
[41] etc.

Example 2.
Another example: define the other Grand
Lebesgue Space space of random variables

v (C,B), B = const > 0 which consist on all
the random variables {n} with finite norm ( C' €
(0,00) )

def
linllles ™ sup [ Inlpexp (~€ ) |.
p=1
It is easy to verify that n € Ucso¥(C,8),n # 0 &

T,(z) < exp (—01(0, B)(log(1 + :U))Hl/ﬁ) , = 0.

Note that in this case the MGF for arbitrary
r.v. with

Ty > exp (—C1(C, B)(log(1 + ) +1/7)

does not exists; on the other words this variable
does not satisfy the Kramer’s condition.

Let us represent more exact conclusions. Defi-
ne as ordinary for every constant 6 > 1

def
o= .
0—1

Obviously, (8') = 6.

21

2018, 2

Bulletin of Taras Shevchenko
National University of Kyiv
Series: Physics & Mathematics

Suppose for certain r.v. n

1 0
lnTﬂ(y) < C1]. - %a ) 2 €, (59)
then
'

I |nlp < Co(C, B) + 5 p 2 1, (5.10)
and conversely, the relation (5.9) follows in turn
from (5.10).

Moreover, the following "Tauberi-

an'"conclusion holds true, see [1]. The following
propositions are completely equivalent:

H =1, (5.11)

In? Y

Jim [{ Ty ()] } {9

[{ lnlnlp}:{

Counterexample 1.

lim
p—>OO

Let (2, F,P ) be the classical probability
space ((0,1), F,u), where p(dw) dw is ordi-
nary Lebesgue measure. Let also « = const €
(0,1/2); po:=1/a > 2.

We consider here the random variable

We have:
Ye(p) = [€lp = (1—ap) P < (po—p)~*, p € [1,p0),
Ye(p) = +00, p = po;
Te(y) =y, y € (0,1);
ve(p) =< |In(po — p)|, p € [1,p0);
Vi(lny) < =1+ polny —Inlny, y > €.
Theorem 2.1, more precisely, the inequality
2.3) gives us the following estimate
(23) g g
Te(y) < Ca) y '/ Iny, y >e,

which is "essentially"greatest as y — oo than the
exact value of this tail function T¢(y).

The reason for this phenomenon is that here
Ye(-) € Gy, where the value b is finite: b = py =
1/a < oo, in contradiction to the conditions of
theorem 2.1.

Many other interest examples about this
relations may be found in [35].

Counterexample 2.
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Let & be symmetrical distributed r.v. having
the Laplace distribution with the density

fe(x) = f(x) =057l 2 e R.

It is easily to calculate:

Ye(p) = €y < p, 1< p < oo,
AE
Eet ¢ = T2 Al <1,

so that

de() = —In(1—22), <1,
and

(255()\) = +00

otherwise;

Te(y)=e?, y > 0.

The applying of theorem 2.1 gives the esti-
mate

Te(y) = eVC y>Ce, C=const>1;

i.e. despite that in this case again b =1 < oo, the
proposition of theorem 2.1 remains true.

6 Multivariate case.

The theory of the multidimensional B(¢), G
spaces and the spaces of random vectors with
exponential decreasing tail if distribution is descri-
bed in the recent article [30]; it is quite analogous
to the explained one. We represent further bri-
efly in this section some generalizations of previous
results into the case when the instead the random
variable stands a random vector, which is abbrevi-
ated also by r.v.

"Briefly in the case when the multidimensi-
onal version is completely alike to the one - di-
mensional one.

In detail, denote by e = € =
(e(1),€(2),...,€e(d)) the non - random d — di-
mensional numerical vector, d = 2,3,..., whose

components take the values +1 only. Set in parti-
cular T = (1,1,...,1) € Ri.

Denote also by © = O(d) = { € } collection
(Zf all such a vectors. Note that card® = 2% and
leo.
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Another notations. For € € O(d) and vector
Z we introduce the coordinatewise tensor product
as a d — dimensional vector of the form

(e(1) z(1), €(2) 2(2), ..., e(d) x(d)),

and analogously may be defined recursively the
triple tensor product

e®xd§f

—

FRIRT=(ERT)RF=

(e(1) z(1) y(1), €(2) (2) y(2), - .., e(d) z(d) y(d)).
Definition 6.1.
Let & = & = (§(1),4(2),...,4(d)) be

a centered random vector such that each its
component &(j) satisfies the Kramer’s condition.
The natural function ¢¢ = ¢e(N), X = X =
(A(1),A(2),...,A(d)) € R? for the random vector
¢ is defined as follows:

exp{pe(A )} = max Eexp Ze =

Jj=1

max Eexp{e(1)A(1)E(1) + €(2)A(2)&(2) + ...+

+e(d)A(d)€(d)} = max Eexp(Fe x®E). (6.1)

is calculated over all the combinati-
+1.

where ” max”
ons of signs €(j) =

Definition 6.2.

The tail function for the random vector {

UEE), = (x(1),2(2),...,2(d)), where all the

coordinates z(j) of the deterministic vector & are
non - negative, is defined as follows.

def

) maXP( j=1{e(i)¢() > m(j)}) -

U(§7$) €€
tmax P((E(1) > 2(1), (2)€(2) >
> x(2), ..., e(d)é(d) > x(d)),

max

(6.2)

where as before ” is calculated over all the
combinations of signs €(j) = £1.

We illustrate this notion in the case d = 2. Let
€ = (£(1), €(2)) be a two - dimensional random
vector and let x,y be non - negative numbers.
Then for all the non - negative values x,y

U((£(1),£(2)), (=
max[P(&(1) > z, £(2) >
P((1) < —x, £(2) >

~—
'.U
~—~~ -
AN
—
—
~—
vV
8
A 723"
—
[\]
~—
N
|
<
~—
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Definition 6.3.

Let h = h(z), © € R? be some non - negative
real valued function, which is finite on some non -
empty neighborhood of origin. We denote as ordi-
nary

supph = {x, h(z) < co}.

The Young - Fenchel, or Legendre transform
h*(y), y € R%is defined likewise the one - dimensi-
onal case

def

h(y) = h(z)). (6.3)

sup ((z,y) —
resupph

Herewith (z,y) denotes the scalar product of
the vectors z,y : (2.y) = X, e()y(7); |o] =
(z,2).
Obviously, if the set supph is central
symmetric, then the function h*(y) is even.

Definition 6.4.

Recall, see [23], [45], [46] that the function
z — g(z), * € RY, g(z) € RL is named multi-
variate Young, or Young - Orlicz function, if it is
even, d — times continuous differentiable, convex,
non - negative, finite on the whole space R¢, and
such that

g(x) =0 &z =0; gi(f:()):o,
We explain in detail:
Ox N 8$j g 9 Ox? 8xk8xl

be a Hess matrix, ¢, k,l=1,2,...,d.
We assume finally

_ 99

el o0 T4, Oy,

We will denote the set of all such a functions

by Y = Y(R%) and denote also by D introduced
before matrix

1 [d%(0)
D =Dy := 2 {kaﬁml}'

Evidently, the matrix D = D, is non - negati-
=Dy =>0.

ve definite, write D
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Definition 6.5

Let the function ¢ = ¢(\), A € R? be the
Young function. We will say by definition likewi-
se the one - dimensional case that the centered
(mean zero) random vector (r.v) £ = £(w) = € =
(£(1),£(2),...,&(d)) with values in the space R?
belongs to the space B(¢), write £ = Ee B(¢), if
there exists certain non-negative constant 7 > 0
such that

d
YA€ R = max E exp D eDNGEG) | <
j=1

< exp[p(A - 7)].

The minimal value 7 satisfying (6.6) for all
the values A € R? is named by definition as a
B(¢) norm of the vector £, write

(6.6)

1€1B(s) < lnf{T F>0: VA: Ae R =

d

m?erxp Z e(FING)EG)

< exp(¢(A- 7))

(6.7)

The space B(¢) relative introduced here
norm [|¢||B(¢) and ordinary algebraic operation
is also multidimensional rearrangement invariant
(symmetric) Banach space.

For example, the Moment Generating Functi-
on, briefly MGF, ¢¢(X) in these spaces, for ther.v.
¢ may be defined by the following natural way:

d
exple(V)] < maxEexp Z ,

(6.8)
if of course the random vector £ is centered and has
an exponential tail of distribution. This imply that
the natural function ¢¢()) is finite on some non
- trivial central symmetrical neighborhood of ori-
gin, or equivalently the mean zero random vector
¢ satisfies the multivariate Kramer’s condition.

Obviously, for the natural function ¢¢(\)

|I€1[B(¢e) = 1.

It is easily to see that this choice of the
generating function ¢¢ is optimal, but in the
practical using often this function can not be
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calculated in explicit view, if of course there is a
possibility to estimate its.

Note that the expression for the norm
|1€]|B(¢) dependent aside from the function ¢
only on the distribution Law(§). Thus, this norm
and correspondent space B(¢) are rearrangement
invariant (symmetric) in the terminology of the
classical book [2], see chapters 1,2.

I. The interrelations between MGF and
tail behavior for the random vector.

The following important facts about upper
tail estimate for the random vectors is proved in
the preprint [30].

Corollary 6.1.a. Let ¢ = ¢()\), A € R?
be arbitrary non - negative real valued function,
which is finite on some non - empty symmetrical
neighborhood of origin. Suppose for given centered
d — dimensional random vector £ = 5

Ec) < e?WM )\ e R (6.9)

On the other words, ||¢||B(¢) < 1. Then for
all the non - negative deterministic vector x = &
there holds

U(E, ) < exp (—" (7)) — (6.10)

the multidimensional generalization of Chernov’s
inequality.

Moreover, the last estimate is essentially non
- improvable, still in the one - dimensional case;
there are some lower estimates for the considered
here multivariate tail function in [30].

Let us obtain the converse conclusion.
We retain the notations of lemma 3.1, namely
K(e), K()\), where X = RL; ¢*'(\) = grad¢*(\),

Cq
(A, ¢ ()
for the greatest values |[A| : |A] > |\g|, where

Ao = const € R, |0(\o)| < 0.5 (say); and apply
the assertion of lemma 3.2.

def

o)) “ (6.11)

Corollary 6.1.b. Given, as above, for the
centered r.v. &

8

Ue(e) < exp(—((2)), 2 =F>0,  (6.12)
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where ( = ((x) is suitable continuous non - negati-
ve function.

It is required to estimate for the sufficiently
greatest values A, say, |A|] > e, the moment
generating function (MGF) for the r.v. £ :

ge(N) = EeM) |\ = const € RY.

Both the theorems: theorem 3.2 and
theorem 8.8 remains true, with alike proof,
under formulated above multivariate notations and

conditions.

The last statement may be reformulated as
follows. Assume as above the function ¢(-) be from
the Young - Orlicz set, satisfying the restriction
of corollary 6.2. The centered non - zero random
vector £ belongs to the space B(¢) :

30, € (0,00), YA € R = Ee™) < €1\ e RY,

if and only if

30, € (0,00), Vo € RL = U(E, &) < exp (—¢*(Z/Cy)) .

More precisely, the following implication
holds: there is a finite positive constant Cj
C3(¢) such that for arbitrary non - zero centered

rv. & [l =[IEllB(9) <00 =
VA € R = Ee8) < (€l

if
3C3(¢) € (0,00) ¥V z € RL = U(E, &) <
< exp (—¢"(&/(C3/[I€]])) -

Corollary 6.1.c. Assume the non - zero
centered random vector £ = (£(1),£(2),...,£(d))
belongs to the space B(¢) :

Ee™8) < #UEIN ¢ ¢ v(RY),

and let y be arbitrary positive non - random
number. Then Vy > 0 =

P, min I66) > ) <
<2 exp (=4 /Il w/ €l w/1IEID)
(6.13)

The last estimate may be used in the analyse
of discontinuous random fields, see for example [3],
(4], [5], [16], [17], [44], [48].
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Example 6.1. Let as before V = R¢ and
o) = oB(N) = 0.5(BN\N), where B is
non - degenerate positive definite symmetrical
matrix, in particular det B > 0. It follows from
theorem 6.1 that the (centered) random vector &
is subgaussian relative the matrix B :

VA€ R = EeM < 05BN,

iff for some finite positive constant K = K(B,d)
and for any non - random positive vector x = &

Ty (z) < e 08 (BTlo)/(KIE)

II. The interrelations between MGF
and moments for the random vector.

This case is more complicated than consi-
dered before. We intend to generalize the
results obtained in [29], [30], especially for the
"inverse"assertion.

We need getting to the presentation of the
multidimensional case to extend our notations and
restrictions. In what follows in this section the
variables A\, 7, x,£ are as before vectors from the
space R?, d 2,3,..., and besides r T
(r(1),r(2)s-,7(d) ), 1) > 1.

A standard vector notations. Let a = const €
R, then

a:= (a,a,...,a), dima = d.

Further,

r| = [ = Zr(j), €l = |

haAs

R =R = T RG)L F = (1), 5(2).. .. b))
7j=1
T2y Vi x() =y
<y «vj z(j) <yQ);
d
:,UT = (i‘yr = Hx(])r(]), f > 0’

InX = {lnA(1), InA(2),..., InA(d)}, X>0,
el — {eu(l)7 eu(2), eu(d)}7
() = o)) = ¢ () .
NN ORI 0|
Voo ro GG - G
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€l, = 12l = (mig) ",

We will use now the following elementary
inequality

As a consequence: let £ be non - zero d— di-
mensional mean zero random vector belonging to
the space B(¢). Then

T r T
El¢" < 2 <E) SSONEN

o
e

T

T
7" < ) e N > 0.

=20 eIl g =7 2QEID )\ > 0.

We find likewise the one - dimensional case:

Proposition 6.2.a. Let ¢(-) be arbitrary non
- negative continuous function and let the centered

numerical r.v. & be such that £ € B(¢) : 0 <
1] = 1[€]1B(¢) < oo
Then

—

€7 < e—l.gd/lrl.H ()T O/ IrLe=®" M)/ ||| B(9),
J

r=7>0.

Note that in general case the expression [£],
does not represent the norm relative the random
vector E

But if we denote

Pa(F) = L 2 T r(Gy @/ - = /b

|

we obtain some modification of the one - dimensi-
onal Grand Lebesgue Space (GLS) norm.

The statement of proposition (6.2.a) may be
rewritten as follows.

IE[1GYa < |[E]1B(9).

and define

€]
Yo (7)

]G < sup [ (6.14)

=1

(6.15)

Let us state the inverse up to multiplicative
constant inequality.

Given: for the mean zero random vector £ = ¢

—

€l < 9l (|rl) - e, (6.16)
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or equally

(A):  3C7 € [1,00) = Al(In( |N)]) <

E|S]7 < |r|IT - e 20, (6.16a) .
. < A*(In( |Cg))]), A= X € R% (6.20)
We have for A > ¢
B Proposition 6.2.b. Suppose the function
E[¢[F 1) = ) satisfies the condition (A). Define the

following function
vk k A) = A"(n | , A€ R.
Co(d) ©...% q[Ak.e—Auﬂ)]‘ oa(X) (In |A])

. O ition:
We have as above for the great values A using {H POPOSIbIOn

again the Stirling’s formula | €1|B(¢a) < Cy || € ||Goa. (6.21)
Eexp(A)—1 < C5(d) Zexp(ﬁln(C’A)—A(E}) = ITI. Norm equivalence.
k>3

We define a function #(-) in the form

Cs(d exp(k In(p)—A(k)), = i = In(CyN). .
3(d) p(kIn(p)—A(k)), p=j (Ca)) by () = Yoy () = Ir| - exp [=B*()/Irl], 7> 1,

k>3

(6.22)
Let € = const € (0,1); we apply the Young’s where j (1) is certain even convex continuous

inequality: function from the set .
kp < A(ek) + A*(u/e) Proposition 6.2.c. We have under

) formulated before conditions and notations
and denoting as before
1€ [1G¥g) <e ' I € 11B(9). (6.23)
oae) = o(e) = ZeA(Ek)_A(k) : @)
k>3
ITI. The interrelations between tail
Eexp(A) — 1 < 2709 Z eAek)—Ak) function and moments norm for the random
>3 vectors.

< on(e) - er WO, (6.17) A. "Direct estimate". Given: the random
Introduce also the function Aj(u) as follows: vector £ = & such that for some multivari-
ate function () € ¥ = Vo [[¢]] = [[¢]] =

|1€]|GY € (0,00). Tt is required to estimate the
A(p) ;= inf In{o(e) exp (A*(u/€))}; (6.18) tail function Ug(z), for sufficiently greatest values
€€(0,1) r =7, say ¥ > €.

- Define the auxiliary function
then we obtain for the values A > ¢€': * Y

Ee(6) < Ai(n(CaN), v(p) = vy(p) == |p| - ny(p), p=p2>1
) ) ) and correspondingly

At the same estimate is true also with another
but again finite constant Cj for the values A < —€  *(3) = vy (2) = sup ((p, 2) — vy(p)), 2 € R 7> 0.
and |\| < e, following =1

305 < 0o = Ee) L AIIn(Cs M), (6.19) Suppose 5 € Gy, £ #0. We derive alike
the second section, theorem 2.1, using again the

Tchebychev - Markov inequality
Let us impose the following important condi-

tion (A) on the source function ¢a(-) : Ue(y) <exp{ —v*[In(g/[€]]) | }, ¥ > €. (6.23)
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B. Let us deduce the "opposi-
te"estimate. Given:
UdZ) < exp(—C(@), ©2 0, ¢(@) > 0;  (624)

and we denote Z(y) = ((expy), y € R%

Suppose  Z(-) is twice continuous
differentiable convex function on certain
"octane" Qg4(C) := (C,00)%, C = const > 0.

Denote by A = A(y) = Az(y) the minimal ei-

genvalue of the (square) matrix Z" (y) = 82Z/8y?,
more detail
1" aZZ
Z = =1,2,...d:
Ay) =Az(y):= it (Z'(y)z,2),
zeR?, |lz[|=1
and suppose
3C =const >0 = Cy:= inf Az(y)>0.
y€Qq(C)
(6.25)
Then
€l < Czexp (Z7(p)/p) (6.26)
or equally
I€1G(Z7(p)/p) < C5 < o0. (6.26.a)

Indeed, we have after integration "by parts"

E|S]7 < Hpj /d H:C?rl Ue(Z) dx
i R
H / ) =20) gy = Hp]
j j

We deduce:
Qa4(C)

Denote S = S(p,y) = (p,y) — Z(y) and
Yo = yo(p) = argmazy=>c, S(p,y); then

S(p,y) < maxS(p,y) — 0.5A5(y) Iy — vol|?* <

Z*(p) = Celly — woll*, Cs = const >0,

therefore

J(p) < Cr(d, 2)" exp (Z*(p)). P> 1. (6.27)
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We used again the obvious estimate
PP <el/e p>1.

C. Coincidence.

It is convenient for us to rewrite the restricti-
on (6.22) in the following form

lp < lpl e PP p>1, (6.28)
ie. in (6.14)
U(p) = tu(p) = [p| - e ®/P. (6.28q)

We find analogously theorem 2.3 the followi-
ng statement.

Suppose that the function v = v(p), p=p >
1 in (6.28) is continuous, convex, and such that
the function y — v(expy) satisfies the condition
(6.25). Then the GLS vector norm estimate for the
non - zero r.v. £ of the form

€lp < C1 [p| -e PP

is quite equivalent to the following tail inequality
Ue(y) v*(In(y/C2)) , Ca = const € (0, 00),
gy = Cqé. (6.30)

p>1, (6.29)

<exp(—

7 Multidimensional example.

We can construct many multivariate examples
by the following way. Recall that the function
g = g(x), g : RY — R is said to be radial, or
spherical symmetric, if it dependent only on the
Euclidean length of the variable x :

g1 : Ry — R, g(x) = g1(|2]) = g1 (2, 2)'/?).

(7.1)

It is easily to verify that the Young - Fenchel

transform of radial function is also radial functi-

on. Indeed, let the function g = g(z), » € R be

spherical symmetric, i.e. satisfies (7.1.) Let also A

be arbitrary orthogonal matrix: A AT = E. We
deduce

y)=g1(|z])) = sup ((Az,y)—g1(]z]))

2ER4
—g1(l21)) = g1 1 ATy]) = g (ly])-

g*(y) = sup ((,
rERd

= sup((z, ATy)

As a slight consequence: for any random
vector i = 1] the estimate of the form

Eexp(\,n) < exp(C1|A]™), [A| = 1, m = const > 1

(7.2)
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is quite equivalent to the tail estimate

Us(x) < exp (—Cg\x]m/(m_l)> , mjin\:cj\ > 1.
(7.3)

Note that if the function ¢ = ¢(u), p € R is
from the set ®, then the multivariate function

XN = 6(|1X))

can serve as an example of the multivariate functi-
on belonging to the set ® : RY — R.

Analogously may be considered the case of a
functions of the form

X(X) = 6((A X, X)1/2),

where A is symmetrical positive definite matrix:
AeR'® R
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Hezxati K — dosiavHe nose rapaxmepucmury Hysb ¢ A — Kiavue MHO204AEHIE 610 MPLOT 3MIHUT
nad K. Aneebpa JIi W(3, K) scix K-dugpepenyirosans areebpu A micmums mpurkymmuy nidanrzebpy u(3,
K), axa ckaadaemocs 3 mpukymuux dudepenyitosans Kiavus mnozovwaenie A. Aneebpa JIi u(3, K) ao-
KAADHO HIALNOMENMHA, ane He Hiabnomewmua, ii 6ydosa i ekaadenns ¢ W(3, K) npedcmasasromo
anaunull thmepec, ockiavku esemenmu i3 u(3, K) eusnauaromo asmomopdiamu Kiavus MHO20UAEHIE
A. B pobomi dosedero, wo u(3, K) € makcumarvrioro (3a 6KA0MEHHAM) AOKANDHO HIABNOMENHOO
nidanzebporo aneebpu JIi W(3, K). Taxoorc nobydosana we 00na MAKCUMAAODHA AOKAADHO HIABTONEH-
mua nidaszebpa (3, K) i3 W(3, K), aka micmumv ne A0KaADHO Hiabnomenmmi dudepenyitogamis
anzebpu A i momy me € cnpascenoro 3 u(3, K). Hx nacaidok, sukopucmosyrouu nonepeoni pesyso-
Mamu 68 Ubomy HANPAMI, 006EIEH0, W0 KOHCHA MAKCUMAALHA AOKANDHO HIALROMERMHA nidaszebpa L
paney 3 nad A i posmipnocmi ne merwe 4 mad nosem K izomoppra 0onit i3 nidaseebp u(3, K) abo
s(3, K).

Karowosi caosa: kinvue mnozouaenis, aszebpa JIi, dudepenyitosaris, A0KaAbHO HIALNOMERMHUL

Let K be a field of characteristic zero and A the polynomial ring over K. The Lie algebra W(3,
K) of all K-derivations on A contains the triangular Lie algebra u(3, K), consisting of all triangular
derivations on A. The Lie algebra u(3, K) is locally nilpotent but not nilpotent, its structure and
embeddings in W(3, K) is of great interest because elements of u(3, K) define automorphisms of the
polynomial ring A. It is proved that u(3, K) is a mazimal (by inclusion) locally nilpotent subalgebra
of W(3, K). We also built a mazimal locally nilpotent subalgebra s(3, K) of W(3, K) which contains
non locally nilpotent derivations of A, the Lie algebra s(3, K) is therefore non-conjugated with u(3, K).
As consequence we proved (using some previous results in this direction) that every maximal locally
nilpotent subalgebra L of rank 8 over A and of dimension at least 4 over K is isomorphic either to u(S3,
K) or to s(3, K).

Key Words: polynomial ring, Lie algebra, derivation, locally nilpotent.

CrarTio TIpeIcTaBUB JOKTOP (bizuko-mareMaTuaHuX Hayk, mpodecop B.B.Kupuuenko

1 Bcryn ockinbku y Bunagky K = R abo K = C gudepen-

niropanis D KiJIbIsh MHOIOWIEHIB A MOXKe PO3IJis-
Hexait K — joBinbHe mojie XapaKTepUCTHKHU HYJIb jaTucsd gK BeKTopHe moje Ha K" 3 mosiHoMiaanb-
i A = Klz1,22, 23] — xinbne muorowienis Hax mmvu koedimienramu. ocuimkennio anre6p Jli
K. Haramaemo, mo K-nminifine Bigobpaxkennss D : 3 mosiHOMiabHIMHE, paIlioHaILHIME KoedirienTa-
A — A nazuBaernscsa K-audepenioBannam Kinb-  mu yn KoedinienTamMu i3 Kiapng popMaJIbHIX cTe-
ust A, sixmo D(fg) = D(f)g+ fD(g) axst 0BiTb-  meneBUX psijiiB IPUCBSIIEHO GaraTto pobiT pisHmMX
mx f,g € A. Bexropmmit npoctip DergA (max asropis (mus., manpuxmazn, [1], [2], [6]). B po6o-
nosiem K) seix K-nudepentiiosans A € anrebpoio i [4] mano ommc MakcnMa bHEX (38 BKITIOUEHHM)

JIi mayn K BiznocHo oneparii KoMy TyBaHHsI miganre6p JIi i3 DergA, ne A — obaacTb 1iicHO-
cri mag K, mpu ymosi, mo rka L < 3. 1li anrebpu
[D1, D3] = D1 Dy — DDy, JIi izomopdmi mimaaredpam TpUKyTHOI migairedpu

u3(K) i3 DergKlzy, xg, x3]. Tomy nikaBum € mu-
ne Dy, Dy € DergA. Bynosa anrebpu Jli Derg A rapns npo MakCHMasIbHI JIOKAJILHO HiJBIIOTEHTH]
i 11 mimanreOp mpeacTaBisie BeIUKUil iHTepec,

© O.M. IlleBunk, 2018
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uigasnrebpu i3 W3(K). OcHoBHuii pesysnbrar po-
0OTHU: JIOBEIEHO MaKCUMaJbHICTD B KJIACI JIOKAJIb-
HO HUIBIOTEHTHUX mHifaare6p miganrebpu uz(K) €
W3 (K) i mimanrebpu s3(K) surasany s3(K) = K (
aiv ﬂ—%ai, xgﬁai, i,7 = 0). dk macuainox,
T3 1. 0x1 J: O0T2
OTPUMAHO OIIUC MAKCHUMAJIbLHUX JIOKAJBLHO HiIbIIO-
TeHTHUX Tijgaaredp panry 3 maa A i3 W3(K).
ITosnauennss B poOOTI CTaHIAPTHI, OCHOBHE
nose K 1oBibHE, XapaKTEPUCTUKH HYyJIb. Ue-
pes A Mu IO3HAYaEMO Kijblie MHOrodieHis A =
K[z1,22,...,2,] 1 uepe3 R — iioro mosie 4acTok
R K(x1,x9,...,2,). Aurebpy JIi Becix K-
JbepeHIioBaHb Kijblisg A OyaeMo To3HaYaTH de-
pes W,,(K). dkmmo ¢1,. .., gm — eemenTu ajirebpu
JIi L nag nonem K, ro yepes K(gi, ..., gm) n03Ha~
JaeThcd JIiHIHA 000JI0HKa 1uX ejleMenTiB Hal K.
Mg nimanrebpu L C Wy, (K) L man R BusHaunmMo
panr rkp L na nostem R sik po3mipuicts dimp RL.
Yepes uy, (K) nmosnauaerbest TpukyTHa migaarebpa
iz W, (K), sixa ckiramaerbes i3 audepeHIiioBanb
BULJISLLY

0
D:fl(x%"'vxn)aixl+f2($3>"'7xn)87x2
0
++fn877 fnGK.

n
OcHoBani BylacTUBOCTI AUQEPEHIIIOBAHL MOXKHA,
suaiitu B [3]. Haragaemo, mo anrebpa JIi L Hasn-
BA€THCS JIOKAJTBHO HUIBIIOTEHTHOIO, SKITO KOYKHA 11
CKIHYEHHOIIOPO/PKEeHa, Miaredpa HUIBIOTEHTHA.
Aurebpa JIi u,(K) sokanbHO HisbLHOTEHTHA, aje
HeHisbniorenTHa (aus. [1]).

2 Makcumansnicts u3(K) B W3(K)

st moBeieHHsT OCHOBHOI T€OPEMU IIBOT'O PO3JILITY
HaBeJIEMO Bl JOIOMIXKHI JIEMM.

Jlema 1. (dus., nanpukaad, [?]). Hexati Dy, Dy €
W5(K) i a,b € R. Todi sukonyemuvcs pisricmy
[aDl, bDQ] = ab[Dl, DQ] + aD1 (b)DQ — ng(a)Dl.

JIema 2. fxwo ichye esemenm Dy € Wi (K) \
us(K) maxud, wo nidaseebpa Ly, nopodocena Dy
i nidanzebporo uz(K) nokaavro wiavnomenwmna,
mo nidaszebpa L1 micmums eaemenm D euens-
dy D = 0413318%1 + (51331 + ﬁzl’g)% + (mz1 +
Yoo + 73563)% , de oy, By, v € K i zoua 6 odun
13 YUT KoePiuieHmie HeHyabo8ull.

1 0 0
Hosedenns. OcKiabKu Bor Bos Bz

yrBoprooTh 6azuc mouysis Ws(K) mam kigbiem

eJICMCHTH
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A, To ememenT Dy i3 yMOBH JileMU OHO3HATHO
3aIACYETHCS Y BUTVIAI

0 0
87371—1-7"287@4-7“387333, (1)
ne 1 € K[z, z9, x3]. Tlokaxkemo, 1mo koedirientn
r; MalOTh BUIVIAJ, i3 yMoBH JieMu. JloBenenus s
3PYYHOCTI PO3/IIIUMO Ha YaCTUHU:
Kpok 1. Ilokaxkemo cmodaTKy, IO eJeMeHT
Dy Burnsiay (1) i3 W3(K) us(K) moxuna Bubpa-
TN Tak mob r{ MaB BUIVILI r{ = a1x1, a1 € K.
dkmo 2L = 0, To r| = ri(ze,z3) € Kz, z3] i

o1

: o)
TOd1 7’187&;1
Dy — 7“16%1 HasexknTh migvuoxkual Ly \ ug(K) i
foro MoxkHa BUOpaTH 3aMicTh eemenTa D i BBa-
kard, mo rp = 0 = a1x1. Hexail tenep g—g = 0.
Axmo degy,m1 = m1 = 2, TO ejleMeHT

_ 00
0= 81‘17 61‘1’.”7 61‘1’

e KOMyTyBaHHS M1 — 1 pasiB, He JIEXKUTDb B M-

gyt (ry)

0
Dy =m

€ u3(K). Jlerko 6auurm, mo egemMent

DO]"Ha

anre6pi uz(K) i nia enementa 71 = (5
oTpuUMaEMo deg,, ™ = 1, Je

0 _ 0
ISl IedKUX 79,73 € A. Bamimioroun ejnemenTt Dy
na Dy MI MOYKeMO 3pa3y BBasKaTH, o deg,, 1 = 1
1 ToJIi

- 0
Do=m + 73

r1 =z f1(x2, x3) + g1(v2,3)

Juist jlesikux  MHorowieHis  f1,91 €  K[zg,xs],
. o]

fi # 0. Ocximbkn g1(22,73)5- € us(K),
TO, He BTpPAdalodl 3arajJbHOCTI MOXKHA BBasKa-
™, Mo g1(T2,23) 0ir = zfi(zw3).
Axmo fi(ze,x3) = const, To noKIAIAIOYN ] =
fi(xe,z3) Mu orpumaeMo NOTPIOGHUI BUpa3 JIst
koedinjenta r; B Bupasi (1). fAxmo degy, fi > 1,
abo degy, f1 = 1, To 3aminioroun Dy Ha eJeMEeHT

0 0 0
(@7(%7"'7(%7

Dy)))

abo Ha

0 0 0
(973;3’ 871'37 sy (T@’DO)))

1 MOBTOPIOIOYN ITPOBEJEH] BUINE MIPpKyBaHHS MU
MOXKeMO 0e3 BTpaTh 3arajbHOCTI BBaXkKaTH, IO
f1 = const i Toxi r1 Mae MOTPIOHWI BUTJISII.

Kpok 2. [Tokaxkemo, 1o Dy moxkHa BuOpaTu
Tak, mob y Bupasi (1) masa micre piBHICTH

ro = B1x1 + Bax2, B € K.
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Axmo re = ro(x3) € K(zs), To 1"28%2 € uz(K)
i ToMy, He BTpavaroud 3arajJbHOCTI MOXKHA BBa-
Karh, mo degy, 2 = 1 abo degy,m2 > 1. Hexait,
Hanpuknaaa, degz me > 1. IloBroprooun Mipky-
BaHH{ 13 IIOIIEPEIHBOr0 ad3ally MOYKHA, IOKa3aTH,
10 6e3 BTpaTH 3araJibHOCTI BUKOHYETHCS PIBHICTH
degy,r2 = 1. Toni

ro = x191(x2, x3) + g2(x2, T3)

JUIsT IeIKUX MHOTO4IEHIB g1, g2 € Klxg, x3],91 #
0. fx i Bume, MOXKHaA TIOKA3aTH, IO HE BTPATIAi0-
491 3araJIbHOCTI MOYKHA BBaXKaTH, IO degy, g1 = 0
idegy,91 = 0. Aze Toxi

rs = B1x1 + go(x2, x3)

st gesikoro 1 € K. dxmo degz,g2 = 0, TO
gg(ac:;)a%3 € u3(K) i Tomy 6e3 BrpaTu 3arajbHO-
cTi BBazkaeMo, o g = 01 ro = Bix1, TOO6TO T9
Mae norpibrmit Buriag. Hexait degy,g2 > 1. fk i
pamirie MOKHa BBazKaTu (IIpu HEOOXIIHOCTI IOHU-
3UBIIN CTEMIHB), MO degs,g2 = 1, To6TO

ro = yx1 + dxoh(xs) + phy(s).

Ti k caMi MipKyBaHHS TOKA3yIOTh, IO €JE€MEHT
Dy B (1) moxxHa BuGpaTu Tax, 1o ro = yx1 + e
st pesskux 3,7 € K i1 ro Mae morpibHuii BuU-
s, AHAJIONIYHO MOXKHA PO3IVISIHYTH BHIAJIOK,
Ko degy,r2 > 1. Takum damHOM,

ro = 111 + Pore, B € K.

Amnajioriuni MipKyBaHHSI TOKa3yIOTh, 10 KOeMiIri-
enr 13 B (1) MOKHA BBayKaTH PIBHAM

r3 = 7121 + Y2T2 + V3T3

st jestkux y; € K. Ockinbku

E
0xo

Do = (1T
or1

+ (Biz1 + Boxa)

0

8$3

HasiexkuTh Muoxkui Ly \ u3(K), o xoua 6 omum i3
KoediIienTiB o, [;, Y, HEHyILOBHUIL.

+(nz1 + y2x2 + 323)

O

Teopema 1. [lidarzebpa uz(K) e makcumanvroro
(30 6KAOUEHHAM) NOKAALHO HIAGNOMEHMHOIO NI0-
anzebporo anzebpu JIi W3(K).
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osedenns. Ilpuryctumo Bij CynpOTHBHOIO, IO
u3(K) He € MakCHMAIBHOIO JIOKAJIBHO HIJIBIIOTEH-
tHoto migasrebporo i3 W3(K) i ug(K) € Ly —
CTpOre BKJIIOUEHHS JJIsI OesKOl JIOKAJbHO HiJIbITO-
rerrol migaarebpu Ly i3 Wi (K. OueBugno, 1o
rkrL1 = 3. 3a jemoro 2 icuye emement Dy €
L\ u3(K) Bursy

9
—+

0
Dy = Oé1$18761 + (B + B2$2)8w2

8:113 ’

ae o, B, € K, i xoua 6 ofun i3 1MUX eJleMeHTiB
HeHy/IboBHi. [loKaxkeMo cHoOdYaTKy, IO eIeMeHT
Dy € L; \ u3(K) moxkua Bubparu y BUIJIsI

0 0
Dy = — — =
0 = Q1T 92, + [axwo Dy O3’

Je xo4a 0 omuH i3 KoedimieHTiB a1, B2, Y3 HEHy-
JpoBHit. BinsHaumMo criodarky, 1o, He BTpadaio-
UM 3arajIbHOCTI, MOXKHA BBazKaTH, mo 7y = 0. [iit-
CHO, Hexail 1ie He Tak i JUIsI Jesskoro ejmemenTa Dy
BUKOHYEThCsT piBHICTE Y1 # 0. Tomi

[wsa%l,Do] = (71551—72$2—731E3+01333)%+
Pia3ge- + M35 € L,
i, ockinbku 1 # 0, TO

+(y121 + Y222 + Y373)

+ v373

B ,Do] € L1 \U3(K>

[z3
Honankn

6$1

aexarh B mijganrebpi uz(K) i Tomy moxkHaa BBaXKa-
TH, [0 OTPUMAHUI €JIEMEHT Ma€ BUIVISL]

0 )
515”378 ;1 (=y2we — 323 + 123)
1)

(9.%1 81’3 '

Aute Toni Dy mae moTpiOHMIT BUDISIZ i TOMy, He
BTpaYaloYd 3araJibHOCTI, MOXKHA BBaXkaTH, IO
~v1 = 0. AHajIoriYHO MOXKHA, MMOKa3aTH, 1o Dy Mo-
KHa BUOpaTu Tak, 1mo0 v = 0. ToMy masii BBazka-
emMo, mo v = Y2 = 0. [lokaxkemo Temep, 1o 6e3
BTpaTH 3arajbHOCTI MOXKHa BBaxkarh, 1o 31 = 0.
Hexait e He tak 1 st jesikoro Dy € Ly \ ug(K)
Maemo 31 # 0. Posruisinemo esement

0

ox

—MZT1 + 7123

9,
8352

0

8952

, Do| = [x2

(22 FrE a121 + (Brx1 + Paxa)

Ox3

Ockinbkn

(0p — B2)xo

s + 5122

+y323=—] = (122 —Prae—Para)

axl c U3(K),
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o B L1 \ u3(K) nexurp enemeHT Burisry
—/lela%l + ﬁlxga%z, dKA Ma€ MOTpIOHWIT BU-
s, Tomy Moxkua BBaxkatw, mo B1 = 0 i Tomy
B L1 \ u3(K) nexurs emement Dy Burisiay

0 0 |

a$1 81‘2

Jie xo4a 6 ofuH i3 KoediIieHTiB a1, B2, Y3 HEHYIBO-
BUIA.

DQ = 1T

(Bax2) (73333)8?637

[Tokazkemo Teriep, Mo a1 = S = 3. Posrs-

HEMO PIBHICTH

[Do, w35 —] = (v3 — B3)rs 5 —

0
8%2 8 2
Axmio 3 # B2, To JiHilHMIE oneparop adDg Mae
na Ly BiacHuii BeKTOp xga%g 3 HEHYJILOBUM BJIa-
cHuUM qucjioMm 3 — PBo. e cynepeunts JoKabHIN
HiIbHOTeHTHOCT] miganrebpu Li. Tomy (3 = ~s.
Amnajioriuno i3 piBHOCTI

0
Dy, zo—] = — 1)y —
[Do 2(%1] (B2 — 1) 250
BUILIMBAE, 10 1 = (2, a PIBHICTD
0 0
Dy, x3— —Qa1)x
[Do, 381’1] (3 1) 36m1
Jae criBBigHOmMEHHs op = 7y3. Aste Tomi B Ly \
u3(K) nexurs mudepennioBanus Eiinepa
0 0
Es=x1—+z +x
3 161‘ 26%2 331‘3
Haui, 1:23 € uz(K) i romy
0 0
Fs, 3 —z3— € L.
B3, 235 1] 29, €1

Ile ozHauae, mo x%a%l — BJIacHuil BeKTOp 15T ad B3
B Ly 3 Biacuum guciaom A = 1. Ile cymepeunrs
YMOBI JIOKAJIbHOI HIJIBIIOTEHTHOCTI mmigaaredopu L.
Orpumana cynepednicts mokasye, mo L = uz(K)
i uz(K) — MakcumasbHa JIOKAJIBHO HIJIBIOTEHTHA
mianrebpa i3 Wi(K).

]

B amre6pi JIi W3(K) mu BraykeMmo 1e OJHy
MaKCHUMaJbHY JIOKAJbHO HIJILIIOTEHTHY IIiJaJIre-
6py panry 3 Hajg R (ska Heizomopdua migaaredpi

u3(K)).
Teopema 2. Hexati L — m'(?a./zee6pa iz W3(K)

0 0 :
sueandy L = K (83;3 x5 T T Ha b=
0,1,2,...). Todi L — makxcumarvha (3a 6KA0%€EH-

HAM) LOKAALHO HIALTOMERMHKA nidanrzebpa paney
3 nad R i3 anzebpu JIi W3(K).
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Losedenns. Anreopa JIi L micturh abeseBuii ije-
aJr

0
8$3

3336
—=—43=0,1,2,.
1'822 0,

x38

N —
L 0z’

K{5— )
Kopo3MipHuocTi 1 B L.

Ouesu/1Ho, ad(a%g) — JIOKQJIbHO HIJIBIIOTEH-
THUH JIHITHET onlepaTop Ha BEKTOPHOMY IIPOCTO-
pi N. 3Bigcu Jierko BuILIMBae, 1o ajredbpa JIi
L jnokaysibHO HijmbIOTeHTHA. lIpumycTtmmo Bij cy-
MPOTUBHOrO, MO L He € MAKCHUMAJIHHOIO JIOKATb-
HO HIJIBIIOTEHTHOIO 1 MiCTHTBCs (CTPOro) B JesiKiii
OiIBIIi JIOKAJIBHO HIBIIOTEHTHIH mimaaredopi Ly i3
W35(K). Bisemenmo nosinbauii etement Dy € L\ L.
Toni enement Dy 0HO3ZHAYHO 3AIUIIETLCS Y BU-
TJISITL

0
0x9

—+ 19 —"

Dy +r3—, 1 € K[z1, 22, 23].

0
8 8:6’3
[Tokazkemo, 110 71 = 21 f1(x3) MJIst JIEIKOrO MHO-
rounena fi(t) € K[t]. dxmo r1 = 0, To r; Mae no-
TpibHMit Burssr. Tomy mami BBazkaeMmo, 1o 1 # 0.
[Tokaxkemo, 1o enement Dy € Ly \ L mMoxHa Bu-

O6paru Tak, 1106 g—ﬁ = 0. JliticHo, nexaii HaBIaKN
g;l = 0. Toxi r1 = g(x9,x3) M1 IEAKOrO MHOTO-

wiena g € K[zg, 23]. Mae wmicue piBnicTb

9
0z’

9
8$2

0

Dy] = O3

g _

[21 —g(w2,3)5— + 72 +7r3
6301

SIS NesIKUX MHOI‘O‘{HeHiB ro,73 € Kxy,x9,x3].
OCKIJIBKH X1 50— 8 € L1, To npueHaHe quepeHIi-
8
10BaHHs ad(T15;-) 3 OMVIsALY Ha OCTAHHIO PIBHICTDH
HE € JIOKAJbHO HLUIBIOTEHTHUM JTHDepeHIIOBaH-
usiMm asirebpu JIi Lq. Le cynepeunTs JiokasibHii
HIJIBIIOTEHTHOCTI Tmifanredbpu Ly 1 Tomy 3 8” £ 0.
ITokaxkemo naui, mo degz,m1 = 1. ﬂlI/ICHo, Hexait

e ne TaK i degz, 1 = m > 1. I3 piBnocreit

[x o r 0 +r i—i—r i] =
183317 161’1 ang 38333 N
_( 87‘1_ )i+*i+*i
a xl@x ! 8901 rzaxg Tgal'g’

ne 7 € Klzy, x2, 23] Ta i3 ymoBu degy,r1 = m > 1

or1 _
orpumaemo, mo deg, (z1g:- —r1) = m.
3Bijgcu JIerKo, BUILINBAE, IO IIPHUETHAHE ITH-
depeHITtiIoBAHHST ad(:vla%l) HE € JIOKAJIbHO HLJIBIIO-
TeHTHUM audepenitoanasM aaredbpu JIi Lq. Ie

cynepeduTs 11 BUOOPy i Tomy degy,r1 = 1 . Toui

r1 = 1 f(x2, x3) + g(x2, 3)
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Jutst Jiesikux MHoroutenis f, g € K[zo, z3] 1 f # 0.
Baysazkumo, mo 2L = 0. Jlificio, Hexail ne

0xo
He TaK 1 degz,m1 = m > 0. Toxi maemo

[ i i+ i_{_ i]_
anfL‘Q’Tlaxl 28.1?2 T38$3 N
N

= 552673:287331 7“267x2 +7“387333 € Ly,

JUIsT JIesTKUX MHOTOUJIEHIB To, T3 € K[z, 22, x3]. I3

. . . ar1
ocranHboi pisHocTi Mu 6atuMo, 1o deg,, Togl =
m 1 TOMy, IK HEBarKKO NMEPEKOHATHCH, MPHEIHA-

i 0
e jucdepenniiosanns ad(z25;;) He € JOKAIbHO
HibIIOTEHTHUM udepenIioBannsM aarebpn JIi
L1, mo cynepeunts i1 Bubopy. Orpumana cynepe-
. L J—

UHICTH NOKA3ye, Mo Fib 1 ToMy ri = x1f(z3) +
g(x3) mua pesxkux muorowrenis f,g € Klxs].
OckiibKH

0
$1f($3)87x1 €L C Ly,

To eslemenT Dy i3 Ly \ Lo MoxkHa BUOpaTn y BU-
TJIsIT]

0 0 0
Do =g(x3) 57— +reog—+r
0= g( 3)8901 28952 38303
Ase Topi mias koedinienta r; = g(x3) Maemo
g—:’; = 0, 0 HEeMOKJINBO 3a JoBeJeHuM puine. To-
My

Do=z1f1(z3) 57— +12057— +1r37—.

f ( )81‘1 81‘2 8:63
Amnasoriuno MoXxKHa J0BeCTH, 1O T2 = T2 fa(23)
st jiesikoro MuHorodiena fa(rg) € Klrs]. Takum
YMHOM, ejleMeHT [y MOKHa BUOPATH y BUTJISII

+ 7 0
381‘3

ox

Dy = 21 f1(z3) B

+ 22 fa(3)

st gesikoro r3 € K[xy, xe, x3]. [Tokaxkemo remep,
mo r3 € K. Ockinbku

61‘1

€L C L,
0xo ="

r1 f1(x3) + x2 fo(x3)

TO, He BTpadalouy 3arajJbHOCTI MOXKHA BBAarKaTH,
_ o)
mo Do = r3 Bos ' .
[ToTOpIOIOYN  MipKyBaHHS HOHepeHIX
ab3aliB HeBaXKKO NoKasaru, 1mo r3 = f3(x3)

13

2018, 2

Bulletin of Taras Shevchenko
National University of Kyiv
Series: Physics & Mathematics

Jutst esikoro MHorodieHa fs(xs) € Klzs]. fdxmo
degy, f3 = 0, abo r3 = 0, TO Bce moeneno. Hexait,
HaBIAKU, degy,, f3 =m ; 1. OckinbKn

0

= 0
81’37

0, oo
8.%3

" Oxs Oxg

f3(xs3) € Ly,

TO, HE BTPAYalOyd 3arajbHOCTI, MOXKHA BBasKaTH,
mo degz, f3 = m = 1. Ane Tozi enement Dy Mo-
JKHa, B3ATU y BUTIAM Do = :1:38%3. BizbMmemo ete-

menT Dy = xlx%a%l € L, i posrystHeMO 100y TOK

5 0

Dy, D1| = — —
[0, 1] [95381,3,3?190383:1

| =

o)
= —23:19536—% = —2D;.

3BijIcu BUILIUBAE, IO IPHUETHAHE TU(EPEHIIIOBAH-
s ad Dy aiarebpu JIi L He € JIOKaJIbHO HiJILIIOTEH-
THUM, IO CYIIEPEYNTH JIOKAJIbHIH HIJIBIIOTEHTHOCTI
migaarebpu L. OTpuMaHa cynepedHicTb MOKa3ye,
mo r3 = ¢ € K i Toni Dy € L. Ile o3nauae, 1o
L1y = L — makcumaJibHa JIOKAJIbHO HIJTBIOTEHTHA
mijanrebpa i3 Wi (K). O

Hacainok 1. Koowcha maxcumanrvna (3a exatove-
HHAM) AOKAABHO HIALNOMENMHA Nidas2ebpa pan2y
3 13 W3(K) isomoppra odniti i3 nacmynnuz nio-
anzebp i3 Ws

L1 — makcumanvra Hiabnomexwmua nidanze-
opa parey 3 nad R posmipnocmi 8 nad K.

Lo uz(K) — mpukymna nidareebpa i3
Ws5(K).

L3 =K ( 8%53’ 1

zi 9

zh 9 .
7871‘17 II:QT?%, 1 = 0,1,).

Zosedenns. 13 Teopem 1 i 2 Bumausae, mo Lo i
L3 — MmakcuMaJIbHI JIOKAJIbHO HIJIBIOTEHTHI ITiIaJI-
rebpu i3 W3(K). [Tinanrebpa L MakcuMaabHa J10-
KaJIbHO HIJIBIIOTEHTHA 32 YMOBOIO (3ayBasKIMO, 1110
W3(K) raki nigaarebpu iCHYIOTh, HAIPUKIIAL,

0 0 0

L = K(z1 =2, 20—, 23—2)).
1 (3618361 , T2 92y’ x3 31‘3))

Hexait Treniep L — MakcuMaJjibHa JIOKAJIBHO HIIBIIO-
rerrHa niganrebpa i3 Ws(K), sika mae panr 3 Hat
R. Toni 3a Teopemoio 1 orpumaemo, mo L i3omop-
dua onwuiit i3 anrebp JIi Ly, Lo abo Ls. O

3ayBaykKnMo, 10 HiJIbIOTEHTHI ajrebpu JIi qudepenIitoBanb obsracTeil 1MiJIiiCHOCTI, sIKi MalOTh PaHT

3 Haz uMu obsracTsiME BEBYasucs B [5].

35



Bicnux Kuiscvkoz2o nayionanrvbro2o yrisepcumemy

Bulletin of Taras Shevchenko

iment Tapaca Ilesvwernra 2018, 2 National University of Kyiv
Cepia: Pizuro-mamemamusri HaYKY Series: Physics & Mathematics
Crircok BUKOPHUCTAaHUX I2KepeJl References

1.

Bavula V.V. Lie algebras of traiangular deri-
vations and an isomorphism criterion for their
Lie factor algebras / Bavula V.V. // Izv. RAM.
Ser. Mat., 2013, 77, 3-44.

. Makedonskyi Ie. O. On nilpotent and solvable

Lie algebras of derivations / Makedonskyi Ie.
O., Petravchuk A.P. // Journal of Algebra,
2014, 401, 245-257.

. A. Nowicki Polynomial derivations and their ri-

ngs of constants / A. Nowicki // N.Copernicus
University Press - 1994 - Torun.

. Petravchuk A.P. On locally nilpotent Lie

algebras of derivations of integral domains /
Petravchuk A.P.; Shevchyk O.M., Sysak K.Ya.
// Appl. Problems of Mech. and Math., Pi-
dstrygach Institute of Mathematics of NAS of
Ukraine, 2017, 15. — P.7-15.

. Petravchuk A.P. On nilpotent Lie algebras of

derivations of fraction fields / Petravchuk A.P.
// Algebra and Discrete Math., (2016), v.22,
no. 1, 118-131.

T. Siebert Lie algebras of derivations and affine
algebraic geometry over fields of characteristic
0 / T. Siebert // Math. Ann, 305, (1996), 271—
286.

K. Ya. Sysak On nilpotent Lie algebras of deri-
vations with large center / K. Ya. Sysak //
Algebra Discrete Math., 2016, 21, 153-162.

36

. PETRAVCHUK A.P.,

1. BAVULA V.V. (2013) Lie algebras of trai-

angular derivations and an isomorphism criteri-
on for their Lie factor algebras. Izv. RAM. Ser.
Mat., 77, pp.3-44

. MAKEDONSKYTI Ie. O., PETRAVCHUK A.P.

(2014) On nilpotent and solvable Lie algebras
of derivations. Journal of Algebra, 401, pp.245-
257.

. NOWICKI A. (1994) "Polynomial derivations

and their rings of constants N.Copernicus Uni-
versity Press, Torun.

SHEVCHYK O.M.,
SYSAK K.Ya. (2017) On locally nilpotent
Lie algebras of derivations, Appl. Problems
of Mech. and Math., Pidstrygach Institute of
Mathematics of NAS of Ukraine, 15, pp.7-15.

. PETRAVCHUK A.P. (2016) On nilpotent

Lie algebras of derivations of fraction fields,
Algebra and Discrete Math., v.22, no. 1,
pp.118-131.

. T. SIEBERT (1996) Lie algebras of derivati-

ons and affine algebraic geometry over fields
of characteristic /,0, Math. Ann, 305, pp.271—
286.

. K. YA. SYSAK (2016) On nilpotent Lie

algebras of derivations with large center.
Algebra Discrete Math., 21, pp.153-162.

Received: 07.03.2017



JNPEPEHIIIAJIbHI
PIBHAHHA,
MATEMATHUYHA ®I13UKA
TA MEXAHIKA






Bicnux Kuigcbkoeo nayionanshoeo ynigepcumeny 2018, 2 Bulletin of Taras Shevchenko
imeni Tapaca Llesuenka National University of Kyiv
Cepis: ¢izuxo-wamemamuyni HayKu Series: Physics & Mathematics

YK 004.42+612.1

BanaGanor B. A., acmipaHT, V. A. Balabanov, Postgraduate Student,
Kizinosa H. M., 1. ¢.-M. H., ipod. N. M. Kizilova, Dr. Sci. (Phys.-Math.), Prof.
Mopaei TpaHCIIOPTHUX CHCTEM IS Modeling of transport systems for uniform
PIBHOMIpHOI0 MOCTAYaHHS PiAUHU 10 fluid delivery to a given volume of space

32]aHOT0 00’ €EMY NPOCTOPY

Xapkiscbkuii  HamioHansHuii - yHiBepcuter imeni | V. N. Karazin Kharkov National University, 61022,
B. H. Kapasina, 61022, m. Xapkis, 1. Ceoboau, 4 Kharkiv, Svobody sq., 4
e-mail: lekarsenten@gmail.com e-mail: lekarsenten@gmail.com

Posensoaemvcs 3a0aua nocmawanus piounu abo 2asy 00/6i0 pPO3NOOINEHOI CUCmeMU CRONCUBAHI6/
BUPOOHUKIB, KI 3aUMAIOMb Oe3NePePEHUM YUHOM OesKUll 00 €M CYYIIbHO20 Cepedosuyd, N0 PO32aYICeHill
cucmemi mpyook. 3adaua mae 6Ge3nocepedHe GIOHOUWIEHHST 00 CUCTEeM MPAHCHOPMY PIOUHU Y CYYACHUX
EeNeKMPOXIMIUHUX NATUBHUX eleMeHMAX, eleKMPOXiMIUHUX peakmopié  ma noodiOHuUx cucmem, AKi
nompeOyIoms  8UCOKOMOUHO20 PIBHOMIPDHO20 NOCMAYAHHS 2A3y mMd 6UBody piouHu 00/6i0 NOPUCMO20
Kamanimuuno2o wapy, oe iodysaiomvcs peaxkyii. Ananoeiuni cucmemu, maxi K KPOGOHOCHI, OUXANbHI Ma
iHWi mpoghiuni nPoeioHi cucmemu meapun ma POCIuH, HASAGHI 6 Jcusii npupooi i ix ouzatin moodce Oymu
BUKOPUCMAHO 8 MEXHIYHUX CUCEMAX.

B pobomi sanpononosana moodenv npogioHoi cucmemu y 6ueasdi camonodibnozo Oinapnoco Oepesa
mpyoox, Kymu pOo32anyiceHb SK020 GION0GI0aomb YMOGI MIHIMAILHO20 —2ANbMYSaHHs mewil Ha
poszeanyacennsnx. Ompumani ymosu Ha oiamempu ma 008dHCUHU MPYOOK, sAKI 3a0e3neyyromsd piGHOMIPHUL
MpaAHCcnopm 00 KiHyegux mpyooK Oepesa 3 MIHIMATbHUMU SUMPAMAMU eHepeil npu 3a0anomy o0’ emi
cucmemu. Tlokazano iCHy8anHs 080X MUNI8 PO38 53K 3a0aui.

Kniouogi cnosa: nanueni enemenmu, mpancnopm piounu, Oinapue 0epeo, ONMuMAaibHi CUCHEMU.

The problem of supply of a liquid or gas to/from a distributed system of consumers/producers, which
occupy uniformly a given volume of continuous medium, through the branched system of tubes is considered.
The problem is directly related to the fluid transportation systems in modern electrochemical fuel cells,
electrochemical reactors and similar systems, which require highly uniform supply of gas and the
withdrawal of liquid to/from the porous catalytic layer, where the reactions occur. Similar systems, such as
the circulatory, respiratory and other trophic conductive systems in animals and plants, are presented in
nature and their design can be used in technical systems.

In the paper, a model of the transportation system in the form of a self-similar binary tree of tubes whose
branching angles correspond to the condition of minimal flow deceleration at the bifurcations is proposed.
The conditions for the diameters and lengths of the tubes that provide uniform transport to the terminal pipes
of the tree with minimal energy consumption at a given volume of the system are obtained. The existence of
two types of solutions of the problem formulated is shown.

Key Words: Fuel cells, Fluid transport, Binary tree, Optimal systems.

CrarTio ipeacTaBuB 1.¢.-M.H., ipod. Kyk . O.

1. Beryn MAJIWBHI €IeMEHTH, MIKPOJBHUTYHH, ENEKTPOXIMIuHi
abo MikpoOionoriuai peakropu, nabopaTopii Ha
yimax Ta iHmi. B KWBIH NpHpoAl aHaNOTivyHI
CHCTEMH BHKOPUCTOBYIOTHCS JJISl TOCTAYaHHSI ra3y B
IMXaIbHUX CUCTEMaX, KpOBI — B CHCTEMax
KpOBOOOIry, TpOQIYHHX pIIWH — JUIS KHBIICHHS
TKaHWH y TBapWH, POCIMHHUX COKIB — y POCIHH Ta
Oarato iHmMMX. ['ONOBHUMH TPHHIUNAMH OYIOBH
CHICTEM IOCTaYaHHs B JKUBIM MPUPOAL € MiHIMI3aIlis

B TexHIUYHUX cHCTEMax 4acTO BUKOPHUCTOBYIOTHCS
po3rairyeHi TPaHCIIOPTHI CHUCTEMH JUTS TIOCTaYaHHsI
pizmHEM a00 Ta3y J0 PO3MOAUICHOI CHUCTEMH
CIIOKMBaYiB — BOJIO- 1 Ta30IPOBO/IY, TEILUIONPOBOIH,
JIpEHaKHI CHUCTEMH, Y TOMY 4YHCIi Ha MIKpo- i
HAHOPIBHI — JUISI CY4YacHHX MIKpoOeJIeKTpoMexa-
HiuHuX cucteM (MEMS), 1110 BUKOPHCTOBYIOTBCS SIK
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BUTpAT €Heprii, 3aBIJKA YOMY TaKi CHCTEMH

3aJI0BOJILHSIFOTh TPUHIMITY MiHIMyMYy BHpPOOHHIITBA
eHtporii [1], a Takok piBHOMIPHOTO 3aIIOBHEHHS 0€3
CaMOIIEPETUHIB JIEAKOr0 3aJaHOro 00’ €My IIPOCTOPY
[2-5]. B ocranHiii 4ac iHTepec O TaKUX CHUCTEM
MiJIBUIIUBCS, 30KpeMa, y 3B’SI3Ky 3 HEOOXIIHICTIO
ONTHUMI3alii JU3aliHy CHUCTEM IOCTayaHHS Ta3y Ta
BHBOJy PIIMHU 3 HOBITHIX MAJIUBHUX EIEMEHTIB JUIS
CNIEKTPOKApIB,  BEJIOKApIB  Ta  CTalllOHAPHHUX
KIMHATHHX eNEKTpONpuiadiB. B ocHOBI Takux
CKOJIOTTYHO YHCTHX TaIMBHUX EJIEMEHTIB JIekKaTh
SNMEeKTPOXIMIUHI peakiii 3’€HaHHS BOAHIO 1 KHUCHIO
MOBITPS 3 YTBOPEHHSAM BOJAW Ta EIEKTPUIHOTO
MOTEHIlIaly Ha enekTpomax [6], abo aHaoriuHi
MAJWBHI €IEMEHTH, SIKi MPAIOI0Th Ha METAHOI.

B o00uaBox THIax eJIEMEHTIB BigOyBaeThCs
MEpeTBOPEHHS XIMIYHOI eHeprii B eleKTpu4Hy 0Oe3
MPOMIKHOT'O YTBOPEHHS TEIUIOBOi eHeprii. Y crmilrHa
pobora MaJMBHOIO CIIEMEHTY norpedye
BHCOKOTOYHOT'O PIBHOMIPHOTO PO3IMOALTY MaliiBa Ta
KHACHIO B JIGIKOMY 00’€Mi MOPHCTOTrO IIapy, SKUi
3all0BHEHMI HAHOYACTHMHKAMH KaTayizaTopy. 3apa3s
[iHa BOJHEBUX IAJMBHHUX eleMeHTIiB ckiazae 500$
Ha 1 kBT eHeprii, ajie 3amiaHOBaHO 11 3MEHIIICHHS 10
50$ 3a paxyHOK BCeOIUHOT ONTHMI3aIIil.

Jnst akTuBHUX MeMOpaH B (opmi KBagpaTta abo
MPSIMOKYTHHKA B MaIMBHUX elleMeHTax
BHUKOPHUCTOBYIOThCS 3MI€MOiIOH1 KaHAH, SIKi HILUTBHO
3allOBHIOIOTH IIap, MapajelbHUH JI0 TOPUCTOTO
mapy, aje Takkid Ju3aiiH  He  3a0e3redye
PIBHOMIpHOI'O TIOCTauaHHS TalMBa Ta KUCHIO 1
BHBOJly BOJIM, 1[0 MPHBOJAUTH JIO OKIIO3il KaHAIB,
HEpIBHOMIPHOMY HaBaHTAXXCHHIO KaTalli3aTopa Ta,
SK HACIiJIOK, HEpPIBHOMIPHOMY HarpiBaHHIO 32
paxyHOK  €K30TEepMIYHHMX  XIMIYHHUX  peaKilil,
HeeeKTUBHIN pOOOTI, 3HIKEHHIO 4Yacy IKHTTS
Karamizatopa Ta psIy IHIIMX HeOaXaHWxX (i3uKo-
XiMiuyHUX mporuecie [7,8].

3amponoHoBaHa ~Ta  MPOTECTOBaHA  BEIMKA
KUTBKICTh PI3HUX BHJIB AH3aliHY CUCTEM TPYOOK JUIS
MOCTauaHHS Tra3iB Ta pIAMH 3 MapalielbHOI Ta
CITYACTOIO TEOMETpi€l0, Yy BHIIAL (pakTalis,
KpuBiii ['11b0epTy, TUCTIB POCIHH Ta 0araTto IHIIMX
[7-9], ane piBHOMIpHHH pO3MOALT 3adiKCOBAHO
TINBKH Ui (PaKTadbHOTO JiepeBa 3 KYyTOM
posranyxenb o =7 /2 (Puc.l1a,0). Takuii Beaukuit
KyT po3rajyXeHb 3HAYHO TaJbMy€ pyX Ta3y Ta
piIvHM, 110 BUKITUKAE HeOakaHi BUTPATH €HEpTii.

Bigomo, mo B aprepiaJibHUX Ta JUXAIBHHX
CHCTEMax JIIOJMHH, TBapUH Ta POCIUH KYTH

po3raixyXeHb TPaHCIOPTHUX CIIEMCHTIB
BIJIMIOBIIalOTh TMPHHIUIY MIHIMYMY BHPOOHHIITBA
eHTpomii [1,10]. Po3B’s130K BiJINOBiHOT

MaTEMAaTUYHOI ITIOCTAHOBKH 3a/1ay4l orTuMizawii 1ae

40

Puc.1. Haiinpocriiie GiHapHe nepeBo s
PIBHOMIpHOI'0 TIOCTAYaHHS PiJJMHU IO KOXKHOT'O
KBaJpaTy 3a7aHoi noBepxHi B 2d (a) 3d (6) Burmsimi

Puc. 2. EnemeHTapHa onuHUI OyI0BU
PO3rajayXeHoro TpyOonpoBoOIy

3aJIeKHOCTI KYTIB posramyxeHHss 6 B Oidypkarmii
TpyOok 3 miamerpamu d,,d,,d, (Puc.2) y Burnsami
[10]
cosa, = (1+ENY" +1-8%/(1+8)*7 /2, M
cosa, =((1+ENYE =)/ 1+ /&7 /2,

ne E=min{d,,d,}/max{d,,d,} — xoediuient
acuMerpii Oipypxarii, y=3.
I[lpy 1UpOMy pmiamMerpu CyaMH B KOXHiH

Oidypxkartii 38°s13aHi Mixk coboro 3akoHoM Mropest [1-
5, 10]:

dy =dj +dl. )
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UwucnenHi BHUMIpPIOBaHHI Ha JKMBHUX CHCTEMax
nokasand, mwo ye€[2.55,3.02] s aprepianbHux

CyIIH, ye[2.76,3.02] IIJI BEH, ye[2,61,2,91] IS
GpoHxianbHOro sepesa, v €[2.89,3.06] - ams cris
pocrun [1-5,11].

Piusinns (1) 3a0e3meuytoTh MiHIMANBHI BUTPATH
eHeprii Ha CKpyTax MOTOKY Ha KyTH O.,Cl, MiJ 4ac
foro po3aiieHHs MK TpyOkamu 3 d,,d,, a (2)
BIJIMOBiTae onTUMaNbHIN npsamuit Tpyo6mi [11]. Byno
nokazano, mo (1)—(2) € HeoOXiTHHUMH YMOBaMH
JIOKaJIbHOT i rIo0abHOT ONTUMAIILHOCTI
caMoInoiOHOro OiHapHOro JepeBa, sKe 3a0e3neuye
MocTavaHHs PigUHE A0 abo BiIl po3MoAiIeHol
CHCTEMH TOYOK B TMPOCTOpI 3 MIHIMAIBHUMH
BuTpatamu eneprii [1,10,11].

Koxauit 31 NUIIXIB BiJ BXIiIHOrO Iepepidy 10
Oyap-sikoi KiHIeBOT TpyOKH B3IIOBXK (ppakTambHOTO
TpyOomnpoBony (Puc.1) ckiagaerbes 3 aHaNOTIYHUX
TpyOoK 1-r0, 2-T0, ... N-T'O TMOPSJKY PO3TATYKEHHS,
TaK MI0 KOKHUHN IUISIX Ma€ OJJHAKOBUMA OITip, & TOMY 1
OJIHAKOBY BHTpATy pIAMHHU, SKIIO Ha BUXOMI 3
KIHIIEBUX TPYOOK MiITPUMYETHCS OJHAKOBUI THCK
P*. Ananoriuai 3d cucTeMH TIOCTa4yaHHS PiITUHH
Oymu 3ampononoBani B [12] (Puc.16). Ha Bingminy
Bim 2d cucrem, BOHH 3aiiMalOTh 3HAYHO OLIBIINI
00’eMm mnpocropy. Ockinbku HaBiTh 2d au3aiiH
(Puc.1a) TpancnoptHoi cucremu 3aitmae >60% macu
Tta ~30% 3aranbHOi BApPTOCTI MATUBHOTO €IEMEHTY
[6], TO 3amaua 3MeHIIEHHS 1ii 00’eMy cTae
HaANBa)KJIMBIIIOLO.

B naniit po6OTI JOCHIHKYIOTECS HECUMETPUIHO
posrajiyxeHi TpyoonpoBoau y Burisai 2d GiHapHUX
JiepeB, sIKi 3a0e3MeuyloTh PiIBHOMIPHE MOCTAa4YaHHs Ta
PO3IIONIUIEHHSI PIAMHU 3 KyTaMd pO3TaTyKEHHS,
ONMM3BKUMHU JI0 ONTUMATBHUX 3Ha4eHb (1).

2. MaremaTuyHe OOIPYHTYBAHHS JAU3aliHY
TPyOONpoBOaiB siIK OiHAPHUX JepeB 3 MOCTiHHUM
3arajbHUM OMOPOM B3/0B:K 10BUILHOI0 HLJISAXY

2.1. Bunanox eeMmenTapHoi 0ipypxaiii.

Croyatky posriisiHeMo Oidypkariito, sika yTBOpEHa
TphoMa TpyOKamu (Puc.2). B mepepizi O 3ananmii
BXigHMHA Tuck Fy, a Ha BuXomi 3 Oidypkauii B
nepepizax B,C — BuximHuiéi THCK P* =const.
B3noexk Tpybok OA, AB, AC maeMo craimioHapHy
JaMiHapHy TEYil0 PIiJMHU, TaK IO OMip KOXHOT
TpyOKu (3 miamerpamu d,, Ta NOBKUHaMu L, )

4
(Z,=kL,/d},

k=128u/7m, 1 - B’I3KIiCTh PIAMHN), TaK IO

BIJIIIOBI 1€ [lya3eiiniBcbkoMy
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Po_P] ZQOZonP] _P*lezlzapl —P*=Q2213, (3)

ne Zoy=Zoys Lin=Zug, Zi3=Zye, K - THCK B
nepepisi A (Puc.2), Q, =0, + 0, - 3aranpHa 06’eMHa

BUTpaTa Teyil.
3 (3) nmerko oTpUMaTH YMOBY PIBHOMIPHOTO
nocrayaHHs  piguHu  (To6T0 O, =0,) Kpi3k

HecuMeTpuuHe posranyxeHus (L, #L,,d, #d,) y

BUTJISAL:
Zn=2; = L /Lz =(d, /d2)4- 4)
Bynemo  BBaxkatm, 1mo TpyOOmpoBix €

camonofiouum, Tak mo L, /L,=b, L,/L,=bC,
b,{ =const, a TakoX 110 BUKOHYEThCA (2), TaK IO

d=d=", d,=d=", 2={1+&". Toni 3 (4)

MaeEMO
)

S3anexHicTh (2) Oyjla OTpUMaHa SK PO3B’SA30K
3anadi ontumizaiii [10]

W =0?Z —min, V =const,

——1

—_—]
=,

—
—_—

Q=§4a L2<L1-

(6)

ne W - mBuakicts mucumamii, V, Z, Q -
3araipHAd 00’€M, TiOpaBIiYHHNA OMip Ta BHUTparta
PIIMHY B CUCTEMI.

3acrocyemo (6) 10 CHCTEMH 3 TPbOX TPYOOK, i, 3

ypaxyBaHHaM (3)-(5), oTpumMaeMo

W°—W°(b§§y)=1+b€54
T g+t (7
Ve=V'(b,C,Ey)=1+bE7(1+CED),
ne We=W/W*, V°=V/V* . 6e3po3mipHi

WBUIKICTh auicHmanii i o0’em, W*= ngLO / dg ,
V¥=ndjL, /4.

Tomi 3amaua (6) y 3acrocyBanHs ma0 (7)
3BOAUTRCS 0 HACTYITHOI CHCTEMH PIBHSHB T4 YMOB:
ow o'W
—=0 >>0, ®)
ox, Ox ;0x;
pe x;=1{b,C,§,y} , OCTaHHs yMOBa BiAmOBizae
JNOJAaTHIM  BHU3a4YCHOCTI  BIAMOBIAHOI ~ MaTpHII
MTOXIIHUX,
N 2OV -1)
= 4 25
(C+EHA+CE%)

2.2. Bunaaok KiJIbKOX reHepauiii posrany:keHb.
VY3aranpHeHU# BUITaJI0K ACUMETPUYHOTO

OinapHoro JnepeBa HaBenenuid Ha Pwuc.3a. s

BinmoBigHoi Hymepanii (Puc.36) By3miB Ta cropiH
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camononibuoro  gepesa 3 d,,, /d, =5, i456=0Q /4 1TA, qKWO b =by=..=b, =b,

d2n+2 /dn = E-’E_] >
(3) HaOyne BUTIIS:

an/z] —P.= Qn+]Zn+] s B —Pyyin = Q2n+lZ2n+2 >

R,+1 _P2n+3 = Q2n+ZZZn+3’ Qn+] = an+1 +Q2n+2’

L2n+] /Ln :b b

n

L2n+2 /Ln :bng

©)

me n=0,..N, N=2-1, k- uucno reHepartii,
P =P* sxmo [ =2"",..,2" —1 (Puc.3a).

0
Puc.3. Cxema GiHapHOro JepeBa 3 HyMepalli€ero
BY3JIIB Ta T1JIOK

Po3B’s30k miHIMHOI cucTeMHu piBHSIHB (9) nmae
3HA4YeHHS BCIX THUCKIB y BY3Jax JepeBa Ta BHTpPaT
piIMHYU Kpi3b BiANOBiAHI TpyOkH. st BUTpAT Kpi3b
2*'1pybok  ocrammbOi  remepamii  (o3HaueHi
KBajpaTamu Ha Pwuc.3a) BuKOpuCTaEMO YMOBHU
piBHOMIpHOT'O MoCTayaHHs pinuHI

01 =0 4 a"'ank_] :Qo/(zk _2k_])-

2 241

3a HasgBHOCTI OCTaHHIX YMOB MOKJIHMBI J[Ba THITY
po3B’s3ku cuctemu (9):
1) AcumerpuyHe OiHapHE JEPEBO € CAMONOIIOHUM Y
CeHCl PIBHOMIPHOTO TIOCTaYaHHsS PIAMHU KPi3b

TpyOKn Oymb-sikoi remepaii, To6to @, =0,/ 2,

42

4.
= b
C=¢
2) [epeBo He € caMoOIOMIOHMM 1 piBHOMIpHE
MOCTavYaHHs PIAMHA Ma€ Miclle TUTBKH KPi3b TPYOKH

OCTaHHbOI TeHepamii, fAKmWo b #b, #..# bzk o
c=g’.
B mepmomy Bumaaky xoedimientn  b,C,

HEOOXiJHI Il PIBHOMIPHOTO IOCTAYaHHS PiJUHH,
JIETKO BH3HAYAIOTHCS, & 3 YMOB ONTUMAIBHOCTI (7)-
(8) MO)KHAa 3HAWTH €IWHUN ONTHMAJbHHK HaOIp

sHaueHs b,,,C, . B apyromy Bunajky icuye 6esniq

Habopis {b; ]2.;“ , AKi 3aJeXKaTh BiJ nmapamerpis V°,
€, v,C. Po3p’s30k 3amaui (6) HE 3MOXKE BUIUINTH
€IMHUR ONTUMAJTbHUN HaOip, aje
JBOXTIapaMeTpUYHa ONTUMI3AIlis HaJdae MOXKIHMBICTH
noOynyBaTu (poutu I[lapero i BHOpaTH MOTPiOHI
PO3B’SI3KU 32 JOIMOMOTO0 JIOJJATKOBOT'O KPUTEPIFO.

Hanpuknaz, npu k=3 juid BUTpaT pyxy piUHH
o Tpyokax n=4—73 (9) maemo:

Oy = 2224Qo ) Qs = Z~22~5Q0 ) Qs = ZSZGQO )
- ~ Zi+ 7.7

0, =2,72;0,, Z, = : - = >

Zy+ 2+ 2,2, + 727

. V4 . Z . Z

Z4=—5, 252—4’ 262—7’
Zy+Zs Zy+Zs Zo+ 7,

5 __Zi 5 _ Z,+2,Z,

T zo+z, 7 Z,+Z,+2,7,+Z 7,

3Bigcu ymoa O, = Qs = O, = O, eKBIBaJICHTHA
piBustuaAM 2,7, = 2,7 = 7,7, = Z,Z., , IpOCTilNM
PO3B’A3KOM SIKUX € Z,=Z2,, Z,=Zs=Z,=17,,
spinku L, /L, =(d, / d;)* abo {=E", i Taxi x camu
BIIHOIICHHS MDK JiaMeTpaMH 1 JOBKHHAMH Y
Tpybok 3-i reHepanii, mpu YoMy 3HaYeHHA &
MOXYTh OyTH pI3HUMH Yy pIi3HUX TeHepalliid, aie
OJTHAKOBI1 JIJIS BCIX TPYOOK OJHIET reHepaltii (meprui
BUIIAJIOK).

[Ticnst BU3HAYEHHS TeOMETPii CUCTEMH MOXKEMO
obunciutu W Ta PO3B’si3aTH 3aja4y OITUMI3allii
(8). OcraTouHi BUpa3ud HE HaABEACHI B CHIY iX
rpoMizakocti. UncenbHi po3paxyHKH TPOBOJMIINCS B
IMIMPOKOMY Jiana3oHi 3HayeHb napamerpie & e]0;1],

ye[l;5].
3. Pe3ynbTaTn YyHCeJbHUX PO3PaXyHKIB

Pesynbrati pospaxyHkis W ((,&,v) i pisHEX
3HauYeHb NapaMeTpiB HaBeaeHi Ha Puc.4a mis k=4.
B3norx ropusontansHoi oci & €[0.1;1] Ha KoxXHOMY
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3 mianazoHiB y=15-4.5. TIlpu mnocriiHOMY w o
V° =2 6e3po3mipHa (I)yHKIIiSI' /4 nocsirae Mi'Hi'MYM.y R b4 a _ —
npu y=3 B HIHMPOKOMY [iana3oHi KoeQillieHTiB e . o ozeta=2
. <© B Azeta=0.5
acumerpii £=0.3-0.6, a takox npu y=2-3.5 1 M . o
. . . 2
£=0.1. Ocranniit BUITIAJIOK BIAIIOB1AA€E AA o :§ o
. o . < a o
BiATamyKE€HHSIM MaJluX CyIWH, KOJU TOJIOBHUH TOTIK L8, 20 296, %a 0 a
. . . . . Op o
ine kpi3b TpyOKy 3 OUIBIIMM JiaMETPOM 1 TOMY \ AAW »
3arajibHa JMCUTAIllis MeHIIa Npu b =const . Takum : : ‘
05 1 15 2 I

YHMHOM, BUNQJIOK Y =3 € YHIKQJILHUM 3 TOYKH 30pYy
onTHMi3amii He TUIbKKM oxHiel TpyOku (2), ame i
Oidypkarliii B miziomy.

AHANOrYHi BHCHOBKM MOXKEMO 3pOOHMTH 3
aHamizy ¢ponrtis Ilapero W (V) (Puc.46). Hnsa
KO)KHOTO (PIKCOBAaHOro 3HAYEHHSA J  HaWMEHIII
3HAYCHHS1 W NOCATarOThCS MpH Y =3 JUIsd Maibke
£=04-06 Ta

£=0.5-1, mo mae MOXJIMBICTh BHUKOPHUCTATH IS

CUMETPUYHUX PO3rajdyKeHb 3

OyZoBM  OiHapHOrO JepeBa  3HAYCHHS  KYTIB
po3sranyxeHb, OJU3bKUX 10 onTuManbHuX (1).
"l .
35 - oo
=] =
- % < zeta=1
o ozeta=2
A .
25 @ Azeta=0.5
=}
2 - <
a
8
15 - °B
#
G
1 .
'Y=1.5
0.5 :
0 1 2 3 4 5 6 7

Cnucox BUKOPHUCTAHUX TZKEPEa

1. Gheorghiu S. Is the Lung an Optimal Gas
Exchanger? / S. Gheorghiu, S. Kjelstrup, M.-
O. Coppens. In: Fractals in Biology and
Medicine, eds. G. Losa, D. Merlini, Th.F.
Nonnenmacher. — 2005. — P. 31-42.

2. banabanos B. O. MareMaTudHe
MOJICJIIOBAHHS  apTepialibHUX CHUCTEM  SIK
OiHApHUX JepeB, sIKi 3allOBHIOIOTH 00’€M
npocropy / B.O. banadanos, H.M. Kizinoa
// Bicauk KHY im. Tapaca IlleBuenka. Cep.:
dizuko-MaremaTuuHi Haykud. - 2015, -
Cneupumyck. - C.27-32.

3. bBamabanos B.A. HoBslif anroputm mocTpo-
CHUA OINTHMAJBHBIX TPAaHCIOPTHBIX CHCTEM,
3aMONHAIOMIMX 3a7aHHyi0 obmacte / B.A.
bana6anos, H.H. Kusunosa. // Mexanuxa.

43

Puc.4. anexuocti W(C,E,v)(a)i W) (6)

7. BUCHOBKH

B pobori 3amporoHOBaHAa HOBa  MOJICIb
aCHMMETPUYHOrO OIiHApHOTO JiepeBa TPYyOOK, fKe
3a0e3meuye piBHOMIPHE MOCTAYaHHs B SI3KOI PiAMHU
a00 ra3y J0 pO3MOJLICHOT CUCTEMHU CIIOKHMBAYIB, SKI
3aliMaloTh Jieskuii 00’eM mpoctopy. Ha Binminy Bix
Hadmpocrtimol  Mozaeni  (pakTalbHOTO  JiepeBa
(Puc.1), Taka Mozenb 3a0e3medye MEHII BUTPATH
SHeprii 3a paxyHOK ONHM3BbKHX JI0 ONTHMAIBHHUX
KyTiB poO3rayly’kKeHHS TpyOOK. 3amporoHOBaHHH
MIAXIT J03BOJISE ONTHUMI3yBaTH TaKOX JIOBXKHHH
TpyOOK B KOXKHiil TreHepanii u OyqyBaTH MpOBiIHI
CHCTEMH, SKI MPH TOMY X CamMOMYy 3arajibHOMY
00’emi 3a0e3MevyoTh MEHIIYy IHCHUTIAII0 EeHEeprii.
[TomiOHI TpaHCIOPTHI CHUCTEMH € TMEPCICKTHBHUMHU
TSl BUKOPHCTAHHS B MaJMBHHUX €IEMEHTAX Ta iHIINX
CHUCTEMax, III0 BHMAralTh BHCOKOI OJHOPITHOCTI
MOCTauaHHS 1 PO3MOJINIEHHS Mach 1o 00’eMy
3aaHoi popMu Ta po3MipiB.
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Excnepumenmanvhi eumipiosants noxazamu, wo CmayioHapHi 1amiHapHi meyii MiKpo- I HaHOPIOUH No
MIKDOKAHANaM pI3HOL (opMu GUKOHAHUX 3 PISHUX MAMEPIanié XapaxmepuzyiomvCs 3a1eHCHOCHAMU
00’ emnoi eumpamu Q 6i0 nepenady mucky dP Ha Kinysx Kamauny, wo nepesuuyiomv GiOnoeioHi
Ilyaseiinigcoki 3anesicnocmi oas kauanie miei e gopmu Ha 30-70%, wo noé’sizano 3 0coOAUSOCMAMU
63a€MO0Il  MIKpoO/HaHOpioun 31 cminkamu Kaumanie. s ypaxysawHs Ou@ysitiHoco poO3Cil08aHHs ma
MAH2EHYIATbHO20 NEPEHOCY HACMUHOK MIKPO- | HAHOPIOUH HA CMIHKAX, WOPCMKICMb SKUX NOPIGHAHA 3
PO3MIPOM HACMUHOK A O08ICUHOIO iX 80IbHO20 nepebicy 86e0eHi ePAHUYHI YMOGU NPOCIUZAHHS NEPULO2O
ma Opy2020 NOpsOKy, SKI 003604510Mb OOCHAMHLO MOYHO ONUCY8AMU EeKCNEPUMEHMATbHO GUMIDSIHI
sanexcnocmi Q(dP). B pobomi pozensidoacmvcs naminapHa meuis mpboxX wapie piounHu Midc 080ma
KOAKCIAMbHUMU YURTHOpaMu, wo o0epmaiomsvcs 3 piznumu Kymoeumu weuoxocmsamu. [llapu moocyms
8I0N0GIOaMU MPLOM HE3MIULYBAHUM DIOUHAM 3 DISHUMU GIAACIUBOCHAMU, OO0 MIKPO/HAHOCYCNEH3il 3
PIBHUMU KOHYEHMPAYisimMU 4aCTUHOK 3a PAXYHOK NpUcminnux egpexmis. Ompumano anamimuyHuil po3e 130K
3a0aui, po3paxo8ami 3HaueHHss 00 EMHOI gumpamu ma Hanpyxcenus mepms Ha cminkax. I[lokasano, wo 3a
PAXYHOK 8ubOpy napamempie piouHu ma Mamepiany YyuiriHOPpUUHUX NOBEPXOHb MONCHA OMPUMAmu meuii 3
CYMMEBO 3HUIICEHUM AO0 NIOBUUWEHUM MEPMAM HA CMIHKAX, WO MONICHA BUKOPUCIMAamu O PI3HUX 3004y
NPUKAAOHOT MIKPODIIOIOUKU — 3MIULY8aAHHS PIOUH ab0 PO30iNeHH s CyMitell.

Kurouoei cnosa: mikpogpmoiouxa, Hanopaioiouka, meuis Mis¢ KOAKCIATbHUMU YULTHOPAMU, HE3MIULYEAHT
piounu.

Experimental measurements have shown that stationary laminar flows of micro- and nanofluids in the
microchannels of various shapes and materials are characterized by the dependence of the flow rate Q on
the pressure difference dP along the channel, which exceeds the corresponding Poiseulle dependencies by
30-70% due to the peculiarities of the interaction of the micro/nanofluids with the walls. In order to take into
account the diffusion scattering and tangential transfer of the micro- and nanoparticles on the walls which
roughness is comparable to the size of the particles and their free path length, the velocity slip boundary
conditions of the first and second order had been introduced, which allows adequate description of the
experimentally measured Q(dP) curvess. Here the laminar flow of three fluid layers between two coaxial
cylinders rotated at different angular velocities is studied. The layers may correspond to three immscible
fluids with different properties, or to the micro/nano-suspensions with different particle concentrations due
to wall effects. An analytical solution of the problem is obtained; the flow rate and viscous stress at the walls
are calculated. It is shown that by the choice of the material parameters of the fluids and cylinders, the flows
with substantially reduced or elevated wall frictions can be obtained. It can be used for the
micro/nanofluidic applications as fluid mixing or separation.

Key Words: microfluidic, nanofluidics, flow between coaxial cylinders, immobilized liquids.

CrarTio ipeactaBuB 1.¢.-M.H., mpod. Kyk . O.
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1. Beryn
B 0araThox ekcrepiMEeHTaIbHHMX JTOCIIKCHHSIIX
Tedii cycrensiit MIKpPOYaCTHHOK (xiTuH,

OionosimMepiB) abo HaHodacTHHOK Al,O3, CuO, SiO,,
ZnO Oyna nokazaHa HEBIAMOBIIHICTh TEOPETUIHUMHU
pO3paxyHKaMu, MPOBEJICHUMHU Ha OCHOBI KIIACHYHHUX
Monenerd MexaHiku cycnensiii [1,2]. Tak, Oymo
MOKa3aHo, 10 TP Tedil PiiMH M0 MIKpOKaHalaM 3
niamerpamu D, =5;12;25 MkM koedillieHT TepTs Ha
5-30% BuIle, HDK pO3paxOBaHMKW Ha IiJCTaBI
piBasab Hag'e-Ctokca st piqiH 3 TUMH K
IIIBHICTIO 1 B’s3kicTio  [3]. Bimxunenns Bix
KJIACUYHOI Teopil 3alieKUTh BIiA KOHIICHTpALIT,
MaTepiany Ta GOpMH YaCTHHOK, TeMIIEpaTypH, YnCIia
Pefinonbaca Ta iH. AHajOriyHi pe3ynbTaTtd Oyiu
OTpUMAaHi Uil PI3HUX PIOUH, po3Mipy Ta (opMH
KaHaJiB, BjJacTUBOCTEH 1ix criHok [4,5]. 3i
30LIBIIEHHSIM BiTHOCHOI IIOPCTKOCTI CTIHOK 10 5%
st miaTpuMkd [lya3elmiBebKoi Tedii B MiKpoKaHai
HeoOXimHUH mepenaa TUCKY Ha 65% BUIIMEA, HIX
nependaucHoro ¢popmyioro [lyasers.

Sx Oyno moka3aHO B OCTaHHI POKH, OCHOBHA
MpUYMHA PO3ODKHOCTEH TIOB'I3aHA 3 HASsIBHICTIO
MPOCIHM3aHHs YaCTHHOK MIKpO- 1 HaHOpIAMH Ha
CTiHKaX MHKPOKaHAJIOB, PO3MIPH IMOPCTKOCTEH KX
HE € MAJIMMH y TIOPIBHSHHI 3 pO3MipamMH Y4aCTHHOK
Ta BETMYMHOIO X BUTBHOTO MPoOiry B 06a30Biil pinuHi
[1,2]. OCcKiIbKM HACTYITHUM YacOM CIIOCTEPIra€ThCs
iHTEepec 70 HaHO- 1  OIlOTeXHONOrid,  fKi
BHUKOPUCTOBYIOTh TeYil JOCTI/KYBaHUX PIIUH TI0
MIKpOTpyOKax i kaHanax pizHoi popMu, ocoOIMBOCTI
PYXy Ta CTyIiHb HEBIIMOBIJHOCTI KIACHYHIN Teopil
PIIMHY CTAaHOBUTH 3HAYHUI MPaKTUYHUH iHTEpecC.

2. MareMaTH4Hi NOCTAHOBKH 3a1a4 JJIs Tediii
B MIKpO/HaHOKaHAaIaX.

SkIo JOBXKHMHA BUIBHOIO Hpodiry A
YaCTUHOK TIOpiBHSIHA 3 IIUPUHOIO KaHamy h, Tak mio
gyrcio Kayncena Kn> 0.01, npu B3aeMo[1ii 4acTHHOK
3 IIOPCTKICTIO CTiHKM YacTHHKA HaOyBarTh
JOAATKOBHH IMITYJIbC Y3JOBX CTIHKA 32 pPaxyHOK
mudysHoro BigmzepkaiacHus [1,2]. Takum duHOM,
MIBHJIKICTH ~ YaCTUHOK  PIAMHM  TPH  [BOMY
BIIPI3HAETBCA BiJ IIBHIKOCTI CTIHKH, yMOBa
MPHUJIMIIAHHS HE BUKOHYETHCSL.

B nmanmit yac B Mikpo/HaHOQUIIOITIKE TIOKa3aHa
KOPEKTHICTh BUKOPHCTAaHHS YMOB IIPOCIH3aHHS
nepmioro (st MikpopimuH) 1 gpyroro (s
HAHOPIZIMH) TOPSIKIB, 3allPONIOHOBAHI paHille Juist
Tedill pO3piPKEHHX Ta3iB, Y BUTIISIII
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Je U - aKcialbHa KOMIIOHEHTa IIBUAKOCTI PiJIUHH,

I', u,, n - TpaHuLs KaHay, IBUAKICTH 11 pyXy Ta

w o

HopMainb, a=(2—-0)/c, O - TaHICHIIAJbHUI
Mepenic IMIyJabcy Ha CTiHI, b =const, IPHUOMY 3
JaHHIX eKCIIepUMEHTIB a €[1;1.1466],

b €[0.5;1.309] [2]. YmoBa (1) oTpumaHa LUIIXOM

PO3KIIalaHHsT MIBHAKOCTI pimuHu B psix Teitnopa 3
TOYHICTIO 10 TIOXITHUX JPYTOro MOPSIKY.

YmoBa (1) BUKOPUCTOBYETBCS B Jiana3oHi YHCeT
Kuyncena 0.1<Kn<1, 110 BIJIMIOBiTa€e
HaHopiguHaMm. s 0.01 < Kn <0.1 MOXXHa BBa)KaTH
B (1) b=0. — me ymoBa NpOCIM3aHHS MEPIIOTO
MOPSIZIKY, SIKa BHKOHYEThCS Jisi MikpopiauH. [lpu
Kn<0.01 yMOBM MNpWIMIAHHSA Ha CTIHII Jal0Th
J00py BiAMOBIIHICTE Teopii ekcriepumeHTy [1,2].

Xo4 Ha HAHOPIBHI mNapaMeTrpW Tedid, IX
MeXaHiuHi, TeMJIOBi, eNeKTPOMAarHiTHI Ta iHIIi
BIIACTHUBOCTI 3aJieKaTh O/ PO3MIipy (HaHOYACTHUHOK,
HAHOKAHAJIIB TOWIO), KBAaHTOBI (EHOMEHU HE
MPOSIBIISIIOTH ce0e 1 Tedii piiuH J00pe OMUCYIOThCS
SK METOJIaMH JHHaMiKd YacTHHOK (MOJEKYJISIpHON
IMHaMIKK), Tak i piBHsHHAMH Ha’e-Ctokca [1,2].
Benuka  kinmpkicTh — myOmikamidi - mpucBSYeHa
NOCI/PKEHHIO  BIAMIHHOCTEH  IeMOAMHAMIYHUX
napaMerpiB KJIACHYHUX PIIUH Ta MIKPO/HAHOPIJMH B
3B’S3KYy 3 OCOONMBOCTSIMA TPaHIYHHUX  YMOB,
PO3CilOBaHHI TeIla Ha MOPCTKUX CTiHKaxX Ta IHIIMX
y3arajJbHEHHSIX KIACHYHUX MOCTAHOBOK  3ajad
rimpomexaniku. OTpuMaHi y3arajgbHEHHS Tediid
[Myazeiins mo TpyOKam KpyroBoro, npsiMOKyTHOT'O Ta
iH. Tepepi3iB [2], B TOMY 4YHWCII JUIsI HEOAHOPITHUX
CTiHOK [6].

JocmipkeHHs BIUTHBY YMOB nipociu3anss (1) Ha
napaMeTpH Tedild MiKpO/HAHOCYCIICH31 Ma€e BeluKe
3HAYCHHS METOJIB BICKO3MMETpii, OCOOIMBO MpH
BUMIPIOBaHHSIX  HA  MaJOpO3MIpHHX  Kparisax
pEYOBHH. Binomo, 10 npodIeMoro
BICKO3UMETPUYHHUX BUMIPIOBAHb € BIUIUB €(EKTy
dapeyca-JlinakBicta, SKHH  BHOCUTH  3HAYHI
noxuOKKW B TeopeTHuHi (HopMynaH A PO3PaxyHKY
edexTuBHOI B’s13K0CTI [6].

B pmaniii po0OTI JOCHIIKYETBCS PO3B 30K
3aJadi  TNpO  CTalliOHapHy  Tedilo  CycheHsil
MIKpO/HAHOYACTHHOK MDK JIBOMa KOaKCiallbHUMH
HWIIHApaMH, 10  00epTalThCs 3 PI3HUMHU
MIBHJIKOCTSIMH 1  MaroTh  pi3HI  BJIAaCTUBOCTI
MOBEPXOHb. BpaxoByeTbcss yTBOPEHHS MOOJIN3Y

CTIHOK IIApiB PiIMHU 3 PI3HHUMH BIIACTHBOCTSIMH
(KOHIIEHTpAIlIEI0 YaCTHHOK, B’s3KicTio Ta iH.).Taka
3ajadya TaKoXK  BIANOBimae JaMiHapHid  Tewil
HE3MIIIyBaHUX PIOUH. AHAJOTIYHUH  PO3B’SA30K
pawnime OyB oTpuMaHui Jyist TaMiHapHOi Teuii Kyera
MIKpPO/HAHOPIAMH MDK MapaielbHUMH TUIACTUHAMHA
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[7]. Bymo mokaszano [7], mo 3a paxyHOK migOopy
napaMerpiB He3MIITYBaHUX PiJJMH MOXKHA OTPUMATH
TEUil0 3 MEHIIUMH BUTpaTaMH C€HEprii NpH THX
caMHX O0O0’€MHHMX BHTpaTax pIIUHH, IO MOXKHA
BUKOPHCTOBYBATH B MiKpO/HaHOPIINHHUX
npucTposx [8], a MPUCTIHHI MAapy BUKOHYIOTh POJb
3MalllyBaJIbHUX 1 IPHUCKOPIOIOTh TEYiI0 B KaHAJl Ta
3HHXKYIOTH TEpTS Ha CTIHKax 3a PaxyHOK
TaHT'CHIIIAJIBHOTO MEPEHOCY IMITYJIbCY MIKPO/HaHO
YaCTUHKaMH Ha MIKPO/HAHOIIOPCTKUX CTIHKAX.

3. MareMaTM4Ha NOCTAHOBKA TA PillleHHA
3aja4i Npo Tewiro Mix KoakciaabHUMU
HWTHAPaAMU, 10 00ePTaAI0ThHCS 3 Pi3HOI0
4acTOTOI0

Biccio 0z
00epTalThCsl 3 KYTOBUMH
(QQ,>Q,) (Fig.1). Mix
HWTHAPAMH 3HAXOJAThCA TPH IApU HECTHCIMBOI
piIMHE 3 PI3HUMH 3MICTOM MIKpO/ HAHOYACTHHOK
TOBIIMHAMH hhy,hy,

h+h, +h; =R, — R, 1B’ 93K0CTAMHU L, . PyX pinun

JlBa KoakCiaJbHUX IDUIIHAPU 3
pagiycamu R, 1 R,

mBuaKocTsMu Q2 1QY,

IpUYOMY

OIUCYETHCS CTAIllOHApPHUMHU piBHSIHHAMU Hap’e-
Crokca B NWIIHAPUYHUAX KOOPAWHATAX 3 YMOBaMH
(1) Ha moBepxHAX =R, 1 ¥ =R,, a TAKO)X yMOBaMH
Oe3repepBHOCTI MIBUKOCTI Ta HANPYKEHb:

2 1

r=R:v —Q]Rl—a] +ﬂ] 0, 2)
o' o’
I”:R]+h]:V]=V2, ﬂ]l:ﬂ2la (3)
or or
ov? o’
F=R ARV =V, = 2 (4)
or or
2 3
r=R,:v -Q,R, —a, +ﬁ2 0, (5)
ne V">’ - mBuAKOCTI Tedii piaMHK B Mapax,
a,,=a,Kn, ﬂ],z = b],an2 .
3a 3BHYAWHMMH YMOBaMHM  HENPOCIH3aHHS

pIIMHM Ha TOBEPXHI Ta NPHU L, = i, = [; PO3B’SA30K

i€l 3agadi mae Bursn [1,6]:

(Qz _Q1 )R12R22 1

Qsz2 _QIR12 r—
RI-R} r

Rz2 - R12

., (6)

vy (r) =

a HaNpy>XeHHs TEePTSA Ha CTIHKaX

QR -QR (Q,-Q)R'R 1
eo P BB S ),
R} - R, R:-R r
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Puc.1. JlaminapHa Tedist TphOX IIapiB HE3MINTYBaHUX
PiIMH MIXK IBOMa PYyXOMUMH IWTiHAPAMH.

Jns onHOpinHOro mapy pimuHu (4, = i, = ()
Ta HasBHOCTI yMOB Tpociu3aHus (2), (5) po3B’s30k
3ajadi OyB oTpuMaHuii B [6] y BHIIISAI

Ji QRA QRA
Vi) = :

R)(R,—a,))4, - R (R -« )A ®)
_ QzRER; (R1 _a])_QlRI R23 (Rz —062) 1
Rz3 (R, —))4, _R13 (R—a)4, r
. QR4 -QR' A
T‘Shp(l")zﬂ( 5 2°%2 40 13 1 472 +
Rz (Rz _a2)Al _R1 (R1 _a1)Az (9)

QzRER; (R1 —o )~ QIRI4R23 (Rz — 0!2) L
R (R, —a)4 -R (R -a)4, 1)
—Bis-

Tomy po3B’sI30K HEOHOPIAHOI 3a1a4i 3 yMOBaMHU
(2)-(5) posurykyBaBcst B aHAJIOTTYHOMY BHUTJISIII

e A12_R12+a12 1,2

vj(r)=Cj]r+Cj2l, (10)
r

e C,,C,

j1r

i3 ymoB (2)-(5) y Burisimi:

- MOCTifHI IHTErpyBaHHS, sIKi 3HAXOJMMO

G =i(B]A23 _BzA;1)= Cy zi(BzA; _BIAES)’

+ Hy, Hy +
C]] 21“21C21 +2(R—?)2C229C12 2( 2]]) +,“21czza
Hoy Moy +
G, c,+———C,,C,=—=-0C,+u,C,,
,“23 21 2(R) ¢y, G, 2(R2+)2 21 T Hplyy
A=t +A1”;1(R1+)2 — My, " A,
21 21 R],R]3 s 21 2(R]+)2 R],R]3 )
L AR . A
Ayy = iy +%, A,y zﬁzjz"‘ R27R233 5
2 1Y (R,) 2 14
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QR L, QR
_ ) 2 =

A=ALA; —ALA;,, B =L
21723 23721 1 R] R;

9

/’lzi1=(1i/"2/ﬂ1)/2a /’lziS:(li/'lz/ﬂ3)/2ﬂ
R,=R,-q,, R =R +h,R =R +h,.

V Bumagky u, =, = i, 1l BUPa3u NepeXoiTh B

(8). usa JOCHiDKeHHS BIUIMBY — KOE(ILi€HTIB
MPOCIIM3aHHS, IIBHIKOCTEH O0OepTaHHS, B’SI3KOCTEH
pilMH Ta TeoMerpii CHCTEMH  IPOBOJMIHCS

Oe3nocepeaHi po3paxyHKy Mpodiao MBUIKOCTEH Ta
TEpTS Ha CTIHKAX JJIS Tedii He 3MIllyBaHUX PiAUH Y
MOPIBHSIHHI 3 OMHODPITHOIO TEYi€I0 pIiAWHU, SKa
3HaXO/AWIacCh y BHYTPIIHbOMY Imapi (3 B’S3KICTIO
U,), a TaKkoX Yy TNPHUIYLHICHHI Majol TOBIIUHU

HPUCTIHHMX MapiB (TOOTO / , << R, — R, .

4. Pe3yabTaTH Ta OOrOBOPEHHS YMCEJIbHUX
po3paxyHKkiB
v1—3 (l")
HaBeJieH1 Ha Puc.2-3 B 6e3p03MipHUX 3MIHHUX:
F=r/R,vi=v/v, Vv =(Q+Q,)/(R,+R), ne
=R /R,
3Ha4eHb MapaMeTpiB, SKi BIAMOBINAIOTH PIZHUM
MIKpO- 1 HaHOPIIMHAM BHKOPHCTOBYBAIMCA TIPU
nociipkeHHsax Tedih Kyera He3MilmmyBaHUX pinH
MDX MapaielbHUMH OBEPXHAMHU [8].

Hns pisaux HaOOpiB mapaMerpiB IMepuimi
cxianauk B (10) miHifHANA 1O T 1 MOXE MaTH BKIIAJ
SK TIOPIBHSHWI 3 JPYr¥UM CKIIQJHUKOM (3BOPOTHIM
o r), Tak 1 3Ha4HO OuTbIIMI a00 MeHbIIMA. B
3aJIOKHOCTI BiJ TOrO BIANOBIAHE PO3MOMIICHHS
MIBUAKOCTI MK LMJIIHAPAMH MOXE OYTH JIHIHHUM,
rimepbomiuauM, abo 3mimanmmM. Ha Puc. 2a
HaBEJICHUU TMPHKIIA]] JIIHIHHOTO PO3MOALUICHHS, a Ha
Puc.26 — rinep6omniunoro (kpuBi 1-3) i1 3mimanoro
(xkpuBi 4-6). YV BCix BUNAJIKax MIBHIKICTb 3pOCTAE Y
HaNPSAMKY 70 30BHIIIHBOT MOBEPXH.

v

UmncenpHi pO3paxyHKH 3aJEKHOCTEH

r’eln,1], npu TUX camux Habopax
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Puc.2. be3po3mipHi 3anexnocti v(r) mpu 7,=0.2 (a)
1 =0.3 (), B,, =0; xpusi 1-6 BixnoBigaIOTH
(a,,a,) = {(0.05,0.05), (0.05,0.1), (0.05,0.5),
(0.1,0.05), (0.1,0.1), (0.1,0.5)} .

0.6

0.5 0.7 0.8 0.9 ir
a
V,
2.5+ .
I e
6 3 _— = —_—
e e =TT "
I
1.54=——""7" 5/ 4/"
1 . | | | | |
0.7 o . .

0
Puc.3. be3posmipHi 3anexnocti v(r) mpu 7,=0.5 (a)

1 7=0.7 (6), o, =0.1; kpuBi 1-6 BinnOBiKAIOTH
(B, B,)= {(0.05,0.05), (0.05,0.1), (0.05,0.5),
(0.1,-0.05), (0.1,-0.1), (0.1,-0.5)} .
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D 3 p2 p2 2\ T 2 2
slip QLRL(R, (R, —R) Fa, Ry (R +R,)
v (R,)= *

3

2.5

1.5+

1
0.5 0.6 0.7 0.8 0.9 ir

Puc.4. BesposmipHi 3anexHocti D(r)
(mo3nayeHHs sk Ha Puc.3).

31 3pocTaHH]IM BEIHYMHH MPOCIH3aHHS IEPIIOTO
NOPAAKY «,, 0pH 3amaHux f, Ta (ikcoBaHUX
IHIIUX MapaMeTpax MoJelli IMBUAKICTh MOHOTOHHO
3pocCTaE, M0 BiANOBIIA€ TaHUM EKCIIepUMEHTIB [1,2].
3anexxHocTi, mpenacraBieHi Ha  Puc.2, Oynwm
obuuncneni npu f;, =0, TOOTO W11 MIKPOPiNKUH, ane

CXiIHI  3aKOHOMIPHOCTI  mpH  3MiHax o,

CIIoCTepiraroThes 1 Juid HaHOpiguH (ToO6TO S, #0).
Brumms mapamerpis 3, mpu 3aJaHUX o ,HE €
(Puc.3a,0).

BIANOBIAHO 110 [2], f,, MOXYTh MaTé Pi3HI 3HAKH

TaKuM OJIHO3HAYHUM OCKIIBKH,

(nuB. BUIIE), YUCENbHE MOJEIIOBAHHS MPOBOANUIIOCH
B IIMPOKOMY Jiana3oHi 3HaYeHb MapaMeTpiB 3ajadi,
B Tomy uuchni mpu S, <0. Tunosi pesynbraTu
obumcinenp HaBemeni Ha Pwuc.3a,0. 3anexHicTh
MIBUIKOCTI Big KOOPJIUHATH 3aJIMIIAETHCS
MOHOTOHHOK, aje BIUIMB f3, CTa€ 3HAYHIIIMM

no0u3y BiANoBiAHOI MoBepxHi R, ,. Ilpn B, <0 3i

3poctanHaM fB, mnpu 3amaHomy f, abo 3i

3pocTaHHAM [3, TpH 3agaHoMy f3, BIAINOBIIHI

v(r)

BiAnoBigHOi moBepxHi (R, abo R,), Puc.3a. Komu

3aJIeKHOCTI 3CYBAalOTBbCSl Y HANpsIMKY BiX

3HauUeHHS [ Y OJHI€l 3 MOBEPXOHb 3MIHIOKOTH 3HAK,
epext  (Puc.30),

OCKUIbKM 3Ha4YeHHS f3,, BIUIMBAIOTh Ha KPHBH3HY

CIIOCTEPIraeThCsi  3BOPOTHIN

npodilto  MBHAKOCTI B TNPUTPAHUYHUX IIapax
pimman  [1,2]. Cknagauii  XapakTep Mae Tex

. .. cee 2
po3MOMAIeHHsT B’sA3K0i  gucumarii D= u (v; (r))
(Puc.4), sxa Bu3Hauae epeKTHBHICTD MPHUIIATY.

[Ipu Tewisix OJHOPITHUX MIKPO/HAHOPIMUH IS
NeBHUX HaOOpiB mapamerpiB «,,a,, 3,5, 3HaUCHHI
IIBUAKOCTEH PIAMHM Ha CTIHKAX LWIIHAPIB

49

Rz3 (Rz - az)Al - R13 (R1 - )Az
N 2ﬁ2,1 R12,2) + 292,1 R],2R;,] (al,le,z - ﬂl,z)
Rz3 (Rz - az)Al - R13 (R1 - )Az

craroTh Oitbummu Hik B (6) (v, (R ,) > QLR ,)a
HAIPY/KEHHs TEPTA Ha CTIHKAX

(Qz R; A] - Q]R14A2 )R12,2 +

+Q,R'R (R — ) - QR'R (R, — ;)

slip
(R )=
( 1,2) (Rz3 (Rz _a2)A1 _R13 (R1 _a1)A2 )R12,2

- MEHIIMMH HDK oOumciieHi 3a (7), 1o Bimmoimae
BimoMoMy edekTy mnpocim3anHs [1,2]. AHanoriuni
oburcienns 3a ¢Qopmyiaamu (10) mokazanu, IO
aHAJIOTIYHO  MOXKHAa  BIUIMBATH HAa  Teuil
HE3MIITyBaHUX PiTUH.
BukopucToBytour 110 3aKOHOMIPHICTh, €(EeKTHUBHI
MIKpO/HAHOPIAMHHI MPHCTPOi 3 HUBBKAMHU a0o0
BHCOKHMMHU HaIPY>KEHHSIMU TEPTSA HA CTIHKAX MOXYTh
OyTH 3ampoOCKTOBaHI 3a pPaxyHOK BUKOPHCTAHHS
BIJIMOBIIHUX 3a BJIACTUBOCTSIMH PIJMH Ta MaTepiajiB
MWTIHAPUYHUX TOBEPXOHb.

5. BucHoBku

B pobori 3ampomoHOBaHAa ~ MOJETb, IO
y3arajbHIOE KIACHYHY 3a7ady PO JIaMiHApHY TeUito
B’SA3KOi PIIMHU MDK KOAKCIQJIbHUMH IMJIIHApPaMHU,
aKi 00epTaroThcsi 3 PI3HUMU IIBUAKOCTAMH, Ha
BUIQJIOK MiKpo- ab0 HaHOPIAMH 3 ypaxyBaHHAM
YMOB MPOCIIU3aHHS MIBHJIKOCTI EPIIOTO Ta JPYroro
MopsIKiB BigmoBigHO (1), a TakoX HASBHOCTI HIAPIB
HE3MIIIyBaHUX PIMH 3 PI3HUMH B’SI3KOCTSAMH a00
OJHIET CycIeH3ii MiKpO/HaHOYACTHHOK 3 PI3HUMHU
KOHIICHTPAI[ISIMUA 32 PaxXyHOK B3a€MOJil YaCTHHOK 3
mopctkuM crinkamu (2). IlokazaHo, 1110, 3aBHAsKi
BEIMKIH  KUNBKOCTI  mapamMerpiB,  JHHaMidHa
MOBEIIHKA CHCTEMH cTae CKJIQJTHOIO i
HEMOHOTOHHOIO. CrocrepiraroTbesi  JHIHHUH,
rinepOomiuHiii  Ta  3Mimaxi  npodim Mo
MIBHJIKOCTEH, a BIUIMB KOe(IiLi€HTIB MPOCIU3aHHS
MOXE BHKIUKATH 3MiHH MOHOTOHHOCTI, TPai€HTy
IIBUAKOCTI Ha TEPTS Ha CTIHKaX. 3a paxyHOK
MEBHOr0 BHOOPY MapaMerpiB IIOPCTKOCTI CTIHKH,
B’SI3KOCTI PiMHM, TOBIIMH MPUTPAHUYHUX HIAPIB Ta
iH. MOXXHa KOHTPOJIIOBATH MEXaHIYHI MPOIECH B
CHCTEMi, a caMe MPHUCKOPIOBATH IIBUAKICTh, 1ii
TPaJi€HT, HANPYKEHHS TEPTS, B’SI3KY IUCHIIAIIIO
nobnu3y onHiei crinku Ta(abo) 3MeHIIyBaTH — Ha
HIIH, 3MIHIOE PEKHMH Ta pe3ylbTaTH poOoTi
BIJIMIOBIIHUX ~MIKPO/HAHOPIAMHHUX TPUCTPOIB, B
SKHX PIJAHA PYXalOThCS MDK IWIIHAPHYHUMHU
MOBEPXHSIMH.
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Jlnsa diaenocmuuno2o awanizy ma iwmepnpemayii napamempis nyabCo8ux Xeuib, AKi GUMIPIOIOMbCS 8
apmepisix nayienma, nompioni i0N0GIOHI MAmeMamu4ri MoOe, sIKI Hatuacmiuie 6a3yiomvCsi HA PIGHAHHIX
Haese-Cmoxca ons kpogi sk 6 s13K0ipiouny ma pisHAHHAX NACUBHOL 6 S13KOnpYocHoi cminku. Taki mooeni ne
003601A110Mb BUABUMU KOPOMKO- Ma 00820CMPOKO8i 3MIHU apmepialbHo20 MUCKY ma diamempy apmepit,
Wo nos’sa3ani 3 Ix axmueHol peakyicio HA JOKANbHI | 2100ANbHI 3MIHU MUCKY MA WEUOKocmi Kposi. 3a
HAABHOCMI  OIOAKMUBHOCME KOMUBAHHA TUCKY, SKI 3A0AI0MbC CKOPOYEHHAMU Cepys, Npusoosimv 00
PIBHOCNPAMOBAHUX 3CY8i6 (ha3 KpUeux KoaueaHvb mucky p(t) ma Oiamempy apmepii d(t), HeniHiUHUX
BANEHCHOCTEL MINC AMAAIMYOAMU IX KOAUBAHb, A MAKOMC GIONOBIOHUX 3aiedcHocmell 6i0 wacmomu. B
Ppobomi HasedeHO KOPOMKULL 027180 MAMEMAMUYHUX MoOenell Oi0aKMUSHUX Mamepiaii, Y momy Yucii Hyib-,
00HO- | 0808UMIDHUX. 3a0aua 368 S3aHUX KOausansv p(t) ma d(t) 3a nassnocmi pe2yasyii uepesz KonyeHmpayii
BA30AKMUBHUX PEUOBUH 36€0€HA 00 HENIHIIHO20 36UYALIHO20 OUDEPEHYIAIbHO20 PIGHSIHHS OPY2020 NOPSIOKY.
Jocnioocenuii  po38’s30K  piGHAHHA NpU  pi3HUX HaAbopax napamempie moodeni, AKi 6i0nosioaonv
apmepianbHum cyounam aoounu. Ilposedeno nopisHAmbHULL AHANI3 NOBEOIHKU NACUBHOI MA AKMUBHOL
cminky. Ompumani yMogu MOHOMOHHOL 3A1eACHOCII HanpyJicenHi-Oeghopmayii, a makoic 3anexcHocmei S-
muny i N-muny. 3anpononosano Hosi inoexcu 0Jis1 MeOu4Hoi OiacHOCUKU.

Kurouosi cnosa: bioaxmusHull mamepian, apmepis, KPOGOMOK, KepPyGaAHHSL.

Diagnostic analysis and interpretation of the pulse wave parameters measured on the patient’s arteries,
appropriate mathematical models are needed. The most often required models are based on the Navier-
Stokes equations for blood as a viscous liquid, and dynamic equations for passive viscoelastic wall. Such
models do not allow detecting short- and long-term changes in the arterial blood pressure and local
diameters associated with their active response to local and global changes in the blood pressure and flow
rate. In the presence of bioactivity, the pressure fluctuations, which are specified by the heart contractions,
lead to divergent phase shifts between the pressure p(t) and d(t) oscillation curves, nonlinear dependencies
between the amplitudes of their oscillations, and the corresponding dependences on the frequency. A brief
review of the mathematical models of bioactive materials, including zero-, one-dimensional and two-
dimensional ones, is presented in this work. The problem of coupled oscillations p(t) and (t) in the presence
of regulation through the concentration of vasoactive substances is reduced to a nonlinear ordinary
differential equation of the second order. The solution of the equation is computed at a wide set of model
parameters, which correspond to the arterial vessels. A comparative analysis of passive and active wall
behavior is carried out. The conditions for monotonic strain-strain dependence and the dependencies of S-
type and N-type are obtained. New indexes for medical diagnostics are proposed.

Key Words: bioactive material, artery, blood flow, control.
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! !
L 1. Beryn . A, (pdy)p'+®(p)=d+4,(p,d,y)d", (1)
bionoriyni  matepianu  MaloTh  YHIKaJIbHY

OCOOJIMBICTh pearyBaTH Ha 3OBHIIIHI MeEXaHIYHI,
eNeKTpUYHI a00 XiMivHi (pakTopH 1 3MiHIOBaTH CBOL
BJIACTMBOCTI Ta TEOMETPIl0 BIAMOBIAHO OO HUX.
[MomibHi BIIACTHBOCTI TPOSABISIOTH CKEIETHI Ta
rnaaki M’s3u (M), a Takok MaTepiayu, 0 CKIamy
SKUX BXOIATh M’SI30BI KJIITHHM — CEpIle, CTIHKH
KPOBOHOCHUX CY/AWH, NUTYHKY, KHIIOK, 3aJI03 Ta
MiXypiB  Tomo. PexumMu  poOOTH  aKTUBHHX
OiomoriuHmMx  MaTepiagiB  Ta IX  pPEOJOTivHi
BIIACTUBOCTI ~ 3aJIMIIAIOTBCA  I[I€  HEIOCTATHHO
BUBUYCHUMH. bBIOAKTHBHICTH CTIHOK apTepialibHUX
CYAMH BIUIMBA€E Ha TIEPEPO3MONII KPOBI MK
AKTUBHHMH Ta HEAKTHMBHAMH OpraHaMu i M’s3aMH,
MiATPUMKY Ta PETYJSIII0 apTepiallbHOrO THCKY, 1
TOMY MOJCIIOBaHHS O0I0aKTUBHOCTI JOIOMAarae y
3pO3YMIHHIO YTBOPEHHS Ta PO3BUTKY TilEPTOHii,
MOPYIIEHb MIKPOIMPKYJISAIII Ta IHIIMX 3aXBOPIOBaHb
[1,2].

[Meprra 6ioakTHBHA peakilis CyMH OB’ s3aHa 3
BILUTUBOM apTepiajibHoro Tucky P (peakiis Beiinica).
[lpu 3pocraHHi THCKY CTIHKH aprepiii sk M’sKi
B’SI3KONPYXKHI ~ TKAaHWHH  PO3TATYIOThCA, IO
MPUBOIUTH 0 HeOaXkaHOro MiJBUIICHHS 00 €MHOL
BUTpPATH KPOBOTOKY Q, TOOTO MOCTaYaHHIO KUCHIO Ta
KHUBUTPHAX PEYOBMH JIO TKAaHWH, SKI LBOTO HE
notpeOyroTh. [linBHINeHNH piBEHh KHCHIO BUKJIUKAE
ckopoueHHss ['M, 3MeHIEHHS TIUIONIl TEepeTHHYy S
abo giamerpa d cyaMHHM, 10 HOpPMai3ye
KpoBorocrauanHs. HaBnaku, npu majinHi Tucky ['M
PO3caalbiIoThCA 1 KPOBOTOK 3pocrae. Peakiis 'K
3aJIeKHUTh BiJI CEPETHHOTO OKPY)KHOTO HArpyKEHHS
o B criHIl, T06T0 d =d(0) - QyHKILsL, M0 cragae.
[Neprra peakiiisi cpsiMOBaHa Ha MATPUMKY PEKHMY
Teuii 3 P=const.

Jpyra peakiiis TOB’si3aHa 3 MEXaHOYYTIUBICTIO
BHYTPIIHBOTO MIApy CTiHKU — eHjporemiroo. [lix gac
MIBUINCHHS  IIBHJAKOCTI  KPOBOTOKY  3pOCTa€
HATPYXEHHSI TePTs Ha CTIHII 7 , MO IPUBOJHUTH IO
MPHUCKOPEHHS MPOMYKIii CYIHHOPO3IIUPIOBAIBLHOT
pedoBUHU OKUCY a30Ty NO KIITHHAMH €HJIOTEIIO.
B pesynbraTi cyuiHa pO3MIMPIOETHCS. TakuM YuHOM,
Jpyra peakilis CHpsSMOBaHA Ha MIATPUMKY PEKHMY
Q=const. B xopoHapHux aprepisix 1ed edekr
KOHTPOIIOETHCs. KOHLICHTPALisIMU ) Ca" 1a NO, B

. +
MO3KOBHX Ta JereHeBux aprepisx — 3 O,, CO,, H',

raxmo d =d(z(y,)=d(y,).

2. Orasig MaTeMaTHYHHUX MOJesIei
2.1. HynsBumipHa moaenb. PiBHsAHHS 1iei Momeni
MPEJCTABJICHI PEOJIOTTYHUM CITIBBIAHOIICHHAM IS
CTIHKH cyauHHu [3,4]
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ne p(t) i d(t) - ocepenHeHi B3IOBK CYJANHH THCK
Ta JiaMeTp, ¥ - Kepyro4Hil mapamerp, HampuKIIas,
KOHIIeHTpalisi(i) BiIOBIIHUX PEYOBUH Ta 10HIB, ﬂ,p ,
A, - mapamerpu Mmopeni, ¢ynkuis @ BusHauae

sanexHicte d =®D(p) i1 NacHBHOrO MaTepiaiy.
CmiBeinnomenus (1) Bigmosimae
PEONOTTYHUM MOJIETISIM
nedopmiBHUX TiN [5].

Jis  koHueHTpalii Tpeba 3aaTh BiIIOBIIHI
PIBHSIHHS OalaHCy y BUTIISI

CTaHIAPTHUM
B’ A3KOIPYKHHUX

dy

—ay+ v +b L @)
dt

I€ @ — IBHUAKICTh IOINIMHAHHSA pPECYOBUHU/IOHIB,

¢GyHKIIS Y(p) omucye T MPOAYKIO (CEKpeLi) y

BIJIMIOBi/Ib Ha 3MiHY THUCKY B CY/IMHI, a b — peaxIiito

Ha OCHWIIMII THUCKY Ta BIANOBIAHI HAaNPyXCHHS

3CYBY Ha CTIHKaX.

[pu 3ajaHUX KOMMBaHHSAX THUCKY p(f) Momenb
(1)-(2) no3sonsie orpumyBaTu auHamiuHi kpusi d(?)
Ta XapaKTEPUCTHKU HarpyxeHHs-1edopmarii d(p).
Byno mokazano, 10 Ha BIAMIHY BiJi MOHOTOHHHUX
3anexHocTell  d(p) JUId  TACHBHOI CTIHKH, B
AKTHUBHHUX CTIHKAX MOXKYTh ICHYBaTH K 3aJISKHOCTI
S-tuny, Tak 1 N-Tumy, TOpUYOMy  TepIi
XapaKTepU3YIOThCs CTIHKOI0, a JIPYri — HECTIHKO0
nuHaMikoro [4]. Pizai mMomudikanii momeni (1)-(2)
obrosoproBayiucs B [6].

2.2. KpasiogHoBumipna moaeab. Posrismaerscs
HECTalllOHapHA  OCECUMETpUYHA  Tedis B sA3KO1
pimuan no tpy6ui < R(x,t),0<x< LB pamkax
Mozeni [3]
.00 w_smo
ot Ox ox S

ne Q(x,t) - MHTTEBA BHUTpATa, S(x,t)- I1JI01I1a

MEePETUHY CYIIUHH, p(x,t) - THCK, [ - JAWHAMiuyHA

B’s13KicTh. [lepmie piBHsHHS (3) € 3aKoH 30epeKeHHs
MacH, OCEpPeIHEHUH IO IO Iepepi3y, a Ipyre —
3akoH [lyaseilns ajisi MUTTEBUX 3HAYEHD.

Hus po3p’sizanns (3) Tpeba 3agaTH peosiorivyHe
CHIBBIJHOIICHHS JUIA aKTUBHOI CTIHKHU, HATIPUKJIA, Y
Burisial (1) 3 4YacTKOBUMH TOXiJHHMH 32 YacoM

3amicTh HOBHHX. OCKIIBEKH ﬂ,p, A;, © - HeniHiiiHi

¢ynkuii, piBHsHHS THOY (1) € HeniHIHHON
Monudikaiieo B’s3Kompy:kHOoro Tiia IlodHTHHTA
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[7]. bBimpmr y3arampHeHi 3-X Ta S-eleMEHTHI
peonoriuHi  Mojeni  Oi0OaKTHBHHMX  MaTepiajiB
posrisiaanucs B [5]. 3amaua (1), (3) nocmimkyBanach

JUTSA pi3HUX HAOOpiB 3HAYEHB ﬂ,p, A, @ mraxom

PO3KIJIaZICHb 32 MalkM MapamMeTpoM Ta YHCETbHUMH
METOJaMU

B [8] mns mopmenroBaHHs peakiiii bBeiimicca B
aprepisix 3amictb (1) BHUKOpPHCTaHO pIBHSHHS
Ganancy konuenrtpauii Ca’ y suraam (2) Ta
peoioriyHe CITiBBiTHOMICHHS! Y BUTIISII
2 (1) S d =2, (1) L0 (p)-F (), )
ot ot
ne F - OioaktuBHa peakilisi M CTiHKH CyIuHH,
3aNeKHICTh  F(y) 3amaerbcs 3 CKCIEPUMEHTY.

JlocmimKeHo TaKko)K BIUIMB 3alli3HEHHS O10aKTHBHOI
peakiii [4,8,9].

3. ITocTaHoBKa Ta PO3B’A30K 3a1a4i
PosrisiHeMo Gi0aKTHBHY PEaKIlifo CTIHKU CyIUHH
Ha KOJIMBaHHS THUCKY 3a HAasiBHOCTI MPOCTIMIHX (HOpM

KepyBauus A, , =4, , (7/) B (1). SIkimo KomuBaHHS
apTepiaJbHOr0 THCKY B CyIWHI 3a/aHi y BHIJISAL
p(t)=p,+ pe”, ne p, i P - miactomiunmii THCK

Ta aMIUIITy[a, (@ - 4acTOTa CKOPOYECHb Ceplisi, TO
BIINOBIIHI KOJHMBAaHHS JiaMeTpy CYIMHH MOXHA

omucaru sk d(t)=d,+ dpel(“"_"’) , 1e @ - dasoBuii
3CYB, SIKHH YTBOPIOETHCS 3a PAaXyHOK Oi0aKTHBHOL
peakiii. Y BUDAAKy ldp = const 3 PeoJIOriYHOrO

piBHsHHS (1) MOXHa OTpUMATH, IO

j:1/1+a)2&£

ol D, qozatan((a)lp)"]), (5)

ne A, i ﬂ,p (aKTMYHO BiANOBIZAalOTH Yacam

penakcaii gedopmaiiiii Ta Hanpy>KeHb B MaTepiali

CTIHKA Il Yac [HUKIYHOIO HaBaHTAXEHHSA
BHYTPIIIHBOCYTUHHUM THCKOM.
B Mozgeni CTIHKM CyOuHH SK  OXHOPIAHON

MPYKHOI TOHKOCTIHHOT OOONIOHKM JJIsl MacHUBHOTO
PO3TATaHHS Ma€ MicIe 3alexHicTh [1,2]

O(p) =d,+kdy(p—p,). (0)
ne k=3/(4Eh,), E, i h, - monmynp IOmra i

TOBIIMHA CTIHKY B HCHABaHTa)KCHOMY CTaHI.

Byaemo BBaxkaTH  KOHIIGHTpAIlii aKTHBHHUX
PEIOBHH JIOCTaTHBO MAalHMMH, 1100 OyJI0 MOXHA
poskaacTH  (pyHKII ﬂ,p, A, B pamm Teiinopa Ta
3HEXTYBaTH

CKIIa/JHUKaMHK Apyroro Ta BHIIUX
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Busnauaemo

3 (2) KOHIICHTpAIII0 Y SK

p

v=[a+%} (\v(p)+bd

NOpAIKiB, Tak mWo A, , = ﬂ,ﬁ 4 +;/&117 g
- (7)
dt
KBaJIPaTHUX

)
ne B Iy’KKaX  3HaXOJHUThCS
madepenianbHuil  oneparop. Ilicist ImiaCTaHOBKH
(6), (7) B (1) orpuMaemo HeNiHIHE pEONOTiYHE
CITIBBIHOIIIEHHS

2,0"+bA,(p') +(kdy+al) + 2w (p))p'+

+akd,p +ad,(1-kp,) = 23d" + 8)

+(1+aA) + Aw(p))d'+ad+bA,p'd'.

Sxmo &, <<1, ¢ Ebl;,/l;’, &,=bl, /lﬁ,
a  w(p)=¢p,c=const, TO  TepiOAUYHI

KOJIUBAHHS THCKY OYyIyThb HPHUBOIUTH A0 OUIBII
CKIamHuX (OPM KOJUBaHb JiaMeTpy CyauHH 1 3 (8)
OTPUMAEMO 3aMiCTh (5)

i Jo* 4> +(akd A, + 0’ B)
o(Ay +(02y))
akd,A\, +®’B
wA ’
ned=A A, —akd 2]+’ 22,
B=A A A4,
A, =kd,+ak) +Aisp,.
@daktnyno (9) BianoBigae BUMANKY, KOJIH

peryssiis 3a OCHWISIISIMH THCKY B (2) mama y
MOPIBHSIHHI  PETYJAIIEI0 32 THCKOM. Y 3arajJbHOMY

©)

@ =atan

Ap =kd, +alﬁ +l}17gpo,

BUIIAJKY &, , - HE Majll BEJIMYUHU 1 PIBHAHHA (8
1,2

Tpeba po3B’A3yBaTH JUIsl 3a/JlaHUX KOJNWBaHb THUCKY
YUCEIbHUMHM MeTonaMu. B Takomy pasi 3amicth (8)
otpuMaemo audepeHIlianbHe PIBHSIHHS JAPYroro
MOPSIIKY

Ad"+q(t)d'+ad = f(1), (10)

q(t)=1+aA) +1,d,(1—-kp,)+ .\

+(b 2, —iwAkd,) pe™,
@)= p’e™ (bA,0* —iwA kd,)+(akd, -
~0’ A —io(kd, +al) + ,d,(1-kp,))e™ p.

UucenbHi pospaxynkd mo (10) mpoBoammmcs
METOJIOM CKIHYeHMX eneMeHTiB i 1d 3amay Ha
intepBanmi ¢ €[0,7], ne T — mepiox cepueBux
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cKkopodeHb. B skocti QyHkmiii ¢opmu BuUOpaHO
CTaHJIAPTHI JIIHIKHI TTOJIHOMHU

(4,1, ) telt, )]
N; ()=, =0/, —t) telt, t,,]
0, telt,,t,,]
(10) y
d(t)= Zn:dij (1), d; - ueBimomi 3HaueHHA y
Jj=1

a O3B 30K ITyKaau BUTJIAII

By3JIaX CITKH, N — YHCJIO BY3JIiB TIPH yMOBax
d(0)=d(T')=d,. Ilpu Bcix Habopax 3HAuYCHb
nmapameTpiB Mojeli Oyia oTpuMaHa qo0pa 301KHICTh
YHCENFHUX PO3PaxyHKIB 3 MaKCHUMAJIBHUM YHCIOM
irepaniit k=74 npu n=30 (tounicts obumciens 107).

4. Pe3y1bTaTH YHCEJBHUX PO3PaXyHKIB

YucenbHi pO3paxyHKH 3aJIEKHOCTEH d (p) ra
@ 3 (9) mpoBoAMINMCS TIPH HACTYITHHX HaOopax
napamerpis mozeni [1,2,5-8]: w=2xf, f=1-10
I'm, dy=3-7 mm, hy,=03-1mm, E, = 10° -10’
Ila, ﬂ,‘?" =107 -10""¢", ﬂ,ﬁ" =0.1-1 mM*c/kr,
E,=107-10"TIa", ¢=0.01-0.1 (TTa-c)",
k=3/(4Eh,),a= 107 -107"¢™.

JOCITI/DKEHb BIUIMBY KOYKHOTO 3 TapaMeTpiB MOJeni
HaBeneni B Tabnumi 1. [Tapamerpu a i ¢ OKa3ylOTh

PesynbraTu

HE3HAYHWH BIUIMB HA aMILTITYAy 1 (a3y KoJIuBaHb.
. 1
VYnpaBiiHHS, SIKE YyTIUBE O KOJIHBAaHb THUCKY ﬂ,g’

BIUIMB Ha IapaMerpi KOJIMBaHb
BCIX JOCHIDKEHHX JiaMeTpiB

OKa3ye CHJIbHUMN
CTIHOK  apTepiii
d,=3-7 MM 1 npu gedknx Habopax 3Ha4YCHb

1 . . o
(lg , A, ) criocTepiraeThest 3MiHa (pasu 3 MO3UTHBHO

HA HETaTHBHY, TOOTO KOJHMBAHHS JiaMeTpy, sKi
paHillle BUHHUKAIM BCIiJ 32 KOJIWUBAaHHAIMH THUCKY,
MOYMHAIOTh BHIIEPEKATA OCTaHHI, 1 MaKCUMyM
IJIOIIMHHU MIEPEPi3y CYAUHU JOCATAETHCSA PAHIIIE HIXK
JOCATHE MAaKCUMyMY apTepiaabHuil Tuck. Lle sBurie
no6pe Bigome B (izionorii [1,2], ane ioro mpuInHA
3ajUIIaNUCs  HEBiIOMHMH. Sk BUXOAUTH 3
MPUBEICHUX JaHUX, B OCHOBI SBWINA MOXE OyTH
0i0aKTHBHA PETyJIILisl CTIHKH CYJWHU SIK BIIT'YK Ha
MIBHJIKI 3MIHM THCKY. AHAJIOTIYHI YITKO BHpaKeHi
3aJIOKHOCTI  amIuliTyin Ha  (a3d  KOJNHMBaHb

. . 0,1
cIocTepiraloThes Bix perymsnii no A, . Jins nesknx
0 .
3HaueHb A, a3a crae HeraTMBHOIO I BCiX
Jliara3oHiB IHIIUX MapaMeTpiB Mojeli. AHaloriyHa
. . . 1
IOBE/IIHKA CIIOCTEPIraeThes i UL mapamerpy A, .
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Tabnuyss 1. Bnause napamempie Mmooeni Ha
be3posmipHy — amnaimydy ma  gazy  KoIueauwv
oiamempy cyouHu (ciabe 3pOCMAaHHS/3MEHUICHHS -

/4, abo cunone - TH /4L )

did, |?

a \’ )

5 1 1
20 |1 W
Al X X
2 U X
! W W

Eo 7 J

B sxocri mpukmamy Ha pwuc.la,0 300paxeHi
. . .5 1 . 1 .

6e3po3mipHi 3anexHocti d(A,) i @(A,;) (BizHOCHO
0 CEpPeIHIX 3HAYCHb BIAMOBIIHUX BEIUYUH Y
3a3HaYCHUX BHWIIE IHTEpBajax 3MiHH) MPH PI3HUX
1
Ay
301IbIIeHHS Yacy 0i0aKTHBHOI peakilii Ha MoB’s3aHi
31 3pOCTaHHSAM JiaMeTpy CyIUHH BHACTINOK Il
MACHBHOTO PO3TSATAaHHS BHYTPINIHIM THCKOM, BeJe

0 BIAHOCHOTO CHaay aMIUITyad Maibke Ha
nopsmok, a y 3cysi daz — 3 10° go -30°, mpuuomy

3HAQ4YECHHSX  IapaMerpy Takum  4uHOM,

. 1
TPAKTHYHO MPH BCiX 3HAUeHHsX A, Ta ).

AHaJoriyHa BUpayKeHa 3aJICKHICTD, aJie 3 IHIIUM
HampsIMKOM 3MiH 3HaKy 3CyBy (a3 HaBeneHa Ha

Puc.2 a,6 s d (l:,) i go(ﬂ,;,) npu pisHuX Habopax
A, .
0i0aKTHBHICTh CYIMHH BHUKJIWKaHA SK TMACHBHUM
pO3TSTaHHSM CTiHKH, TaK i MEXaHIYHOTO BIUIMBY
KPOBOTOKY Ha CHJIOTENIM, BHKJIMKA€ 3HAYHI 3MIiHU
aMILTITYIM KONMBaHb Ta iX BiicTaBaHHs 32 (a30r0
BiJl KOJMBaHb THUCKY, SIKI TEHEpYE cepie I dJac
cKopoueHb. [Ipu pi3HHX Hmapamerpax MOJIENII MOXKHA

BusiBuTH (Puc.3) nuHaMiuHy TIOBEMIHKY CTiHKH
MOHOTOHHOTO, S- 1 N-THmB, B 3aJEKHOCTI BIiJI

0e3pOo3MIpHUX  3HAYCHb TakuM  4MHOM,

IIaCHBHUX IapamerpiB £,/ , ane HaiOiIbII icTOTHI
3MIHM BUKJIMKaHI Ol0aKTHBHOIO PEryJIAIIE, TOOTO
napamerpaMu l‘?, ;,lﬁ,l}i. Ha Puc.4. naseneni
3aJIOKHOCTI  0€3pO3MIpHOr0 THUCKY Ta JiaMerpa

CYAMHU TIpH JESIKMX 3HAa4YeHHSAX MapameTpiB. B
OUIBIIOCTI BHIAJKIB MPH MEBHUX HAOOpax 3HAYCHb

0 1 0 1
sty 1@ A, A, xonusanus d(f) nodmHaOTH

BizcraBati 3a (aszor0 Big KomuBaHb p(f), IO
OB’ SI3aHO 3 HEIOCTATHBOK 010aKTHBHICTIO CYIUHHU.
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Puc.1. 3anexuocti d (A)) (@i @(4}) (6); xpusi 1-6

BIiIOBIAAIOTE 3HAYEHHSIM l‘? =0.001;0.005;0.01;
0.05;0.1;0.5.

Puc.2. 3anexuocti d (l;,) (@)i go(l;?) (6); xpuBi 1-6

BIiNOBIAAIOTE 3HAYEHHAM lg =0.001;0.005;0.01;
0.05;0.1;0.5.
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P
og”dﬂ d

Puc.3. Kpusi TuCK-TiaMeTp MOHOTOHHOTO (a), S- (0) i N-
(v) TUMIB IS PI3HUX [TApaMETPiB MOJIEN] Ta BiAMOBIHI
(dbopMu miepepizy CyJauHU.

BT A d
3
| J/ \
Ly 4
F \
L 1
/ y
L i
b S
K dj t

Puc.4. Besposmipni sanexnocti p(t) ta d(t) npu
MTO3UTUBHOMY (a) Ta HeraTUBHOMY (0) 3cyBi (a3u
FOJIOBHOI TAPMOHIKH.

AHarnoriuHe sIBUIIE CIIOCTEPIracThecs B 370pOBiit
aopTi Ta KPYIMHUX CyIuHaxX JtoauHu [1,2], ane mis

cynuH 3 d, =3—"7 MM Lie TOKa3aHO BIEPIIIE.

5. BucHoOBKH

3anpornoHoBaHa B po0OOTI MOJENb IMACHBHOI Ta
AKTUBHOI peryJisuii JiaMerpa CyAWHU B 3aJIKHOCTI
BiJ BEIMYMHM Ta IOXIJHUX 3a YacoM BIJ
apTepiallbHOTO THUCKY, a TaKOX KOHIICHTpaIlii
Ba30aKTHBHUX PEUOBWH JIETKO MOXKe OyTH 3BeeHa
70  HemiHiHHOrO  IU(epeHIiaIbHOro  PiBHSIHHS
JIPYroro MOpPSIKY, K€ Ma€ aHaJiTHYHI PO3BSI3KU Y
BHUIIQ/IKy HAassBHOCTI MaJIMX TapaMeTpiB Ta MOCTIHHIX
koedimieHTiB. JIisl 3arajgbHOrO BUNIAJIKY OTPUMAaHHN

YUCEIbHUN PO3B’SI30K METOI0M CKIHYCHHMX
CIIEMEHTIB.
[lokazano, mo came KoedimieHTa aKTHBHOL

peakiii CTIHKM CyJWHH Ha 3MIHM THUCKY Ta HOTO
OCLUWJIALIINA 3a 4YacoM BHUK/IMKAIOTH 3HAYHI 3MIiHU
aMILTITYIM KOJNWBaHb JiaMeTpy, a 3HauuTh, 1
00’€MHOI BUTpaTH KpOBI, a TAKOXX 3MIHIOIOTH 3HAK
dazosoro 3cyBy Mk p(f) Ta d(f). Takum drHOM,
MOKa3HUKH  (Pa30BOro CHEKTPY MOXKYTh OyTH
KOPUCHHUMH ISl MEAWYHOI JIarHOCTUKH, BKa3yIOUH
Ha HaOJMOKEHHS HEOE3NMEeYHHMX 3MIH 3HaKy (pa30BOro
3CYBy Ha TOJIOBHIM 4YacTOTi, sKa BIANOBIAA€E
CKOPOYEHHSM CepIIsl.
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CkiHYeHHO-eJIeMeHTHUI MOHITOPMHTI HA- Finite element monitoring of strained-
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YV 0aniii pobomi eusuacmovcsa npobrema suzHaAUEHHs NAUBY POUAPYBAHHSL KOHCMPYKYIT HEOOHOPIOHO20
00POIAICHBLO20 NOKPUMMS HA PO3ROOLL Y HbOMY HOI8 HANPYXICeHb | depopmayii nio 0icio mpaHcnopmHux
Haganmaoicenv. JJoCHiONCeHHT HANPYHCEHO-0ehOPMOBAHO20 CMAHY CUCHEMU HPOBOOUMbCS HA OCHOBL
PI6HSIHb Meopil NPYIHCHOCME MEeMOOOM CKIHYEHHUX eleMenmis. Bukonanuil xomn'tomephuil ananiz cucmemu
NOKA3YE, WO 8 KOHCMPYKYil 6e3 po3uapysanis HaliHebe3neutiuii 0isk 00POACHLO20 NOKPUINMSA HANPYHCEHHS
PO3MA2Y JIOKANI3YIOMbCA Y HUNCHIX 30HAX OPY2020 WaApy, 8 MOl 4ac K MAKCUMANbHI 3HAYEHHS HANPYHCEHb
3Cy8y Maiomv Micye y nepuiomy wapi 8 OKOAi NpuKiadauus eepmukaivHux cun. Ilpu poswapysanni
KOHCMPYKYIT HANPYIHCEHHs PO3MA2Y 3MIWYIOMbCS 00 HUJICHIX B0J0KOH nepulo2o wapy i Habysaioms dydice
BEUKUX 3HAYEHD, WO € HAUDLIbUW HeDe3neyHUM 071 ACPHarbMoOeMOHHUX Mamepiais.

Kurouosi cnosa: none nanpycens i depopmayii, CKiHUEHHO-eIEMEHMHA MOOeb, KOMN TOMEPHULL AHALL3,
00POIAHCHE NOKPUMMS, PO3UADYBAHHS.

This paper studies the problem on analysis of stress-strain states of a layered road massif with
delaminated zones under action of transport loads. The study of the stress-strain state of the system is
carried out on the basis of equations of the theory of elasticity. The finite element model of the elastic massif
equilibrium is constructed, the computer analysis of the system is performed. It is demonstrated that in the
initial structure the most dangerous tensile stresses are localized in the lower zones of the second layer,
while the maximal values of the shear stresses take place in the first layer in the vicinity of the external load
application. The structure delamination leads to enlargement of tensile stresses which are the most
dangerous for the asphalt material.

Key Words: field of stresses and deformations, finite element model, computer analysis, road covering,
delamination.

CrarTio nipeactaBuB 1. ¢.-M. H., mpod. XKyk A.0.

1. Beryn JO3BONIUTH  OI[IHUTH  WMOBIPHICTE  YTBOPEHHS
po3lIapyBaHHs, CIPHATH I1X MPOTHO3YBaHHIO Ta
3HMKEHHIO PiBHSI HETATUBHOTO BILUIMBY Ha MIIHICT i
JIOBIrOBIYHICTH CUCTEMHU.

3a3HaueHi e(peKTH JaBHO MPHUBEPTAIH YyBary
BUCHHUX 1 (paxiBIUiB-IOPOKHUKIB, TOMY SIBUIIE
YTBOPEHHS  TPIIIMH CTall0 IMPEAMETOM  iXHIX
0araTopiuHUX AOCIIDKEHb. Tak, MOYMHAIOUYU IIE 3
50-60-x pOKIB MHHYJIOIO CTOJIITTS, TPUBAIOTh SIK
TEOPETUYHI, TaK 1 eKCIIepUMEHTaJbHI pPOOOTH,
CHIpSIMOBaHI Ha BUBYEHHS MpoOJIeM po3lIapyBaHHS

PosmapyBanns achanbTOOETOHHOTO TMOKPUTTS
ABTOMOOUTPHMX  JIOPIT, BHUKIMKAHE  HU3BKUMH
TEeMIIepaTypamH i A€o0 TPAHCIIOPTHUX HaBaHTa)KEHb,
€ OJIHIEI0 3 OCHOBHUX MPHYMH iX MepeayacHoro
pydHYBaHHSA. Y Tpoleci eKCIulyatamii JOporH
HasBHICTh pPO3IIApYBaHHS MPH3BOAUTH JI0 HECcydol
3IATHOCTI MOHOJIITHUX IIapiB, a TaKoK 1 [0
MPOHUKHEHHS Kpi3b HEl BOJIOTM y KOHCTPYKIIIIO
JNOPOXXKHBOT'O ~ OAATY 1  TPYHTOBE  MOJOTHO.
MogenroBaHHS HanpyKeHO-I1e(pOPMOBAHOTO CTaHy

© JI. B. llleBuyk, O. B. Baminina, I. B. Jlebenepa, C.A. bapan 2018
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ac(anbTOOCTOHHOIO  MOKPHUTTS ~ aBTOMOOLTBHUX 2. ITocTaHOBKA Ta METOIMKA PO3B’A3yBaHHS
nopir. Tum He MeHIe, came (i3U4HE SBUIIE, TPH 3axaui
BHHUKHEHHI SKOTO Ma€ Miclle po3IIapyBaHHS IIpoananizyemo BILIMB po3IIapyBaHHA
JIOPOKHBOTO ac(haTbTOOETOHHOTO TIOKPUTTS, Joci He KOHCTPYKIII OIsry Ha XapaKkTep Iepepo3mnoilly B
BUBYEHO IOBHicTIO. SIK 3a3HayeHo B poGori [1], HIH TMOmB HanpykeHb. Jlociiaumo — Xxapakrep
PO3MOMLTY 30H PO3TATYIOUHMX 1 3CYBHHX HAmpy>KEHb
YTBOPEHHS TpiH_[I/IH, € HI/ISBKOTeMHepaTypHI/Iﬁ BILIUB 110 KoJiecaMu BeH?IKOBaHTa)KHOFO aBTOMO6IJ'{$[
Ta  nebopmariiini  ebextH, cnpHuMHeHi micro (puc.1) 3 meroro aHaizy BILTUBY HAKJIA/ICHHS OB
. Halpy>KeHb y  3aJISKHOCTI BI  MDKOCHOBHX

CTaTHYHHX i JMHAMIYHAX TPaHCIIOPTHHX
HaBaHTa)XeHb. UMCTO MeXaHIYHI MOMIAIN HA HPOLIEC
BHHUKHEHHS TPIIMH HE Jajdd IEePEKOHIMBOIO
MOSICHEHHsT ~ 0araTbOM  MPAaKTHYHO  BaKIUBUM
0COOJIMBOCTSIM TIOBEIIHKA KOHCTPYKIIi1 JIOPOKHBOTO
OJITY Tia 4ac eKcrutyartanii. Bigmosimi Ha neski 3
LIUX MMMTaHb [0JIaHi B podorax [1, 2].

CyTTEBO CKIIQJIHUM € TaKOX IHTAaHHS aHAIi3y
YTBOpEHHSI po3MIapyBaHHS Ha ac(aabTOOCTOHHOMY
MTOKPHUTTI MiJ] €0 TPAHCIOPTHUX HAaBaHTaXKeHb. LI
CKJIAJIHICTh 3YMOBJICHa THM, IO achanbToOeTOHH
MPOSBJISIOTH BJIACTHBOCTI B’ A3KOIPYKHHUX
MarepianiB, TOMy aHami3 iX AeGopMyBaHHS Mae
3MIACHIOBATUCS 3 YpaxXyBaHHSM JOCHTb CKJIaJIHUX
PCOJIOTIYHUX MPOIECIB pelakcallii Ta MOB3y4oCTi, a

HABaHTaXEHHS  Bil  TPAHCINOPTHUX  3aco0iB
BHUKJIUKAIOTh y OaraTomapoBomMy MacHBi
KOHCTPYKIIiI JIOPOTM TPUBUMIPHHH HAIpPy>KEHO-

nepopMoBaHWE CcTaH 3 CYTTEBUMH TpaJi€HTaMU
CTHUCKAIOYHX, PO3TATYIOUMX Ta 3CYBHHX Halpy>KCHb.
HeoOximHo TakoX BpaxyBaTH, 10 ac(aibTOOECTOH
MO-pi3HOMY YMHHTH OMIp IIMM BUIAaM HampyXeHb i
0co0muBO ix KomoOimamii. Tak, AKIIO HOro MiIlHICTh
MIPH CTHCHEHHI MOPIBHIHO BEIUKA, TO TIPH PO3TSTOBI
Ta 3CyBI BOHA € 3HAYHO MEHIIOI 1 JO TOTO 3K
CYTTEBO 3allKUTHh BiJ TemmepaTypu. He MeHIn
aKTyaJJbLHUM € BHBYCHHS THTAaHHS  MII[HOCTI
acambTOOCTOHHMX WIAPIB MiJ JI€I0 JOTUYHHX
HaNpyXeHb, OCKUIBKH B peaJbHHX YMOBaxX BOHHU
JOCUTh CTa0KO YHWHATH OIip 3CcyBy. [Ipu mpomy
3IATHOCTI YMHHUTH IIEH OMIp CHPHUSIIOTH JOAATKOBI
00'eMHI1 CTHCKArOUi HANPYKEHHS B PO3TIISIHYTIH 30Hi.

3 oAy Ha 1 0OCTAaBMHH, MOXKHA CIIPOOYBaTH
BCTAHOBUTH JIesKI HAMOUIBII 3arajibHi OCOOIMBOCTI 1
TEHJICHIIII HAaCTaHHS TPAHWYHUX  HANpPYKEHO-
negopMoBaHHUX CTaHIB KOHCTPYKIH JTOPOKHBOTO
OJISITy, SIK IIApyBaTUX MACHBIB JOPOTH, METOIAMH
TPUBHMIPHOI TeOpii MPYKHOCTI, BU3HAYAIOUH 30HH 3

HAHOUTBIIMMH ~ PO3TATYIOUMMH  Ta  3CYBHHMH
HATPYXXEHHSIMH 1 aHaJi3yloud YMOBH, 3a SKHX
MalwTh MiClle TXHI HaHOUIBII  HECTIPUATIIMBI
KOMOiHAaIii.
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BiZICTaHEH «a» 1 « by 1 BimcTaHel MK KOJIECAMH «C»
1 «d».

00O

(@X@) @)

J

e,

Puc.1. T'eoMerpuuHa cxema pO3TallyBaHHs KOJIC
TPHUBICHOT'O aBTOMOOLJIS

A —

Bynemo BBa)KaTH, 110 BIZIOBIIHO o
3arapHONpUiTHATOT MeToauku [1] 1 pe3ynbraTis
HATYPHHUX CIIOCTEPEXKEHb AUITHKA KOHTAKTy KoJieca 3
MOBEPXHEIO JOPOXKHBOTO MOKPHUTTS €
MPSIMOKYTHHKOM, INUPHUHA SKOTO BU3HAYAETHCS
KOHCTPYKIII€I0 Kojeca i He 3MIHIOEThCS 31 3MiHO0
HABaHTa)XEHHS Ha KOJECO, a BHCOTAa 3aJICKHTh BiJ
I[LOT'O HABAHTAKEHHS.

JocnipkeHHsT HallpyKeHO-/1e)OPMOBaHOTO CTaHy
CHCTEMH MPOBOJHUTHCS HAa OCHOBI PIBHSHBb TEOPii
MPY)XKHOCTI ~ METOAOM  CKIHYCHHUX  EIIEMCHTIB.
O6’eMHUME cHJlaMH OyZeMO HEXTYBaTH. Y LbOMY
BUIQ/IKy PIBHSIHHS PIBHOBArM €IEMEHTA OMHCYEThCS
piBHSHHAMHU [3, 4]

9o, , il $ P 0, % + %, + e _ 0,
ox ody oz ox ody oz
(D
0
o Loy 9o, =0.
ox ody oz
Tyr o,, o0,, o, — BIANOBIAHI HOPMaIbHI

HANpyXXeHHs, 7, 7, T, — JOTUYHI HAIPyKEHHS.

xy 2
BoHU 00UHUCITIOIOTHCSI 32 JOIOMOT'OI0 PiBHOCTEH
0, =AA+2Ge,, t,=1,=Gy, =Gy, 2)

ne A 1 G — crami Jlame, siKi BUpa)karOThCsS uepes
Monyab npyxHocTi £ i xoediuient Ilyaccona v
dbopmynamu
p=—ME o E
A+ w)(1-2p) 2(1+ )
V piBHOCTAX (2) BUKOPHCTAHO CHMBOJIH
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ou, Ou, ou, ¥
A=—>+—+ R . o —_—
ox oy oz -
, 4 - oy |
ou g ()ui ()uj ‘i
Vi=— Tt ST -
0i ()j 0i 20z
ne i’j:x’yaz- -mw:.
. . .. cee el
ITicnsa CKIHYCHHO-CIIEMCHTHO1 JUCKpETHU3anu jrr—
cuctema (1) — (4) 3BOAMTBCA JO CKIHYCHHO- e
€IEMEHTHOI ~ CHCTeMHM JIHIHHUX  anredpaidyHuX .
. T
piBHSHE [3, 4] .
(K, J{u}={q} . ®) o
Tyr [K,] — MaTpHIs JKOPCTKOCTI Ul CKiHYCHHO -
eneMeHTHOi  Mozeni  (puc.3) BCbOrO NPYXKHOTO - o

MacHuBY, {u} — BEKTOp BY3JIOBUX MepeMillieHb, {g} —
BEKTOp HaBaHTa)KCHHSI.

Puc.3. CkiHUeHHO-EJIEMEHTHA MOJIEIb TIepepizy
JIOPOYKHBOT'O MAaCHBY

VYV pesynbrati il po3B’sA3aHHS MiAPaXOBYHOTHCS
3HAUYCHHS TepeMilleHb, aedopMalliii 1 HanpyKeHb y
BIAMOBIMHUX BYy3/lIaX 1 eJIeMEHTaX CKIHYEHHO-
eIEMEHTHOI pernritku. Ha moyaTky po3risgaerbes
BHITQJI0K, KOJIM MK MEPIIAM 1 IPYrUM IIapaMHU Mae
Miclle TIOBHE 3YCIUICHHS Ha BCI TUIOMMHI iX
KoHTakTy. Ha puc.4 mpencraBieHo noie HalpyXeHb
o, , OpIEHTALlis SIKMX IOKa3aHa Ha KyOMKYy B JTiBOMY

BEpXHbOMY KyTi. OOYHCIIEHHSA CBiAYaTh, IO
HalOLIBIII HANPY)KEHHS ¢, MaloTh MICIIE€ y BEPXHIX
BOJIOKHAX MEPIIOro MIapy i BOHU € CTUCKAIOYMMH
(Bim’eMHMMH). 30HHM IIUX HANpPyKEHb BHUIUICHI

NPSAMOKYTHHM KOHTYPOM. v HBOMY
O, max =—3649 Klla. IIpy 1bOMy B HMXKHIX BOJIOKHAX
JApyroro  Imapy  JOCATaloThCs  MaKCHMajbHi

PO3TATYIOYI HANpPY)XKEHHs, SKi, OJHAK, 32 MOIYJIEM
CYTTEBO MEHII 3a CTHUCKAaKO4i 1 JOPIBHIOIOTH
o) =813 klla.

X, max

PosiiapyBaHHs KOHCTPYKIII MDK MEpIIUM 1
JPYTUM IapaMy MPUBOAUTH JI0 3HAYHOI 11epeOyI0BU
HOJIB HaNpyXeHb o . Byno mpuiiHATO, 1O 30HA
po3lIapyBaHHs Ma€ MUPUHY 2,9 M 1 3HAXOAUTHCS i
IUITHKaMK KOHTaKTy KOJIIC 3 JOPOTOlO.
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Puc.4. Ilone nanpyxenp ¢y nepepisi JOpOKHbOI0
MTOKPUTTS

Ha opwuc.5 mmpuHa AUISHKA — pO3IIapyBaHHS
BIJIIIOBIJIa€ IIMPHHI MPEACTaBICHOro Gparmenty. Y
HOMY BHUIAJKy HaNpPYKEHHS CTUCKY Yy BEpPXHIX
BOJIOKHAX TIEPIIOr0 MIapy JeImo 3MEHIIMINCT 1
nopisHO0TE o, =-238 klla. OnHak npu nbomMy

CYTTEBO  3pOCIM  HANpYKEHHS  pO3TArYy,  sKi
MEePEMICTHIIMCS BiJl HUXKHIX BOJIOKOH JIPYTOro Iiapy
IO HUXKHIX BOJIOKOH IEPIIOTro Mapy 1 CTajau PIBHUMHU
o =2125 xlla. Ha puc. 5 1mi 30HM BuUaiieHI

X, max
BIMIOBITHUMH NPSIMOKYTHUKaMH. BigzHayumo, I10
IPYTUH BUMAAOK € OUIbII HEOE3MEUYHUM, OCKUIbKH
TYT 3pOCIHM HANpPYXEHHS PO3TATY, SKi MOB’si3aHi 3
MEHIIIO MIIHICTIO ac(haabTOOCTOHY.

-ZIZEUT,

Puc.5. Ilone Hanpy>xeHb o, y Iepepi3i JOPOKHEOrO
MIOKPUTTS 3 PO3LIapyBaHHIM
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Puc.6. Po3moain 10THIHHUX HANIPYKEHb T,

7 TIOKa3aHO MOJd JOTUYHHX
Kl BIANOBINAIOTH ONHUCAHUM

Ha puc. 6 1

HanpyKeHb 7,

BHIaKaM. Mo)kHa 0aunTH, IO B IJIOIIMHI KOHTAKTY
mepuioro 1 APyroro ImapiB  KOHCTPYKIT 3
po3lIapyBaHHsM Il HanpyKeHHs piBHI Hy/t0. [IpoTe
B IHIIKX 30HAX Il HaNpy>XeHHs 3pociau. Hanpukan,
y MEepUIoMYy BHUMNAAKY T =511 xlla (puc.6), y

mpyromy — 7, . =625 klla (puc.7).

Xy, max
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Puc.7. Posnoain fOTHYHUX HATIPYKEHDb T,y

MTOKPUTTI 3 pO3IIapyBaHHIM

3. BucHoBkn

Pesynbratn  po3paxyHKiB  CBig4aTh, 110
po3iapyBaHHs JOPOKHBOTO MOKPUTTS MIXK MEPIITUM
1 JpyruM IIapamMd HPU3BOIUTH JIO IOMITHOTO
30UTBIICHHS SIK JOTHMYHHX, TaK 1 HOPMAaJbHUX
pPO3TATYIOUMX  HANPYyXeHb, 10 €  HaWOULIbII
HeOe3neuyHuM s achaabTOOCTOHHUX MaTepialiB.
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Bioomo, wo ¢ynxyia winenocmi po3nodiny akyiii Ha HeOOMedCeHUx 38epXy iHmepseanax yiH ma 4acy
3A00801bHAE OOHOPIOHe OuepeHyianvre pIGHAHHA NAPAOONIYHOZ0 MUNY 3 BI0OMUMU NOYAMKOBUMU MA
Kpatiogumu ymogamu. B pobomi poszensdaemvcs 3a0aya no6yoosu QyHxyii wineHocmi po3nooiny akyii Ha
CKIHYEHHOMY NPOMINCKY YiH ma CKiHYeHHOM) inmepeani uacy. IIpu ybomy noyamxosi ma Kpariosi ymosu
HegiooMi, ane 3a0aya OONOBHIEMbCA OUCKDEMHUMU CNOCMEPEHCeHHAMU 34 WINbHICMIO Y 3A0aHUX
CKIHYeHHUX npomixckax yin ma uacy. Kinokicms yux cnocmepesicenv CKiHueHHa.

LinoHicmov po3noodiny axyiti 6y0yemubes y 6uensioi cymu 080x QyHKyil 6 inmeepanvhitl popmi. Obudsa
dodanku yiei cymu € inmezpanamu 6i0 000ymKy iHmezpaibHo20 A0pa Ha Hegioomy QyHKYII0, AKA 8UHAYEHA
3a Medcamu OaHo20 YiHOB020 MA YACOB020 NPOMINCKY i MoOentoe chocmepedicents. [l nepuio2o 000aHKy
iHmMezpyeants NPOGOOUMbCA 6 MEeNCAX YIHOB020 NPOMIJICKY MA 30 MEeNCAMU Haco6020 NMpoMidcKy. /s
0py2020 000AHKY IHMEZPYBAHHA NPOGOOUMBCA 30 MENCAMU YIHOB020 NPOMIICKY MA 8 MEeNCAX Haco8020
npomidcky. InmezpanvHum A0pom € QYHOAMEHMANbHULL PO38 A30K OUPEPEeHYIANbHO20 DIBHAHHI MOOei.
Hegioomy @yuxyito ompumaemo 6 ananimuyHomy 6ucisdi K po38 30K abo ncesoopo3s 30K cucmemu
iHmMe2panvHUX PieHAHb, CKIAOEHOL HA OCHOBI CROCMEPENCEHb 3d WIIbHICTNIO.

Takooic po32nsoaemvest GURAOOK, KOMU CHOCMEPENCEHHSI MOOeN0Iombes 8eKmopom. Tooi winbHicmy
PO3noodiny axkyi Oyoyemvca y 6uensadi cymu 000ymKie (QYHOAMEHMANbHO2O pPO38 3Ky HA KOMNOHEHMU
Hegi0oM020 8ekmopa. B ybomy eunaoxy, na oCHO8I cnocmepediceHb 3a WIiNbHICMIO, OMPUMAEMO CUCTEMY
aneeOpaiuHux pigHAHb, A MOOEIYUL 8eKMop 0yoe il po38 ’a3Kom abo ncegiopo38 a3KoM.

B 060x sunaokax gyukyis winbHocmi po3nodiny axyiti 6y0e mo4Ho 3a00801bHAMU PIBHAHH MOOei, d
Oouckpemui cnocmepedicents 6y0yms UKOHYEAMUCH 32i0H0 3 CepeOHbOK8AOPAMUUHUM KPUMEPIEM.

Knrouosi cnosa: modeniogans, OUCKpemui CnocmepediceH s, WilbHiCmb po3noodiny akyill.

It is known, that the density distribution function of shares in the unlimited top range of prices and
unlimited top interval of time satisfies the parabolic type homogeneous differential equation with the known
initial and boundary conditions. In this paper we consider the problem of constructing shares density
distribution function on a finite price interval and a finite time interval. In this case, the initial and boundary
conditions are unknown, but the task is supplemented by discrete density observations in known finite
intervals of prices and time. The number of these observations is finite.

The density distribution of shares is based on the sum of two functions in the integral form. Both
components of this sum are integrals from the product of an integral kernel to an unknown function. This
unknown function is defined outside of the given price and the time interval and simulates the observation.
For the first component integration is made within the price interval and outside of the time interval. For the
second component integration is made outside of the price interval and within the time interval. The integral
kernel is the fundamental solution of the differential equation of the model. An unknown function is obtained
in an analytic form as a solution or pseudosolution of the integral equations system, which is based on
density observations.

© C.[. Bonomyk, B.A. CrosH, 2018
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Also, the case when the observation are modeled by a vector is considered. In this case the shares
density distribution is constructed as a products sum of fundamental solution to the components of the
unknown vector. Then, on the basis of density observations, we obtain the system of algebraic equations, and
the modeling vector will be its solution or pseudosolution.

In both cases, the shares density distribution function will satisfy the equation of the model. The discrete
observations will be performed in accordance with the mean-square criterion.

Key words: modeling, discrete observation, density distribution of shares.

CrarTio npencrasuB 11.¢.-m.H. Xycainos /1. 1.

Beryn MIPOMIXKOK, UIJIBHICTB po3noaity aKLin
. ) ) CITOCTEPIraloThCsl B 3aJJaHUX TOYKAX IHX IMPOMDKKIB.
IlinoBa MOMITHKA Cy4aCHOTO PHHKY LIHHHX g~ PO3TIIHEMO HACTYTIHY sapauy
161anep113, 30KpeMa akmii, Oyaydd CHCTEMOIO 3 CTIOCTEPEIKCHHS:
araTbMa BHIIAJKOBOCTSIMH Ta HEBH3HAYCHOCTSIMHU
o ) ’ L(2,,0,)y(x,t)=0, xe[X,, X,], te[T,T,], (5)
TpaguLiiiHO BHUBUYANAcs Ta JOCHTI[DKyBajacs 3a
JIOTIOMOT'OF0 IMOBIPHICHHX 1 CTOXaCTUYHHMX METOJIB. y(x.,t.)=Y,, (6)
[lobymoBaHi 3 11X BUKOPHUCTaHHIM MaTeMAaTHYHI T
. . ) X €[X, X,]1, t, €[T,,T,], k=1LK.
mozerni [1], yepe3 HenoBHOTY iHpopmarii mpo ix
. , :
IUHAMIKy, BaXXKO pO3B’S3YIOTbCA 3a JOIMOMOTOIO Posp’sskom 3amaui (5)-(6) OGymemo BBaxatu

BiIOMHX MaTeMaTWuHMX Ta oOumciroBambhux QyHKUiO Y(X,1), sika 3amoBonbHsie piBHsHHS (5) i
aIrOpUTMIB I METOAMK. B cuiy 1mporo, Hwk4Ye, IIs st AKOT YMOBH CIIOCTEPEKEHHSI (6) BUKOHYIOTBCS B
JOCHIDKEHH MaTeMaTUYHOI MOJENI PMHKY akUil, cepeaHbOKBAJPATUYHOMY CEHCI, 3TiHO KPHTEPIKO

BUKOPHUCTOBYETHCSI 3aIIPONOHOBAHUNA Ta PO3BUHEHUN K )

B [2] mceBnoiHBepcHMIT MiAXia 10 MaTEMaTHIHOTO D= Z(y(xk t)-Y) - n(])!rt‘) (7
MOJIENIIOBAHHS HEMOBHO BHM3HAYEHHMX PO3MOALIEHUX k=1 e
JAMHAMIYHUX cucTeM. IIpoJoBKyIUH NOCIIKEHHS, 2. Imest po3B’si3aHHs 3a1a4i

npoBefeni B [3], Ha ocHOBI audepeHIiaTLHOTO
pIBHSHHS Mapa0oNiyHOTO THUIY 3 JIUCKPETHHUMU
CTIIOCTEPESIKECHHAMH 32 IIUILHICTIO PO3MOJUTY aKIIii,
moOymoBaHa Ta JOCHiDKeHa (YHKIIS MUTBHOCTI
pPO3MOIUTY aKIiii Ha CKIHYEHHUX MPOMDKKaX IH 1
qacy.

s posp’s3anns 3anadi (5)-(7) BUKOpUCTAEMO
(GyHIaMEHTaTbHUN PO3B 30K  IH(EepeHIiaTbHOTO
piBHsHHS  (5), MeTOAWKAa OTPUMAaHHA  SIKOTO
BUKJIa/IcHa B [2]

1 HE L aPtex)H(t)

G(x=xt-t)=—- dpdq, (8)
1. MocTanoBka 3a1aui (24)* 5,°  L(p,q)
PosrisineMo  3ajady nporHosyBanHs 1inosoi xe L(p,Q)=p-— ax2q2 -pXq-y .
H(?HiTI/IKI/I'Ha PHHKY gKniI‘z’I. BiI[(?MO, 0 JMHAMiKa Tomi, 3rigHO 3 ommcaHmM y [2] MeTomOM,
MITBHOCTI posnonaury aKH]lﬁ 3a/10BOJIBHAE  po3B’s130k 3a1a4i (5)-(7) 3Ha#IeMO y BUIIISAII CYMH
mudepeHIiaTbHOMY PiBHSIHHIO [ 1 Y1) = Yo (1) + Yo (%, 1), xe[X,, X,],.t [T, T,]. )
L(d,,0,)y(x,t) =0, xe[0,0), te[0,:0) (1) e S

3 [I0YaTKOBO-KPailOBUMU YMOBaMHU YO(X,t) = IdX'IG(X =X, t—tHu(x,t)dt", (10)
y(X’t)| t=0 = P(X), Xe [0,0), (2) X, 0
T2

y(x,t)| w0 =0, te[0,), ) yr(xt) = Idx'IG(x— X, t—tHu(x',t)dt’, (11)
Ae xT T

L(8,,0,) =8, —ax?8} — o, — 7, 4) nme u(X,t), (X,t')eZ, wueBizoma dyHKis,
a, f, y — ckaispHi Koe(ilieHTH, SKi BU3HAYAIOTHCS BH3HAYEHA B 00JACTI
[1] uepe3 HOpMY TIOBEpHEHHS Ta BOJATHIIBHICTH Z = ([ X, X,Ix[0,T,) U (XF [T, T,]).
akuiit, @(X) HIUTBHICT  PO3MOMAINY aKIi y X 0 0< X< X)U(X, <x< X, + X))},
TOOTO 32 MEXaMH 3aJJaHUX IIPOMDKKIB I[iH Ta 4acy.
®ynxkuio U(X',t") mobyayemo Taxoro, mo6 ms

noyatkoBuit MomeHT dacy 1 =0.
JHocniaumo aunamiky ¢yskmii Y(X,t) 3a Takux

ymon: X&[X;,X,] — cximsennui inrepsan uin y(X,t) Bukonysascs kpurepiii (7). BpaxoByrouu

akuifi, e[, T,] - cxinvennnii  uacosuit (10), (11) ocranHiii mpeaCTAaBUMO Y BUIJISI I
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XZ 1
J'dx’jG

Xy

—xt, — (X, t)dt +

S
HMx

. (12)
+ j olx'jc;(xk —X,t, —t)u(x,t)dt' =Y, )2 = min .
u(x',t")
Xt T
3. InTerpanbHa Moaeab MLILHOCTI
s posp’szamaa  3amadi (5), (6), (12)

migcraBumo QyHkiro (9) 3 Bpaxysanssm (10), (11) B
ymoBH (6). B pe3yabTati 11 BUSHAYCHHS HEBiIOMOL
¢ynxuii U(X',t), orpumaemo HacTymHy cucTemy
IHTETpaJIbHUX PiBHSIHD
XZ Tl
fdx'JG(xk -xt, -
0

Xy

tYu(x',t")dt’ +

. (13)
+ [ax' [G(x, =Xt ~t)u(x t)dt' =Y, k=LK,
x0T
s cuctemu (13) BeeMo IO3HAYCHHS:
Y =col(Y,, k=1K),
A(X,t") = col (G(x, — Xt —1"), k =1 K).

[Tpu npoMy nmst BU3HAaYeHHS HeBimoMoi (yHKIIii
u(x’,t) OTPUMAEMO  HACTYNHY  CHCTEMY
IHTeTpabHUX PiBHIHD
H AKX (X, t)dXdt =Y, (14)
z
e IHTEeTpyBaHHA NPOBOAUTHCA TIO 00 €qHAHIN
o6nacti Z BU3HAYCHHS IMiIHTErPATbHUX (QYHKILIH.
BpaxoByroun 3pobneni nozHadeHHs, kputepiid (12)

MOIaMO Y BUTJIS I
2

— min . (15)

- j j A(X', t)u(x’,t")dx'dt’ Y min
z

Po3p’si3kamu  (TICEBIOPO3B’SI3KAMHU)  CUCTEMH
(14), srigao kpurepito (15), 6yayts QpyHkii [2]
u(x’,t") = AT(X,t)P*(Y -G,) +v(x',t"),
ne P — marpuns, ncepnoo6epHeHa 10 MaTpuIli

P = [[AG AT (X, t)dxdt,
Z

(16)

= fA(x’,t’)v(x’,t')dx'dt',
z

v(x,t"), (X', t ez —  JoBiNbHA

inTerposHa 3a Pimarom B oGnacti Z .
OTpumaHuii pe3ynbTaT CBIIYUTH TPO TeE, IO
IpU BIIOMHX CIIOCTEPEXEHHSX (6) 3a MOBEAIHKOIO
aKIid, AMHAMiKa IIUTBHOCTI OCTaHHIX B iHTEpBaJI
uin [X;, X,] Ta Ha wacoBomy mpomixky [T,T,]

dyHKII,

ONMHCYBAaTHUMEThCS 3HalaeHoto 3rigHo (9), (10), (11)
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dynkuiero  Y(X,1), sxy srizao (9) orpumaemo 3
BpaxyBaHHsIM (16). YMoBH cnoctepexeHHs (6) mpu
IpOMY OyIyTh BUKOHYBaTHCh 3riTHO KpuTepito (12).
CepenHbOKBaipaTHyHa HEB’s3ka  po3B’sizky  (9)

BH3HAYA€THCA BCIIMYNHOIO
2

‘912 - urg'li'r;l’) J.J. A(X’,t,)U(X’,t’)dX'dt'_Y
iz

=Y'Y -YTPP"Y.
®ynxkuia U(X',t"), a omxe 1 QyHKuis minsHOCTI
(9) 6ynyTh €mUHUMH PO3B’I3KaMH, KOJIH [2]

I|m (det(AT(x,, t)A(X],t}))) >0.

4. Anredpaiuna Moae/b IILHOCTI

PosriissHemo BapianT po3s’sizanus 3amadi (5)-(7)
32 yMOBH, KOJM JWHAMiKa II[IJIBHOCTI  aKIIii
MOJETIOEThCA ~ HE  AHANITHYHO  BH3HAYEHOIO
ynkmiero  U(X,t),(X,t)eZ, a BekTopom ii
3HAYEHb

u =col(u, =u(x,,t,), m=1LM)

B Harepen 3axannx toukax (X, t)eZ, m=1LM,
e M=M,+M_ m=1LM,
Bubupatotecst B odmacti [X;, X,]x[0,T,], a Touxn
(x.,t), m=M,+LM —Bo6macri X" x[T,,T,].

YV usomy Bumagxy byskmii Y, (X,t), y.(Xt) 3

(10), (11) Oyayrp mpenctaBieHi Yy BHIUISAL
BIJIMOBIIHUX CyM, a HEBiOMYy (DYHKI[iFO MIIIBHOCTI
y(X,1) srigno (9) 6ymemo nrykaty y BUTIsI

M
y(x,t) =D G(x—x,,t—t;)u,
m=1

[MincTaBumo ¢dynkito (17) B cuctemy ymos (6),

. Touku (X,t/),

(17)

ta kputepiit (7). Toxi xommnonentn U, M=1M

HEBiZloMoro BekTopa U OTPHUMAaEMO SIK PO3B’SI30K
(TIceBIOPO3B’A30K) HACTYIHOT CHCTEMH
anreOpaiyHUX PiBHIHD

M _
> G(X =Xt —tiu, =Y, k=1K. (18)
m-1

IMpu weomy s U, M=1M nosunen

BUKOHYBAaTHCh KPUTEPiH
K M
! !
O = Z(ZG(Xk - Xm'tk _tm)um
k=1 m=1
Sk i y monepeHLOMY BHIAJIKY, JJIsi CUCTEMHU
(18) BBememMO MO3HAYCHHS:

Y =col(Y,, k =1 K),

-Y,)? = min . (19)
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B = col (str(G(x, — X,,t —t'), m=1M), k =1 K).

Tomi 3amava (18), (19) s3Bemerscst 1O
PO3B’s13aHHS CUCTEMH anredpaiuHuX piBHSIHb
Bu=Y (20)
3TiAHO KPUTEPIiIO
@ =BT -Y| — min . (21)
u

Pesynpratom po3s’szanns 3amadi (20), (21)
OymyTh BekTOpH [2]

=B*Y +(I,, —B"B)v, (22)
ne BT — matpuns, ncepnoobepHena g0 marpui B,
|, — ommnmuna marpung posmipaocti M, vV —

JIOBLILHUIA YMCIIOBHI BEeKTOp po3mipHocTi M .

3HalIcHU TaKMM YMHOM YHUCIIOBUH BekTop U
micTaBUMO B criBBigHOmEHHA (17) 1 BU3HAYMMO
dynkuiro Y(X,t), sxoro srigao kpurepito (19) npu
BIIOMUX  JUCKPETHHUX  CIOCTEPEXKEHHIX  3a
LIJTBHICTIO  PO3MOAUTY aKmii Ha CKIHUCHHOMY
IiHOBOMY Ta CKiHYCHHOMY YacOBOMY TPOMiKKax
OyZe MOMENIOBAaTHCHh MIUIBHICTh PO3MOIUTY aKIIii.
CepennbokBasipaTiyHa HeEB’si3ka po3B’sizky  (17)
BHU3HAYAETHCS BETUYUHOIO [2]

g2 =min[BU-Y| =YY -Y"BB"Y.

[luranHs icHyBaHHS €AWHOTO BekTopa U, a
omke 1 exuHol (QyHKIIT minsHOCTI posmominy (17),
BHU3HAYaTUMETHCST YMOBOIO [2]

det(B"B) > 0.

Kpim Toro, 6epyun no yBarm TOH (pakT, mI0

¢yakmis  (8) € QyHAaMEHTANBHUM PO3B’S3KOM
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nudepeHItiaTbHOTO  OTepaTopa,  MOPOHKEHOTO
piBHsHHAM (5), MOXXeMO CTBepAXyBaTH [2], IO
¢ynkuii (9) Ta (17) TOYHO 3aJOBOJILHSIIOTH

nudepenItiaabHe piBHIHHS (5).
BucHoBku

Ha ocHoBi mudepeHIianbHOI MOJENi MITBHOCTI
po3moaiy akmid, po3B’s3aHAa 3amada MoOyIOBU
(YHKIIIT OIUTBHOCTI akIii 3 BiIOMUMH TUCKPETHUMU
CIIOCTEPSIKEHHSAMH Ha CKIHYCHHUX MPOMDKKAX I[iH
Ta vacy. [lokazaHo, mo (YHKIIIO IIITFHOCTI aKIfii
MOJKHa OTpUMATH B IHTETpabHOMY BHUTISAAI abo y
BUTJISIAI CyMH. Y TEpIIOMY BHUNAAKy (QYHKIS
HITBHOCTI  OyayeThes K iHTErpan Bif A0OYTKY
(yHIAaMEHTaTBbHOTO PO3B 3Ky Iu(epeHIiaIbHOro
PIBHSHHS Ha JIesIKy HEBiIOMY (QYHKIIIO, a B IPYTOMY
— K cyMa J00YTKiB (pyHIaMEHTAJILHOTO PO3B’SI3KY
Ha HEBimOMHM BekTop. i BiANIyKaHHS HEBigOMOi
¢yHKIT a00 BekTOpa BHUMAraerhcs, 100 (QyHKIIsSA
IIUIBHOCTI PO3MOJUTY aKIlifi 3aJOBOJIbHSIIA 33JaHUM
CriocTepeKeHHsIM. Toxi B MEpIIOMY  BHIAJIKY
OTPUMAEMO CHUCTEMY IHTETPANbHUX, & B JPYrOMy —

anreOpaiyaux  piBHSHP B 000X  BHmagkax
noOymoBaHa (byHKITiS IITBHOCTI aKIin
Y3TOKYETBCS 3 3aJJaHUMHA ~ JIUCKPETHUMH
CIIOCTEPSKEHHAMH B  CEpPEIHBbOKBAJPATHIHOMY

ceHcl. 3Haii/ieHl cepelHbOKBAAPATHUYHI HEB SI3KU Ta
YMOBH, TIpW BHUKOHAaHHI SKWX (YHKIliS IIITHHOCTI
OyJe €TuHOI0.
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3anpononosano dexomnosuyito excnowenm Jlanynosa, 6 pezyibmami SKoi, 00HA 3 0eKOMNOUYITIHUX
epanuyb Modxce Oymu GUKOPUCMAHA OJi GUABTEHHSI 3MIHIOBAHHS GEKMOPHO20 NOASA 3d YACOBUM DIOOM.
Tlpusedeno Oosedenns nem 3 GNOPSOKYBAHHA OEKOMNOZUYIUHUX epanuyb i aiHiuHocmi. IIpedcmagneno
aneopumm 00UUCIEHHSL OeKOMNOZUYIIHUX SPAHUYD 34 YACOBUM PSIOOM.

Knouosi cnosa: excnonenmu Jlanynoea, 6ekmopHe nojie, 0eKOMnO3uyis, MHO208UO.

The unpredictable behavior of nonlinear dynamical systems has become a very interesting subject in the
research of the fluid and geomagnetic systems. The exponential divergence or convergence of nearby
trajectories is the most main indicator of detecting variation of the vector field in general. However, it
requires an analysis of all Lyapunov exponents. We have applied Lyapunov exponents decomposition to
consider one indicator of the vector field variation. The algorithm of computation of this indicator is
presented. An autonomous dynamical system of ordinary differential equations is considered. The lemmas of
ordered indicators and linearity are proved. To calculate the dimension of the phase space, the Grassberger-
Procaccia algorithm is proposed. Takens's theorem about embedding is used. It is supposed that a manifold
is locally homeomorphic to a certain domain of Euclidean space. Therefore, we used the Euclidean norm,
despite the fact that the Riemannian metric arises. These results are useful for the reconstruction of
dynamical systems from a time series. These results are useful for the reconstruction of dynamical systems
from a time series.

Key Words: Lyapunov exponents, vector field, decomposition, manifold.

Crartio npezacTaBuB 1.T.H. ['apamenko @I

Beryn pealbHUM  eKCIIEPUMEHTAIbHUM  jJaHuM  [5-7].
HaiiMeHmri 3MiHH BEKTOPHOTO TIOJS, WIO 3aJ1a€
nudepeHiianbal PIBHSHHSA, MOXYTh BIUIMHYTH Ha
3MiHy BiacTuBocTed 1iei cucremu [8-9]. Ilpum
MOIIMPEHHI TAKUX PE3YNIbTATIB HA PEAbHUN TPOIIeC
MOKJIMBI HeOa)kaHI HEraTUBHI SBHINA, OCOOJHMBO B
3ajjauyax IMPOTHO3YBaHHSA, ympaBiiHHA 1 T.1. Tomy
BUSIBJICHHS MOCTIHHOCTI a00 3MIHHOCTI BEKTOPHOTO
MOJIST AOCIIKYBAaHOI CHCTEMH 332 YaCOBUM PSIOM €
aKTyalbHOIO 3ajauero 1 mnoTpedye IMOJANBIIOro

Ilpu  pmocmiypkeHHi  pI3HUX — HENIHIHHUX
JMHAMIYHAX ~CHCTEeM, 30Kpema piguHHHX [1],
reoMarHiTHuX [2], OnHi€r0 3 aKTyalbHHX 3a1a4 €
MPOBEJICHHS aHaJi3y X BJIACTUBOCTEH 3a HASBHUM
EKCIIEPUMEHTAIbHUM ~ 49acoBUM  psfoM.  Llpomy
NUTaHHIO TPUCBAYYETbCS  Oarato  poOiT, sKi
CHpsIMOBaHI Ha OOYHMCICHHS CIEKTpPa EKCIIOHEHT
Jlanyrosa [1-4]. OmHak MH 4YacTO HE 3HAEMO YU
JifiCHO TOCTiliHE BEKTOpHE II0JIE€ JOCHiKYBaHOI

.. posrusany.
CUCTEMH, IO € BAXKIUBUM IIPU PEKOHCTPYKII
JMHAMIYHUX CUCTEM, SIKi OIMHCYIOTHCS 3BHYAHUMU ITocranoBka 3axayi
Audepenuianbrumu pisHsHiamMu (31P). Taxox ne Hexait M - xoMmakTHUM TJQIKUA MHOTOBH[

IIUTaHHA BHUHHKAE npu ,E[OCJ'IiI[)KeHHi

. . g R po3MipHOCTI 7 . /[IMHAMIYHOI CHCTEMOIO Ha I[bOMY
PEKOHCTPYHOBAaHOI CHCTEMH Ha  BiJAIMOBIJIHICTH

MHOroBuai M € audeomopdpism ¢@:M —> M nans

© C.M. Isanos, B.O. Suenko, 2018
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TUCKPETHOTO 4acy f € N, abo BeKTOpHE mojie [ Ha

M 3 menepepsuuM yacoM ¢t € R [10]. Muorosun
M  noxkanmpHO TOMeoMOpHHMH meskiii obmacTi
eBKJTiZI0BOrO mpocTopy R,
MeTpudHOro pocropy [11].

Hdns mapu (f,y), Ae f BeKTopHE IIoJe

rmagkocti C° i y=M — R - rmagka QyHKIisS Ha
. 2m+1
M, Fpy M—>R

(Theorem 2, F. Takens) [10]. PosrisHemo nesiky
aBTOHOMHY JauHaMiuny cuctemy 3JIP, ska €
PEKOHCTPYKIIi€t, a t € R :

x=f(x), 1)

ne f - BU3HAYCHA B 00JACTI Gc R, d>2, i

daf

BUXOJAYHU 3 O3HAYCHHA

icHye  BimoOpa)keHHs

- HeniepepBHi B G, a X € BEKTOPOM. A TaKOX

MNPUIYCTUMO, 110 CUCTEMA MAa€ HYJIbOBUH PO3B’SI30K
x(t)=0. Haknmageni O0OMEXKEHHS TapaHTYHOTh
icHyBaHHsS 1 €IMHICTH pO3B'sI3Ky x(f), sK 3amadi
Komi, mpu Oynp-sKuX modaTKOBUX ymoBax. Hexai
/€ nomiHoMiansHa BekTOp-(hyHKIisA raagkocti C2 .

Cucremy (1) M™MokHa pO3KJIacTU B  psif
MaxkJsiopeHa B IeIKOMY OKOJIi II0YaTKy KOOPAUHAT Ta
3aIucaTy:

x=Jx+V(x), 2

ne J=df/dx|_, - watpuus fxo6i nma f,

CKJIQJIOBI V/(X) - ONUCYIOTH 4WIEHH BIiI IPYyroro i

OUTBII  BUCOKOTO TOPSIAKY Mayocti. EBomorris

JOTUYHOTO BEKTOpa 7 B MPOCTOPI JOTHYHUX HA
x(2)

F=Jr. 3)

CepeHili €KCIOHEHIIAIbHUN TEMI JTUBEPTeHIIIT

(KOHBepreHIlii) JOTHYHOTO BEKTOpPa 7 BU3HAYAETHCS

eKCrioHeHTamMu  JIsSrmyHOBa,  BHU3HAYEHHUMH 34
HACTYITHOO (hOpMYIIOLO:
1, @)
A(x,,7(0)) = Ilm 4)
i "ol
e ||r(t)|| ||r(0)|| MO3HAYa0Th HOPMY PimMaHOBOI

MeTpukd. OHAK, BUXOJSYM 3 BHIIECKA3aHOTO, MU
MOXeMO BHKOpHcTaTH EBkiigoBy HOpmy. Tomy
PO3TIISIHEMO HACTYITHI TpaekTopii B d - BUMIPHOMY
($a3oBOMy MPOCTOPi, MOYABIIM 3 JBOX CYCIAHIX
MOYaTKOBUX YMOB X, Ta X, =X, +0%,, JKi
CBOJIIOLIIOHYIOTh Y 4aci 3a HACTYIHUMH BEKTOpaMH
x(#) ta x(¢t)=x()+x(¢t) 3 EBKIiIOBOIO HOPMOIO
2 2 2172
)] =[x 1) = (662 + 862 + ..+ Ge2)2.
Bigmitumo, mo € d - BuMipHuii 6azuc {e;} ans
r(0), Tomi A, (xg) =A(xq,¢;), i=1d.
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Jns BUSABIEHHS JIOKAJIBHOI IOCTIMHOCTI a0o

3MIHHOCTI ~ BEKTOPDHOTO  TOJs  JOCHIDKyBaHoi
CUCTEMH MOXXHa  BHKOPHUCTOBYBAaTH  JIOKaJbHI
eKkcrioHeHTn JIAamyHOBa, OOYHMCIIEHI 3a YacOBHUM

pPSIOM, 3a METOJOM, SIKMU MpeacTaBicHuii B [1],
OJIHaK TOJl HEOOXiIHO aHami3yBaTH KOXHHH 3 A,

i=1d.
AJle, SKIO PO3TIITHYTH AUCKPETHUH PO3IIOMLT

_ @l
Z ol

=1d, 1 MPEICTAaBUTH

I @) = p Z”r[(t)", TOMI TPOIOHYETHCS 3POOHTH
i1

JeKOMIIO3uIIif0  excroneHt JlsmynoBa [12], ne

3’SIBUTHCSI KOMILIEKCHHI MOKA3HHMK JUIS JIOKAILHOTO

JOCITiDKEHHS BEKTOPHOT'O TTOJIS.

CtaBuThCs 3agada ONUCY TAKOTO KPHUTEPIitO
BUSIBJICHHS JIOKQJIbHOI TOCTiHHOCTI a00 3MIHHOCTI
BEKTOPHOT'O MOJIs, SIK OJHOTO 3 JEKOMITO3MIIIHHUX
IPaHHUIlb, @ TAKOXK BIOPSAKYBAHHS [[HX TPAHUIb.

I[eKOMl'[OI}I/Il[iH CEKCIIOHEHT .]IHHYHOBa
d
D k()
In "1— i

Z 1 (0)
i-1

=1d,

Jlema 1. Cyma rpanunns: /, =lim -

t—o f

1= lim iln P i=Td, robro 4 =1y +1,, i
= pl
€ CIIEKTPOM €KCIIOHEHT JIsamyHoBa.
llosedenns.
3a O3HAYECHHSM, XapaKTEPHCTHYHI EKCIIOHEHTH
JIsmynosa [7], mpencraBisiotbess Gopmynoo (4) i
MPEJCTABIISIIOTh COOOI0 TPAHUIII.

Omxke, 3a O3HA4YeHHsAM rpanuili Vo >0,
AN =N(5), Vt>N: ”()" —Al<é
||r(0)||
Tomy
V§>O, aN. =Nl(éj,
2 2
d
(¢
| l;n() 5
Vt>N1.—Ind——ZD <—
>.1(0)
i=1
Vé>0, EIszNz[é ,
2 2
t —_—
Vt>N,: 1'Inp—f)—li <é, i=1d . Takum 4yuHOM,
7 2
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t
T T
Di

d
. PNAG

S =L
In -3

Z%(O)

1 in(t)

;Inijl——lD+
>.1(0)
i=1
t
+}Inp—g—i <(é+éj=5.
t p 2 2

3a N(6) obepemo max{N ;Nz}, i OTPUMAEMO:
A=l +1,i=1d.

3ayBaxeHHS 1.

EBkninoBoi Hopmu, Re A, =1, +/,, i=1d.

IIpu  BHKOpHCTaHHI
BenmnmunHa /;, € KOMIUICKCHUM MOKa3HUKOM ISt

JIOKAJIbHOTO JOCHIKEHHS 3MiHU BEKTOPHOTO TIOJIA.
2. Bennunna [/, € HalibuIbIIO cepen

JCKOMIO3HUILIMHUX TpaHHWIb ¥ ICHYe HaCTyIHe

BIOPSIAKYBaHHA: [, >0 21, >..21/,.

Jlosedenns.
d

D)

) . - A
Ockimpku  lim =In ’d‘l— > lim =In 5

1—>o f 1> (0
- z r (0) - 7}( )
i=1
sk JorapumiuyHa (QYHKI[SI MOHOTOHHO 3POCTaE),

i=1d, Iy>4, i=1d, A-1,<0,
=>A4-1,=0[<0. Tak sx 4, >4, >..24,, icHye
BIOPSIAKYBaHHA [, >/ 21, > .21, .

Do)

Jlema 3. ko /,, = lim =In ij—

i=1l

(Tax

TO

d
PRAG

=In£—
2.1(0)
i=1

3 IOCTIHHUMU MTapaMeTPaMH.
Jlosedenns.
3a 03HaYE€HHSIM JIIHIHHOI CUCTEMH 3 IIOCTIMHUMU

, Vt > N,, To cuctema € JIiHiHHOIO

napamerpamu: Marpuus Sko6i Jac' — const . Ilpu
HACTYITHIH JIEKOMITO3ULT I'pama-IlImigra:
Jad =Q'R', ne R' - BepXHBO-TPMKYTHA MATPMIIS
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= R'(i,i) — const, a TOMY
ZR’(i,i) = Zr[(t) —const, i=1d .
1 1 ., ;
NI NAC!
Tomy: lim P In =2 =In £ . Takum
t—0
250 > r(0)
i1 i1

YMHOM, IS JIHIMHOI CHCTEMH 3 IOCTIHHUMH
d
PNRAG
i-1
d

>.r(0)
i=1

napamMeTpamu, BHpa3 € TIOCTIHHUM ISt

KO>KHOTO MOMEHTY ¢ .

O0unciaeHHs 1eKOMIO3ULiHMX TPAHUIb 32
4acoBHM PSIIOM

AJNTOpUTM OIHIOBaHHS Matrpuii $Iko0i 3a
YacOBUM psJIOM OYyB TMpeACTaBICHHN B 0Oararbox
poborax, 30kpema B [1]. B [4] OyB mpezacraBicHuit
TaKoXX  ajJropuT™M peopToHopMamizaiii ['pama-
HIminra, 3a SKUM pO3KIATA€ThCs MATpHI Ha
opToroHanmbHy () 1  BEpXHBO-TPUKYTHY R
Jac=QR.

Toni HaiibMpmIa EKOMMO3WINIHHA TPAHUISA
MoOke OyTH obumncieHa 3a popmyroro (5):

1 N d
—>'In > R"(i,i), (5)
NtiZ 3
Jle T - KUIBKICTh TOYOK, OOpaHUX ISl OI[iHFOBAaHHS
Matpuii fAko0i 3a 1 irepamito, a N - BIIIOBIIHO
KUIBKICTB ITUX ITEpalliii.

OpHak m0puM  JOCHIPKEHHI 4YacoBOTO sy,
HEBiJOMa  PO3MIpHICTh  (Da30BOTO  MPOCTOPY
JOCHIDKyBaHOT cucteMu d . Aje 3a JOIOMOTOIO
anroputMy  I'pacOeprepa-IIpokauui  orpumaemo
OIIHKY PO3MIpHOCTI d , TIONEPEeNHHO BU3HAYMBIIH
YacoBy 3aTpUMKy ¢, (HampHKIaJ], BHUKOPHCTABIIU

Ip

aBTOKOpesiiiny (yHkiito). Tomi BiIMOBIAHO [0
teopemu 1 Takenca [10] MoxxHa PEKOHCTPYIOBATH 3a
YaCOBUM pazoM oJltH1€eT 3MIHHOT HEesIKOo1
cucreMu: y; =[x(i7),....x(it +(d = 1)t ;)] i
obuncauT (5).

BucHoBkn
VY crarTi pO3MISIHYTO TOKa3HUK BUSBIICHHS
nocTiftHOCTI  ab0 3MIHHOCTI BEKTOPHOTO  ITOJIS

JOCITI/DKYBAHOT JIMHAMIYHOI CHUCTEMH 3a YacOBUM
psagom. IlpencraBiieHa IEKOMIIO3MINS EKCIIOHEHT
JlsmyHoBa, a TaKOX BITOPSIKYBaHHS
JIEKOMIO3HIIIHHUX TPaHUILb.
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B cmammi posenamymo 0ea cnocobu opeauizayii po3pisHeHHs O0OuUHUYUb nam’aAmi: aopecayio ma
imenysanns. Busnaueno ma oocniddceno enacmugocmi npocmopie 0OuHuyb nam’smi 3 adpecayicilo ma
iMenygannsam. Busnaueno onepayii mad oounuunumu eiremenmamu maxux npocmopis. Obpano cnocio
PO3PI3HEeHHs 3MIHHUX OJIsL 6IPMYATbHO20 NPOYeECy.

Karouosi cnosa. eipmyanvruii npoyec,3MinHa.

In this paper two ways of organizing the distinction of memory units: addressing and naming, are
considered. The properties of spaces of memory units with addressing and naming are determined and
investigated. The operations on single elements of such a space are determined. For units of address space
there are: reading, writing, creating, destroying, determining unit size, receiving an address, and
determining the size of the address. For namespace names, there are: read, write, create, delete, delete
values, checking existence, checking the existence of a value, obtaining a size, and obtaining a name. For the
space of memory units with addressing, the coefficient of intensity of memory usage is determined and a
tendency to change of its value is indicated. The method for calculating this coefficient for multiprocessor
systems and multichannel memory systems is indicated. For namespace names, the nonlinearity of such a
space, the absence of a neighborhood relation, and the ability to save the program execution in that space
are indicated. A way to distinguish variables for a virtual process is chosen.

Key Words: virtual process, variable.

CratTio ipeacTaBuB 1.¢.-M.H., ipod. AHiciMoB A.B.

1. Beryn Ta mocTaHoBKa 3aaayi 3HaueHHS, 10 TNPU3BOAUTH JI0  JOCTaTHBO

B po6ori [1] Bu3HaueHo omeparii, [0 MOIIMPEHOTO OTOTOKHEHHS 3HAYCHb, KOHCTAHT,
3aCTOCOBYIOTBCSL JIO TIPOIIECIB, IO CKIQJal0Th 3MIHHUX, Ta OJMHMIL TaM’sATI B SKAX BOHHU
Bipryaneuuii mporec [2]. Ili omepamii MOXHO 30epiraroTbCsi 4Yd peatisyloThes. B momasbiiomy
MOMITUTH Ha JBl TOJOBHI TPyNH: KEPyBaHHA TEKCTI TaKe OTOTOKHEHHS MOXE BIKHBATHUCS, SIKIIO
mpolecaMy Ta OOMIHY 3HAYCHHSMH MIX MpOIeCaMHU. 1€ HE 3aBaKaTUME 3MICTOBHOMY BHUKJIQJICHHIO
[Ipu 3acrocyBaHHI omepariii KepyBaHHS Tmpolec MaTepiany. YacTwHa 31 3HAYEHHSMH B CBOIO 4epry
cupuiiMaeThes K enuHe Iite. llpm 3acTocyBaHHI  pO3MOMUIAETHCS HA TTI00ANBHI, CTATUYHI, TWHAMIYHI,
omepariii 3 O0OMiHy 3Hau€HHSIMH CYKYyIHICTh Ta  aBTOMAaTW4YHI  3HauYeHHs. JluHamiuHi Ta
3Ha4YeHb, 110 OOPOOJIAIOTHCS IMMiJi YaC BUKOHAHHS ABTOMATHUYHI 3MIHHI YU KOHCTAHTH PEali3yIOThCsS
mporpaMu € abo BHYTPINIHbOI YaCTHHOIO TPOIIECY, BiJMOBITHO KYIOK Ta CTEKOM. PO3BUTOK amapaTHHX
a0o BIUIMBAE Ha CTaH BHYTPIIIHIX YaCTUH TpOLECy, 3aco0iB OOYHCIIOBAJBHUX TPUCTPOIB TPHU3BIB [0
0 HPU3BOJUTH J0 TOIO, IO MOTPIOHO CHpuiMaTH peaiizalii CTeKy KOMaHJaMd Ipolecopa, 1o
MPOLIEC K CTPYKTYpoBaHy pid. TpaauiliiiHa cydacHa CYTTEBO CIPOCTUJIO  BXKHBAaHHS  aBTOMATHYHUX
cXema Takoi CTPYKTYpH BHIUISIE B MIPOLIEC YACTUHY 3 3MiHHHMX Ta HapaMmeTpiB QyHKUOiH. ng nuHamivHMX
KOJIOM, YacTHHY 31 3HAYCHHSMH, MO 30epiratoThcsi 3MIHHMX  JIOCI  BHKOPUCTOBYIOTHCSI — HPOTpaMHi
KOHCTaHTaM{ YM 3MiHHMMH, Ta BUIbHHUMH OJMHUIA- peamisamii. Bkazana cTpykTypa 3 OgHOro OOKY
MU ram’siTi. TpaauiiifHO 3MiHHI Ta KOHCTAaHTH MOB OOYMOBJIEHA, a 3 IHIIOTO CIIPHsJIA 130JIA11ii OKPEeMOTo
MPOrpaMyBaHHs PEali3ylOThCs OJMHHUIIMU IaM’SITi IPOIECY B CEPEAOBUINI HOro BUKOHAHHS. BTiM Taka
aJPECOBAHOT0 MPOCTOPY MPOIECY A€ 30epiratoThbes 130JIisA  YCKIQJHIOE — pealli3ailii0  BIpTyaJlbHHUX
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mpomeciB. 3 BHIE CKa3aHOTO BWIUIMBAE TakKa
MOCTAaHOBKa 3a/1adi: 3amponoHYyBaTH, AOCHIIJUTH, Ta
MOPIBHATH CIOCOOM peamizamii pi3HUX Mojenel
oprasizarii mamM’sTi IS BipTyalbHHX MPOIIECIB.

2. BaactuBocTi mpocTopy 3 agpecaicio

JlinifiHe aapecyBaHHS OJMHMIIL TaM’STi TPaju-
IIHHO BUKOPHCTOBYETHCS B KOMIT IOTepax i (pakTmd-
HO € BU3HAYAIHHOIO PHUCOI0 KOMIT FOTEPHOI apXiTek-
TypHd BCiX TIOKOJIIHb OOYHMCIIOBAJIBHOI TEXHIKH.
OOMIH 3HAYEHHSAMH MK IPOIECOPOM Ta IaM’SITIO
BiOyBaeThCs 200 MO ONMHIN ONWHUIN TaM’sTi, abo
(hiKCOBaHOK KUIBKICTIO TaKUX OAUHUIL. [l cydac-
HUX apXieKTyp 37eOiNbLIOro peaizyeThCsi OpYyTuii
BapianT abo gexinmpka apyrux BapianTiB. IlepeBara-
MU Takoi oprasizaiii mam’sTi € IpocToTa peaiizaii,
BEJIMKA IIBHJIKOMISI TPH BUKOHAHHI  OINeparlii
3YMTYBAaHHS Ta 3aIHCY, OJHAKOBA IIBHIKOMIS I
BCIX oauHMIb mam’ari. Hemoiikamu €, Tak 3BaHeE,
BY3bKE THPJIO, LIO IMOJISATaE B OJIOKYBaHHI OJHIEO
OTIeparli€lo 34UTYyBaHHS UM 3aMHUCY JAOCTYITYy JIO BCiX
OJIMHUIIH TTaM’5ITi, OOMEXEHICTh PO3Mipy ajpecu, Ta
CTaTUYHICTh CTPYKTYPH CKJIaJaHUX 3MiHHHMX. 3MiHHI
31 3MIHIOBaBHOKO CTPYKTYpPOIO peali3yloThCs IPoO-
TpaMHUM CIIOCOOOM 31 3MEHIIEHHSM IIBHIKOIl
BUKOPHCTAaHHS. 3a YMOBH OJJHOTO IIpOIecOpa Iiep-
muid HeAONiK He OyB KpuThyHHM. KommpomicHuM
pIIIEHHAM BUPIMIEHHS TPOOJIEMH BY3bKOTO THpJA €
KeII-TIaM’ ITh MK TIPOIIECOPOM Ta TIaM’SITBIO.

Hexait M - KiIbKICTH omepaliifi, mo MOxe
BUKOHATH IPHUCTPIH MaMmsTi 32 OAMHUIIO Yacy, P —
KIIBKICT omepariii 3 OJMHHUIIMHU TIaM STi, IO
BUKOHYE OJIMH TIPOIECOp 3a OJUHHINI0 4acy.
KoeiieHT iHTEHCHMBHOCTI BHUKOPHCTAHHS IaM’sTi
MUIC  Bu3HawaeTbCsi HACTYNMHOI  (HOPMYIIOIO
MUIC=M/P. Tlpu 3nauenusx MUIC 6inbine a6o
pPIBHOMY OAMHUII TaM’siTh BCTHUTA€ BHKOHATH
3alMTH Tpoliecopa 0e3 3aTpuMKH. [Hakme mporecop
Ma€e BTpaTH Ha OdiKyBaHHS mam’sti. [lms Oararo-
MPOLIECOPHOI cucTeMu (opmyna HaOyBae BUTIISAL
MUIC= /(n*P) — ne n — xinbKicTh mporiecopis. st
CUCTEM 3 OaraTOKaHAILHOK apXiTEKTYpOIO TaM’sTi
dbopmyna Habysae Burisay MUIC=(k*M)/(n*P) — ne
K — KiJIbKIiCTh KaHAJiB am’siTi.

Teopema: Haiibinbmia e(eKTHBHICTE BHKOPHC-
TaHHS 0araToKaHaJbHOI TaM’ATi JOCATAETHCS TPHU
piBHOYACTKOBOMY 30€peKeHHI 3HA4eHHsS 3MIHHOI B
YCiX YaCTMHUX HaM’SITi.

JloBeeHHsT TeopeMH BiIOYBA€ThCSl MOPIBHSIHHAM
BCIX MOJIMBUX BapiaHTIB.

Hacainok: Po3mip MiHIMalIbHOIO 3HAYECHHS IS
0o0MiHy MK TporecopM Ta mam’stio € K, posmip
3MIHHOT TOBUHEH OyTH KpaTHUM K.

OOMiIH 3HAaYCHHSIMH MDK KelI-aM sITTI0 Ta
nam’ATTI0O  MOXJIMBO  OpraHiyBaTh  OJOYHUM
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MeromnoM. Yac BHKOHAHHS omepamii Ham OJIOKOM
JIOPIBHIOE Yacy omneparlii HaJl OJUHUIICIO IaM’sITi B
nornepeHix Bunaakax. [Ipu Bukopucranui 6J104HOTO
METOy B3aeMmojlii 3 maMm sThio (opmymna HaOyBae
urisigy MUIC=(bs*k*M)/(n*P) — ne bs — po3mip
0JioKy. 3a paxyHOK BUKOPUCTAHHS OJIOKIB MOXKITUBO
30uIbimuTd 3HadeHHs MUIC, mo momiisHO mpu
3pOCTaHHI KITBKOCTI TIPOIECOPIB B OOYHCITIOBAITH-
HOMY TpuCTpoi. [y Kem-mam’Ati, M0 € mam’sSThIO
BUKJIFOYHO OJTHOTO IIPOILIECOpa UM Spa, 3aINIIAETh-
¢ 0OMiH (hiKCOBAHOIO KUTBKICTIO OMWHHUIIH TIaM’sITi.
Hasanp, B mporpamax 3MiHHI MalOTh iHIIUI po3Mip,
HDK po3Mmip ONOKy B3aeMonii 3 mam’siTbio. Tomy
ocraHHsA (opMyna Ja€ JHIIEe HAHKpamry OIHKY
MUIC. B maiiripmomMy BHUIMaAKy CIpaBeIMBOIO Oy-
ne norepeans ¢popmyina. [IporpamicT Moke MITYYHO
nokpanuTe pe3yiabratn ouinku MUIC Bukopwuc-
TOBYIOUM 0araTokpaTHi OOYHCIIEHHS 3 OOMEXEHOIO
KUTBKOCTIO 3HAa4YeHb. BTiM BenuKa KUTBKICTH alro-
pUTMIB 3 00poOKHM Bemukux 00’€MiB 3HaYeHb He
MOXKYTb 3aCTOCOBYBATH II€ IITYYHE MOKPAIICHHS.

Omnepauii, mo MOXyTb OyTH BHKOHaHI HaJ
3MIHHHMH, € OTepalii 3YMTyBaHHS, 3alHCy, CTBO-
pEHHsI, 3HUIIICHHS, BU3HAYCHHS aJpecu, BU3HAYCHHS
po3mipy 3MiHHOI Ta 1 azapecu. Peamizamis mux
omepaiiiii  3IIMCHIOETBCA dYepe3 omepaiiii  Haj
ONVHUIIMHU Tam’atTi. Tak omepariii 34uTyBaHHS 4YH
3aMucy  peaiz3yloThCs  HAO0OPOM  BIAMOBITHHUX
omepaliii HaJ OJVHMISAMU TaM’sTi, IO HEOOXiIHI
s 30epexkeHHsT ofgHoro 3HaueHHA. CTBOpEHHs
3MIHHOI ~ peami3yeThCs  BHUIUICHHAM  BUIBHHX
HEOOXIJHUX OIMHUII IaM’gTl Ta IMO3HAYEHHS X SK
3aUHATUX. SHUILIECHHSA 3MIHHOI MOXJIMBE TUIBKHU IS
CTBOPEHMX 3MIiHHHX Ta PEali3ye€ThCs BUBLILHEHHIM
ONMHUIL TaMm’ATi. Bu3HadeHHS po3Mipy 3MiHHOL
pealli3yeThcsl K BH3HAUEHHS KIJIBKOCTI OJUHUIb
mam’siTi, Mo TOTPiOHI ans 30epeKeHHS 3HAYeHHS
3MIHHOI Ta 1oAaTkoBoi iHpopMarii. s 3MiHHUX 3
MOCTIHHUM PO3MIPOM peali3yeThCsi SIK KOHCTAHTHA
orepallisi 3 BUKOPUCTAHHSAM aApecHO apu(METHKH.
st 3MiHHUX 31 3MiHHAM PO3MipOM pPeai3yeThCsl K
JI0J]aTKOBa YacTWHA 3MIHHOI, Mo 30epirae il po3Mip.
BusHaueHHs p3aMipy alpecd 3MiHHOI € KOHCTaHTHA
omepariisi st (hikcoBaHOi apXiTEKTypH Ta BHU3Ha-
Ya€eThCsl PO3MIPOM aJIPECH aJI[PeCOBAHOTO POCTOPY.

s 3minaux, noxioHo mpo MUIC, koedimmeHT
IHTEHCUBHOCTI ~ BUKOpucTaHHs 3MiHHMX VUIC
obuncroetsest 3a popmynoro VUIC=MUIC/V — ne v
— po3Mip 3MIHHOT B OJIMHUIISX MaM SITi.

Teopema: CmiBpigHomenHs 3xHauenb MUIC i
VUIC Tta po3mipy agpecoBaHOrO MpOCTOpPY IpH
3pOCTaHHI PO3Mipy OCTAaHHBOTO MPSIMYE 0 HYJIS.

JloBeneHHs TeOpeMH CIHUPAETHCA HA BIACTUBOCTI
MPOIECOPIB 1 TaM’ATi Ta iX PO3BUTOK i 3MiHH.
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3. BaactuBocTi mpocTopy 3 iMeHyBaHHIM

[ToOymoBa ckiIagHOrO iMEHI METOIOM KOMOiHAIIii
iMEH B MpOrpaMyBaHHI BHKOPHCTOBYBAJIOCS 3 4aciB
HepIIuX MOB IPOTPAaMyBaHHS BHCOKOTO DiBHS.
Takuii migxin 103BOJISE HE TUTBKU iIMCHYBAaTH KOXCH
CIIEMEHT OKpeMo, aje 1 CTBOPIOBAaTH iepapxii
€JIEMEHTIB 32 KPUTEPiEM OIHAKOBOTO IMOYaTKy (260
kinipst) imen. [3,4] (Hdpyruit cmoci® BHKOPHCTO-
BYETBCSI B CHCTEMi JIOMEHHHX IMEH Mepexi
IaTeprer.) CkmamHe iM’S CTBOPIOETHCS 3 IMPOCTHX
(aromapHMX) iIMEH 3a JOMOMOTOI0 CIIy)KOOBHX
CHMBOJIIB Ta JOJATKOBHX 3HaueHb. SIK mpaBwio, 1e
CHUMBOJI Kpamka, ajie¢ TaK camMO BUKOPHUCTOBYIOTBCS
HaxXWICHI PHCKH, JBOKpANKH, 3HAK OKJIHKY,
pi3HOMaHITHI AYXKH, KOMOiHamii HUX CHMBOJIIB.
Cknamgne iM’ss Moxe OyTH OTpPUMaHO BHACHIJIOK
obOurcneHHs Aesikoro Bupasy. Lle o3Hauae daktudne
ICHyBaHHS ONeEpaTopiB CKIQJaHOTO iMeHI Ta
PO3TIIAaHHS IMEHI SIK OKPEMOTO TUITY 3HAUYCHb.

OmnepartiissiMi 3 eTeMeHTaMH TaM’ATi TIPOCTOPY 3
iMEHYBaHHSIM € BJIacHE oIepallii HaJ 3MiHHUMH, a
cama nam’aTh (JaKTHYHO € CYKYIHICTh X 3MiHHHX.
JlomaTKOBMMHU BIIACTHBOCTSMHU Ta OIEpPAaIlisiMH IS
Takoi peaiizamii 3MiHHUX €: BiJICYTHICTh 3MiHHOI €
iH(hOpMaTHUBHOI, BHU3HAYEHA OMeEpallis MepeBipKu
ICHyBaHHs 3MIHHOI, 3MiHHA MOXE HE MICTHTHU
3HAa4YeHHsI, BU3HAYCHI Oleparii epeBipky iCHyBaHHS
3HAUCHHS Ta 3HUIICHHS 3HAUYCHHS 3MIHHOI, 3HAYCHHS
3MIHHOI MO)KE CKIafaTH caMme i1 iM’sl, BH3HauycHa
orepariisi OTpUMaTh iM’s 3MiHHOI, CTBOPEHHS HOBOI
3MIHHOT BH3HAYa€ThCS TEHEPAIi€l0 HOBOTO IMEHi,
3HUIICHHS 3MIHHOT MOXE MaTH pe3yJibTaToM
OCTaHHE 3HAYEHHS 3MIHHOI, 3MiHHI MOXYTb MaTH
Ppi3HHI pO3Mip, IO € MOTSHIIIHHO He 0OMEXEHUM.

B mpocropi 3 iMeHyBaHHSM elIeMEHTIB Ha BiIMiHY
BiJl MPOCTOpY 3 aJpecaliclo HEeMOXXJIMBO BKa3aTh
cycimHi ememeHTH. Bincrane, mo Moxe OyTH
o0urcneHa s IMEH HE KOpPENo€ 3 KUIBKICTIO
EJIEMEHTIB MIXK HUMH, JIJIS IKUX BOHA OOYMCIICHA.

Teopema: [IpocTip 3 IMCHYBaHHSIM € HEJIIHIHHUM.

JloBeneHHsT TeopeMH 0a3yeThcsi Ha HaBEICHHX
BJIACTUBOCTSIX TAKOTO MPOCTOPY.

Hacainok: Ilpoctip 3 iMeHyBaHHSM J03BOJISIE
30epiraTi 3HaUYEHHS 3 PEKYPCHUBHOIO TeHEPAIII€IO.

CrxiagHe iM’ss Moxe 30epiraTh HE TiUIbKH
1H(pOpMAIIIIO PO CTPYKTYPY CUCTEMH 3HAYEHB, aje i
iHpopMaLil0 NpPO cTaH BUKOHAHHS NpOLECY, LIO0
BIJINOBiIa€ YacoBili XapaKTepUCTHIN TMporecy. B
aJPECOBaHOMY MPOCTOPI 1HPOPMAILIIO PO TaKUK
CTaH 30epirae CTeKoBa CTPYKTypa, IO BIAMOBIIa€E
MOTOYHOMY CTaHy BKJIQJICHUX BHKJIWKiIB. Ha BigMminy
BiJl I[LOTO, CKJIQJIHE IM’Sl MOXe 30epiratu He TiIbKH
MMOTOYHUH CTaH, aje 1 BCIO ICTOPIO MPOIIECY.
O6’emuicts  Takoi  iHpopmauii  yCKIaIHIOE

2018, 2

73

Bulletin of Taras Shevchenko
National University of Kyiv
Series: Physics & Mathematics

NpaKTHYHE 3aCTOCYBAHHS TAKOTO IiJIXOIY, IPOTEe HE
POOHTH HOro HEMOKIIUBUM.

HasBHicTh uM BigCYTHICTH OOMEXKEHHS Ha
OIHOYAacCHy pOOOTy TIIBKA 3 OJHOK 3MIHHOIO
BU3HAYAETHCS HE THUIOM ineHTH(IKaIii OJUHUIb
nam’siTi, a KiNbKICTIO MPOLIECOPHHUX EIIEMEHTIB Ta
TEXHIYHUMH pealTi3allisiMd B3aEMOJIII TIPOIECOpiB Ta
nmam’sti. CHHTaKCHYHO BKa3yBaHHSA OJHOYACHOI il
JUIE  3MIHHUX MOXJIMBO SIK JJIS  aJpecOBaHOIO
MPOCTOPY, Tak i Ui iMeHoBaHoro. Jlyis mepiioro
BUNAJKy |-3HaYCHHS ONMCYEThCS MaTEMaTHYHHM
BUPa30OM 3 pE3yJbTaTOM B MHOXHHI MHOXUH
HaTypalbHUX 4YHCEN, M0 € aapecamu. B mpyromy
BUIAJKY — JICKCHYHHUM BHPA30M 3 PE3yJIbTaTOM B
MHOJKHUHI CIIiB, O € iMeHamu. TexHiuyHa peaizaiis
000x BapiaHTIiB MoOe OyTH 37iiicHeHa B pi3Hi
crocoOM, OOWH 13 SAKMX IIOJSIra€c B HAsIBHOCTI
JIOCTaTHBOI KiJIBKOCTI TPOIIECOPHHUX E€JIEMEHTIB Ta
3araJlkHOMOBHOTO CEpeIOBHIIA MTepeaayl 3HAYCHb.

Teopema: Jlns BkazaHoi peamizallii KiJIbKiCTh
OJTHOYACHO BWKOHAHOI omeparii Hax 3MIHHAMH 3
MOJXIJIMBO  PI3HUM  pe3yJabTaTOM  OOMEXKYEThCS
KUTBKICTIO MTPOIIECOPHUX €JIEMEHTIB.

JloBenleHHST TEOpEeMH CIIHpAaeThcs Ha  aHawi3
aNrOpUTMY POOOTH TaKOI TIaM ATI.

4. TIpocrip 30epekeHHs 3HA4YeHb
BipTyaJIbHOr0 npouecy
BipryanpHuii mpomec, y BIZOOBIZHOCTI J0

O03HAYCHHS sKE HaBeIEeHO B [2], NpU KUIBKOCTI
CKJIQJIOBUX TMPOIECIB Oijbllle OIHOTO HE MOXKE
PO3MICTUTHCS B OIHOMY aJpPECHOMY IPOCTOPI.
MHOXHHa 3HaUeHb, IO 0OPOOIISIOTECS BipTyaIbHUM
NpoIecoM, Ta MPOTPaMHHUKA KOJA BIpTyaJbHOTO
MpOIECY PO3MillleHi y BipTyalbHOMY HPOCTOPI
Takoro mpouecy. Po3rnsgHyBmIM — BIACTHBOCTI
MPOCTOPIB 3 ajJpecallielo Ta iMEHYBaHHIM CIIOCOOOM
peatizaiii po3pi3HSIHHS €EMEHTIB TaKOTO IMPOCTOPY
Oyze BUKOPUCTAHO iIMEHYBAaHHS OJWHHLD MPOCTOPY.
Po3mip Takux OJWHWIL HE € OJHAKOBUM, IO
JIO3BOJISIE  BIPTYAILHOMY TMpoOIlecy ICHYBaTH B
CYKYIIHOMY CEpEeAOBHILI KOMII'IOTEPiB 3 MOKJIHBO
pi3HUMH po3MipaMu OIUHHMIL Nam’sTi. KpiMm Toro,
3MiHHI BIPTYaJBHOTO TpoIeCy HE O0O0O0B’SI3KOBO
MalTh pO3MIp OIWHUIL MaM AT Oyap  SKOTO
KOMIT'OTepa. SIK Bke 3a3HA4eHo, Led po3Mip He
0OMEXKYETHCS KOIHUM YHHOM, & TOMY € TIOTCHITIIHHO
HECKIHUCHHM.

Posmomin 3MiHHMX Ha TJI00aNbHI, JIOKAJbHI,
30BHIIIHI Ta BHYTPINIHI 3MYyCHB BBECTH NPABUIIO
MepeBard BHYTPIIIHBOI'O IMEHI HaJ 30BHIIIHIM.
Taxwii miaxig OyB YyJOBUM PILICHHSIM 3 OIJIAAY Ha
3axXMCT BHYTpiIHIX 3MiHHHX. [Ipore OnokyBaHHS
30BHIIIHIX 3MIHHUX BHSABUJIOCS HENPUEMHOIO ILIAT-
HEI0 3a JOCATHYTUH pe3ynbTar. [loku BupimryBaTH
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[0 TpoOJieMy BIABANOCS 3a PaxyHOK pi3HOIMe-
HYBaHHS Pi3HUX 3MiHHHX, LI€I0 MPOOIEMOI0 MOXHO
Oyno HexTyBaTH. BTiM 0ueBHIHO, 1110 31 3pOCTAHHSAM
pOo3Mipy mporpaMm Ta MOSBOIO Oa)kaHHS 3MICTOBHOTO
iMEHyBaHHSI 3MIHHMX @poOiieMa cTana 3arocTplo-
BaTHcA. PimeHHs Oyno 3ampomoHOBaHE y BUIIIAIL
MOXJIMBOCTI BHKOPHUCTAHHS IOBHHX Ta KOPOTKHX
iMmeH. HacmpaBmi, KOpOTKI iMeHa aBTOMAaTHIHO
JOTIOBHIOBAIMCSL KOMITUJISITOPAMH 10 TIOBHHX, MPOTE
MPOTrpaMiCT MIT TpaIoBaTH y 3BUYHIN imeomorii
JOKambHUH/TII00anbHNH.  OOEpHEHOI  CTOPOHOIO
UBOTO pIlIEHHS CTajJa MOJKJIUBICTH JAOCTYIy [0
JIOKaJbHUX 1MEH 330BHI JIOKAJbHOTO (hparMeHTy
Koxy. Bynm 3amporonHoBaHi 11Ba anbTepHATHBHHX
pimeHHs: mepuie OyJo 3almpOINOHOBAaHO B 00’€KTHO
OpIEHTOBAHOMY IMIJIXOJi Ta BUMArajio BKa3yBaHHS
JOJTATKOBOTO aTpuOyTa BHIMMOCTI/IOCTYITHOCTI (3a
aanorieto FAT-momiOHux  ¢alioBUX CHCTEM),
Jpyre TMOJSTano B pErjaMeHTYBaHHI CHHTAKCHUCY
iMeH (eKBIBAIGHT JOAATKOBOTO  aTpuOyba)(3a
ananoriero 10 UNIX-iomiOHuX (aiiioBUX cHCTEM).
OO6uzaBa miAXoau BHUPIIIYIOTH MOCTaBIEHY 3a/4ady i
BUOIp HAa KOPHUCTb OJHOTO 3 HHX OuIblIe
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BU3HAYAETHCS 3HAHHSAMHU Ta YHNOJOOAaHHSMH aBTOpa
MOBH TPOTpaMyBaHHS HIX 3MICTOBHUMH JIOBOJAaMHU
32 4yn TOpoTtd. KoMmOpomicHUM MiAXOJOM CTaio
BXXUBaHHSI aTpuOyTy BUIANMOCTI/HOCTYITHOCTI SIK
YaCTMHU IMEHI 3 BUKOPUCTAaHHSIM CHMBOJIIB
NoiIOHMX [0 TUTFOCA Ta MiHyca MPH ONKCI eJICMEHTIB
mporpamu. Ilpym  BUKOpWCTaHHI  eNEeMEHTy Il
JIOJATKOBI CHUMBOJUM HE € 000B’s3koBuMH. Lli
CUMBOJIM BCTYMAlOTh B KOJUII3II0 3 ONepaTOpamu
MaTeMaTHYHUX Jil, BTIM 3aCTOCYBaHHs OIepaTopa
B3SITTS 3HAYCHHS BUPINIYE MO MMPOOIEMY.

5. BHCHOBKH Ta mOAAJbII HANPAMKH
podotu

B pesympTaTi mpoBemeHUX MOCHTIKEHb OYJ0

oOpaHo  cmoci0  opramizamii = mam’sTi I

BipTyalibHOTO TIporiecy. BkazyeThcsi Ha MOXKIIMBICTh
NPUCKOPEHHS OTPHMAaHHS pPE3yNbTaTy 3a paxyHOK
BUKOPHCTAHHS TaM’STi 3 MOXIIMBICTIO BHKOHAHHS
OaraThOoX omepaiiii Hajg OIUHUIEMH  TaM’sTi
omHodacHo. llomampmni  mocmimkeHHS — OymyTh
CIIPSIMOBaHi Ha Te, 00 AKICHO Ta KiTbKICHO OIIHUTH
BKa3aHe MPUCKOPEHHS.
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B pobomi susuaemuves mMo0ent08aHHA 8TIOH020 CULHAAY, UL NOOGEMBCA HA MHITHY cucmemy 13
3a0aM010 IMNYALCHONW Nepexionoto dyrryiero. Bideykx cucmemu € suxidnum npoyecom. 3a donomozoro
poskaady Kapynena-Jloesa 6ydyemnues modeav, akxa HaOAUMCAE BTIOHUT NPOUEC 3 YPATYEAHHAM SUTOY
i3 maneped 3adanumu mowricmio ma naditnicmio y banaxosomy npocmopi Ly([0,T7]).

Karowosi caosa: Modearosanns, eayccosut npouec, poskaad Kapynena-Jloesa, mounicms ma Ha-
ditinicmo.

Nowadays the theory of stochastic processes is widely used in different branches of science and
not only in natural science. That’s why one of the relevant problems is to build a mathematical model
of stochastic process and study its properties. The problems of numerical simulations become especially
important due to the powerful possibilities of computer technologies that allow to create software modeli-
ng tools and predict the behavior of a random process. In the article, we study the simulation of the input
signal, which is applied to a linear system with known impulse response function. System response is an
output process. With the help of the Karhunen-Loeve expansion, a model is constructed which approxi-
mates the input process taking into account the output with predefined accuracy and reliability in the
Banach space L,([0,T]). In this paper the issue on accuracy and reliability of the constructed model is
considered, it means that at first we construct the model and then verify it using some adequacy tests
with known accuracy and reliability.

Key Words: simulation, Gaussian process, Karhunen-Loeve expansion, accuracy and reliability.

Communicated by Prof. Kozachenko Yu.V.

1 Bcryn 3 HEIEePEPBHOIO KopeJsiiitnowo ¢yukiieo. Jliniii-
Ha CHCTEeMa OIUCYEThCs JICHOIO IHTETPOBAHOIO 3

Opniero 3 BaxMBUX NIPOG/IEM Teopii BUIIAJIKO- KBaJIPATOM IMITYJIbCHOIO TIePeXiTHOI (YHKIEIO.

BUX IPOIECIE € T00y/0Ba MaTeMaTHIHOI MoJe Binryk cucreMu po3riasacTbCs siK BUXIIHUH 1IPO-

BHIIA/IKOBOTO IPOIECY Ta BUBYEHHS 11 BJIACTUBO- pec. 3a JOMOMOroo po3kiaany Kapymena-Jloesa

crefl. 1Ipob/ieMu 4MCETLHOrO MOJIETIOBAHHS CTa~  GyIryeThCs MOJAC/Db, sIKa HaOJIHKA€ BXIIHIH HpO-

I0Tb OCOOJIMBO aKTYAJbHUMHU 3aBIAKHU TTOTYKHUM Hec 3 ypaxyBaHHSAM BUXOJLY i3 Halepe[] 3aaHIMI

MOZKJIMBOCTSIM KOMIT'IOTEPHUX TEXHOJIOTIH, 110 JI0-  1ounicTIO Ta HAIfiHICTIO y 6aHaXOBOMY IIPOCTOPI

3BOJIAIOTH BUKOPHUCTOBYBATHU IIPOrpaMHe 3abe3Ie- Lp([()7 T]) JI1st IbOro0 BUKOPUCTOBYIOTHCA METOIN

YeHHs K IHCTPYMEHT MOJETIOBAHHS Ta HPOTHO-  Ta BIIACTHBOCTI KBaIPATUIHO-TAYCCOBUX BUTAIKO-

3yBaTH MOBEIIHKY BUIAIKOBOTO MPOIECy. ICHYIOTh  ppx IPOIIECIB.

Pi3HI MeTOIU MOIEIIOBAHHS BUIIAIKOBUX IIPOIIECIB

i mosis. VY [3, 8, 6, 5, 4] g npobiiema GyJia J10CTi-

JIZKeHa JJId PI3HIX CTOXACTUYIHHX mporecis i nomis, 2 OcHOBHI o3Ha4YeHHSA

30KpeMa, JJIsI TayCCiBCbKUX Ta CyOrayCcCiBChbKIX BH-

4 IKOBUX IIPOIIECIB. Posruistnemo iitmosipuicuuit npocrip (2, F, P).
CrarTs mpHCBsYeHA MOJIE/IOBAHHIO BXIIHOTO Hexait T = [0,7], X = {X(),t €

CUTHAJy Ha JIHIHY OJHOpPiIHY cucTeMy 3 ypa- 71} — HellepepBHUIl y CepeTHbOMY KB [PATUIHOMY

XyBaHHSAM BUXO/y. BXimHuil mporec € rayccoBuM KBaIpaTHIHO-IHTEIPOBAHUN BHUIAIKOBUIl MPOILEC,

© 1.B. Posopa, 2018
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[0 38/1aHO Ha BU3HAUYEHOMY HMOBipHICTOMY IIpO-
cropi, EX(t) =0, B(t,s) = EX(t)X(s), t,s € T —
KoBapiariiina QyHKIIid HOr0 BUMIAIKOBOTO IIPOIIE-
cy. 3posymino, mo B(t,s) — HeBim'eMHO Bu3HA-
vyena dyHnkuis. Ockinbku npouec X (t) Henepeps-
HUAN Yy CEPeIHbOMY KBaJ[PATUIHOMY, TO (DYHKIIiSA
B(t, s) nenepepsua Ha T X T.
PosrastHemo iHTerpasibHe piBHSIHHS

2(t) = )\/ Bt 5)2(s) ds. (1)
T

B kuu3i [10] mokasaHo, 1110 iHTerpasibHe piBHs-
uHs (1) Mae He OLIBIT HiXK 371iYeHHY CiM'TO HEBi -
E€MHUX XapaKTEPUCTUIHUX 3Ha4YeHb. Hexait A, —
XapaKTePUCTHIHI 9ucia, a z,(t) — BiamosimHi M
dbyukuii pisasiaas (1). 3anymepyemo A, y Hopsiji-
Ky 3POCTaHHSI

0< M\ < <)\n<)\n+1 SO
Byjiemo BBaskaTu, mo 2, (t) — opToHOpMOBaHa IO-

CJITOBHICTH

/ () () dt = 67
T

zie 07, — cumBos Kponekepa. OyHKIUT 2z, (1) Takoxk
€ HertepepBHUME Tipu ¢ € T

Toni, BukopucroBytoun poskian Kapynena-
JloeBa, BUMIAIKOBUI IPOIEC MOXKHA TTOJATH y BU-
TSIl

o~ zn(t)
X =32 2)
n=1 n

[Tpu oMy psijt (2) 36ira€Thest B CepeHBOMY
KBaJIpATUIHOMY, &, — HEKOPE/JILOBAHI BUIIAIKOBI
esmanun: EE, = 0, E€,&,, = 0.

B miit ctaTTi po3risimaeMo BUIAI0K, KON BH-
najkoBuii mporec X (t) € rayccosum. Tomi y pos-
kiaaji (2) Bumajgkosi BequwuuHu &, — He3aJeXKHI
rayccosi Taxi, mo E¢2 = 1.

Posrasinemo omHopimHy JiHiliHY cucTeMy 3
JICHOIO 1THTETPOBAHOIO 3 KBaJIPATOM IMITYJIHCHOIO
nepexignowo dyukiiero H(7), mo Bu3HAYeHa HA
obacti 7 € [0,7]. Tobro BiAryk cumcremu Ha BXi-
quanit curaan X (), mo crnocrepiraersest wa [0, 17,
Ma€ HaCTYIIHUN BUTJISL,

T
Y(t) = /O H(T)X(t—7)dr, te[T,2T] (3)

ra H € Lo([0,T1]).
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BayBaxkenusi 1. [nmeepaa 6 (3) posymiemvcs 6
cenct Pimana.

Bsazkaemo, 110 iMITysbcHa nepexigHa GyHKILsT
Bimoma. BBenemo Take rmo3HaveHHS

1 T
lt) = \/T/o H(r)z(t — 7)dr, t < [0,T0)

=10 &, 30iraeTbcst piBHOMIPHO

vk

o0
Ao psg Y.
k=
Ha [0,7] 3 fIMOBip}OIiCTIO 1, To 3 (2) Ta (3) BumIN-
Bag, 1o BiAryk cucremu Y (t) 306parxKaerbesi siK
o0
Y(t) = & cilt), (5)
k=0
ne dyukmii cx(t) 3 (4).
Hanami npumyckaemo, 1mo psiz B (5) 36iraerbest
piBHOMIpHO 3 fimoBipaicrio 1. (Ymosa D.)

3ayBaxkeHHs 2. Jleexo nokazamu, wo pad 6
(2) sbicacmvca pienomipno 3 Umosipnicmio 1,

o0
Koau 30ieaemvea pad Yy, vpE|&k|, de vy
k=0

max|y 7] |2x(t)[. Ane maxa ymosa e documn obme-
AHCYIOUG. YMOBU DIBHOMIPHOL 3MIHCHOCTNT MAKUT
pAadie mooicna 3natimu 6 kHudi [1].

B miit crarTri BuBYaeThcs 1mobyIoBa MOJE
BumaakoBoro nporecy X () i 3HAXOAATBCSA yMO-
BU IIpH AKHUX, MOJAEJb HabOIMKae€ BXIIHUI Ipo-
nec X (t), BpaxoBytoun BiAryK cucremu (BUXiIHUI
uporec) Y (t) y 6amaxosomy mpocropi L,([0,T7),
p =1

VY skocti Mozeni Bunagkosoro nporecy X (t)
Oy1eMo po3yMiTu 3pizanuil ps 3 (2).

Osnavenns 2.1. Bumaukosuit unporec Xy
{Xn(t),t €T} N €N, ne
z

. zalt)
XN(t) = Z \/)\7
n=1 n

Ha3mBaeThcsa Mofemio Kapynena—J/loesa mporecy
X ={X(t),t € T}.

Sximo mozens X () posristHyTH SIK BXiHMI
CHUTHAJI CUCTEMU, TO BiJIMOBITHUI BUXiTHUI TIpoIiec
MO2KHa IIOJaTH AK

&n,

N
Yu(t) = 36 - alt),
k=0

ne byskuii ¢ (t) 3amani B (4).
[Mosnaunmo vepes En(t) cymy KBajparis pi-
sunnp X (t) — Xn(t) ra Y(t) — Yn(¢)

En(t) = (X(t) = Xn()* + (Y(t) = Yn(2)% (6)
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Osnavenns 2.2. Bynemo roBopuTh, IO MOJEb
Xn(t) mabmmxkye Bunajgkosuii mporec X (t) 3 ypa-
XYBaHHAM BiAryKy cucremu (2) i3 3a/1aH00 HaIiii-
micrio 1 — v, v € (0,1), Ta Tounicrio § > 0 B mpo-
cropi Ly([0,T7]), sikimo

T
P /\fN(t)\pdt ol
0

3 Ksaaparuuyno-I'ayccoBi Bunaakosi mmpo-
necu

B mamomy po3mizii po3riisiiaroThCs O3HAYEHHS Ta
JesiKi  BJIACTUBOCTI KBAJIPaTHIHO-TAYCCOBUX BH-
MaIKOBUX BEJIMYMH 1 IIPOIECIB.

Hexaii (92, F, P) — iiMoBipHicHUIl pocTip Ta
(T, p)— KOMIAKTHUI METPUYHUI IPOCTIP 3 METPU-
KOIO p.

Hagejiemo o3navenHs i3 kuuru [4].

Osnavenna 3.1. [4] Hexait = = {&,t € T} —
ciM’st CyMiCHO TayCCiBChKUX BUIAIKOBUX BEJIMIUH,
E¢ = 0 (mampuknan, &, t € T, € raycciBcbKum
BUIIA/[KOBUM IIPOIIECOM ).

[Tpocrip SG=({2) Ha3UBa€THCST MTPOCTOPOM
KBaJ[PATUYHO-TAYCCOBUX BUIAIKOBAX BEJIMYNH,
SKINO KOKeH esieMenT 11 € SGz(§2) MoxkHa mpe-
CTABUTH y BUTJISII

e &6 = (&1,&0,...,6), & €2, k=1,...,n, A~
JICHO3HAYTHA MATPUIIS,

abo n € SGz(f) npejcraBisieTbes SIK cepe-
JIHBOKBA/IPATUYIHA I'PAHUIIS HOC/IIIOBHOCTI BHUITA/I-
KoBuX Besmu4uH 3 (7)

N = LiM oo (EL AE, — EELAE,).

Osnavenns 3.2. [4] Bunagkosuii nporec £(t) =
{&(t),t € T} mHasuBaeTbCsd KBAPATHIHO-
rayCcCoBUM, SIKINO JyIst KOKHOrO ¢ € T BumaKoBa
pesimanna £(t) Hajgexxkuth npocropy SGz().

B [1] nokazamno, 1o

e SG=(f2) € baHAXOBUM IIPOCTOPOM 3 HOPMOIO

<]l = VEC%:;

e SG=(9) e nimnpocropom npocropy OpJiua,
110 TIOPO/IKYETHCS (DYHKITIEIO

U(x) = exp [z| — 1;
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e mopma [[(][z, (@) Ha SG=(12) exsiBanenTHa
EcZ.

HOpMI

IIpukaad 1. PosrasmaeMo ciM’'10 rayCcCiBCHKUX IEH-
TPOBAHUX BHIIAJKOBUX IIPOIECIB

&1(t), &a(t), ..., &u(t), t € T. Hexait marpuis
A(t) e cumerpuunoro. Tosui

X(t) =T () A(B)E(t) — EET (1) AE(),
ne £ (t) = (&1(t), &a(1), - ..

rayCCoOBUM BHUIIQIKOBHUM IIDOIECOM.

,&n(t)) € KBagpPaTUIHO-

BarajbHi BJIACTUBOCT1I KBaJIPaTHIHO-
rayCCcOBUX BHIAJKOBUX IIPOLECIB MOXKHA 3HAiTH
B KHm3I [1].

Bymnemo BukopucTOByBaTH HACTYITHUN PE3Y/Ib-
TaT PO POBMOJLT XBOCTA I HOPMH KBaIpaTHd-
HO-TayccoBOro mporiecy B pocropi L, ([0, 7). Ho-

BeJIeHHsI MICTUTBHCsI cTarTi [7].

Teopema 3.1. [7] Hexaiu {T,A,pn} — eumip-
nuti npocmip, de T — napamempuyuna MHOHCU-
na. Bunadkosuti npouec & = {{(t),t € T} e
xeadpamuuno-zayccosum. IIpunycmumo, wo icnye
inmeepan Jlebeza fT(E£2(t))§d,u(t) < 00 npup =
1. Todi inmezpan [5EP(t)du(t) icnye 3 tmosiphi-
cmio 1 ma

P{ [ lepaut >« <

(8)

ors 6Cix T = (% + 1/ (5 4+ 1)p)PCy,

Jr(BEX(t)) 5 dp(t).

de Cp =

4 MopesaroBaHHSI BUIIAJKOBOTO IIpoOIiecy i3
Harepe 3aJaHOI0 TOYHICTIO Ta HailiHi-
crio B L,([0,T]) 3 ypaxyBaHHSIM BiATryKy
cucreMu

Jlerko G6auaurn, mo npornec Zy () = En(t)—EEn(T)

€ KBaJIPATUIHO-IayCCOBUM IportiecoM, e & (t) Bu-

suadeno B (6). Tomy MoxkHA JIsi TAHOTO MPOIIECY

BUKOPUCTATHU pe3yabraTtu Teopemu 3.1.
ITozunauumo

Zk (t)zl (t)

)\kAl + ¢k (t)cl(t).

Pri(t) = 9)
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Toxi i3 cuiBBinnomens (2), (5) ta (6) BuIN-
Bag€, Mo BumaakoBuii nporec &y (t) 306parkaeTbest
V BUIVISJIL DSy

(10)

YD suvad.

k=N+1I1l=N+1

Takox BU3HaUNMO npupict dyHKii 3 (9)

Agp(t,s) = dr(t) — dr(s).

Mae micre HacTymHa JeMa.

(11)

Jlema 1. Hewat {n(t) sunadrosuii npouec 3 (6).
Toos

D bun(t)

E¢n(t) =
k=N+1

Dén(t) = > 20u(®)?  (12)
kl=N+1

Zosedenna. Ockinbku &, k > 0, — He3aexKHi Ta-

YCCOBI IIEHTPOBaHI BUIIAJIKOBI BEJIMYUHU 3 JTUCIIED-
cieto 1, To 3 (10) BuIHBAE, 1O

o0

D euEGS

k=N+1I1l=N+1

> brk(t)

k=N+1

Eén (1)

O6uncmMmo crovaTKy apyruit Moment st (1)

(Z Z P (t) fk&)

k=N+11=N+1
Bukopucraemo dopmyiy Iccepitica (aus., Ha-
upukia, [1]) mas rayccoBUX NEeHTPOBAHUX BUIIA -
KoBux Beanaud K X1 X0 X3Xy = EX1 XoE X3 X, +
EX 1 X3EXo X, + EX1 X4 FEX9X3. Toni

E(¢n(t)

E¢n(t)” = E Z (Prr(t)Pu(t) + 2(Pm(t))
kI=N+1
A orke, aucnepcis BHIIAIKOBOIO IIPOIECY

¢n(t) nopisaioe

Dén(t) = E(En(1)” — (B (1)
= > (20u®)?).
k=N+1

]
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Posrngnemo Taxi ymosu:

e YmoBa A: IMmmynbcHa mepexijHa (byHKITisS
iHTerpoBaHa 3 KBaJIpaToM

T
Iy :/ H*(r)dr < oo.
0

e YmoBa C: 3biratorbcs psijin

e} Uq2 7

oo EE <00 i=0,1,2,
Ak

k=N-+1

Jle 3HaYeHHs () BuU3HAdYeHi B yMoBi B, a

v = mecllg(|zk(t)| (13)

te

50(N,T):ﬂ(1+T.IH)< i f) (14)
k=N41"F

B macrynwiit jtemi 3HaXOMATHCSA OIIHKU cepe-
JIHBOTO, juctepcil nporecy En(t).

Jlema 2. IIpunycmumo, wo 8UKOHYIOMBCA YMOBU
A, C, D. Tooi

Eén(t) <

(1+IyT) Z

k= N+1

DEn(t) < (8o(N, T))2.

Hosedenns. BukopucroByroun pesyibrar jemu 1
Ta, criBBigHOMeHHs (9), MaEMO

s 22(t
E¢n(t) Z Sri(t) = > ( ];\( ) + () <
k=N+1 k=N+1
< Z Uk 02
k=N+1

2
k

(t).

Ominumo 3apa3 ¢

2(t) = Alk </OTH(T)zk(t—T)dT>2
< 1}@/OTH2(T)dT (/OTz,%(t—T)dT)
< T (16)

Otrxe, oninky (15) aust E€n(t) noBwicrio j10-
BE/JIEHO.
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3 jevu 1 BUILIMBAE, IO JJIsl OIIHKN JIUCIIED-
cii BunagkoBoro mporecy & (t) morpibHO oriHuTH
sauenns (¢ (t))%:

1) = PAGERC

u)? = L AOF

T DA
k

+ cr(t)ei (t)-
Tomi, BUKOPUCTOBYIOYN OCTHAHHIO PiBHICTL Ta
uepisrocti (13), (16), aucnepcis nporecy En(t)
OITIHIOETHCSI HACTYITHUM UHHOM:

+ 2

" ( S zz<t>>2
Dén(t) = 2
" k=N-+1 Ak

o 2 0o 2
Y zk<t>ck<t>> . ( 2 (t))
oo 2
> i)

Ak

<201+ T - Iy)? <
k=N+1

O

PesynbraTu jgemu 2 MOKHA BUKOPUCTATH JIJIA
HaOJIMXKEHHSI TAyCCOBOIO BUIIAIKOBOTO IIPOIIECY 3a
sornomororo Mogiesii Kapynena-Jloesa 3 ypaxyBan-
HAM BIITYKY CHUCTEMU 13 HaIepes 3a/ITAaHOI0 TOYHI-
CTIO Ta HAJINHICTIO B IPOCTOPI HelepepBHUX (PyH-
KITIi1.

[Tozunaumnmo

mn(t) = BE{n(t), Zn(y) = En(t) — E{n(t).

Toxi, ockinbku £n(t) € cymoro KBaapariB ra-
yccoBux mporecis, To my(t) = 0. 3 inmoi cropo-
HU, BUKOPUCTOBYIOUH OIHHKY (15), Maemo my (1) <
my, t €[0,7T].

Teopema 4.1. IIpunycmumo, U0 BUKOHYIOMHCA
ymosu A, C, D. Modeav Kapynena-Jloesa X (t)
nabaustcae 6xionul 2ayccosuti npoyec X (t) 3 ypa-
rysannam 6urody cucmemu (2) i3 3adanoro na-
ditnicmio 1 — v, v € (0,1), ma mounicmio § > 0
6 npocmopi Ly([0,T)), axwo N 3sadosorvrae na-
CMYNHL HEPLBHOCTLL

1 1 p
32 (25 + &+ DTSN T) 4 T,

(67 — Trmi)v2
T76)(N,T)

1 1
5 — Trmy

2 1+

expy —————————— v 17
" p{ \/§TP5O(N’T)}< | )79
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de snauenns 6o(N,T) susnauerno 6 (14).

Hosedenns. 3 o3HaveHHs 2.2 BUILIUBAE, 10 TOTPi-
OHO 3HANTH OIHKY JJisT IMOBIpHOCTI

T
Py / en(t)Pdt > 5.

Bumnakosuii nporec &y (t) MoxkHa mozaTu y
BUTJISI 1

En(t) =En(t)—EEN (D) +EEN (L) = Zn(t)+mn(t).

Toni, BuropumcroByoun HepiBHiCTE MiHKOB-
CBLKOT'O, MAEMO

(/ ' |5N<t>|pdt>; -(/ Czn+ m(t)!pdt)’l’
<(/ ' |ZN<t>|Pdt)zl’ +(/ ' rmN<t>pdt);

. T »
<my-Tv + </ |ZN(t)|Pdt> :
0
Ockinmbku 0 < my(t) < mjy, T0o mas 6 >

1
vl
m1T'? oTpuMaemo

( Clew(Pdt > ) = {( / ' \5N<t>\pdt)’l’ > 54)

|=

T Z 1 1
C {</ \ZN(t)\pdt> >0r —myTr}
0
Ta

T
P{ /0 En()Pdt > 6} <

T 1 1\P

P{/ Zn(Pdr > (55 - my13)"). (18)
0

Ockinbku

sup EZ%(t) =
T€[0,7T

sup Varén(t) < (53(]\7, T),
T€[0,T

TO
T p
Cp = / (EZ%(t))2dt < TSH(N,T).
0

TBepmkenass Teopemu Oylie IOBHICTIO O-
BEJIEHO, SIKIIO BUKOPUCTATU PE3yJIbTaT TeopeMu
3.1 mus KBajgparuaHO-TayccoBoro mporecy Zy(t)
Ta MiJICTABUTU OTPUMAaHY B JieMi 2 OIHKY JJis
do(N,T).

O
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Ak 6idomo, ni0 uac KomMymayii eneKmpuyHuUX Mepedic MIdC erekmpooamu ma/abo KOHmaxmamu
nepemMuxaqie mogice BUHUKHymu 0y208utl po3pAo. 1, ax Hacniook, ye modice npuzgecmu 00 epo3ii KOHMAKmia,
Wo, y 6010 uepey, Npu3eooUms 00 3MEHUIeHHs MePMInY eKcnayamayii maxux npucmpois. Komoinyeanms
myeonaaexux komnonenmie(Mo, Cr, W) ma komnonemmie i3 eucoxoio npogionicmio(Cu, Ag) 0ozeonse
ompumygamu Mamepiany 3 O0aNCAHUMU eKCHIYAmayiiHUMU Xapakmepucmukamu, 30Kpemd, 8 YMO8ax
3aNant08anHs elekmpuunoi dyeu. Jlane 00CHIONCEHHS NPUCBSIYeHe ONMUYHIL CNeKMPOCKONIi mepMiuHoi
NAa3MU GiIbHOICHYI0U020 eNeKmpo0y208020 po3pady cunoio cmpymy 3,5 ma 30 A midxnc acumempuynumu
MioHum ma komnozumuum Ag-Ni enekmpodamu. Taka enekmpuuna oy2a mModice po32nadamucs K CHpoujeHd
MOOeNb  peanvHux KOMYMAyiliHux npucmpois enekmpoeHepeemuynoi eanysi. Jlocnioxcenns naazmu
e1eKmpo0y208020 pO3PAOY 3 OOMIUWKAMU NAPI6 Memanie eneKmpooOHO020 NOXOONCEeHHs CHPAMOSAHI HA
niOBUWEHHST epO3ItHOI CMIUKOCMI elekmpodie 3a PaxyHOK onmumizayii ckiady mamepiany ma po3pooxu
HOBUX MeXHON02IU X 8U2OMOBIEHHA.

Kniouosi cnosa: niasma, enekmpooy2o8utipo3pso, enekmpoou, epo3iiHieiacmueocmi.

1t is known that the arc discharge may occur between electrodes and/or contacts during switching of
electrical circuits. So, it can lead to contacts' erosion, which, in turn, results in decrease of service time of
switches, contactors, etc. Combination of high-melting (Mo, Cr, W) and high-conductivity (Cu, Ag)
components allows to obtain materials with high exploitation characteristics under conditions of electric
arc. This study deals with optical spectroscopy of thermal plasma of free-burning electric arc discharge
between asymmetric copper and composite Ag-Ni electrodes at arc current of 3.5 and 30 A. Such electric arc
can be considered as the simplified model of real switching devices of electrical engineering and power
industry. The investigation of electric arc discharge plasma with admixtures of metal vapours of electrode
origin allow to increase the erosion resistance of electrodes due to optimization of material's composition
and development of new technologies of their fabrication.

Key Words: plasma, electric arc discharge, electrodes, erosion properties.

Crattio ipencraBuB A.¢.-M.H., mpod. AnicimoB [.O.

interaction between electrodes material and electric
arc plasma, which appeared during switching.
Therefore, investigations of such plasma can be
useful for optimization of new composite materials,
their composition and fabricating technologies [3],
[4].

The main aim of this paper is the study of
erosion processes of thermal plasma of free-burning

1. Introduction

Composite materials on copper or silver base are
widely used for contacts and electrodes in switching
devices for the electrical engineering industry [1],
[2]. Exploitation efficiency of switching devices is
determined by mass transfer of electrodes materials
inside discharge gap. A certain amount of metal
vapours in discharge gap is affected by mutual

© 0.0.MypmanneB, A.M.Beknuny,
B.®.bopeupskuii, M.M.Kneminy,
C.O.Decenko, I'.1.JIeBaga
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electric arc discharge between asymmetric copper
and composite Ag-Ni electrodes at current of 3.5 and
30 A by optical spectroscopy.

2. Experimental setup

Vertically oriented free-burning electric arc was
initiated between asymmetric copper and composite
Ag-Ni electrodes.

Discharge gap in all the experiments was 8§ mm.
Electrodes were arranged vertically with their ends
opposite to each other. Copper cathode was installed
above and composite anode — at the bottom. Electric
arc plasma parameters were studied at values of
discharge currents of 3.5 and 30 A in air.

Arc discharge was powered by stabilized power
source of a direct current of 3.5 A. Impulse power
source was connected in parallel with a
microprocessor control. In order to prevent excessive
evaporation and electrical erosion of electrode
material, impulses of 30 A current and duration of
30 ms were imposed on "regular" current of 3.5 A.
Optical emission registration starts at 7 ms after
high-current pulse initiation and remains near 3 ms.

2.1. Measurements of a radial temperature
distribution

Optical emission spectroscopy (OES) is used to
measure the radial distribution parameters of arc
discharge plasma column.

2.1.1. Determination of temperature by
spectrometer on the monochromatorbase

For registration of spatial distribution of spectral
lines' intensities of plasma emission, optical scheme
based on the MDR-12 (Czerny-Turner) mono-
chromator was used. The image of electrical arc was
focused in the plane of vertical entrance slit of the
monochromator using long focal lens. In order to
study the radial-cross-sections of arc, the scheme
implements a Dove prism, which rotates the image
on 90°.

In order to process spatial distributions of
intensities the special software interface was
developed. Since electric arc discharge plasma is
non-stabilized in space and time, for every spectral
line registration of 30-40 intensity distributions were
performed with their following statistical treatment.
The interface allows to exclude from consideration
the unsymmetrical distributions and distributions that
exceeds the CCD sensor's dynamic range.
Afterwards, approximation of distribution by
Gaussian function and normal averaging of
distribution series were performed.
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Calculation of the spectral sensitivity was
performed exploiting the standard radiation source —
calibrated tungsten ribbon lamp. The emission
spectrum was registered using the experimental
setup, wherein instead of the electrode assembly the
given calibration lamp was installed. Spectral
sensitivity of the experimental setup was obtained by
taking into account the lamp radiation distribution
and lamp's glass window transmission coefficient.

2.1.2. Determination of temperature by
spectrometer on the spectrograph base

The experimental setup described above for
implementation of optical emission spectroscopy
using the monochromator as a spectral device
ensures registration of a radial intensity distribution
of only one spectral line during one registration.
Alternatively the original technique was developed,
which includes experimental setup based on
diffraction spectrograph with CDD matrix for
simultaneous registration of electric discharge
plasma emission spectra and user interface for
experimental data processing.

Image of the spectrum obtained using such
experimental setup contains information about
spatial distribution of spectral lines' brightness in the
working spectral range. Since this setup allows only
the side observation of the plasma object, the Abel
inversion technique was performed for determination
of local emissivity values from the registered
intensity  distributions. Subsequently,  local
emissivity distributions were used for the plasma
temperature determination by Boltzmann plot
technique. This technique is based on measurement
of intensities of spectral lines emitted by a separate
element, for instance, copper atom. Therefore,
significant attention is paid to peculiarities of
intensity registration taking into account the spectral
sensitivity of the registering device.

2.2. Measurements of a radial electron
density distribution

Optical emission spectroscopy commonly uses
also the dependency of spectral lines' profile
broadening on Ve as a result of the quadratic Stark
effect:

N,=K-AA (1)
whereK— Stark broadening parameter which defines
electron density normalized by a line half-width,
AZ _ half-width of a spectral line. Hence, it is
required for V. determination to choose spectral
lines with quadratic Stark mechanism of broadening
and to study its line profile.
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The experimental setup for line profiles'
registration  consists of  the  Fabry-Perot
interferometer and the MDR-12 monochromator.
Optical scheme focuses the image (rotatedon 90° by
Dove prism) of transversal cross-section of the
electric arc discharge plasma channel and forms
interferential pattern on the vertical entrance slit of
the monochromator[4]. So, width of spectral line in
each interferential maximum on this pattern can be
used to determine Nz in corresponding spatial point.

2.3. Measurements of a spatial copper vapor
distribution

Methods of plasma absorption spectroscopy are
based on dependence of emission absorption on
plasma object parameters, more specifically on
concentration of absorbing particles. High
monochromaticity of laser emission ensures spectral
selectivity of absorption in plasma object, which
allows to determine the concentration of a certain
type of absorbing particles. The peculiarity of linear
laser absorption spectroscopy technique lies in the
possibility of simultaneous determination of two-
dimensional spatial distribution of copper's atoms
energy level populations.

The laser absorption plasma spectroscopy
technique was realized in the experimental setup
wherein electric arc discharge plasma was scanned
by laser emission at wavelength of Cul 510.5 nm.
Degree of absorption of such emission in plasma is
defined by population of °D;, energy level of copper
atom.

The copper vapours laser "Kriostat 1", operated
in pulse mode (10ns pulse duration, 10 kHz
repetition rate), was used as source of the probing
emission. Since laser beam diameter exceeded the
sizes of plasma object, it was possible to register the
absorption distributions in whole plasma region of
the discharge gap [5].

3. Results and discussions
3.1. Radial distribution of plasma parameters

In Fig.l the radial distribution of plasma
temperature of arc discharge current 3.5 A, obtained
by spectrometer on the monochromator and
spectrograph base, is shown. One can see that both
spectrometers provide the same results with good
accuracy.

In Fig.2 typical Boltzmann plot on the base of
Cul 465.1, 510.5, 515.3, 521.8, 570, 578.2, 793.3,
809.3 nm spectral lines for axis radial point is
presented.

In Fig.3 and Fig.4 the radial distribution of
plasma temperature and typical Boltzmann plot on
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the base of Cul 427.5, 465.1, 510.5, 515.3, 521.8,
570, 578.2, 793.3, 809.3 nm spectral lines for axis
radial point at arc current 30 A are shown as well.
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Figure 1.  Radial  distribution  of  plasma

temperature,arc current 3.5 Am —monochromator,e
—spectrograph.
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Figure 2. Boltzmann plot of Cul (r=0 mm),arc
current 3.5 A
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Figure 3. Radial distribution of plasma temperature,
arc current 30 A.

In Fig.5 the radial profiles of copper atom
concentration obtained by laser absorption
spectroscopy (LAS) and calculated in assumption in
local thermodynamic equilibrium (LTE) at arc
current 3.5 A are presented. One can conclude that
such kind assumption in investigated plasma is
appropriate.
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current 30 A
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Figure 5. Radial distribution of copper vaporsdensity
in plasma, arc current 3.5 A:m— Laser Absorption
Spectroscopy (LAS); A— obtained from calculation
ofequilibrium plasma composition.

In Fig.6 radial distributions of electron density
of electric arc discharge plasma at arc current 3.5 A
are shown. Radial profiles are obtained by solving of
energy balance equation (so called Elenbaas-Heller
equation) and calculated in LTE assumption.
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Figure 6. Radial distribution of electron density in
plasma, arc current 3.5 A (e— obtained from energy
balance equation; m— obtained by LAS and
equilibrium plasma composition calculation).
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In Fig.7, Fig.8 typical interferograms of Agl
and Cul spectral lines, emitted by electric arc
discharge plasma at arc current 30 A, are presented.

Corresponding radial profiles calculated from
width of both spectral lines, broadened by dominated
quadratic Stark effect, are shown in Fig. 9.
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Figure 7. Registered interferogram of spectral line
Ag1447.6 nm.
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Figure 8. Registered interferogram of spectral line
Cul515.3 nm.
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Figure 9. Radial distributions of electron density
inplasma, arc current 30 A, obtained from half-
widthof spectral lines A—-Cul 515.3 nm,m—-AgIl

447.6 nm.
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3.2. Calculation of plasma composition emission  spectroscopy and laser absorption
In Fig. 10, 12, 14 radial profiles of plasma spectroscopy.
components calculated in LTE assumption on the 3
base of plasma temperature and electron density as 102“Nj’ m N,
initial data are presented. g =—0
The content of metal vapour components (i.e. 1 N
copper, silver and nickel) can be determined from 10”f Ccu N NO+
plasma composition in the following manner: b e Cut | o
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Figure 12. Equilibrium plasma composition for
N, m™> arccurrent 3.5 A  obtained with  electron
10" g N density,plasma temperature and relative intensitiesof
F ~ . .
C O Cul, Ag I, Ni I spectral lines.
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Figure 10. Equilibrium plasma composition for oo ooee,
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Figure 11. Content of metal vapors in the arc
dischargeplasma, current of 30 A: m — Cu, e— Ag, A
— Ni(determined with the using of T (r) and
N, (r),with account of NO").

In Fig. 11, 13, 15 calculated contents of metal
component in plasma at arc current 30 A and 3.5 A
are presented. One can conclude that erosion
property of investigated electrode materials can be
examined by proposed approach using optical

87

Figure 13. Content of metal vapors in the arc
dischargeplasma, current 3.5 A: m— Cu, e— Ag, A—
Ni(determined with the using of T (r) and N, (r),with
account of NO").

Nj’ m_3
10 g N,
: —O
3 N
10 3 Cu Ne Cu+
10” ;_-—Ni+=Ni=A —_—
i I==Ag—
: r, mm
101(, ! L L 1 J
0.0 0.5 1.0 1.5 2.0 2.5

Figure 14. Equilibrium plasma composition for arc
current 3.5 A obtained with copper vapors density,
plasma temperature and relative intensities of Cu I,
Ag I, Ni I spectral lines.
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Figure 15. Content of metal vapors in the
arcdischarge plasma, current 3.5 A: m — Cu, e— Ag,
A — Ni (determined with theusing of T (r) and N, (r),
without account of NO").

It was found that copper electrode which was
used as the cathode in the arc is evaporated more
intensively in comparison with composite Ag-Ni
anode.

The increasing of electric current leads,
naturally, to the erosion increasing of each
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component of composite material and copper metal
as well.

In studies of electric arc plasma at 3.5 A the
presence of molecules NO and molecular ions NO"
obviously must be took into account in calculation of
equilibrium plasma composition.

4. Conclusions

The intensity of erosion processes on working
surface of asymmetric copper and composite Ag-Ni
electrodes inspired by influence of thermal plasma of
free-burning electric arc discharge at current of 3.5
A and 30 A by optical spectroscopy is studied.

It was found that copper electrode which was
used as the cathode in the arc is evaporated more
intensively in comparison with composite Ag-Ni
anode.

The increasing of electric current leads,
naturally, to the erosion increasing of each
component of composite material and copper metal
as well.
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3pobneHo orsi TeHeparii MepBUHHIX MarHiTHUX TIOJIiB B paHHBOMY BcecBiTi B IHQIAMIHHUX MOAEISX.
PosrnsnyTo iHGuIsLIAHI MOJEN 3 TMOBUIBHUM CKOYYBaHHIM 1 MOJEIUTI0 Parpu 3 KIHETHYHOIO B3aEMOIIEO
F(p)FF iH(}IATOHHOTO TOJIA ¢ 3 €JICKTPOMArHITHUM T0JeM. BUBYCHO MarHeToreHe3uc mij| 4ac iHGIIsii 1
npexitiary B RB% moneni CrapoGinchkoro. JIOCTiKEHO TaKoX iH(IAIIHHMI MarHeTOreHe3uc B MO
OpupoAHoi 1HQIANIT 3 OoAHUM iH(QIAHTOHHMM TOJEeM 4YHWi TapaMeTpd BUOpaHi y BIAMOBITHOCTI 3
HelOAaBHIMU criocTepekeHHssMH Konabopauii Planck [3]. KondopmHa iHBapiaHTHICTh MaKCBETiBCHKOI il
MopyIIeHa KIHETHYHUM 3B’S3KOM 13 1H(JIAHTOHHMM TIOJIEM 1 KOHCTAaHTOIO 3B’S3KYy K (DYHKIEO
macmrabroro paxropy, fl¢) o< a®, i @ < 0 BUKOPHCTaHO JUIS TOTO MO0 YHUKHYTH MPOOIEMH CHIBHOTO
3B’s3Ky. [yl TakMx ¢, €JIeKTpUYHa KOMIIOHEHTa TYCTHHH CHEprii JIOMiHye IOpIBHSHO 3 MAarHiTHOIO
KOMITOHEHTOI TYCTUHM €HEprii i it & & —2.2 NpU3BOAMTH 10 CHIIBHOI 3BOPOTHOI PEAKILii, KA TOPYIIyeE
iHQUIALII0 1 TPUNUHSE MiJACWICHHS MAarHiTHOTO MOJSA. 3HalJeHo, IO MAarHiTHI TOJII 3TeHepOoBaHi y
BiZICYTHOCTi TIpoGIeMH CHIBHOI 3BOPOTHOI peaxiii He MOXyTh TepeBmmryBatd 3Hadenns ~1072¢ G
CyYacHy €moxy, a IX CIeKTp Mae OJaKUTHUN HaXUJI.

Karrouosi cnosa: maenimnui nons, pauniii Bceceim

We review the generation of primordial magnetic fields in the early Universe in inflation models. We
consider slow-roll inflation models with the Ratra model by assuming the kinetic coupling f*(@)FF of the
inflation field ¢ R?
Starobinsky model is studied. We investigate also the inflationary magnetogenesis in the natural single-field
inflation model whose parameters are chosen in accordance with the recent observations by the Planck
collaboration [3]. The conformal invariance of Maxwell action is broken by kinetic coupling with the
inflation field and the coupling function as a power of a scale factor, f(@) o a®, and & =< 0 is used in order
to avoid the strong coupling problem. For such  , the electric component of the energy density dominates
the magnetic one and, for & % —2.2 , it causes strong back-reaction which can spoil inflation and terminate
the enhancement of the magnetic field. It is found that the magnetic fields generated in the absence of the
back-reaction problem cannot exceed ~1072% G at the present epoch and their spectrum has a blue tilt.

Key Words: magnetic fields, early Universe

Crartio npeacraBuB A.¢.-M.H., npod. Makapeup M. B.

1. Introduction blazars [17-20] imply the upper and lower bounds on
the strength of thtla?pigsentéarge-gcale magnetic fields
. . . B, given by 107* % By = 1077 G. During inflation
in thg Universe. Observations show that stars, scalar density perturbations [6,8] and tensor
galaxies, and clusters of galaxies are all oy rhations (gravitational waves) are generated and
magnetized. The typical magnetic field strengths  tretched to cosmological scales[7]. This creates
range from a few uG in the case of galaxies and considerable density inhomogeneities evolving later
galaxy clusters up to 110G in magnetars into the large-scale structure of the observed
(see,e.g., Refs.[6,10-15]).Magnetic fields are Universe [28-32] or relic gravitational waves
observed also in galaxies at cosmological [7,8,33]. However, fluctuations of electromagnetic
distances. Observations of the cosmic microwave fields are not generated because they are conformally

background (CMB) [3,16] and the gamma rays from invariant [9]. There are generally two approaches to the
origin of the magnetic fields (see refs [12-15]). One

Magnetic fields are present on various scales

© M. Kamapmnyp, 2018
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possibility is to generate magnetic fields by means of
purely astrophysical phenomena. However, the
observation of large-scale magnetic fields in voids [17-
20] supports the primordial origin of magnetic fields.
Cosmological phase transitions could be considered
as one of the possible scenarios of producing primordial
magnetic fields [21-26].However, since the comoving
coherence length of magnetic fields cannot exceed the
Hubble horizon at the time of a phase transition, it is
much smaller than M today. Consequently, the most

natural mechanism for the generation of the large-
coherence-scale magnetic fields is inflation in the early
Universe [27] through the exponential stretching of wave
modes during very rapid accelerated expansion.

As was first formulated by Turner and Widrow
[27], inflationary magnetogenesis proceeds through
the amplification of small quantum perturbations
due to the expansion of the Universe. As mentioned
above, in order to generate large scale magnetic
fields, the conformal invariance of the theory should
be broken. By coupling electromagnetic field to a
scalar or pseudo scalar field or to curvature invariant,
it is possible to generate magnetic fields. Although
there are many ways to break the conformal
invariance of the electromagnetic action during
inflation [34-38], we consider in our paper only the
kinetic coupling modelf*(@)FF firstly introduced
by Ratra [34], where f is a function of the inflation
field @ and F is the electromagnetic field tensor.
According to the most recent observational data by
the Planck Collaboration [3] , the R* model
proposed by Starobinsky [39] is one of the most
favored among the models of inflation. For example,
the chaotic inflationary models like the large fields
inflation are disfavored due to their high tensor-to-
scalar ratio [40]. In this review paper, we consider
the mechanisms of magnetic field generation in the
early Universe by studying the Ratra model and the
natural inflationf FF model.

2. Inflation in the early Universe and
electrodynamics in curved space-time

A. Cosmology and inflation

Historically inflation was proposed as a solution
of a number of problems in the Big Bang theory [55]
such as:
1-The flatness problem.
2- The horizon problem.
3- The monopole problem.

Let us see how inflation alleviates these problems.
The rate of expansion of the Universe is given by the

Hubble parameter H =§ and 5= f? is the
conformal time. The Hubble time H 1 is of the crucial

92

Bulletin of Taras Shevchenko
National University of Kyiv
Series Physics & Mathematics

importance because it typically takes one Hubble time
for the Universe to expand appreciably.

The flatness problem

The Friedman equation with a cosmological
constant A reads

1)
where K = 0 corresponds for a flat geometry (zero
spatial curvature). It is convenient to use

n(t) ==+
(1) =
A

TS

@)
(3)

Here p. is the critical density,f2 is the density
parameter, and A is the cosmological constant. The
critical density p. is defined by

{1,

3y

p.(t) =

(4)

The flatness problem comes from the Friedman
equation in a Universe with matter and radiation when
the cosmological constant is absent

| &
10, (1) =1l = 3 ()
Since % always increases in time as the Universe

expands, this forces ... away from the unity. The
curvature radius of the Friedmann-Robertson-

Walker(FRW)  Universe  with  the  metric
ds? = —dt?+ a*(t) [ 2 + r2(a6? +
sin? @ dcp?}]
is given by
RIEE =@=H2|nmr_1| (6)

The ratio of the Hubble radius to the curvature scale
is determined by 11, ., and equals
gt

. = |nror

— 1|f
Ry

()
The energy density of the Universe at the present
time is close to the critical density. According to
observations, (... = 1 with accuracy 1%.

Inflation: Definition

The flatness problem can be solved during the
inflation era by means of repulsive gravity. This leads
to an accelerated expansion in the very early Universe
& = 0. The equation for the scale factor

&_

—4anG(p+ 3P), c=1 (8)
Implies that, & = 0 when the right-hand side of the

above equation is positive. Thus, inflation needs P
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< —E.During inflation the Hubble parameter is

almost ~ constant.  The  energy-momentum
conservation equation reads
p+3H(p+P)=0 9)
Parameterizing the equation of state as
P=wp (10)
We have
p +3H(p+wp)=0 (11)
This gives
p g3 1+a) (12)
And
acxt/(3+3w),w #—1 (13)

For, w = —1, the matter density does not depend on
time, i.e., @ = 0. Further, we have

Hg — BmGp £" A
3 a* 3
—
SHXNZd™ [Ta (14)
We have
a et w=—1 (15)

Solution of the flatness problem

In order to solve flatness problem, the right-
hand side of EQ.(16) should decrease with the
expansion of the Universe. According to Eq.(5) 02,
evolves towards one rather than away from one if
dieH) .

= 0. Since
s fry_4(2 _a
E(E) rir(ri) a? =0
inflation naturally solves the flatness problem.

(16)

The horizon problem

The horizon problem is connected with the
guestion why the early Universe is so homogeneous.
CMB observations tell us that the microwave
radiation coming from opposite sides of the sky have
the same temperature. The problem is that the
emission regions are not in causal contact. The co-
moving distance that light can travel from the Big
Bang to time t, i.e., the particle horizon, is given by

t dt

_erf' =-}’;|- = fu EI:r}

At the time of recombination #, is about 300 Mpc.
Therefore, we expect to see correlations over patches
with co-moving radius smaller than about 300 Mpc.
The corresponding angular size angular size on the

(17)
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sky is about 300/1400~1", No causal process
could have generated correlation seen on larger
scale!

Solution to the horizon problem

The horizon problem stems from the existence
of particle horizons in FRW cosmologies (see
Eq.(17)). Horizons exit in view of finite time since
the Big Bang that light can travel. According to
Eq.(13), we have for a constant equation of state

n o f $—2/(3+3a0) gy (18)
For = —i , regions with very large distances have
been in causal contact in the early Universe.

Origin of the fluctuations

The CMB data show small fluctuations in
temperature. Theory of inflation explains the origin
of fluctuations in terms of quantum fluctuations in
the very early Universe. We will return to this
problem in next sections.

How much inflation we need?

The amount of inflation or the amount by which

the universe inflates is given by the number of e-

folding, IV, so that the scale factors before and after
inflation are related by following relation:

leirfjl — el.,',-

2 ':t[:'

(19)

Rewriting this relation in terms of the Hubble
parameter, we obtain

H=% - [THdt=N (20)
L
We rewrite this relation in terms of slow-roll

parameters in the next section.
B. Equations of the slow-roll regime

We have seen that an era of inflationary
. " 1
expansion with @ < —2 can solve the flatness and

horizon problems. A cosmological constant with
w = —1 can solve these problems too but inflation
will never end in this case. A conventional way to
realize an inflationary phase in the very early universe
is provided by the vacuum energy contribution due to
the potential of a scalar field. This easily makes
possible to satisfy the negative pressure condition.
For the time being we introduce a single field which is
the inflation. We will consider its coupling with the
electromagnetic field later. The Lagrangian of a scalar
field interacting with the gravitational field governing
the standard Hilbert--Einstein action reads as

28,000 — V(o)

Ly

(21)
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The action in General relativity is given by following
equation

5= _I"d‘}xw.- —g
Where R is Ricci scalar,g
metric tensor, and

1

Ley=50,93"¢—V(p)

is the Lagrangian of the scalar field. Varying this action
with respect to metric, we find the Einstein equations

(23)

R
lem

+£,) (22)

is determinant of the

G

1
wv = Ruv —Egm,R = SHGTM

With the energy-momentum tensor
ar

to )
T = 9" Ly (20

2z @ (£ov—g) N

THY = =
¥ P

— -2
Vg
In an isotropic and homogeneous Universe, the
density and pressure are determined by p = T3 and
T}F’ = _paj,
The equation of motion for the homogeneous scalar
field has the form
dvigd _
dg -

@ +3Hp + 0 (25)
According to Eq.(24), the energy density and

pressure are given by

pp =367 +V(0) (26)

p, = 26> —V(p) (27)
The Friedman equation is

3M,,*H? = %,:;32 + V(@) (28)

Whgre we used the reduced Planck mass system
M,,” = hec/(8mG). If the field rolls slowly, then H

is nearly constant. Therefore, the potential energy
dominates over the kinetic one and we can neglect ¢
in the Friedman equation (28).If @2 <<V, then
2§ «< Vg and we can neglect the second
derivative of ¢ in Eqg. (25).

C. Slow-roll approximation

In such a case, one can make the following
approximations:

3M_ H?

3H¢ = -V,

(29)
(30)

Differentiating the Friedman equation (28) with
respect to time and substituting the result into
Eq.(25), we find a useful relation

94

Bulletin of Taras Shevchenko
National University of Kyiv
Series Physics & Mathematics

2M,°H = —¢* (31)

Since ¢ does not change much in the Hubble time,
we can rewrite the condition for inflation as follows

b4
—=<1 | (32)
The slow-roll approximation corresponds to Lri' 1.

Then inflation is almost exponential and we can
work with this relation in order to define the number
of e-foldings and determine the condition when
inflation ends.

The number of e-foldings

We have
[T Hat=N (33)
By using the slow-roll approximation and
Egs.(29,30), we find
=__1 [Pena ¥
N e fm[ . (34)

Thus, the number of e-foldings is given by Eq.(34)
which essentially gives the range of @  for
observable inflation. Typically, N =40 —&0 is

sufficient to solve the horizon and flatness problems.
|5

For an almost exponential inflation to = & 1,itis

convenient to define the slow-roll parameter

e=— B _ 1 (W) (35)
HE  Mp® oHE
or, equivalently, [59]
M2, (V2
€= i(’—m) elg) <1
2 \V (36)

e =1 is required for inflation and
inflation ends when € =1. By using Eq.(30) and
taking derivative with respect to time, we find
another slow-roll parameter[59]

Vo o, Voo
v 3T

n= Mz (37)

d*v . "
Where Iejwzd?:. The inequality ——<«1 and

Egs.(29) and (30) are known as the slow-roll
approximations which imply the slow-roll conditions
(36) and (37) on the potential of the scalar field. In
order that the slow-roll approximation be self-
consistent, we need that both ¢ and 7 should be small

(38)

This means that the inflation potential should be very
flat.

€< land n <1
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D. Inflation perturbations
First order perturbation theory

The equation of motion for the inflation field in the
momentum space is given by

é(k,t) + 3He(k,t) + ch[k t) +

degl kr}

= 0(

39)
Splitting the inflation field into the background one
¢(t)and a small perturbation &¢, obviously, the
latter is governed by the following equation:

.07 LA 5
6(k.t) +3H6p + Edqn[k,t) +V,00(kt)=0

(40)

Ignoring V., because it is much less than H? and

k2 .
much less than —, we obtain
@

5¢(k.t) +3H6G + < bp(kt) =0 (41)

In the conformal time n = _J"tJrE we have

1 d*(8g) H d( mp}

a® dn® a + 5 =0 (42)
In terms of ¢ = ady after a Ilttle algebra, we
obtain

dzl,'i’ > 3 3

o=~ 2a°H ¢+ k¢ =0 (43)

Obviously, the above equation has the form of the
harmonic oscillator equation

d ¢lk,n
%+ w*(me(kn) =0
n° (44)
With frequency w? = k% —2a%HZ, Its solution is
given by N
~5 ()
bic(m) = T (45)
Which approaches
¢ (1) = E (46)

at the horizon exit.
E. The Maxwell equations in curved space-time

In order to discuss the generation of primordial
magnetic fields and their subsequent evolution, we
first review the Maxwell equations in curved space-
time.

,l,w H + Fﬂ,u HY + 'F:w:? HT =0 F K :,u:JFI (47)
Here the field strength tensor is given by
'F,;w = Av:,u _'A,u:v (48)

And the covariant derivatives are defined in the
standard way
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av, 4
.LIII-’L”-" = E-r:; 1-| M Iﬁ -'V W + F ,'.,L'I.-'
(49)
Further,
av, v
—_ il i
I'{u:v I'{w:,l..a axV axH (50)

In curved space-time, it is useful to decompose F,,
in terms of the electric and magnetic fields by using

the observer's proper four velocity I7# . It is given by

F, =UE, —U,E, +¢€,,zB°UF. (51)
For F=F we have
paf — 1 E,ngf';v _
e*fuVy E, 4+ [U“B‘E —B°UF) (52

— Tt == A -
In terms of B =a’B, E =a’E, J* =a% and
p*=a?*p, the Maxwell equations in the conformal
time has the form

85" e -
E'F?XEZIJ,?'EZIJ (53)
vxE$—Zi—f JV-E =p* (54)

The above equations imply the standard wave equations
for the electric and magnetic fields in vacuum

&£ . _ E'_B_ . _
— —ViE*=0, 72E* =0 (55)

F. Quantization of electromagnetic field

The quantization of the of the electromagnetic
field is achieved by imposing the  canonical
commutation relations

[4,(6.3),m, (6 9)] = i [ 2 E(®GED)y, (56)

Where A =8;; —kik;/k2 and  m;= A, The
electromagnetic field can be expanded in terms of the
creation and annihilation operators a; T(k) and a; (k)

A(t,x) = ITEA:1 EiA [k) X

2wz 2k

[ad[:E)exp (ikx)+ a::{ [E)exp(—ikx]]

(57)

Where e;;,4 =1,2 are the polarization vectors in
Coulomb gauge ¢ = 4, = 3;A* = 0. The polarization
vectors &;3 obey the completeness relation

Ag=0y — f'fk = Yo € :A(_P} A(_P} (58)
The creation and annlhllatlon operators satisfy the
standard commutation relations

[ai{a, a;_r (E)] =(2m) 353 (E — E) 833

(59)
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3. Ratra Model

In order to study the generation of magnetic
fields during inflation, we will consider the model
introduced by Ratra[34]. Its action is given by

_ Jd“ ,f_—g[ 978, 0,6 — V(qu]
—%_rd‘;x |'_[ ue P'Ef (¢j af ,'.u] (60)

St
The equations of motion for the inflation and
electromagnetic fields are

dlr
5# ["..-"f__g g, ¢:| _ *-.-"f__g d;‘i‘-"]
—53 (@) LEFE, (61)
3,[V—g9" 9" FA(@)F.p] = (62)

We will neglect the back-reaction of the created
electromagnetic fields on the inflation dynamics.
Therefore, in what follows, we omit the right-hand
side of Eq.(61). For electromagnetic field, we have
in conformal time

Ay +2L 4, +a%0,0'4, =0 (63)
For the inflation field, we obtain
d" + 2H¢ +att =0 (64)

dé
In order to satisfy the canonical commutation

-

as ®

e =i

relations for the scalar and electromagnetic fields, we
impose the following relations for their mode functions:
E_ E
dn dn
(A(t K a4 nr,k} dA( r,k}A:a(t )
It is convenlent to use the mode function
Alt, k) = alt)f(t)A(t, k)  which satisfies the
equation [2,15,40]

ded, dea, (65)
- ) =i (66)
At k) + HA(t, k) +

k:'.
(ﬁﬂ - H— - —) AL, K)=0 (67)
or in the conformal time
o
A", 1) + (k2 =) Al i) = 0 (68)

A. Energy density of magnetic field

By making use of the definition of the electric
and magnetic fields for a co-moving observer with

the proper velocity U = (1,0)
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E, = U,

wv o By =€

,'.wp:?FPP ue (69)

Where &,,,, Is the unit completely antisymmetric
tensor with 79423 = /—g, we find the following

expressions for the electric and magnetic fields in the
Coulomb gauge:

E; _AEJB =" z_;lkaAk (70)

Where €; 5 is the unit completely antisymmetric tensor
in three spatial dimensions with &;5 = 1. For the
energy density of the electromagnetic field, we find

r :I
TE'D - __ﬂ‘ Q#E IE}F (d}:}FmE v 'If"

as Ei‘ G+

(71)
In above equation we used the fact that the
contribution of d34; only depends on electric field.
Thus, the energy density of magnetic field
ps = —(Ty) equals

+oc
dk dp, (¢, k)
ps (1) zf * dlnk
o
oo & -
== () AP @
In terms of A = aln) f{n)A(n), we obtain
+noo
1 dk
t = — —_ 5 k 2
ps () 2m? k a*(n) )l
0 (73)

B. Power Spectrum

Electromagnetic fields generated in the early
Universe are conventionally characterized by their
power spectrum. In order to define what the power
spectrum is, we consider a random field fwith zero
average value {f(x)} =0. Its two point correlator is
defined as a path integral over field configurations

F(XF)=(FEFG) = [DFRIFIFE) FG) (74)

If the system is statistically homogeneous in space,
then the correlator is translation invariant, i.e.,

() =8 —7) (75)

If, in addition, there is a statistical isotropy, then the
two-point correlator depends only on the relative
distance between the two points

£(4,5) = &(lx— 5D (76)
In the momentum space, we have
G@r (k) =Fwes(k—k) 77)
Where k& = |k|.
The power spectrum function is defined by
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= z — =

G () =Zrws(k-k) (@9
The normalization factor in definition of the power
spectrum is conventional and has the virtue of
making power spectrum dimensionless if the field is
dimensionless.
Let us relate the power spectrum of a scalar field to
its mode function. By definition, we have

(©0|@(n0)$7 (n.%)| 0 = 2= P (k) 8 (¥ — k) (79)
On the other hand,
©|§(n.K)T (n.%)|0) = I8 12 (K &) (80)

Thus, the power spectrum of ¢ equals

Po i) = 161 ()I? (81)
For ¢ = ad , the power spectrum of &, is given by
K5 |wln)|?

Ps, (k) =

(82)

22 | aln)

Using Egs. (45) and (46), we find following power
spectrum:

k® HE 2
Pﬁw(k} B ey — 2]

Forlkn| = 1 , this result is consistent with Eq.(46).
For |kn| << 1 , the fluctuations are outside the
horizon and are given by

| ()% =

Therefore, the power spectrum of the inflation
fluctuation is constant and can be written by
following relation:

:P'Sr.o(k} = (ﬁ

(83)

HZ

IKE

(84)

) ©5)
Note that since H varies slowly during inflation, H,,
and Pz (k) weakly depend onk . This result means
that a light scalar field in a quasi-de Sitter space time
acquires an almost scale invariant spectrum of the
fluctuation with amplitude given in the above equation.
Let us consider now the power spectrum for the
field A ,which is governed by Eq.(67) or (68).
According to Ref.[10], we can write general solution
in terms of Bessel functions as follows:

A(n, k) = (k)= X
L0072 en) + €)1, 2 en) |
Where(; (k) and (k) are two scale-dependent

coefficients which are fixed by initial conditions in
the ultraviolet limit. For— ki = == , we have [2]

(87)

(86)

,,:,.-'511:7}! k} — 1k E—ik??

V2
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The normalization condition for time dependent
amplitude A(t, k) is given by
At k) A* (k) — Alt, k)AL, k) = —

Fiat

(88)

Since A = f , the coefficients €y and (' are given by

—im{p+1)
z

60 = =20, 000 = (22 (e9)

Using the asymptotic behaviour of Bessel functions
for —kn — 0, we obtain [2]

coslmy)

imy i
VI gz -z ¥
cﬂ(ﬂ: k} —+ 2.”_;; Tlry+3} coslm) k E(k?]'} +
_ I:.".'I:‘_—:r'j = .
VI g = k__;(.iﬂ]'}l_}r

9= y+§ F[— ¥ -IE} cosln(1- ]":']

(90)

Where the symmetry of the two terms with respect
to the exchange ¥y — 1 — is obvious. We define
dimensionless function F(&) by the following
expression [2]
F(6) =

T
25+"T1[6+‘§}c931(5n}
With 6 =y if y=-and 6=1—y if ¥ == We
compute the power spectrum in the case where the

scale factor is given by a power law of the conformal
time. We have the following relation [2,44]

(91)

™

o0

aln) = ao | (92)

Mo
The case § = 2 corresponds to de Sitter space-time.
One can also show that the spectral index of density
perturbations is given by n.= 28+ 5 [45]. If we
adopt a very conservative bound |n.— 1| % 0.1,
then this amounts to choosing the index § such that
—2.05 % f < —2.Notice that the above assumption
for the scale factor is not as restrictive as it may
seem at the first sight. Indeed, the above law is also
valid in the slow-roll approximation where one has
[45]

a(n) o |n|~17= (93)

Where e is the first slow-roll parameter which is
constant at the first order (see Egs.(35) and (36)).
Therefore, our ansatz allows us to treat the case of
slow-roll inflation like, for instance, large and small
field inflation or even hybrid inflation in the
inflationary valley. The inflation period in conformal
time lays in the interval, o= <2 1 <2 0. In this section,
we adopt as in Ref.[12] the power law form of the
coupling function. We have

flg) xa® (94)
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where « is the free index. The coupling function
f = a? belongs to a class of models with interesting
scenarios. It will be showed below that ansatz (94)
leads to a power law for the spectrum of the
magnetic field with the tilt ng determined by the
value of the parameter @ (ng = 0 for @ = 2). We

can write £ " in Eq.(68) as follows:

yiy—1
??1

il

F

Where y = a1 + £).Thus, the power spectrum of
generated magnetic field is given by

(95)

deplnk) _ ¥ 1 ¢ k2"
dk *'m:F(ﬂ}a_-*(E) (96)
Where n =yif}f£%andn = 1—yif2%

4. Coupling function

In this section, we derive the general relation
between the coupling function () and the form of
inflationary potential V{g). Setting, for simplicity,

-~ FI. -
the reduced Planck mass M3 = é =1, we obtain
2 re E d_é _iﬂ
H= = avw}}’dr 3H d (67)
This gives
-1
gV
T=-ve)(5;) do (98)
This leads to
- [@ &
a=e "o (99)

Therefore, the coupling function in the slow-roll
regime is expressed [2] through the scalar field
potential as follows:

F(¢) o exp | —a [ 22

Vil e

dqb] (100)

Let us consider now some examples. For the large
field model with potential

Vig) = M*p? (101)

We obtain

E |, a
fl¢) xexp (—Eab ) (102)
The scalar field potential in the cases of small field
and hybrid inflation equals

Vig) = M*(1£ A¢7) (103)

Where minus and plus sign corresponds to the small
field and hybrid inflation. For such a potential, we
have following coupling function:

£(@) o exp [F2EZ

T o’ P ad’
Ap(2—p)

o)

(104)

-
s

And
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f(@) cpTae s
Inthe case p = 2.

(105)

5. The evolution of magnetic field during
preheating

In this section we consider the evolution of
magnetic fields during preheating following mostly
Refs.[15,40]. Let us remind what is preheating.
During inflation radiation and matter are red shifted
away and as a result temperature drops rapidly to
very low values. All the energy density is stored in
the inflation field. This energy should be converted
into particles and radiation for the Universe starts its
normal Big-Bang evolution at the end of inflation.
Once the slow-roll condition breaks down, the
evolution of inflation begins to accelerate and it
reaches the minimum value of the potential, where it
starts to oscillate around the minimum. Then the
coupling of the inflation to other fields becomes
important leading to an explosive particle production
for a certain wave number of matter fields. This
process is known as the parametric response. It leads
to the fast and efficient transfer of energy from the
inflation to matter fields. As a result, the energy
density in matter and radiation rapidly becomes
similar to the energy density of inflation at the end of
inflation. This leads to significantly higher reheating
temperature and also to a non-thermal distribution of
the energy. This process is known in the literature as
preheating. During preheating the inflation potential
can be approximated by a parabola. Then the
inflation field evolves in time as

sm(’mt} (106)

p(t)
Then we obtain the followmg equation for the
amplitude A(t, k):
. £\ .
At k) + :~'.H+2}—p At k) +

[:—i+HE+EH}i+§}A(;kj =0 (107)

For A(t,k) = V(& k)a™sf~1(£), we obtain

i) +(5 —£+:1}H9 - H£+ 2w (t,k) =0 (108)

In order to proceed, we should know the shape of the
coupling function (@) . Using Egs.(102) and (106),
we find

£(9) ocexp |~
Then Eq.(108) can be ertten approxmately as

. sin (mt}] (109)
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w(gk) +
kY1 a
(5+3H
This is the Mathie equation [2]

di i H? 8o
M+¢m+a'ﬂifmm) =001

}:ﬁ.r[r, k) = 0 (110)

With

(13
z= mt—;, m= =

k* H?
57 q}"f

—2 . (112)

4m 3o {z+—}

Since we are interested in long wavelength modes so
that H <«m and, consequently, a, << 1 , the
Mathieu equation has instability only for g, = 1
Since both &« and p are constants of order unity with
typical values a=p =2 , we conclude that the
instability continues for less than one period of the
field oscillation. Therefore, the parametric resonance
is negligible and one cannot expect any enhancement
of the magnetic field during preheating, at least with
the coupling functions considered in this article. A
last comment is in order here. The present analysis is
valid only if one approximates the potential by a
parabola. Clearly, in more complicated situations,
like, for instance, the hybrid inflation where the
reheating takes place in a two-dimensional field
space proceeds in more complicated way. One could
also expect that the coupling between the inflation
and the gauge field will affect reheating. However,
since this coupling is generally suppressed by some
power of the Planck mass, this effect should be
limited.

A. Starobinsky potential

As an example of the evolution of magnetic
fields during preheating, we consider [40] in this
subsection the case of the Starobinsky model with
the effective inflation potential

(- el fo])

Where g = 1.3 x 107*M, [46].Using the slow-roll
equations (97), we obtain

V(g) = (113)

(114)

alt) = exp (%r) 1-— i];

1 L]
Linf

is the duration of inflation.

(1) = by + E In

3 [o#
Where fp & e l

(115)

Eq.(67) for F(t, k)=azA(z, k) implies
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F(tk) + wi(t)F(t, k) =10

g KO F 1.9 '
,m;(t]=§—£+;H‘—H£——— (116)

For the Ratra coupling function [34] (¢) = exp(ag)
, we have

mk(t}—Tﬂ—Hmj}—a P2 —acj}——H‘——H(ll?)
Using Egs.(114) and (115) we find [40]
V6 ura
—Hag > — =0,
4 (.F’tz'nf _P"t)
—al? L <0
"lr'-*tnf ,'..Lt:|
VB pta g = u®
— N——z:"ﬂ, H*S =,
¢ 2 (utinf—pe) 3
H vy _E H

. 2
4 (puting—pt)
To estimate these terms we take into account that

24
Htiny = 2eV3™ ¥ 130 > 1 for the inflation initial
value ¢»; = 5.5 (for more details, see Ref.[40]).

6. The magnetic field after inflation

After inflation and preheating, the universe
contains plasma of charged particles. Its electric
conductivity o, is then quite large and electric
current j# is given by [43]

(118)

Where p, is the charge density. Using E, = UE,,
and U# :{1,ff}, we find in the Coulomb gauge

Ay +ac fA, —a%8;0'4, =0  (119)

Therefore, the Fourier amplitude, 4(t, k) obeys the
following equation:

AT(EK) + (rxcr + Eé)ﬂf(t k)

+ (£ do, +2) a0 =0 120

In large scale limit we have, &, = H. Then solution
to the Eq.(120) can be written as

A0 =% L p (D) (120)
o

We can ignore the exponential term because its

S L - 1
characteristic time is given by, T=oa; 1 7
Therefore, ~ A,(t,x) = D,;(¥). This means that
electric field is zero and magnetic field does not evolve
in time. The energy density of the magnetic field
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pe(m = “rﬁ dk k (122)
diverges at large k& and scales as 3—4 . In fact, the

present magnetic energy at a given scale L is given by

2

Zonds k= T)

2 (EE--m) (123)

dg
ppln) = d—k'g z= L
Using the expression of pg at the end of inflation, we
obtain [9]

Znt4

riﬂ.g 3‘- cri Peri " Gp n k
dlnk :F( }('d'“ ) (Pena_) (Egnﬁ_:] (EDHD)
o (124)
E'.l
Where, Qg (k) = % The ratio — depends on

the history of the Universe and, in partlcular, on the
process of reheating. According to Refs.[2]and [47,48]),

g

__pand{ﬂ d} 4(3HI}}_; (125)

Tend

7. Axion potential

The hypothesis of an invisible axion was put
forwarded approximately forty years ago. It turned
out to be an unusually fruitful idea crossing
boundaries between particle physics, astrophysics,
and cosmology [52]. It was proposed to solve the
strong CP problem connected with the & term in the
action density of the Standard Model [52]. This
axion hypothesis is now being used in many models
of inflationary cosmology and dark matter. One of the
plausible candidates for a dark matter particle is axion.

A. Axion N-flation potential

The axion N-flation model is based on a set on
N¢ uncoupled fields ¢; with the potential

V.=A} (1 — cos [%D

Where f; is the i*® axion decay constant. If a single
field is present, this model is known as the natural
inflation [51, 53].For the N-flation with Ny fields,

the Friedman equation is given by

=15 (267 +vde)) (27

(126)

And the scalar fields evolve according to the
equation

(128)
Where, V; 4. = 8V;/8g;. In the slow-roll regime, we
have
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J'-.-'f
EHE ~ Z I'!r.(qb:j =V JEHgéi ~ = i_.t,‘f?[
i (129)
It is convenient to define the slow-roll parameter for
each field
1 /Vp0\°
E:- = — (ﬂ)
2\ (130)
Differentiating Eq.(129) we find
J\f
. 1L Vi
H= P (131)
The number of e-folds is given by
#
Z J. Tr dqbz
i.end E Fi (132)

Using the &\ formalism, we obtain that the power
spectrum of scalar perturbations equals[50]

H? V.
P =4 ) NN, = Vi,
L

i ' (133)
By using Eq.(130), we obtain
2 2 1+ cos (%L)
€ =3
f; 1 —cos (M)
£, (134)
Combining €; and plugging them into p; , we
finally find the following power spectrum:
T4 (135)

Where = means that the corresponding quantity is
evaluated at the horizon crossing.The spectral index
is defined by

dlnp,:
dlnk

2 AP
Z—EEE—BLZZ-—%% Zi.
3H, ‘fJ.- £; e

1 dlnpg
H* dt

n—1=

(136)

Where

V2
=27 =

6 is the global slow-roll parameter
which should be smaller than the unity &5 < 1
during inflation. The tensor power spectrum is
defined similarly to the scalar case. Therefore, the
power spectrum is given by

100



Bicnux Kuigcvbkoeo HayioHanbHo20 yHieepcumeny 2018, 2
imeni Tapaca Llleguenxa
Cepis Qizuxo-mamemamuyni HayKu
.8 ( H )9 2V
Pr~ o2 e
N2 =gy 3TW (137)
fic
Where we set Mp; =_— =1. Thus, the tensor to
scalar ratio equals
v 1
-2y
£,
Pt € (138)

The denominator in the equation above can be
estimated as Ei% %% where N is the number of

axion fields at the hilltop. Since the slow-roll
parameters &; approach zero for the values of fields
close to the hilltop, the sum in Eqgs.(135) and (138) is
dominated by the smallest ¢;. If N fields have
roughly comparable ¢; of order € which is related &
by the following relation (see, Eq.134):

F= 2n® [1+c::-sfﬁ:}i|_ 2n” [

1+ros(E)
7 sl 2 ] (139)

1+ [1— f"Tfﬁ'} 5]

where & 2%"E’.Note that around the hilltop

(m—a) <« 1 and, therefore, Eifm% in our

approximation. Thus, we find

P P

2 2 r— oy

f* 2f* (140)
Plugging the above equation into Eq.135, we obtain

€ R

___HIN _ HP’Nf?
T8t T ani(m-a)?  (141)
Thus, the tensor to scalar ratio is given by
I m—E ) ®
r= Pyt R (142)

Pr Nf*

Requiring that ¢ = 2=

&7

is not less than the quantum

. H
fluctuation oo we need

‘;bhi:ro?: - 5 A H/2m, gbhi!ro'p - ‘;E T H/2m (143)

Then we obtain

TohEo o @-@zET (144
Note that, ¢piirep = % Using the above relation and
pz,we find
_ =y HEE
(r—a) 2 [ (145)
Finally, we have
VR = 207 fp; (146)
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The WMAP and Planck 2015 observations require
pr = 2 % 1077 [3].Therefore,
= 186 =10

JN (147)

nl

_ o 2
Where f,; & 2% (HTF) , is the non-Gaussianity
parameter [50].
The above discussion demonstrates that one can
replace axions with a single field quadratic term or
using N with the potential

V(g) = Na* [1 — cos (é‘i’)]

ST (148)

In this case one can compute the power spectrum of
generated magnetic fields and its spectral index.
B. Quadratic plus one axion model

The model is with one scalar field with the
quadratic potential and one axion field

W = %mz d* + fl“(l — cos Z;IJ (149)

is considered in Ref.[54]. The equations for the
background fields read

¢+3Hd+U, =0, i+3Hi+V, =0 (150)
The unperturbed Friedman equations are given by

(8 1 w) =2 )

Where we set My;=1. In the slow-roll regime, the
field equations reduce to
3H~ —U,, 3Hi~ -V, 3H*™W
(152)

with the slow-roll parameters

M2 (U 5\ 2 M2 v 2
w=7(F) «=FE) 0
The number of e-folds is defined by
— (Pexie U Texit V
N = —d —dx 154
"r‘i"emi U ¢+ "rxemi Vax ( )

Where ¢..:;: and x_.. are the values of scalar
. . . 1 A,
fields at the horizon crossing. For U = -m<¢*“ and

V=A% (1 - CDS(Z}E)), we obtain

[1+EQS{E}

T{}l (155)

=X . _Int
¢ q_:,z’ * F* |1-cos 7

Further,
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ﬂN 1 6N
.IEE ax
1- cosl:/zwv}
f
; l sml(z'rv l 2 (156)
And the power spectrum equals
_HE2[1 1
Pr =22 [E_:: + g] (157)

Where # means that the corresponding quantities
are evaluated at the horizon crossing. In the slow-

roll regime, we
W, 1 1
L FRE,
2am® | ey Eg

We define the spectral index of the primordial power

dlnp; )
spectrumasn —1 = —1ar- We find

Py = (158)

zm?® e At
1 g f* ex

n—1=—2e,; — — NS (159)
EHJ-‘, Ex
And the tensor to scalar ratio r = ? is given by
:
p=2= 18 (160)
Pr ¥+E—x

By using Eq.(154), we rewrite the number of e-folds
in the following form:

a1 2 42 £~ 2
N & a [gbs gbami] + 4 111 (1 EDBL{E""‘})(]-G]-)

The global slow-roll parameter together with the
condition e4 = 1for the end of inflation gives

@2, . = 2.Therefore we have
o 1 2 _l"z 2
N = 3 [qbs - 2] + Py In (m) (162)

C. Single axion field

Now we investigate the form of coupling
function in the single axion field model. The
coupling function satisfies Eq.(100).Therefore By
using Eq (148) with the axion decay constant

f=x Nf we can find the coupling function. The
inflation potential is given by

V(g) = A* (1 — cos (?]]

And is plotted in Fig. 1. The coupling function
equals

(163)
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f(@) = cos™® ()

Egs.(97) and (98) make possible to determine the
scale factor a and the inflation field ¢ as a function
of time

(164)

a(t) = C, cos® (%) (165)

Co=—to" B =2f2 =1
Where Cy cnsﬁ}[ﬁ}ﬁ f< and a; = 1 is value

of the scale factor in the beginning of inflation. The
inflation field ¢ is determined by following relation

sec(quf) +m(jf)
o)+ n( &)oL

Combining Egs.(165), (164), and (67), we can find
the power spectrum of magnetic fields during
inflation. The number of e-folds is given by

Fﬁrj
Ve (166)

V(g)n*
2.0

1.5
1.0
0.5

- M
5 10 15 20 25¢"

Fig. 1. The inflation potential (163) in the natural
inflation model for the decay constant f = 7.5M,,.

N=Ff%x
(In [1 + tan? (“’J;j] In [1 + tan? (“"j;ﬂ)])
=3 I 22 ena /27) (167)

cosld; /2F)

Inflation ends when ¢ = 1. Using Egs.(36), (130),
and (153), we obtain

1 |1+ cos (g?ﬂi)

2f* 1—cos (g?ﬂi)

e=1=

(168)
That gives
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b reo (252)
1+ 8 (169)
Where £ = 2% We have also
| B
N) = 2fcos | e ¥F |—
6(N) = 2f e
(170)

The total duration of inflation defines the initial
value of the inflation ¢; = @{N.,.). The value of the
axion decay constant is constrained by the observed
scalar spectral index and tensor-to-scalar ratio [3, 56,
57] and typically lie in the range

35— % 10.
? (171)
The value of A can be fixed by the requirement that
the amplitude of primordial scalar excitations at
AN = 50 — 60 e-folds before the end of inflation
(when physically relevant modes cross the horizon)
is equal to[3]

p; = )|, = 22x107
2| |

Using Egs. (97) and (170), we find

B ||_2f.ff sin? (¢ /2f)
Pe = N@ 2m cos(g@/2f)

(172)

|y =2.2% 1077

(173)
For AN =50— 60 and f in range (171), we can
determine the value of A. Without loss of generality,
we can choose the initial moment of time to be at
N.,. = AN e-folds before the end of inflation
because only after this time the physically relevant
modes start crossing the horizon. Therefore, we
define ,¢; = @¢(AN). For example, if we choose
AN =60 and f =7.5Mywe obtain ¢; = 14.2M,
and A=59-10"*M, = 141-10'Gev. One can
numerically solve the system of background
equations (25) and (28). Then the corresponding time
dependence of the inflation field, scale factor,
Hubble parameter, and slow-roll parameters are
shown in Fig. 2. Approximate solutions (165) and
(166) nicely fit the accurate numerical solutions
during inflation stage and are shown in Fig. 3.
By making use of Eqgs.(164), (67), and (73), we find

dep _ 1 (k) :
dlnk o 22 [rz':t}) klﬂq(t’ k:]l (174)
During inflation, we should have

fle =c05':“5}(%) <1 in order to avoid the
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M
15,
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f<4

102
10°
1015
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1000.0

= Wt #10°

-4
-
[}
w
~

HIM,, #107°

2.5
2.0
1.5
1.0
0.5

v Mpt, x10°
0.00.51.01.52.02.53.03.5

d

Fig. 2. Time dependencies of the inflation field (a),
scale factor (b), Hubble parameter (c) and slow-roll
parameters ¢ and n (d). The used axion decay
constant f=75M,, corresponds

toA = 1.4 x 10 %Gev.
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=\t #10°
0.0 05 1.0 15 2.0 25 3.0 35

a

Myt, #10°

00051015202530 53.5
b

Fig. 3. Time dependencies of the inflation field and
scale factor (number of e-folds) obtained from
numerical integration of the system of Friedmann and
KGF equations (solid lines a, b) and approximate
analytical solutions (165) and (166) derived in a slow-
roll approximation. Vertical dashed line shows the
moment of the end of inflation when e = 1.

strong coupling problem. For this, we should
consider only negative powers, .
The square modulus of the mode function and
magnetic power spectrum in the end of inflationary
stage are shown in Fig. 4 for different negative
values of parameter @ = —1.5,—2.0, —2.5,—3.0.
The power spectrum behaves like

deg

2 I (e+2a) fora < —1
n

(175)
It is in a nice agreement with Eq. (39) in Ref. [2],
because the coupling function (164) behaves like
~ a% during inflation stage. Therefore, the power
spectrum could be treated analytically, assuming de
Sitter expansion with H = const during inflation,
similarly to Ref. [2].

A few words should be said about the behavior of the
power spectrum. The modes with
k < k;~a;H;~3.0x 107°M,, are outside the horizon

even at the beginning of the inflation. They exit the
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horizon earlier than 50 — 60 e-folds before the end of
inflation, therefore they are physically irrelevant. The
modes with k > k. ~a H,~e"ek;~10"1M, are
inside the horizon even at the end of inflation. They
oscillate in time during the inflation stage and do not
undergo amplification. The modes with intermediate
momenta k; <= k = k_ are physically relevant. They
cross the horizon during inflation and change their
regime from the oscillatory behavior without
changing the amplitude (inside the horizon) to a
monotonic behavior with significant enhancement
(outside the horizon). These modes determine the
power spectrum of generated electromagnetic fields.
In order to estimate and analytically analyze the back
reaction problem, we need to find the electric power
spectrum. According to Refs.[2, 40], we have

2K A (k1)

‘ ‘ _ kM
107 1000 TE 102 °
1 dps
Mp“dlnk
-10
10 Y
0|~ i
00,77 e am3
T
y i
Tins SR Tro s
L, P
‘ ‘ _ kIM
107 1000 10" 102 "

Fig. 4. Square modulus of the mode function and
magnetic power spectrum at the end of inflationary
stage for different values of a.

104



Bicnux Kuigcvbkoeo HayioHanbHo20 yHieepcumeny 2018, 2
imeni Tapaca Llleguenxa
Cepis Qizuxo-mamemamuyni HayKu
T dkdpg (1,1) Tk &\ 3 (ALK’
o[ dkdpe(tl) 1 [dki kN o |2 (ALK
P = | Tk _zHEJ- k(a(t}) kfF5(0) at( 7© )‘
o 0
(176)
Therefore, the power spectrum of electric field is
given by
dpg _ 1 k 2 B(ﬁ(r,k})‘:
— = t) = 177
dink 22 f (j arh fie) ( )

In order to check that the back-reaction problem is
absent, one needs to verify that the following

condition is satisfied for all modes with
k < kdiff[Z]

dg dg

d::k |inf d:an |inf = Ping (178)
Where p;,¢ is the energy density of the inflation
. . . . . _ ke dp dk
field during inflation. Using, p = e

obtain the following equations for the electric and
magnetic energy densities:

E P
pe = E:::E [1 _ e—;'-.-E.'~6+¢rx}:| (179)
AE N[ 2
ps = 15 [1—e V2] (180)
Where N = &0

A ® H = constant.
1.For @ € (—2;—1/2), the main contribution to the
energy densities comes from large momenta
k~agH.Therefore,

pg~pg VAP ~VHT < py o =3H M ~A® (181)
The back-reaction is absent for H << M.
2. For a € (—3; —2), the magnetic energy density is
determined by short-wavelength modes k~a_H and
cannot cause back-reaction similarly to the previous
case. However, the electric power spectrum is
dominated by long modes with k& ~a; H.

pENﬁBEENE.':hxl—E} % pg ~ B (182)

Therefore, the electric component determines back-
reaction which can be neglected for

ﬁﬁezﬁ-‘-g':lﬁl_zj 'EE pi?!fwﬂq. — |ﬂ!| = 2 +%1n%€
e
(183)
In general,

_ H' Fla) o 20 (lal-2)

2 2 el —4

PE (184)

Therefore, the electric component determines back-
reaction. It can be neglected if pg <! gy, sthat implies
120 (el -23

o) (89)

3. For @ = —3, the leading contribution to the
electric and magnetic energy densities is given by

1 M, 1
lee| = 2+E(ln}"— -I-;ln
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long-wavelength k~a; H which cross the horizon at
the beginning of inflation. Although both
components could attain very large values, the main
effect is due to the electric component as it has two
more powers of a./a;. The condition to avoid the
back-reaction is, thus, the same as in the previous
case.

We would like to mention that in order to
estimate the “critical' value of _ for which the back-
reaction problem occurs, one can use the Hubble
parameter H = H, because it varies very slowly
during inflation. On the other hand, the situation with
N_ is more delicate. If we assume that inflation lasts
only from the moment when the pivot scale crosses
the horizon, then we may set N, = N, . In this case
for N,=60 and f =7.5M,, we have o = —2.2.
However, in more realistic situation, inflation can
last many e-folds before the pivot scale horizon
crossing and a lot of modes which are longer than the
pivot one (and, therefore, are not physically relevant
at the present epoch) would be also enhanced and
contribute to the energy density. In this case, one
would not deal with the back-reaction problem only
in the case of scale-invariant or blue electric power
spectrum, i.e. for o = —2.

In order to investigate the most favorable case, we
assume that enhancement occurs only for the modes
shorter than the pivot scale K, . In this case, we
numerically solve the mode equation (67) for all
modes which cross the horizon during inflation and
plot the corresponding electric and magnetic power
spectra in Fig. 1. In our numerical simulations, we
set N, =60 and = 7.5M, . The numerical results

nicely confirm the theoretical constraint & = —2.2
for the absence of the back-reaction. In view of

e B g Ve el =20 o pﬁ_mﬂseﬂﬁeﬂﬂ'—ﬂ (186)

1019}

10727f

107

-24 =22 -2.0 -18 -16

a
Fig. 5. The present day value of the magnetic field
as a function of @ for different number of e-folds
N, = 50,55,60.
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the electric component again determines back-
reaction and the range of allowed values of « is the
same as in Eq.(183).

For f=7.5M, and, N, = 60,we have
A=59x10"3M,.Then the allowed range

o = —2.17and the magnetic power spectrum equals

Fa+a)(L)

- H*
dlnk

(187)

2w

8. Magnetic field at present epoch

The magnetic field at the present time could be
estimated as

2 |
— (2Y | airr 2k 4o
BD (ED) le“rrzl-H k dlnk

(188)

Where kg is the momentum which now
corresponds to the cosmic diffusion scale, i.e., the
smallest size of magnetic configuration which can
survive the diffusion in the late stages of the
Universe evolution. It could be estimated as
Raipp/ag~1A.U71 = 1.3 x 1027 Gev[13].

6+ 2 =0 in the region without back-
reaction, the magnetic power spectrum has a blue tilt
and, therefore, the main contribution to magnetic
field comes from the upper integration region

B, = (2)2 H* I@ (M)Ehﬁ:

- 2 ‘\Il 3ta 2 H

(189)

The value of agy/a. can be found by using the fact
that the pivot scale k. crosses the horizon N.e-folds
before the end of inflation

S0 _ 8 BoH. _ -N, ZoHe
s Gy K k. (190)
Then the present day strength of the magnetic field
equals
2 3+ e
B. — M.; |2:F(ﬂ'} kﬂliff “ k,:_‘l‘.?‘."l' * _
0 27r.,4 3+a |agh, agM,
2F(a) [1.03 x 1014]%"
=(16x10"%3g) | (a) ®
3+a exp(N,)
kaifp /a2 TE kday 1TV n-
X [ 1472 ] [D.DDEME';:JG_"] e (191)

Now setting f and IV, we calculate H, and using Eq.
(191) determine the allowed region for &. Then using
Eqg. (189), we compute the present day value of
magnetic field By which is shown in Fig. 5 for
f =7.5M, and three different e-fold numbers N.. In
the calculations, we used the standard values of the
pivot scale (k./ay = 0.002Mpc~ as given by by
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the Planck Collaboration [3]) and the cosmic
diffusion scale (k4;¢7/ag = 14.U~* from[13]).
Unfortunately, the value of By is considerably
smaller than the lower bound required by distant
blazars observations [17-20]. The power spectrum of
the magnetic field has a blue tilt because the spectral
index is positive

ng =6+ 2a >0 (192)

This means that the coherence length of such
magnetic fields is only of the order of cosmic
diffusion scale, i.e. 1 A.U.The amplitude of
primordial scalar and tensor perturbations can be
found from Egs.(136,138) and is given by [56, 58]

n,=1—6e_+2n, (193)
(194)

Where the quantities with asterisk should be taken at
N, e-folds before the end of inflation when the pivot
scale k. crosses the horizon. Using Egs. (36) and
(37), we find

r = 16¢,

. . -1
n=1-2— %[e“‘*-fﬁ (1+ %) _ 1] (195)
_16[ awg 1y _ ]_
r=3 [e (1 +3) 1 (196)
30
0.15 \
10"‘ ‘
el 15 ‘\'
EL S O
8 ,‘ /
e \ 6% CL
005
fiM=4
W% 1o 0% 0% 0w 0%
ne

Fig. 6. Theoretical prediction for n, and + from
natural inflation model (region between two growing
curves) for 50 < N, < 60 and 0 < f/M, < co and

marginalized joint 68 CL and 95% CL regions for 1. ns
and rat k, = 0.002M;7 [3].

For given N, and f, these equations
parametrically determine a point on the (n,r)
diagram, which is often used to constrain inflationary
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models. Fig. 6 shows such a diagram for the natural
inflation model. The region between two growing
curves is filled with points which can be achieved by
variation of the model parameters 50 <. N, < 60 and

0 <L < +eo. Thick lines correspond to fixed

4

values of f which are written near the corresponding
lines. Smaller points correspond to N, = 50, larger
ones to N, =60 and the lines connecting them
correspond to intermediate values. For comparison
we also show the marginalized joint 68% confidence
level (CL) and 95% CL regions for n, and rr at
k.= 0.002Mpc~* from the latest Planck
observations [3].Using Egs.(36), (37), (170), and the
explicit form of potential, i.e. Eq.(163), we obtain

Iz I

=Mt 2 ® o M
E—zfzccrt M =€ 1= (197)

As we discussed before the most favorable value
corresponds to ~7M, . More precisely, the analysis
carried out in Ref. [3] by the Planck collaboration
gives at 95% CL that logy, (wi) >0.84 |
i.e.,%% 6.91 . The value of A in the potential in

Eq.(163) can be obtained by the requirement that the
amplitude of primordial scalar perturbations at v, e-
folds before the end of inflation equals [3]the value
defined in Eq.(172). By using Eq.(173), we find

AV _ 225 costeran)
My *~.||5 FiMy =in®($/2f) N.

(198)

The scalar field value at N, e-folds before the end of
inflation is given by Eq. (170). Then for given N,
and f we can determine the values of A and H,. The
corresponding dependencies are shown in Fig.
7.Without the loss of generality, we can choose the
initial moment of time at N, .. = N e-folds before the
end of inflation when the physically relevant modes
start to cross the horizon. Therefore, we have
¢; = ¢(N.). For example, for N,=60 and
f=75M,, we obtain ¢; =142M, and
A=65x107*M, = 156 x 10%Gev. Using these

initial conditions, we find numerically the solutions
of Egs. (28), (25) and use them to find the power
spectra of generated electromagnetic fields.
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fiM,
Fig. 7. The parameter A (panel a) and the Hubble
parameter at the moment of the pivot scale horizon
crossing H.(panel b) as functions of f for fixed
N, =50 (solid lines) and N, = 60 (dashed lines)
obtained from Eqgs. (198).

9. Summary and conclusion

In this paper, we reviewed the generation of
magnetic field in the early Universe during inflation
and preheating .We considered the natural inflation
model, which is one of the favored models according
to the latest results of the Planck Collaboration [3].
In order to break the conformal invariance of the
electromagnetic action, we considered the kinetic
coupling f2(@)FF of the inflation field with the
electromagnetic field through the coupling function,
which behaves like a negative power of the scale
factor f oca®,a < 0Since f =1 at the end of
inflation and is a decreasing function, the strong

107



Bicnux Kuiscbrkoeo nayionanvbhoeo yHisepcumemy
imeni Tapaca Llleguenxa
Cepis Qizuxo-mamemamuyni HayKu

2018, 2

coupling problem does not occur during inflation
[60].

We performed the slow-roll analysis and
compared the predictions of the model with
observational results of the Planck Collaboration [3].
In our numerical simulations we used the values of
the model parameters which are in the best
accordance with observational data and provide the
correct amplitude of scalar primordial perturbations.
Using them, we solved the background equations
which govern the evolution of the scale factor and
the inflation field.

The simple choice of the coupling function
allowed us to use the well-known analytic
expressions for the electromagnetic power spectra
from Ref. [2] and to determine the range of
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parameters for which the back-reaction problem does
not occur. Then we determined the power spectra
numerically and confirmed the correctness of our
analytical estimates. Finally, we considered the
subsequent evolution of the generated magnetic
fields up to present epoch.

Taking into account only the modes which can
survive the cosmic diffusion during the Universe
lifetime, we calculated the present value of the large-
scale magnetic field.
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®izuuanii  Bakyym  sak  Tpa”cmopt | Physical vacuum as a transport of
€JIEKTPOMATHITHOT0 30y/I3KEeHHSI electromagnetic excitation
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Y ecmammi, rpynmyrouuce na ycmanenux ysagneHHax, OOCMOSIPHUX (Paxmax ma AeUuwax, 3anponoHo8ano
AKICHY MOO€eb PO3N0BCIOONCEHHS C8Imaa 6 isuunomy eakyymi. Bukopucmano npunywennsa npo gisuunui
8aKyyMy 5K Npo Oieflekmpuune cepedoguuje. Brazano npo neobxionicme epaxysanns egpexmy Joniepa ons
BUBHAYEHHs yacmomu nepesunpominenoi xeuni.llokasano, wo He IicHye npobremu Oyanismy Xeus-
yacmunka. Ceimno BUHUKAE [ peecmpyemvbcsa 3a 00NOMO20K) PeanbHUuX YACMUHOK 8 KPAUHIX MOUKAX
mpaekmopii po3noscioddcents, a icHye (PO3n06CIOOHCYEMBCA) AK X6UNbOBUL Npoyec 6 CheyuDiuHomy
cepedosuwyi. Tpaouyitini cnocobu peecmpayii ceimaa, wo GUKOPUCMOSYIOMb ssuwa gomozpagii ma
domoeghexmy, eurauKanu XuOHe OMOMONCHEHHSA CEIMIA 3 UYACMUHKOW. 3aNpONOHOBAHA MOOeNb 0de
NOSICHEHHS, YOMY eHepeis CEIMmN060I X6Ull GUIHAYAEMbCA GUKIIOYHO dacmomol. Y mepminax
3anpononoeanoi Mooeni HaA8e0eHo NOACHEeHHS NOCMIUHOCMI WEUOKOCMI c8imid, Wwo NOCMYyn0iomy y
cneyianvHitl meopii 6IOHOCHOCMI Ma 63AEMOO0II eleKMPOMASHIMHUX X8UMb i3 2PASIMYOYUMU 00'€Kmamu.
Taxoorc, 3anponoHo8ana Mmooenb HAOAE NOACHEHHS pe3yabmamie i0oMux @QyHOAMEeHmAaibHux 00ciioie
Maiixenvcona-Mopni ma Di3zo.

Knrouosi cnosa: ceimno, 0yanizm Xeuna-9acmuHKkd, QizuyHull 6aKyyMm, 6ipmyanbHi 4aCmMuHKuU,
epasimayiiina nin3a.

In the paper, based on the established representations, reliable facts and phenomena, a
qualitative model of light propagation in a physical vacuum is proposed. The assumption of
physical vacuum as a dielectric medium is used. It is indicated that it is necessary to take into
account the Doppler effect to determine the frequency of the redundant wave. It has been shown
that there is no problem of wave-particle dualism. Light arises and is registered with the help of
real particles at the extreme points of the propagation trajectory, and it exists (propagates) as a
wave process in a specific environment. Traditional methods of recording light using photo and
photo effects have caused the false identification of particle light. The proposed model gives an
explanation of why the energy of the light wave is determined solely by frequency. In the terms of
the proposed model, an explanation is given of the constancy of the speed of light postulated in the
special theory of relativity and the interaction of electromagnetic waves with gravitating objects.
Also, the proposed model provides an explanation of the results of the well-known fundamental
experiments of Michelson-Morley and Fizeau.

Key words: light, wave-particle dualism, physical vacuum, virtual particles, gravitational lens.

Crartio npeacraBuB A.¢.-M.H., npod. Makapeup M. B.

Beryn Ta mocraHoBKa 3axaui Mopmi [1] TmpOAOBXKHUB IF0 TPAAWIiI0 HAWOIIBLI
npamatudHo. OO'€KTHMBHO  CBITIIO  JIEMOHCTpYE
XBUJIBOBI BJIACTHBOCTI 1 edekT Jlomiepa, omke, Mae
MIPOCTOPOBY CTPYKTYpY B JESIKOMY
KBazicrarioHapHoMy cepenosuili (edipi), mpore
CEpeIOBUIIE BHSIBHIIOCS JKOPCTKO TIOB'I3aHUM 3

Bin Apicrotens no Eitmmreitna 1 ge bpoiins
HayKa, OPIEHTYIOUHNCh Ha OCTaHHI JIOCSATHECHHS,
HEOJIHOPA30BO 1 paJIMKaIbHO 3MiHIOBANIA TOTJIS HA
npupoy cBiTia. KoxxHOro pasy pilleHHs ysABJISUIOCS
ocratounuMm Tpiymbom. Jocmig MalikenbcoHa-

© I' JI. Kononuyk, 2018

113



Bicnurx Kuiscvkoz2o HaytonasvHo20 yHisepcumemy
iment Tapaca Illesuenka
Cepis: @izuro-mamemamuuni HayKy

7mabOpaTOPHOIO CHCTEMOIO BiIJIIKY, 3 YHM Ba)KKO

HOTOAUTHCS, OCKIUTBKU BUOIp CUCTEMHU
JMOBUIBHUH. BusBuamcs W inmi  edexTH, 1m0
BUKJIMKAIOTh KOTHITUBHHMU JucoHaHc. Hampukian,

ranuieeBa (opMyisia JIOJaBaHHS IIBHIKOCTSH Mae
HenpuiHATHUHN 11 knacuky Burisa: C + V= C. La
HENTIHIMHICTh JIOJIABAHHS MOBHHHA MAaTH JDKEPEIIO.
Macmtabun wacy 1 TIPOCTOpY 3a MPOIO3UINE0

Qitmmxepanpaa 1 Jloperma  3MymieHO  cTanm
3aNIKHUMU  Bifi pyxy Iwiargopmu. [IpupomHo,
BHacmizok  gedopmamii  MeTpuku B pyci
nedopMylOTbCI ~ aBTOMATHYHO BCi  SBUIMA 1
BEJIMYMHY, SIKi BUMIPIOIOTHCS B 0a30BUX OIMHHUIIX
(MeTp, Kijorpam, CceKyHzma), 100 BUIJISAJIAE

napagokcainbHo. Lleil MaTeMaTU4YHMI BOJIOHTAPU3M
HE € €IMHUM PIIIEHHSM, IPOTE peasbHO CUCTEMA 3
TaKUMH JUBHUMH BJIACTUBOCTIMH HA TOH Yac HE
Oyna 3HalimeHa. Ha upoMmy Tii mapajiokc XBHIIs-
JacTHHKA BXKC CHOPUIMAEThCS SK HOpMa, Xodya B
le/IpOZ[l XBHJIA € KOJICKTHUBHEC SABHUIIC, 4 YaCTUHKA -
BUKIIIOYHO  IHAMBiAyanbHe. JlOCHIDKEHHS, 11O
HPONOHYETHCS, CIPSIMOBAHE HA YCYHEHHS LIMX
MapajIoKCiB.

B3aemonin ¢izmunoro Bakyymy Ta XBuJi

Ockinbku pociin MatikenbcoHa-Mopii 3MiHUB
KapIWHATBHO YSABJICHHS MPO CBITOYCTpiH, 3'ICyeMO
SKUM € IHIWA BapiaHT y3rOJUTH WOTO 3 iHIIMMHU
noctoBipanMU (pakTamu. KiTlo4oBHM € MUTaHHS - 9H
ICHYIOTh 00'ekTH a0O sIBMINIA, KPIM CBITJIA, SIKI TaK
camMo0 OPCTKO IpPHB'sI3aHl A0 CUCTEMH BIJUTIKY?
ChOroJiHi TaKUM MOXKHA BBaXXaTh (Pi3UUHUIA BaKyyM
(®B) [2]. V poboTi [3] BUCHOBIEHa rinoTe3a, IO
TaKUM OO0’€KTOM MOXe OyTH CepeqoBHILEe, IIIO0
CKJIQIAETBCSI 3 KOJICKTUBY XAOTHYHO PYXOMHX He
B3a€EMOJIIIOYMX YACTHHOK, IO HE JOIyCKaIOTh
snokamizamii. Came aOCOJIIOTHHM XaoC BUIIIAAAE
OJIHAaKOBO TMPW TMOIJISAI HAa HBOTO 3 OyIb-sKOi
pyXoMOi B HBOMY CHCTEMH BIIJIIKY, OCKUIbKH
nepeadadae HASBHICTH PIBHOMIPHOTO  CIIEKTpa
MIBUIKOCTEH, BIZICyTHICTB JIOKaJTbHUX
0coONHMBOCTEH, KBa3ilpyKHUX cwil. HasBHICTH
3apsily Y YaCTHMHOK OOYMOBIIOE iX B3a€MOJiI0 3
enexTpomMartiTHuM noeM. @B 1ie, 30kpema, mapu
YaCTUHOK, IO BHHHUKAIOTh Ha KOPOTKUH dHac
BHACIiZIOK (uiyKTyarii HymeoBoi eneprii. Lli mapum
BIpTyaJIbHMX YaCTHHOK BCTHTAlOTh BIUIMHYTH Ha
peainbHi porLecu oe3 KOHCTPYKTHBHOT'O
eHeprooOMiny (mo Ty TemHoi matepii). HymnboBa
eHepris napu nependayae BiJICYTHICTB
MOTEHIIaJbHOT ~ eHeprii,  BIUIUBY  B3a€MHOTO
posramyBanHs Ha Oyzap mo. Tomy ®B MoxHa
VSIBUTH K CHeNU(IUHWA  JienekTpuk  0e3
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MTOTJIMHAHHS 1 pe30HaHCHUX edekTiB. [lepeMimenus
XBHJILOBOTO 30y/DKEHHSI B HBOMY MOXKHa YSBUTH SIK
MOCITIIOBHE TIEPEBUNIPOMIHIOBAaHHS YaCTHHKAMHU Y
BIZIIOBIHOCTI 3 KIIACHYHOIO €JIEKTPOANHAMIKO0 [4].

Hame npunymenns (I1 1) nonsirae B Tomy, mo B
npocTopi, abCONMIOTHO BINBHOMY BiAg OyIb-sIKMX
YaCTHHOK, 1 BIpTyaJbHUX B TOMY YHCIi, SKOW Takuit
icHyBaB (TaKk 3BaHUN «MaTeMaTUYHAN BaKyyM»)
Oyap-sike ToONe, eNeKTPOMAarHiTHe  30YyIKEHHS
MOIMPIOETHCS 31 IMIBHAKICTH, BEIMYMHA  SKOI
nepeBuIye Bimomy KoHcTanty C. B Takomy pasi
BeJIMUMHA MBUAKOCTI cBiTia y ®B o0ymoBneHa
B3a€EMOZI€I0 €JIEKTPOMAarHiTHOL XBHJI1 3
3apsAHKEHIMHA  BipTyaJlbHUMH YacTHHKAMH, 1, fK
HACJIIJIOK, YITOBIIBHCHHSM IIBHUKOCTI 1i MONIUPEHHS
B IbOMY CHEUU(DIYHOMY IiCNEKTPUKY IO BEIUYHHH
C (IT 2). Hpyre mpurrymeHHs TPUPOTHE 1 HIYOMY HE
cynepeunTts. llepre - He Moxe OyTH mOoBeneHO abo
CIPOCTOBAHO, aje KOpUCHE ISl 3arajbHOI KapTHHH.
OxkpiMm Toro, mo peanpHuii OB ckmamaerscs 3
KOPOTKOYAaCHO BUHHUKAIOUNX BIPTYyaJbHUX YaCTHHOK,
BOXIUBO, IO PYXalOTbcd BOHU 3  PIi3HUMHU
HIBUIKOCTAMHU. Marouu 3apsii, BOHM pearyioTh Ha
eJIeKTPOMArHiTHe moJjie. IX iHauBiTyansHNH BHECOK B
MEPEBUNPOMIHIOBAHHS PI3HUA 1 MoXke OyTH
BU3HAYCHH, BUXOASYHU 3 PI3HUX SKICHUX MOJCICH,
OJTHA 3 SIKMX PO3TJITHYTA Jaji.

XBWISL - SBUIIE KOJEKTHWBHE: IMEPEMIilyeThCS,
BIITBOPIOIOYUCH B TIPOCTOpPi, Jeska MoHo(daszHa
MOBEpXHS, fAKa  MICTUTH  0e3/li4  YacTUHOK.
[Ipumyctimo, 1o XBHIS 30Yy/DKSHHS, PYyXarduch
37iBa BNpPaBO B CHUCTEMi BIWIiKy A, gocsria
wiomuHn 1. B pe3ynbraTi mepeBHIIPOMiIHIOBAHHS
YMOBHO HEPYXOMHMH YaCTHHKAMH 4epe3 iHTepBal
yacy AT 30yIKeHHS BUSIBUTBCS B IUIOMWHI 2.
OpnHak, B IVIONIMHI 1 € TakoX Tpyla YacTHHOK 3
mwBUAKICTIO (+/-)V1. [TepeBUIIPOMIHIOIOUH, ISl TPYyIa
CTBOPUTH B IUIOIINHI 2 TaKy K XBUIIO, alie 3 iHIIOK
yactoro (uepe3 edekt Jomnepa). Takux XBUIb B
IJTIOIIMHI 2, 31 3MIIIEHMMH YaCcTOTAMM, BHACIIIOK
Xaocy WIBHAKOCTEH B IUIOMMHI 1 BHSABISETHCS
0e3tiy, a X pe3yJIbTYIOUUi BIUIMB JIOPIBHIOE HYIIIO.
Y nepeHeceHHI BUIIPOMIHIOBAaHHS MK TUTOIIMHAMU 1
1 2, TAKMM YUHOM, O€pyTh Y4acTh TUIHKH YaCTUHKH 3
HYJIOBOIO MPOEKIIEI0 IIBHIKOCTI Ha HAINpPSIMOK
nommpenHs. Lle 30ymkenns Oyae CpuitHATO BCiMa
YaCTUHKaM{ IUIOIIMHK 2, aje B MOAAIBLIOMY B
e(eKTUBHOMY TIEPEBUIPOMIHIOBaHI 3HOBY OepyTh
y4acTh TiJIbKU BKazaHi. [lepeaua BUNPOMiHIOBAHHS,
TakKMM YHHOM, B CHUCTeMi BiJIiKy A BiI0OyBa€ThCs
JMIIE 332 YYacTI0 YacTUHOK, II0 MAaloTh HYJIbOBY
MPOEKLII0 HIBUIKOCTI Ha HAMPSIMOK PyXy XBHJIi.

PosrisiHeMo mpoliec nepeBUNPOMIHIOBAHHS B 111
ke momuHl 1, ame 3 mo3MIi iHINOI, PyXOMOi,
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cucremu Bimiky b. B cucremi b B Tiit e muromuHi 1
€ CBOA BipTyalbHa Tpymna KBa3iHEPyXOMHUX B Wil
cucremMi b w4yactmHok. Temep came us Tpymna
3a0e3redye CTaHgapTHE TepeMilIeHHsT (PPOHTY XBUII
B miil cuctemi b. lle o3Hauae, M0 3 MO3MIUT 1HIION
cucreMu b 3a Lie BiANOBiA€ iHIA TpyHa YACTUHOK B
Til ke TIomuHi 1, 1 MIOHMHK 2 B PI3HUX CHCTEMax
BI[UTIKy HE CHIBINAAalOTh HI B SIKOMY IIPOCTODI,
OCKIUJIbKM OJHO3HA4YHO 3ajleXaTh BiJ PI3HUX TPyl
JaCTHHOK (XOYa IUIOIIMHA CTapTy Oysa Ta cama). Lle
BHKITIOYAE OyIb-aKi OCMHCIIeH1 THIAH]
CITIBBIHOIIEHHS.

31 CcKka3aHOTO BHIUIMBAE, WO B OYyAb-IKOMY
TOCITIZII BUMIPIOETHCS IMBHIAKICTH CBITIA 3aBXKIU 1
TIJBKH Y BJIACHIN CUCTEMI KOOpJHHAT CIIocTepiraya.

[lpuHnumoBa  BiAMIHHICTH  BiJ  3BHYAHHOI
KiHEeMaTUKd € B TOMY, IO CHCTEMH BIIJIKY,
moOymoBaHi Ha 0a3i peanpbHHX MaTepialbHUX
cepemoBun (10 BKJIIOYAIOTH 3aco0M TreHeparii i
peectpariii CBiTia) i, BIacHe, CBITJIO iCHYIOTh B
pi3HEX cBiTax. B peampHOMY CBiTI 30ymKEHHS
3aBXK/IU JIOKaIi30BaHO, a B ®B icHye TiNbKH B pyci.
Sanyuennss npuHiuny [amiges aias IMIBUAKOCTEH
(nmatdopmiu i cBiTIA) Mae ITYYHUH XapakTep, 00 He
Mae JIOTi9HOi Ta (pi3M4HOI OCHOB, 1, MPUPOIHO, TATHE
no ¢opManbHUX HediHiMHOCTEH. s 30ymKeHHs,
MO MOXE TUIBKH TIEPEHOCHUTHUCh 1 TUTBKHA 3
MOCTIHHOIO IIBHIKICTIO, KOMOIHAIil 3 OyIb-IKUMH
IHIIUMH PYXOMHUMH 00’€KTaMH € 0e33MiCTOBHHMHU.
[Toni6HOT MOMHIIKY MPHUITYCKArOThCs (Ha macTs, 6e3
paauKaTbHUX HACJIKIB) npu oO4YMCIeHHL
BiJTHONIICHHS €JIEKTPUYHUX 1 TpaBitamiiaux cui. Lli
cuiM 3 pi3HUX (i3uK, iX MOPIBHSAHHA Oe3riys3je
4yepe3 BIJICYTHICTh cHiibHOI 0a3u. PeanpHi ¢izndsi
TiJa MalOTh BJIACTUBICTh FeHEpYBaTH ad0 MOTJIMHATH
EHEprito, aje MOIIUPIOETHCS BoHA B xaoci B, sxuii
€ iHmmM cBitoM. llepmmii mocTynar chemianbHOL
Teopii BIJHOCHOCTI B YaCTHHI, O[O0 CTOCYEThCH
MOIIMPEHHS CBITJIAa, € HACIIJKOM 3a3HAYCHHUX
npunymiens (I1 1, IT 2), siki He cynepeyars cy4yacHii
€JIEKTPOANHAMILI]. [Tpupoano, MEPETBOPEHHS
Jlopenna 1 Bech MaTeMaTH4HUH amapat crelialbHOi
Teopii BIIHOCHOCTI 3aJIMIIAITHCS
KOJIM CBITJIO BUCTYIIAE B SKOCTI JIFOYOTO areHTa, ajie
He OB SIK 3pYYHHN IHCTPYMEHT MEePeXoTy 3 OfHiel
CHCTEMH B IHIIY, NPUWHATHA B MaTeMaTHYHOMY
MoJiesfoBaHHI. Pa3oM 3 THM He MOXXKHa BUKIIOYATH
rmbuHHOTO 3B'si3Ky Mik @B 1 mpupomoro wdacy,
OCKUIbKM  ICHYBaHHA BIPTyalbHUX T[ap MOXe
BIUIMBATH  HA  1HOI  mpomecd  (HaIpHKIa,
PEKOMOIHAII0 3 YYacTIO pEaJIbHUX YAacTHHOK, a
cepelHid 4Yac ICHyBaHHS MapH MOXE BHSIBUTHUCS
HPUPOTHUM E€TAJIOHOM Yacy).
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B3aemonis cBiTIa 3

00’ eKTaMH

rpaBiTaniiHuMu

Haragaemo omHy BaxiuBy netanb. EdexTHBHO
MIePEBUTIPOMIHIOIOUNMHU YaCTUHKAMH € Ti, STKi MalOTh
CEpeHIO M0 aHCaMOMI0 MBHUIKICTh. B po3rmsHyTHx
BUNIaJIKax Iie OyB HyJb, 3Ba)KalOUM Ha CHMETPilO
xaocy. B cucremi cmocrepiradya MOPYIIUTH IO
CHMETpIiIo MOKHA BHECEHHSIM pPyXoMoro
JeNeKTpruka B My4ok cBimia (mocmig ®izo) [5]. ¥V
IIFOMY BHITQJKy CBITJIO IIEPEBUIPOMIHIOETHCS TaKOX
1 peaJTbHUMH YaCTHHKAMH, 1 Ha WOTO MIBHIKICTH B
KOMOIHOBaHOMY  aHCaMOJli  MOXHa  JOBUILHO
BIUIMBATH  3MIHIOIOYM  MIBHAKICTh  peabHUX
YaCTHHOK. 3ayBaXHMO, 10 pocuig Pizo 3 mydkom
CNCKTpOHIB OyB OM OUIbII  TOKA30BUM  JUIS
nemoHcTpamii poni ®B. B npomy € ananoris 3
MOIMUPEHHSM 3BYKy B Tasi. Ilpm HeHynpoBil
cepenHii MIBUAKOCTI (um MIPUCKOPEHHI )
BUNIPOMiHIOBaYa (UM CEPEAOBUINA) 3MiHIOETHCS
gactota (4 (as3a) KoIMBaHb Ha JIETEKTOPI.
AHaJOTI4HO, CBITIIO IEMOHCTPYE AMBOBUXKHI €(hEeKTH
B3a€MOJII 3 TpaBiTallicl0 TOMYy, IO  3apsj
JIOKaJIi30BaHUM Ha MacuBHiN dacTwHUi. [loGnm3y
MacHBHOTO Tilla BipTyajbHI YaCTHHKHA HAa KOPOTKHI
Yac OTPUMYIOTh TPaBITAIIHHAN IMITyIIbC, KA HE
MOXYTh YTHJII3yBaTH 3 MPHUHIUIIOBUX MIpKyBaHb, i
BUMYIIIEHO TepenaroTh xBwmi. Lle B pe3ymbrarti

HPOSIBIISETHCS K CIIOTBOPEHHS bponTy
(rpaBiTariifHa JiH3a) a00 YacTOTH, B 3aJICKHOCTI Bif
reomerpii gocmimy. Hampuknan, pagiocurnanm

cynytHukiB GPS, nocsraroun 3emiti, MiABHIYIOTH
9acToTy npuOsn3Ho Ha 5-6 ['m.

Enepris cBiT10BOI XBHUII.

Enepris, mo nepeHoCHThCS XBHIIEIO B PEATEHOMY
CEepeloOBHINi, 3a3BMYaif  MICTUTBCS B  JIBOX
KOMITOHEHTAxX, SKI  3ajie)XaThb BiJ  BEIUYHUHA
(koopauHaTa) 1 MIBUAKOCTI (YacToTa) 3MIIlEHHS.
Yactuakn OB 3a BusHaueHHAM Oaliayxi 1O
KoopauHatd, B  cepemopumii OB BimcyTHs
KBa3ilpy)kKHa cuia. CIWHUM SBHIIEM, 3JaTHUM
aKyMyJIroBaTH (CIpUUHATH 1 TiepenaTH) EHEeprito
BUSIBIISIETHCS MIPUCKOPCHHS 3apsPKEHUX
KBa3iyacTUHOK. HacmpaBni mporiec yCKJIaaHIOEThCS
3BOPOTHOIO JII€I0 TIEPEBUIIPOMIHEHOI XBWI Ha
KBa314aCTUHKY (MPOMEHHMCTE TepTs), OAHAK, TEMII
pyxy (dacToTa KOJHMBaHB V) BHSABISETHCS €IHHUM
areHToM, IO € BIiJNOBIJAIEHUM 3a €HEprii, a
BEJIMYMHA CHEPTii BUPAXKAETHCS MPOCTOIO POPMYIIOIO
E =hv, te h HeoOximHa mIs y3romKeHHS OIMHHUIID
KOHCTaHTa. BoHA 3aJeXHUTHL BiJ MOKH HEBIIOMHX
xapaktepuctuk ~ ®B,  To0TO, Bim  Olnbld
(yHIAMEHTATbHUX €JEMEHTApHUX KOHCTAHT, SKi,
[IOKH 1110 HE BUSBJIEHI.
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BucHoBku BakyyMy. HaBeneni MipkyBaHHS  J03BOJISIIOTh

BIJICYTHE TIOSCHEHHS OJHI€T
- YoMy icHyw4a B

YV umin Monem
TpaaulidHOl OUI0T  IMIsAMH
BEJINUE3HOMY pocTopi XBHIIS 37aTHA
OJHOMOMEHTHO  TepeJaTd BCIO  €Hepriio i3
BEJIMYE3HOTO MPOCTOPY MIKPOCKOMIYHOMY OO'€KTY.
Lle, ckopim 3a Bce, 3yMOBIEHO HEBIIOMUMH TOKH
mo BrnactuBocTAMH @B, omHak Oe3CyMHIBHUM
¢akToM € Te, mo eHeprisi B OB icHye SK XBUIbOBE
JIeJIOKaTi30Bane 30yKEeHHS, M0 OJXHOMOMEHTHO 1
TOYKOBO 3’SIBIISIETBCA 1 TaK camo 3HHKae. [Ipu mpomy
JOLINBHO po3iOpaTucs yoMy mnpuHUUN [ roiireHca-
Openenst cpaBIKXyeTbcs B CepelOBHII (HiI3UYHOTO

Cnucok BUKOPUCTAHHUX JIZKepet
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EDWARD W. (1887). On the Relative Motion of the
Earth and the Luminiferous Ether.

of Science. 34 (203): p.333-345.
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3pOOUTH TPUMYIICHHS, 10 XBWJIBOBI BJIaCTUBOCTI
CBITJIA 3yMOBJIEHI TIOIIMPEHHSIM 30y[KEHHS B
KOJIEKTHBI BIpTyaJlbHUX 4acTWHOK. BrnactuBicts ®B
OTPUMYBATH, TIOBEPTATH EHEPTil0 3aBKAM JIOKATHHO
1 OITHOMOMEHTHO (SIK y YaCTHHOK) 3yMOBUJIO TMOSIBY
OMaHH om0 AyamizMmy. [lpupomHuM i JOTIYHUM
BHTJISIIA€ MEXaHi3M, KOJIH CBITJIO BHIIPOMIHIOETHCS (i
MIOTJIMHAETHCS) MpH pekomOiHamii map, KON OAWH
€JICKTPOH 3 TIapH 3aMiHIOETHCS HEEKBIBaJICHTHUM II0
emeprii.  Ilomampmri  HampsSAMKH ~ JTOCIIKEHHS
MOJISTaloTh y (hopMaizalii BKa3aHUX SBHIIL.
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Memooamu peghnexkmomempii Kpemumana-Pemepa 6 ATR-ceomempii i 6bacamoxymosoi
cnekmpoenincomempii - 8UMIpAHO  Koegiyicumu 8iobumms i a3uMymu 8iOHOB1EHOI JIHIUHOL
noaspuzayii 0ns pi3HUX Kymie naodiHHsa C8Ima HA 3pA3KU WApyeamux CMpyKmyp Ha CKIi «Xpom-
BM-oxcuo cagpuiro-epageny (6nazopoonuti meman 5M=Cu, Ag uu Au). Obpaxosaro y nabaudxceHi
HAanigHeCcKiH4eHH020 cepedosuia 0 NiiBoK «xpom-BM»  onmuuni cmani: noKa3HUKU 3a710MJIEHHSL
ma NOSAUHAHHS, A MAKONC ONMUYHY NPOBIOHICMb | OIlICHY YACMUHY OleleKMPUYHOI NPOHUKHOCI
OJ1s1 PI3HUX 008HCUH XU c8imaa. B makux eemepocmpykmypax Ha ochogi uiapie bM 3agikcosaro
V  8uUOUMOMy Oiana3oHi O008ICUH XBUTb epekm NIA3MOHHO20 30V0JCeHHs | BUSHAYEHO
naticnpuasmausiwi ona BPM = Ag, CU ymosu ¢yukyionyeanus maxux eemepocmpykmyp K
ONMUYHUX CEHCOPI8 8 CBOEPIOHUX KOOPOUHAMAX «O0BHCUHA XBUNL C8IMIA 30HO08020 NYUKA -KVM
11020 NAOIHHSA HA WAPYBAMY CIMPYKMYpPY».

Kurouosi cnosa: pegprekmomempis, p-nonspuzosaue ceimio, 0A2amoKymoea CneKmpoenincomempis,
niaazmMoHue 30y0dceHHs, MiOb, cpibrio, 3010Mmo, epagen.

The coefficients of reflection and azimuths of the restored linear polarization were measured by
methods of reflectometry by Kretchmanm-Raether in ATR-configuration as well as multi-angular
spectroellipsometry for different angles of incidence on the samples of heterostructures “chrome-noble metal
(NM)-hafnia oxide-graphene“ (NM = Cu, Ag or Au). The optical constants namely indexes of refraction and
absorption of films “chrome- NM” were also calculated for different wavelengths of light in the
approximation of semi-infinite area. The plasmon excitation effect was observed in these NM-based
heterostructures in the range of the visible and the most favorable condition for NM=Cu, Ag
heterostructures as for optical sensors area was determined in so-called arbitrary coordinates “light
wavelength of probing light beam — its angle of incidence on the heterostructure”.

Key Words: reflectometry, p-polarized light, multi-angular spectroellipsometry, plasmon excitation,
copper, silver, gold, graphene.

CratTio nipenctasus 1.¢.-M.H., mpod. Makapa B.A.

© Kynpszues 1O. B., JIsmenxko L. O.,
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Beryn Cr Ag(43 am) HFO2(7 um)
OnTHYHI BIACTUBOCTI METAJIO-iCICKTPUIHIX 3pasok Nod:
TETEPOCTPYKTYp THUIY «IieNeKTpuK (migkmagka) - Cr(1.5 rm)_Au(43 rm)_HFO(7 rm)
3pa3zok Ne9:

MetanieBuii map (Oydep) — BiiacHe QyHKI[IOHATBHUIA
0asoBHii Imap OJAropogHOrO MeETaly - OKCHI
MepexiJHoro Merany (MPOTEKTOP BiJ OKUCICHHS) -
30BHIMHIA map (rpadeH) i1 iXxHi B3a€MO3B’S30K 3
CNIEKTPOHHOI0 CTPYKTYPOIO BUBYAIKCH B podoTi [1].
B pobori [2] mnpoBeaeHO TaKOXK MOPIBHSHHS
CHEKTpiB emincomerpuynoro mapamerpa ¥ (L) mis
reTepOCTPYKTYp Ha 0a3l MIIHOT IUIIBKH, sIKa IIOKPUTA
abo rpadeHoM, abo [BOMA IIApaMU: JIieEKTPUIHOO
mwrBkoto HfO, Tta rpadenom. B mili  pobori
MOKa3aHo, IO YYTJIMBICTh CEHCOpa, CTBOPEHOI'O0 Ha
OCHOBI OCTaHHBOTO 13 3a3HaYEHUX 3Pa3KiB, CYTTEBO
3pOCTaE SIK MO0 BUOOPY JOBXKWHH XBUIII A CBITJA , TaK
1 KyTa TaJiHHS (¢ CBITJIA Ha 3pa30K: ONTHMYM
IUTA3MOHHOTO e(eKTy B IEBHOMY pO3yMiHHI 13
00MeKeHOT 00acTi B CBOEPIIHUX KOOpauHaTax (A
,() MEPETBOPIOIOTHCS B OLIBII PO3MIUPEHY (HOpMY B
TakuX  KoopauHaTax. Ause  crmeuu@ika — mux
BJIIACTHUBOCTEH , sKa IIOB’s3aHa 13 INIa3MOBHM
30yKEHHSIM B €IEKTPOHHIA MIJCHCTEMI TaKoro
CTPYKTYpPOBaHOTO Marepiady 3a HasBHOCTI B
MMOBEPXHEBOMY Iapi rpadeHa, e HE OO0 KiHIIA
3’sCOBaHa B 3B’SI3KY 3 MOXKJIMBICTIO BHKOPHUCTAHHS
3a3HAYCHOTO THUIY TETEPOCTPYKTYPU B  SIKOCTI
CEHCOPIB TPH MIarHOCTHII CEPEAOBHIN METOXAMH
mia3MoHiku. ToMy  MeTord  poOOTH  CTaio
BHU3HAYCHHS ONTUMAIILHUX YMOB CIIOCTEPEKCHHS
MJIa3MOBOTO PE30HAHCY B MOKPUTHX IIAPOM OKCHJTY
Ta/uu rpadeHa Merayo-mieTeKTPUIHUX CTPYKTYpax,
0a30BUM MaTepialoM B SKHX BHOpPaHO OIHOTO i3
eeMEHTIB Tpynu OJaropogHMX  MeTadiB, IO
3HaXOmAThCs B KiHmgx 3d- (Mimp), 4d- (cpibmo) i 5d-
(3omoTo) psAmiB  Tabmuii  MeHpaemeeBa, AK i
MOPIBHSUIPHUM aHalli3 OTPUMAaHUX S KOXKHOTO 3
HUX SKCIIEPUMEHTATBHUX PE3YJbTATIB.

ExnepuMeHTAIbHA YACTHHA

VY naHiit poboTi OyIr BUKOPUCTAHI HACTYITHI 3pa3Ku:

3pa3zok Nel:

Cr(1.5am) AQ(53 M)
3pasok Ne2:

Cr(1.5am) Ag(53 um) Graphene
3pa3ok Ne3:

Cr(1.5am) Ag(45 um) HfO,(7 um)
3pa3oxNed:

Cr(1.5am) Ag(45 um) HfO.(7 um) Graphene
3pa3ok Ne5:

Cr(1.5 am) Au(47 um)
3pazok Neb6:

Cr(1.5 um) Cu(43 um) HfO2(7 um)

3pa3ok Ne7:

Cr(1.5 um) Cu(43 um) HfOx(7 um)_Graphene

CriexTpanbHi BUMIpPIOBAHHS MIPOBEJICHO
Mmerogamu emincomerpii [3] i pediekromerpii npu
30HIYyBaHHI TETEPOCTPYKTYpH P-TOISIPU30BAHUM
CBITJIOM.

OCHOBOIO  €KCIIEPUMEHTY CTaja ONTHYHA
JAarHOCTHKA  IJIa3MOHHOTO  ©eKTy  IUIIXOM
BUKOPHUCTaHHS SIBUILA BiZIOMBaHHS p-
MOJIIPU30BAHOr0 CBiTJIa BiJ C(HOPMOBAHOI T'eTEPO-
CTPYKTYpPH 13  IUIa3MOHHUM  30YIDKEHHSIM 1
BUMIPIOBaHHsI CrieKTpa KoedimieHta BimOuTTs Rp(A)
merongom Kperumana-Perepa B ATR-reomerpii.
[IpoBenmeHO  TakoXX  BUMIPIOBaHHS  METOJIOM
0araToKyTOBOI CIIEKTPOETIINCOMETPIi 3 MOXKIIUBICTIO
BU3HAYEHHs 2-X TapaMeTpiB: a3uMyTa BiTHOBJIEHOI

ninidHoi monsipuzanii ¥ i 3cyBy daz A ik

OpTOroHaJIbHUMHU KOMITIOHEHTaMHN BEKTOpa
noisipu3amii  mpu  pBHEX @ JUIA LIAX
TeTEePOCTPYKTYP.

YIockoHalleHHS B OyZmoBi  3a3HAYCHOI

TeTepOCTPYKTYPU 3 BUKOPUCTAHHAM 0a30BOr0 mIapy
07aropoJHOr0 MeETaly BHUSBHTHCS JJOBEPLICHHM,
KOJIM HACTaHE MOXKJIMBICTH IIEPEKOHATHUCH y TOMY,
mo BuOip CU sk QyHKIIOHAIBLHOIO MaTepiaiay s
METaJICBOI TUTIBKH B IJIA3MOHHOMY CEHCOpPI € TaKOXK
OIHUM i3 HaWOLTBII €()EKTUBHHUX IPH CIIBCTABHUX
YMOBax 3 IHIIMMH €IeMEHTaMH i3 KiHI[iB Tpbox d —
nepexigaux psAaiB. Jlo HEX CTix BiZHECTH HEOOXiTHi
TOBIIMHU TIApPiB 1 pPO3MIpH YYTIHBOI JUISHKA
OCaIDKEHUX TIUTIBOK B CEHCOpi Ta KIUIBKICTh
BHUKOPUCTAHOTO MaTepialy 3 ypaxyBaHHSAM HOTro
co0iBapTOCTi, CTIMKICTh TIOBEPXHEBOTO IMOKPHUTTS IO
OKWICIIEHHS B TOBITpsHIA atMocdepi, Tomo. Jlms
BOTO  HEOOXiTHO TMPOBECTH EKCIEPUMEHT 3
TeTepOCTPYKTYpaMH, JIe¢ BHKOPHCTAaHI TPOBIAHI B
TUTa3MOHIII MeTaly — CpibiIo 1 30JI0TO, i MOPIBHATH
i pe3yNbTaTH 3 MOMIOHUMH JAHUMH, OTPUMAHUMH
CTOCOBHO Mizi B po6oti [2]. Tomy Ha pucynkax 11 2
npencraBieHo cnektpu Rp(A) rerepocTpykryp, B
KOTpuX 0a30BOIO € CpiOHA IITiBKa, 1 HAa AKUX abo He
ocajpkeHo rpadeH (puc.l), abo yTBOpEHO MOKPUTTS 3
Hboro (puc. 2). LlikaBo, Mo 3MiHIOIOTHCS CYTTEBO B
PO3MIUPEHUX [iama3oHax i MO A, i TO ¢ IMicis
0CaJpKEeHHsS Ha CpiOHiM B Timbku okcuay HfO» i
criektp Rp(A) (pmc.3), 1 crekTp emincoMerpuyHoro
napamerpa W(A) (puc.4). Komm »x moriM Ha wii
JOieJTeKTpUUHi  IUTBLI  JOJAaTKOBO  HAHECEHO
nokputTsi 3 rpadeHa (3pazok 4), cdopmoBaHuit
CEHCOp y TOpIBHSAHHI i3 3pa3koM 3  crae OUIbII
YYTIMBUM 10 3MiH  KYTOBOIO  IOJOXKEHHS
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IUTa3MOHHOTO MIHIMYMY TMpH Bapialii JOBXHUHU
XBHJII CBITJIA 5K B criekTpax Rp(L) (puc. 5), Tak i Y(A)
(puc.6). BusBnserscs, mo s 3pa3ka 4 3miHa B
cektpi  Rp(A) (puc.5) KyTOBOro MOJOKEHHS
MiHIMyMY Ha OJHMH Tpaayc NOCSTAa€TbCcs B Maibke
BJIBiYi BY>)KYOMY IHTEpBaJIi IOBKUH XBHJIb. 32 PaXxyHOK
LBOr0 MIJBHUIIUTECS C(PEKTUBHICTH il CEHcopa,
BEPXHIM IIapOM SIKOTO CITyTyBaTUMe rpadeH.

0.8+

450 ' 500 ' 550 ' 600
Ay HM

Puc.1. BanexHocTi KoedillieHTa BITOUTTS P-MOISPH30-

BaHOTO CBITJIA BiJl IOBKUHM XBIUTI (HM) s 3pas3ka 1 mpu

pi3HuxX kyrax maminasa. Kpusi: 1, 2, 3, 4, 5 Bigmo-

BifIaOTh KyTaM namiHus: 48°, 47,7°, 47,5°, 47,3°, 47°.

1.0
0.8
0.6
o
e
0.4
0.2
0.0 4 ! @ E @
— T r T T T T T r T T T T T T T
400 450 500 550 600 650 700 750
Ay HM
Puc.2. 3anexnocti koedimieHTa BIEOUTTS -

MOJIIPU30BAHOTO CBITJIA Bif JOBXKHHH XBHII (HM)
JUTS 3pa3ka 2 MpH Pi3HUX KyTax MajiHHS.

Kpusi: 1, 2, 3,4, 5, 6 BiTnoBiatoTh KyTaM NaiHHA:
50°, 49°, 48°, 47°, 46°, 45°,

Chin  migKpecnuTH, MO OpH  IEBHHUX
TOBIIMHAX OCa/pKeHOro cpidia (d=53 um, pucynku 1
i 2, Ta 45 uM, pucynku 3 1 4, BigmoBimHO) i
BHUKOpPHUCTaHHI TrpadeHa B TaKUX TeTepPOCTPYKTypax
IUTa3MOHHUN e(eKT 3pOocTa€ CHJIbHILIE, HIK Yy

2018, 2

Bulletin of Taras Shevchenko
National University of Kyiv
Series: Physics & Mathematics

BUMAJKy BHUKOPUCTAaHHS Midi (3pa3ok 6 y Hamii
pooori [2]). Ipote, 3a Menmmx ToBIMH (0=43,5 HM)
ITBKU Mifl (K Marepiasia OUTBII JCHICBOTO Y
MOPIBHSAHHI 3 IHIIMMU OJaroOpoJHUMH METaJIaMH),
JOJATKOBO MOKPUTOI JIMIIE OKCUIOM Ta(Hisl, CEHCOp
HE YCTynaThMe IO YyTJIHMBOCTI 1 32 A, i 3a ¢ mpH
BUKOPDHUCTAaHHI B IUIa3MOHIIl IS  aHAJTITHYHUX
BUMIpIOBaHb 1 JIarHOCTUKK 00’ €KTIB 32 YMOB OUIbII
IIMPOKOr0 MAacIiTaldy iX MpoBeneHHS (3pa3ok 7 y
poboti [2]).

0.8+

430

0.6

P

0.4

0.2+

0.0 Ij @

T T T T T T T g
350 400 450 500 550 600

A, HM
Puc.3. 3anexHocti KkoedimieHTa BIAOUTTI  p-

MOJIIPU30BAHOTO CBITJIa BiJ JOBXWHU XBHJII (HM)
JUTS 3pa3ka 3 TpH pizHUX KyTax maminas. Kpusi: 1, 2,
3, 4,5, 6,7, 8 BiAMOBINAIOTh KyTaM MaIiHHS:

60°, 56,5°, 56,3°, 56°, 55,5°, 55°, 50°, 45°.

420 440

¥, rpan.

E

400 45 500 550
A, HM
Puc.4. 3anexHocti Kyra BiIZHOBJIEHOI MiHiiHOT
noJsipu3alii B rpagycax Bil NOBXHHHM XBWII (HM)
JUIsl 3pas3ka 3 mpH pisHUX KyTax maginss. Kpusi: 1, 2,
3,4,5,6,7, 8 BINNOBINAIOTh KyTaM MaJiHHS:
60°, 57,5°, 56,5°, 55°, 52,5°, 50°, 47,5°, 45°.
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0.5
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300 350 400 450 500 550
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Puc. 5. 3anmexHocti xoedimieHTa BiIOUTTS -

MOJISIPU30BAHOTO CBITJIA BiJl JOBXKHHU XBHJI (HM)
JUIst 3pa3ka 4 npu pisHuX KyTax najinsas. Kpusi: 1, 2,
3 BianoBimaroTh Kytam nagiaas: 60°, 56°, 50°.

55
50
45

0
s 400 450 500

Ay HM
Puc. 6. 3anexxHocTi KyTa BiTHOBIEHOI IIHIHHOI
mossipu3aii B rpagycax Bil OBKHHU XBUJI (HM)
T 3pas3ka 4 mpu pisHuX KyTax naniaas Kpusi: 1, 2,
3 BimmoBimaroTs KyTtam nagiaas: 60°, 56°, 50°,

binpme TOro, MpOBENECHUN HaMHU
eITIIICOMETPUYHAN  EKCIIEPUMEHT  MEPeKOHINBO
MOKa3aB, II0 BUKOPUCTAHHS TAKOTO THUIIOBOTO B
IJIa3MOHIII MaTepialy $K 30J0TO B IUTIBKOBIH
MeTalleBif  TIACHCTEMI  TEeTepOCTYKTYypH  IPH
MIBUINCHUX TOBIIMHAX (0=47 HM) He NpU3BEIE JI0
MiBUIIEHHS YyTIMBOCTI BIATIOBIIHOTO CeHCopa
(puc.7). 13 puc.7 BuIHO, 1IO i Tiara3oH YyTIUBOCTI
3a 3MIHM 3Ha4eHb @ 1 A CTOCOBHO ILIa3MOHHOIO
MIiHIMyMY, 1 BIaCHE HOT0 TJIMOWHA Y IbOMY BHITIAJKy
PI3KO 3MEHIIYETHCS.

BaxumBo Oyno BH3HAuUTH B HaONMKEHHI
HaIiBHECKIHUEHHOTO cepeloBUIIa 1 3a 0Oe3mo-
CepenHiMH CIEKTpaMH ONTHYHHMX CTaqux N i K, Ta
NICHOI YacTUHHM JieNeKTPUYHOI TMPOHMKHOCTI 1
OITUYHOI TPOBIAHOCTI (pHUC.8), OOUUCIEHUX s
reTEepOCTYKTYp, AKi BMILIyBalu IIapu KiHOeBHUX d-
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eneMeHTiB 3-5 psaaiB Tabmuii Menneneera: Cu, Ag i
Au, SKUMH caMe € XapakTepHi 00JacTi MIXK30HHOTO
Ta IJIa3MOHHOIO TMOTJIMHAaHHA. [3 puc.8 BUaHO, 110
IHTEHCUBHE MDXX30HHE MOTJIMHAHHS B C(HOPMOBAHMX
IFeTePOCTPYKTYpax, SK 1 B XIMIYHO YHUCTHX
0JIArOPOHUX MeTajlaX, IMOYMHAETHCS MPU CHEPTiax
(otoHiB 2 eB i Buiie.

504

¥, rpan.

L A A DL D S L DL DA D
540 560 580 600 620 640 660 680 700

5IIJD ‘ 52IG

A, HM
Puc. 7. 3anexHocTi KyTa BiJJHOBJIEHOI JIHIAHOT MMOJISI-
pu3artii B rpatycax Bil JOBKHHHI XBWIII (HM) TSI 3paska 5
npu piBHUX Kyrax maminas. Kpusi: 1, 2, 3, 4, 5, 6
BIINOBIZAI0Th KyTaM maaiHas: 52°, 51°, 50°, 49°, 48°, 47°.,

&1

-50

100,

E, eB
Puc. 8. Onmuuni craimi Ni K, AIHCHOT YacTHHA JTETEeKTPIY-
HOI MPOHUKHOCTI € Ta ONTHYHA MPOBIIHICTH G Trerepo-
cTpykTyp 3 mapamu CU (3pa3ok 6, MyHKTUPHI KpuBi) , AQ
(3pasok 7, mrrpuxoBaHi KpuBi) i AU (3pa3ok 8, IUIBHI
KpHBIi), OTPMaHi Ha OCHOBI €TIIICOMETPUYHHX JAHHX.
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[lopiBHsIHHA » OTpPUMaHMX Ha OCHOBI
SITINCOMETPUYHUX BUMIPIOBaHb ONTHYHHUX CIIEKTPiB
IUISl TeTepOCTPYKTYp, 1O 0a3yloThCs, MepII 3a BCe,
HAa MeTajeBoMy wapi i3 Mifi, TOKpUTOMY
mienexkrpukom HfO,, sk 1 momaTkoBo - I1apom
rpadeHy Ha Takiid mienekTpuuHuid mwriBmi (puc. 9),
MOKa3ye, 1110 MPUTaMaHHI XIMIYHO YUCTiH Miai CMyTH
MDK30HHOTO TOTJIMHAHHSI YITKO TPOSBISIIOTECS B
CIIeKTpax ONTHUYHOI MPOBIAHOCTI 000x
reTepocTpyKTyp (3pasku 6 1 9). B Toii sxe yac came
y BUOUMIK oOmacti, J¢ 3HAYHMHA BKIAax B
MOTJIMHAHHSA JIA€ TUIa3MOHHE 30y/DKEeHHsI, B 3pa3Ky 9
MOMITHA  OCOOJIUBICTH Y  BHIVISIAI  HIMPOKOIO
MakcUMyMma mpu eHeprisx ¢ortonis 1,0 - 1,5 eB.
[TopiBHsSIHO 3 OIITHYHOIO MIPOBIHICTIO
rerepocTpykTypu 0e3 rpadeHy (3pa3ok 6) o
mapyBaToi cucTeMu 3 rpadenom (3pa3ok 9) cyrTeBo
criaziae B OmkHiiN iH(padepBoHiit obmacti (puc. 9).

-100 |-

E, eB
Puc. 9. Ontnuni ctam N 1 K, [JiMicHOI YacTHHA
TIEIEeKTPUYHOI TPOHUKHOCTI €1 Ta ONTHYHA
MPOBIHICTh G TeTepoCTpPyKTyp 3 Immapamum CuU 3
rpajenom (3pa3ok 9, TyHKTUpHI KpuBi) Ta 0Oe3
rpadeny (3pa3ok 6, CymiIbHI KpWBi), OTpHUMaHi Ha
OCHOBI €JIIIICOMETPUYHHX JAHUX.

B pamxkax Teopii [Ipyzae BiIbHUX eNeKTPOHIB
[4, 5] 3a po3paxoBaHMMH  CHEKTPAJIbHUMHU
3aJI€KHOCTSIMU BIAIOBIAHUX BIOHOIIEHb TIMHCHOI 1
yABHOT YacTHH JielIeKTPUYHOI HMPOHUKHOCTI dYepes
TaK 3BaHi JiarpaMu Aprasja BU3Ha4Y€HO IUIa3MOBi
Ta penakcaliiiHi Y YacTOTH HOCI{B  3apsay
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rerepocTpyktyp (3pasku 7 i 8) 3 MeraneBUMHU
6azoBumu mapamu Ag (puc. 10) i Au (puc. 11).
Po3paxoBaHi BeTMYMHM IUX YaCTOT OJIM3BKI JIO THX,
10 MMPUTaMaHHI 3a3HAYCHUM OJaropoTHUM MeTaiaM
B MaCHBHHX 3pa3Kax IIUX METAJIB.

0.020

0.015

0.010

Q,°=4,83*10%(c?)
v=1,31*10"(c™)

0.005

T T T
1.00E+026 2.00E+026 3.00E+026

YMmoBHiI oguHALI

Puc. 10 [liarpama Apranja st 3paszka 7.

0,018
Y= 0,012
Q,’=5,37*10%(c?)
v=1,53*10"(c™)
0,006 -

T T
1,00E+026 2,00E+026 3,00E+026

YMoBHI oauHHnI

Puc. 11 Jliarpama Apranma ms 3pa3ka 8.
BuchHoBku

TakuM YWHOM, TOKPHUTI TpadeHOM IUTIBKU
cpibma i Minmi, MO BXOHIATH MO CKIAAy OCHOBHOTO
mapy MeTayno-IieNeKTPUYHUX TeTePOCTPYKTYp THILY
«mienekTpuk (minknaaka) - Meranesuit map (Oydep:
XpoM) — BlacHe (YHKIIOHAJIbHHNA 0a30BUU ImIap
omaropoauoro merany (Cu, Ag um AU) - OKCHI
nepeximHoro meramy (IIPOTEKTOP BiJ OKHCICHHS:
okcua radHil0)-30BHIMHIN map (rpadeH)», mpu ix

BUKOPHCTAaHHI B SKOCTi CEHCOpIB € IUIKOM
CIPOMOXKHOIO aNbTEPHATUBOKO TPaTUIIIHHUAM
JIOPOTOIIIHHUM MeTajaM (3a3BH4Yail  30JI0TO) st
3aCTOCYBaHHS y TJIa3MOHIIT. 3a3HaveHi

TeTePOCTPYKTYpPU € BIJHOCHO JeIIeBi, CTaOUIbHI 3a
CBOEIO aTOMHOIO OYZIOBOIO, @ TAKOX BIATBOPIOBaHI 32
CBOIMH  ONTOENEKTPOHHUMHU  XapaKTEPUCTHKAMHU.
Taki BUCOKOSIKICHI IJIa3MOHHI MaTepiajlu CTaHyTh
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Ilposedeno xymosi enincomempuuri OOCHIONCEHHST MOHKUX OKUCICHUX NAIBOK MOJIOOEHy U Mumauy,
00ePACAHUX 3d OONOMO20I0 EeNIeKMPOHHO20 BAKYYMHO20 HANUIEHMS HA CKIAHY HOBEPXHI0. 3acmocosano
meopemuyny mooeib Oazamowapogoi CmpyKkmypu, wo 6a3yemvpcs HaA MAMPUYHOMY MemoOoi PO3PAXYHKY
npoxooicenns ceimaa. Tlokazano, wo maxi memanesi naieKu mMaioms wapu 8ionosionux oxcudie (MoOs
TiOy) 3 060x 60kis. ToSWUHA HUNCHLO2O A02E3UBHO20 WLAPY NOOAU3Y 2PAHUYL 3 NIOKAAOKOIO He Nepesuiye
2um. YV eunadky manoco wacy HanuieHHs Memanesi MNIIeKU Malomb HeOOHOPIOHY (nopysamy abo
ocmpisyesy) cmpykmypy, wo npu3eo0ums 00 Oiblt CKIAOH020 po3nodiny okuciie. Teopemuuna mooenv npu
YboMy 0a€ epekmusHi 3HAYEHHS MOBWUH UWAPI6, SKI 3HAYHO GIOPIZHAIOMbCA 6I0 peanvHux. Ane, maiouu
000amKo8i eKCnepuUMeHmanbHti 0aui, ONUCAHUL CNOCIO OOCAIONCEHHS MOJICHA BUKOPUCMAMU OJis1 KOHMPOIIO
00HOPIOHOCIE HANUTIOBAHUX MONIOOEHOBUX | MUMAHOBUX NIIIBOK.

Kniouosi cnosa: enincomempis, moniboen, mumar, OKCUO, MOHKI NAIBKU, 8AKYYMHE HANULEHHS.

In this paper, the angular ellipsometric studies of thin oxidized films of molybdenum and titanium,
obtained by electronic vacuum deposition on a glass surface, are carried out. The mean wavelength of light
during the investigation was 2 = 625nm, with FWHM = 10 nm. Angular dependencies of ellipsometric
parameters y and A (azimuth of restored linear polarization and phase shift between p- and s- components
of reflected radiation) were obtained. To describe them, the theoretical model of a multilayer structure based
on the matrix method has been applied. It is shown that such metallic films have layers of corresponding
oxides (MoO3 and TiO2) on both sides. The thickness of the bottom adhesive layer near the border with the
substrate does not exceed 2 nm. When further contact with the atmosphere, the origin of these layers
growing depends on the homogeneity of the formed film. In the case of small deposition time, metal films
have a heterogeneous (porous or islet) structure, which leads to a more complicated distribution of oxides.
The theoretical model in this case gives the effective values of the thickness of the layers, which are
significantly different from the real ones. However, with additional experimental data for relatively thick
films, the described method of study can be used to control the homogeneity of deposited molybdenum and
titanium films.

Key words: ellipsometry, molybdenum, titanium, oxide, thin films, electron vacuum deposition.

CrarTio penctaBuB A.¢.-M.H., mpod. Maxkapers M. B.

BiJJ3HAYAIOTHCS 3HOCOCTIMKICTIO 1 3aCTOCOBYIOTBHCS B
aepokocMiuHiii TtipomucioBocti [2]. Towki mrapu
okcuay TiO, 3acTOCOBYIOTH 3 (DOTOKATATITHUHOIO
meroro [3] i B rasoBux cencopax [4]. o x o
wriBok okcuxy MoO;, maHuii Marepiand mpuBepTae
yBary Ui BUTOTOBIEHHS KaTOJMIB Yy JITIEBUX
MikpoOaTapesx [5] Ta  3aCTOCyBaHHS B
eJIEKTPOXPOMHUX MPUCTPOsIX [6] 3aBIskM CBOIM
0COOJIMBUM ONTHUYHHUM BIACTHBOCTSIM.

Beryn

ToHKIi TUTIBKM MOIiOEHY ¥ TUTaHY, a TAKOXK iX
OKCHJIIB — 00 €KTH ISl HAYKOBUX JOCIHIHKEHb, II0
HE BTpayalOTh AaKTyaJbHOCTI M IO CHOrOAHI Ta
MAalOTh LIMPOKE MPaKTHUYHE 3aCTOCYBaHHs. 3aBISKU
JOCUTHb DPIBHOMIPDHOMY CHEKTPY NPOIYCKaHHS Yy
BHJIUMOMY J1ialla30HI TUTAHOBi IUTIBKH TOBIIMHOIO
10...33 HM MOXXHa BUKOPHCTOBYBATHU SIK HEHTPaJIbHI
cBitnodineTpu [1]. MonibaeHoB1 MITIBKK 3 OKCHIOM

© 0.B. Makaperko, A.JI. AMnonbchKui,
O.l. 3aBaxnicruii, 2018
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OJIepKaHHS TOHKUX IUTIBOK IIUX MAaTepiajiB € METOJ
BaKyyMHOT'O HAamWIEHHs, KOIM 3 Marepiany, SKHii
0aaloTb ~ HANWJIMTH,  POONATH  MilleHb 1
OoMmOapayloTh il 3 €IEKTPOHHOI TapMatu Yy
CremiajabHii KaMepi 3 BUCOKMM BakyyMoM. [lin niero
CIICKTPOHIB  BiOYBAEThCS IHTCHCHUBHE JIOKAJIbHE
HarpiBaHHS Ta BUNIAPOBYBAaHHS MaTepially MilleHi 3
MOJANBIIOI0 HOro KOHJCHCAII€I0 Ha MLUIHOBOMY
00’€KTi 1 yTBOPEHHSM IUTIBKH [7].

YTBOpeHHsI MeTalleBOi IUTIBKK He Oy[e €JHHUM
pe3ynbTaToM HAIICHHS. Hagith micIst
Bi/IKauyBaHHs TOBITPs 10 2...6%10™ Topp y xamepi
BCE JK TPUCYTHSA T[IEBHA 3aJMIIKOBA KUIbKICTh
monekyn O, ta H,O, BHacmiziok 4oro MoniOaeH npu
HaANWJICHHI CXWJIBHUI IO YTBOPEHHS MOBEPXHEBOTO
okcupHoro mapy [8]. Tomy mo0iau3y Mexi momairy
MOJiOZIeHy YM THTaHy 3 MiAKIAJKOK YTBOPHOETHCS
MepexiHui 11ap, SIKUi MICTUTh BIAMIOBIIHUN OKCHT
[9]. Kpim ToOrO, miciss BHHECEHHS Ha IOBITPS
BHACHIZIOK B3a€MOAii 3 aTMoceporo TMOBEpXHs
HATWJICHOI IJIIBKM MOYMHAE TIOCTYIIOBO BKPHBATHCS
mapom okucy [10].

CaMe TOMY Ba)KJIMBOIO IIPOMUCIIOBOIO 3a]1auero
€ KOHTPOJIb TOBIIUHH mapis TOHKHX
MeTaJeBUX/OKCUIHUX TUTIBOK. OJJHUM 3 OCHOBHUX 1
HAWOUIBII B)XWBAHUM IUII LOTO METOAOM €
crieKkTpasibHa emincomeTpis [11]. Boma mosBomsie
BU3HAYATH ONTHYHI CTaJi PIi3HUX TMPOBIAHUX 1
HEMPOBIJTHUX CEPENIOBHIN, IapyBaTUX CTPYKTYP.
JlaHUM MeTOJIOM MOXKHA BHMIPIOBATH TOBIIUHH
mrBok y miamaszoni 0,1 uM...100 Mxm  [12].
MakcumanbHa BHMIpIOBaHA TOBIIMHA OOMEXeHa
MOTIIMHAHHSAM MaTepiany.

[Ipu emirmcoMeTpUYHUX BUMIPIOBAHHSIX Ha
3pa3oK il TEBHUM KYTOM TajJa€  TUIOCKO
MOJISIPU30BAaHE CBITJIO 13 3aJaHOI0 TIEBHUM YHHOM
IUTONTMHOIO TMOJsApH3altii (Haidgacrime mig 45° mo
IJIOIMWHA  TafiHHs). PeectpyroTs Bigbute abo
MIpOMIeHe  CBITJIO. Eminmcomerpiss  mepenbadae
BHMIPIOBAaHHS JJBOX OCHOBHHX IapaMeTpiB Y i A, 1o
BiJINOB1IaI0Th 3a CITIBBIIHOMIECHHS aMILTITY/ Ta 3CYB
(a3 MDK JgBOMa KOMIIOHEHTaMH BigOuToro abo
mpomymieHoro cBitnma. Ili  mapamerpum  MicTAThH
iHbopMaIlil0o TPO ONTHYHI BIACTUBOCTI 3pa3Ka,
OJIHAK MiJXiJl O 1X BU3HAYEHHS CHJIBHO 3aJISKUTh
Bi cucreMd. B 3aranpHOMY BHUMAJKy MOTPiIOHO
OOIpyHTOBAaHO OOpaTH MOJENb 3pa3ka, MapaMeTpu
SIKOT MiJOUPAIOTHCS JI0 JIOCATHEHHS MAaKCHMAaJIbHOT
BIIMIOBITHOCTI ~ pe3yNbTaTiB  MOJENIOBAaHHSI  Ta
CKCIIEPUMEHTY.

VY BUMNAAKy TOHKMX METaJeBHX IUTIBOK YacTO
BUHHUKAIOTh  CKJIQJHOUIl B  EIICOMETPUYHHX
BHUMIPIOBAHHSX, OB’ s13aHi1 3 ONTUYHUM

mwiBku [12].

3 orysiLy Ha 0cOOJIMBOCTI MPOIIECY €EKTPOHHO-
OPOMEHEBOI'O  OCa/PKeHHA  Ta  IOJANbBLIOrO
OKHCJICHHSI MOJIIO/IeHyY 1 THTaHY Ha TIOBITpi, peasbHi
IUNIBKK  SIBJIIIOTHE  COOOK0  CKJIaJHI CHCTEMH 1
BUMAaraloTh 3aCTOCYBaHHs OaraTOIIapOBHX Mojeen
JUIS  HaAIHHOCTI Ta IOBHOTH KOHTPOJIK  iX
napamerpiB. lle Beae 1m0 30UIBIICHHS KUIBKOCTI
obuucnenp.  [lomiOHi  3amadi  HEOMHOKPATHO
BUDILIYBAINCh i3 3aCTOCYBaHHSM PEKypEHTHUX
cmiBBifHOmeHb Elipi (Hampukian, [10]). Memorw
0anoi _pobomu € cnpobysamu 3acmocysamu  Os
KOHMPOIO MOHKUX MOMIO0eHO8UX | MUMAHOBUX
NAiGOK KYMOB8Y eNincomempiro 3 BUKOPUCTNAHHAM
MAMPUYHUX MemOoOi8 Y meopemuyHii Mooeni uapie.

EKCHepHMeHTaﬂBHa JacTuHa

O0’exTaMu IOCTIDKEHHS B JaHik poOoti Oyiu
TOHKI TUTIBKM MOJNIOJNEHy W THTaHy, HAaHECeHi Ha
CKIISTHI ~ TIAKIAIKA ~ METOIOM  MarHeTpPOHHOTO
PO3MWICHHST TIPH TOCTIHHOMY cTpymi. OcaKeHHs
IUTIBOK 3M1HCHIOBAJIOCh HA YCTaHOBII BaKyyMHOT'O
Hanwiennss YBH 74 11-3, wMomudikoBaHit s
podOTH y pEKHMiI MAarHEeTPOHHOTO PO3MHICHHS
MeTaneBoi mimeni B atMocdepi aprony. Ha karton
nmojgaBaBcsa Big emMHuii morenmian  -0,45...-1 kB
BITHOCHO po0040i kamepu. PosmmtoBaHi KaToau
Oynu BWrOTOBJIIEHI 3 TuTaHy Mapku BT-1-0
guctororo  99.9% 1 wmomibmeny wapku MY-1
quCcTOTOI0 99,7%. Y monepenHpo Bigkadany g0 2-10°
° MM PT. CT. Kamepy II0JaBaBCsS aproH HYHCTOTOIO
99,9% m0 HOCSATHEHHS THUCKY 5-10°° mm pr. cr. [13].
Ilicnss wamunenHs 3pa3kn  Oynu  BUTpUMaHi B
aTMocdepi MOBITPs IPOTATOM 9 POKiB.

bymu BuroroBmeni maBi cepii 3paskiB: 3
MoniOneHoBux 1 4 TwraHoBuX. lligKmamgkamu
CIIyTYBaJIM CKJISHI IUTACTUHH 3aBTOBIIKK OJM3BKO
1,5MM 3 mnokasHukoM 3ajgomieHHs nh=1,51 B
yepBOHi  obmacti. Ockinbku  Oe3mocepenHii
KOHTPOIb TOBIMHH OCa/KyBAaHOI TUTIBKK B IIPOIIECi
HaIWICHHS Ha JaHid YCTaHOBII BiACYTHIH, TO s
Kpamoi  penpe3eHTaTUBHOCTI  Oylo  BUMIPSHO
KoeiIlieHTH TIPOITyCKaHHS 1 KOXXHOTO 3pasKa IpH
A=625HM Ha dYac HAIOTO  JOCTIKEHHS.
JeranpHima iHpopMariiss mpo 3pa3Kd HaBeleHa Yy
Tabauyi 2 1 Tabauyi 3. BapTo Bi3HAYNTH, IO Yepe3
HEOJIHOPIMHICTh TUTIBOK KOE(DIiEHT MPOITyCKaHHS
3MIHIOBaBCS BiJl TOYKH JO TOYKHA MPHOIN3HO B
Mexkax 6% BiJl cepeqHbOro 3HAYEHHS JUTISI KOKHOTO
3paska.

[IpoBoaumu KYTOBi eINCOMEeTPpHYHI
JOCIDKEHHS ~ JIaHUX 3pasKiB 32  JIOIIOMOTOI0
aBTOMAaTH30BaHOT TOHIOMOJIIPUMETPUYHOT
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ycTaHOBKM. (CxeMa eKCIEepHUMEHTY 300pakeHa Ha
Puc. 1. JIxepenom BUNpOMiHIOBaHHS [ €
cBitmomion i3 A =625 wuM, AA=10 HM.
Konimaropunit 00’ektuB Kon hopmye napanenbHUAR
My4OK CBITNA, SKUH Jalli TPOXOAHMTh 4Yepe3
nossipuzatop /1 i magae Ha 3pa3zok 3p (31 cropoHU
MeTasieBol TUTiBKH) mix kyrom 0. Ilicnst BigOuBaHHS
BiJ] 3pa3Ka CBITJIO MPOXOIUTH Yepe3 aHamizatop 4 i

(dokycyeTbcss KaMepHuM 00’ekTMBOM Kam Ha
YyTIIUBY ILIOLIAJKY ¢doronpuiiMaya DIl
(poromiona).
x Kon N 3p
111
[—
o
U

Puc. 1. Cxema ekciepuMeHTy. /[oic — IKepeno
BHITPOMiHIOBaHHS, K01 — KOIIIMATOpHUI 00’ €KTHB,
11 — monsapuzarop, 3p — 3pa3ok, A — aHaIi3aTop,
Kam xamepHuit 00’ extus, @I1 — poronpuiimay.

Ha nouatky ekcnepumeHTy mnomspuzatop [I7
BCTAaHOBIIOETBCA MM KyToM yp=45° 1o p-
IUIONTMHY, 100 BUPIBHATH IHTEHCHMBHOCTI P- Ta S-
KOMITOHEHT ITaJIafou0ro BHUIIPOMiHIOBaHHS. Jlami
BiIOyBa€ThCSI TOKPOKOBE CKaHYBaHHA OOpaHOro
miama3oHy KyTiB manmiHHSA 0, mig Wac sSKoro s
KOKHOTO O peecTpyeThcs IHTEHCHBHICTH BiIOMTOTO
CBiTJIa TIpH o0epTaHHi aHami3aTopa |y, (ya). 3a TuMu
JaHUMH B PEXUMI PEaTbHOrO Yacy 00paxOBYIOTHCS
KyTOB1 3aJIe)KHOCTI eITIICOMETPUYHUX MapaMerpiB

y(0) 1 A(D).
TeopeTnuHa MoJeJIb

JUist  po3paxyHKy a3MMyTa \  BiZHOBJICHOI
TiHiIHOT ToNsApu3aIiii Ta 3cyBy a3z A Mk pP- i S-
KOMIIOHEHTaMH TIPOWJIEHOTO0 depe3 3pa3Ku CBiTIIa
HaMH TIPOBOJMJIOCH MOJETIOBAHHS IPOXODKCHHS
CBITJIA Kpi3h OararomapoBy IUTIBKOBY CHCTEMY 3
BUKOPUCTAHHSM €JIEKTPOMArHiTHOI TeOpii, OMMCaHOoi B
[14]. BusHauenHs BinOWBaHHS, NPOMYCKAHHS Ta
NOIIMHAHHA ~ Takol CHCTEMHM 3 TOYKH  30py
ENEeKTPOMATHITHOI Teopil 3BOMUTHCS IO BHPIIICHHS
TpaHUYHOI 3a/a4i, TOOTO BU3HAYCHHS CTAIllOHAPHUX
aMIUTITYZ] BEKTOPIB HANPYKEHOCTEH ENeKTPUIHOTO 1
MAarHiTHOTO TOJIiB Ha BCIX TPaHUIISX OaraTormapoBoi
CHCTEMH 3 BPaxyBaHHSM iHTep(EpEHLINHNUX SBHIL
MpH  TaAiHHI  CBITJIOBOI XBWJII 3  IIEBHUMH
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XapaKTePUCTUKAMH. Bci SHepreTHYHi1
CHIiBBiHOMmICHH 1 (ha30Bi 3MiHM B KIiHI[CBOMY
paxyHKy BUPa)KaroThCsl Yepe3 BEKTOPH MOJISL.

HabmmxeHo mpuiryckaemo, 1o magaiode CBITIO
OIHCYETHCS TUIOCKOIO XBUJICIO (sminiitHO
MOJISIPU30BaHE, MOHOXPOMATHYHE 1 Ma€ HECKIHYCHHO
HIMPOKHI Tepepi3 mydka). Takok MPHITyCKAEMO, IO
JOCITiIKyBaHa TOHKOILTIBKOBa CTPYKTYpa
CKJIAJAETHCSI 3 HECKIHYEHHO HIHPOKHX
IUIOCKOMApAIEIFHUX ~ [IApiB,  OJHOPIAHUX  Ta
i3oTponmHuX. Toxmi ONTHYHI BIACTUBOCTI KOXKHOTO
oiapy  TMOBHICTIO  OMNUCYIOThCS — KOMIUIEKCHUM
MOKa3HUKOM 3aJIOMJICHHS N; = n;j—ik; i
TE€OMETPUYHOKO TOBIMHOKO d;. Hymepariro obupaemo
3 BEPXHBOTO OKCHAHOTO Iapy: BepxHii map — 1,
MeTan — 2, HWKHIA ajre3iiHuid map — 3, CKIsHA
migkiIagka — 4.

CriouaTky 3a HaBeieHUMH B [14] pekypeHTHUMH
(dbopmynamu, SKi 3pydHO 3allUCYBaTH Y BUIJISIII
MaTPUYHUX PIBHSIHb, PO3PaXOBYIOTHCA KOMILIEKCHI
BEKTOPH HAIIPY)KEHOCTI Ha MeXax cepemoBuml. B
pe3ynbTati Koe(illieHT BimOMBaHHS Ta 3MiHa (as3u
eNEKTPUYHOI XBWJII TPH [HOMY BH3HAYAIOTHCS
HACTYITHAM YMHOM:

2

50

R= @ (1)
5

p=arg [ﬁ] @

ae E(gt-) Ta Eéf) — Lle aMILUTTy{ TaJardoi Ha MEKXy

MOJUTYy MDK TIOBITPSAM 1 TEpIINM CEpeIoOBUIIEM
OaraTomapoBoi CTPYKTYpH XBIUII Ta BiZOMTOI Bif i€l
MEX]1 XBUI1 BIAIIOBIIHO.

[I{o6 micTaTth emImcoMEeTpHYHI apaMeTpa ¥ i A,
MoTpiOHO TPOBECTH Taki PO3paXyHKH Uil P- Ta S-
xBuib. Tomi

Eér—))p
Y = arctg W 3)

o~

£
o=l

0~

Pe3yabTaTn Ta ix 00roBopeHHs

s KoKHOrO i3 OCHiPKyBaHUX — 3pa3KiB
MOPIBHIOBAIM  €KCIIEPUMEHTAIbHO BUMIpSHI U
TEOPETHYHO po3paxoBaHi 3anexkHocTi y(0) 1 A(0).
[Ipu upoMy NOKa3HHUKH 3aJOMIIEHHS N 1 OTJIMHAHHS
K mapiB BBaxkamu Binomumu (Tabnuya l), a
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TOBIIMHM IapiB 0 d; BucTynmaim B SIKOCTI
napamerpiB, ski morpidbHo migibpatu. Kpurepiem
SKOCTI MigOopy CIIyryBajlo CepeiHE KBaJpaTU4HE
Binxunenus MSE (Mean Squared Error) wmix
TEOPETUYHUMHU 1 eKCIIePUMEHTATbHUMH JaHUMU:

1 ‘ i )?
MSE = wy - 270 (Wiheor — Verp) +Wa-
1 . : 2
m Te1(Atheor — Bexp) ©)

theor
Tyr wy Ta w, — me Baroi KoedilieHTH, sKi
o0Mpanu O0CPHEHO MPOMOPLIMHUMH 10 BEITHMYUHU
po3Maxy BiJIOBIIHWX KPHBHX Ha rpadikax. Takox
3agaBany iHTepBan A6, B SKOMY OOYHCIIOETHCS
MSE, Tak, mo0 1me Oyna o0nacTb MOOIU3Y
NICEBJIOTOJIOBHOTO ~ KyTa  3pa3ka, sKa MICTUTh
XapakTepHi ocoOmuBocTi rpadikiB (MiHIMYM Y i
nepexin A gepes 90°).

2018, 2

Tabnuys 1
Onmuuni eracmusocmi Mamepianis 3pasKie
Martepian n k
Mo 3,42 3,62
MoO; 2,09 0,02
Ti 2,46 3,08
TiO; 2,39 0,00

Tabauys 2
Peszynromamu moodeniosanis 3paskie Moaidoemny
3pa3ok | t,ume | O, BM | oy HM | O3, HM | Teeen
Mo#2 |30c 17,8 6,6 5e-5 0,46
Mo#3 |45¢c 10,7 8,9 9e-3 0,32
Mo#4 | 15¢c 60,9 5,0 12,8 0,88

Tabauys 3
Pesynomamu modenosauns 3paskie muman
3pasok | di, HM d,, amM ds, HM T oxen
Ti#l 45,8 13,5 20,0 0,68
Ti#2 8,6 12,7 le-4 0,37
Ti#3 6,7 22,8 3e-3 0,19
Ti#4 2,3 35,8 7e-3 0,10

TunoBi pe3ynmpTaTH BUMIPIOBaHb, a TaKOX

TEOPETUYHI KPHBIi, O/lep>KaHI MaTPHIHUM METOJIOM,
300pakeHi Ha Puc. 2. AHanoriyHUM YHHOM OyIn
migiopani mapamerpu TOBUIMH Mmapis d; ... d3 mis
pemrtu 3paskiB. 3rigHo 3 [15], mast momiGaeHoBUX
3pa3KiB BEpXHil map 1 ckiagaeTscs, B OCHOBHOMY, 3
okcuay monioneny MoQOs, a HIDKHIN map 3 — Tex 3
okcugy MoO;z; i, MOXIHMBO, iHIIMX cHomyk. Jlms
THUTAHOBHX 3Pa3KiB Ii¢ epeBaxHo okcua T10,. Tomy
JUIA  pO3paxyHKiB Hamu Oynu oOpaHi came I
cnonyku. Pezynmbratm minbopy TOBIIMH Ui BCiX
3paskiB 3BeneHi B Tabauyi 2 i Tabnuyi 3. Y 1ux xe
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TaOIULAX BKa3aHO BHUMIpPSHI KoeQillieHTH
NPOIMyCKaHHs | 3pa3KiB HMpH HOpPMaJbHOMY MaliHHI
BUIIPOMIHIOBAaHHSI Ha 1X MIOBEPXHIO.

180
T Ay
o . EKCI
160 * e
| ¢ L S Wreor
* * A
140 4 " EKCT
1 A
120 ‘.. TEOP
*
= 100 *s
*
g .
= 804 .
g .
60+ *
a0 A —a e
A a0 _— _,3"
B 7-w{{ .
20
0 T T T T T 1
30 40 50 60 70 80 90
Gmu , rpag.

Puc. 2. KyToBi 3a51€KHOCTI elincoMeTpuaHnX
mapamerpiB \y Ta A st 3paska Ti#4. Touku —
eKCIIepUMEHTAIIBHI JIaHi, JIiHIT — TeOPETUYHi

PO3paxyHKH.

Bumno, 1m0 gns  BenMkMX — KoeilieHTiB
MPOITyCKAaHHA |, SKAM BIiOIOBigae HaWMEHIA
KUTBKICTh HaIMJICHOTO METaIy, BUXOIATh HAHOUTBITI
3HAYEeHHS TOBINMH OKCHaHuX mapiB d; i ds. Ilpm
3MEHIIIEHHI KoedimienTa mnpomyckanas 1, abo,
IHITUMHA CJIOBaMH, 3POCTaHHI KUIBKOCTI HATMIJIEHOTO
Meranmy, Ii TOBIIMHH 3MEHIIYIOTbCS K 32
a0COIIOTHOIO BEJIMYHMHOIO, TaK 1 BITHOCHO TOBIIMHHU
HE OKHCHEHOro MeraieBoro mapy O, Ile moxna
MOSICHUTH HACTYITHUM 4uHOM. [IpH HeBenrkoMy daci
HamWJIEHHS  MeTajl  ocijae  Ha  MIKIaAKy
HEpIBHOMIPHO, YTBOPIOIOYH OCTPIBIIEBI CTPYKTYpH.
Taxki MeTasieBi OCTPiBIIi OOPOCTAIOTH MIAPOM OKHUCY 3
ycix OOKiB, BIAPI3HAIOTHCSA IIUINE BHUIIECOMICAHI
MeXaHI3MH OKHCJIEHHS s 0071acTi, 0 KOHTAKTYeE 3
MiAKIaIKOI0, 1 BUTbHOI TOBepxHi. ToMy TpuiapoBa
MOJIeNTb U BiJMOBIMHUX 3pa3KiB Ja€ HaWOLIBII
3HaueHHs O; 1 O3 SIkmo mpomec HAMHJICHHS
MPOBOIUTH JIOBIIE, HACTA€ TOPIr MEPKOIAMmii i
OCTpIBIIi MTOYMHAIOTH 3MHUBATHUCA MK coboro. Taka
CTPYKTypa € MEHIII Bpa3jHMBOIO, BOHA BIJKpUTa JIO
OKHCHEHHS TIepeBakHO 3ropu. Hapemiri, mpu
TPUBAJIOMY HAMWICHHI YTBOPIOETHCS  BITHOCHO
OJTHODIJTHUI 1 HEMEepepBHUI Iap MeTaly, Yy SKOro
BEPXHS U HIDKHS OKCHJIHI OOOJIOHKH PO3JUIEHI MiX
c000r0. OCKUITBKH TIJIOMIA TIOBEPXHi, 1[0 KOHTAKTYE 3
atMoc(eporo, B JaHOMY BHIIAJKy HaiMeHIIa, a
JOCTYN J0 TPaHUIl 3 MiJKIAIKOK MPAKTHIHO
BiJICYTHif, MaeMO HalMEHII TOBIIWHU OKCHHHUX
trapis dp i ds.
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Sxmo migpaxyBatu cymy ToBinuH d;+d,+ds, To
mobayrMo, M0 y 3pa3KiB 3 HaWMEHIIMM YacoM

HaIUJIEHH (i  wHaiOubuM  KoedilmieHTOM
MPOITyCKaHH) BOHA MaKCHUMallbHa. Taxe
HE3pOo3yMije Ha TMEepIIMH O] MPOTHPITUS

MOSICHIOETHCSL caMe HEOJHOPIHICTIO YTBOPIOBAHHUX
mwiiBok. Crpoba 3acTOCyBaTH MAaTPUYHUN METOJ 10
OKHCJIGHUX OCTPIBIIIB 3 MOBITPIHUMH HPOMDKKAMH
MK HUMH Ja€ eheKTHBHI 3Ha4deHHs O; ... d3, sKi
3HAYHO BIIPI3HAIOTHCS BiA peanbHux. Tomy maHuit
X1 1O KOHTPOJIIO TOBIIMH METAJICBUX OKHCICHHX
IUTIBOK € HaWOUIbIl 3aCTOCOBHUM JI0 O0’€KTIB, Yy
SIKMX 111 TUTIBKK MalOTh OJTHOPIHY CTPYKTYDY.

Mo’kHa BH3HAYUTH TUIIOBI TOBINMHU OKCHIHUX
miapiB d; 1 d3 A7 CBKOBHTOTOBJCHHX 3a TEBHUM
TEXHOJIOTTYHUM  TIPOIIECOM  MOJIIOJICHOBUX  YH
TUTAHOBHUX IUTIBOK (JIOCUTh TOBCTHX, 00 OyTH
HaleBHO OJAHOpigHUMH). Tomi 1€ JacTb 3MOry
OI[IHIOBaTH OJHOPIJHICTh 1 TOHIINX BHPOIIYBAHUX 3

UX METagiB 3a JIaHUM [POIECOM  ILTIBOK,
dl 1 d3 3

TUIIOBUMHU 3HAYCHHSIMH.
Haocranok 3a3Haymmo, 10  BapilOBaHHS

TOBIIMHM aAre3WBHOrO mapy dz B Mexax Bim 0 10
Cnucoxk BUKOPHCTAHOI JIiTepaTypu
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2 HM TMPAKTUYHO HE 3MIHIOE KapTHHY 3aJISKHOCTEH
y(0) i A(D). Tomy HOro TOBIIMHY MOXKHA OIIIHUTHU SIK
TaKy, IO HE ITEPEBHUIIYE 2 HM.

BucHoBku

[lixBonasun miACYMKHA JaHOi pPOOOTH, MOXKHA
ckazaTH HacrtymHe. [1ig yac BakyyMHOr0 HamujeHHS
MOJIIOICHOBUX 1 TUTAHOBUX ILUTIBOK Ha HHUX YXKe
3’SBIAIOTBCS  Imapu OKucy. llpm mopambiiomy
KOHTAKTi 3 aTMOC()epOr0 XapaKkTep pOo3pOCTaHHs IIUX
miapiB - 3aJIGKUATh  BiJI OTHOPITHOCTI  YTBOpEHOL
IiBKY. TOBIIMHY aAre3MBHOIO OKCHIHOTO Iapy s
MOJKHA OL[IHUTH MEHIIIOI, HIXK 2 HM.

3aCTOCOBHICTh ~ MaTpUYHOTO  METOAY  JUJIS
KOHTPOJIIO TOBILIH OIMCaHMUX CTPYKTYD
OOMEXYEThCSl 1X TMOPYBATICTIO 1 TEPEXoJoM [0
OCTPIBLIEBOI'0 THITy TPH HEBEIUKUX KUTBKOCTSIX
HaIWJIEHOI 0 MeTaiy. Matouun JTONAaTKOBI
eKCIIepUMEHTAIbHI JaHi, 3a BEJIMYMHAMU
eNIICOMETPUYHO BUMIPSHUX TOBIIMH OKCHIHUX
niapiB MOXKHa OI[IHIOBATH SIKICTh Ta CTPYKTYpY
mtiBok Mo # Ti.
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3a JIOTOMOIOI0 HEEMITIPUYHMX METOMIB KBaHTOBO-MEXAHIUHOTO KOMII'FOTEPHOTO MOJICIIOBAHHS
(3okpema, meroq B97-3¢ Teopii (yHKIIOHATY T'YCTHHU 3 TIONPABKaMH, SIKi JO3BOJISIOTH, 30KpeMa, KOPEKTHO
OIUCYBAaTH JWCIEPCIHHY MDKAaTOMHY B3a€MOJIit0, Teopii 30ypeHb Mposutepa-Ilneccera ta agantoBaHoi 110
cumerpii Teopii 30yperb (SAPT)) 3HaiineHo piBHOBaXKHI reomeTpii 1177 pi3HUX MOJEKYJIIPHUX KOMILICKCIB
i3 JIBOX YOTUPUATOMHHX MOJIEKYJ, CTaOLTi30BaHMX OJHWUM BOJHEBMM 3B'S3KOM. [IpoaHanmizoBaHO
CTaTHCTUYHI XapaKTEPUCTUKHU BiJICTaHI MK aTOMOM BOJIHIO, 3a/IiTHUM Y BOJIHEBOMY 3B’53KY, Ta aKICITOPOM
MPOTOHA, a TAaKOX B3AEMO3B’SA3KH MDK T'€OMETPUYHMMU IapaMeTpaMH KOMIUIEKCIB Ta BHECKaMHU
CIIEKTPOCTATUYHOT, IHAYKIIIHHOI, qUCIIepPCiiiHOT Ta 0OMIHHOT B3a€MO/IIH 10 3arajbHOI €HEprii 3B’ A3yBaHHS.

Knrouosi cnosa. nexosanenmui 83aemo0ii, 600He8UI 36 130K, HADIp Oanux, meopis 30y peHb.

Equilibrium geometries of 1177 different molecular complexes composed of two four-atomic molecules
bonded by exactly one hydrogen bond have been obtained using non-empirical methods of computational
guantum-mechanical modeling (including B97-3c density functional theory method with integrated
dispersion corrections, Moeller—Plesset perturbation theory and symmetry-adapted perturbation theory
(SAPT)). Statistical properties were analyzed for the distance dx.n between the hydrogen atom involved in
intermolecular bonding and the atom acting as the hydrogen bonding proton acceptor. In addition to that,
interrelations between the same distance and the contributions of electrostatic, induction, exchange and
dispersion interactions into the total binding energy have been investigated. It has been shown that in the
studied complexes the only repulsive contribution is the exchange one, while electrostatic, induction and
dispersion interactions are attractive. At the most probable value of dx_u distance of 2.1 A, the typical value
of exchange contribution has been found to be 6.7 kcal/mol, while the average value of the total interaction
energy at the same distance is -4.7 kcal/mol.

Key Words: non-covalent interactions, hydrogen bond, dataset, perturbation theory.

Crartio npencraBus akan. HAH Ykpaian, a.¢.-M.H., pod. bynasin JI.A.

Beryn BUSIBJICHHI CTAQTUCTUYHUX 3aKOHOMIPHOCTEH Ta

p ) . B32€MO3B'A3KIB MiX CTPYKTYPHUMHU Ta

O3YMIHH  BIIACTHBOCTCH HeKOB,aHeI,{THHX CHEPreTHYHUMH  BJIACTUBOCTSAMH  MOJIEKYJISIPHUX
B3a€EMOJII, 30KpeMa — BOJHEBHX 3B’S3KiB, €

KOMILUTEKCIB. 30KpeMa, /0 IbOT0 Yacy BiJCYTHI
Ha0OpH BEIUKOro 00CATY NaHUX (JIeKiTbKa COTEHBb
KOMILIEKCIB Ta OLUIbINE) MpPO KOMIUIEKCH i3 JIBOX
HEBEIIMKUX MOJIEKYN (Tak 3BaHi OIMOJIEKYIApHi
KOMILIEKCH), iK1 Oynu O cTabiii3oBaHi piBHO OJHUM
BOJHEBUM 3B’S3KOM. BijCyTHICTH Takux IaHUX
oOMexye moOynoBy (i3MYHUX MOJeNell BOIHEBOTO
3B’A3yBaHH!, OpUAaTHUX Ui 3JiMCHEHHA
KUTBKICHUX Tiepea0dadeHb Mpo BIACTUBOCTI OKPEMHUX
BOJHEBUX 3B’SA3KIB Ha MIACTaBi MapaMeTpiB, IO
MOXYTh OyTH BH3HaueHi abo 3 MPOCTOPOBOTO
pO3TallyBaHHS B3a€EMOIIIOYMX MOJEKyl, abo Ha

KITFOYOBUM SIK y TIOOYIOBI MO/IeNelt OISIPHUX PiAHH,
TaK 1 y pamioHaJIbHOMY JH3aiiHi HOBHX 010MOJIEKYI
Ta IHIIAX JITaHaiB 3 33JaHdMU  QiI3UYHUMH
BIIACTUBOCTSIMU, 30KpeMa — 3JIaTHUX CEIEKTUBHO
3B’SI3yBaTUCS 13 3aJIaHOI0 OIO0JIOTIYHOK MIIIEHHIO.
Xoua Ha [JaHWii Yac yxe OyB 3IilicHeHWH
0oOMeXeHnH mocTyn y noOyAoBi HAOOPiB JaHUX, IIO
XapaKTepu3yloTh  BIACTHBOCTI  HEKOBAJICHTHUX
B3aeMOIi (30KpeMa, BOJHEBUX 3B’SI3KiB), HAPUKIIA]
— HaOip mammx GMTKN30 [1], — ame KiibKicTh
00'€KTiB, IO BKJIIOUYEHI N0 Takux HaOOpiB, 5K
MpaBWJIO € 3aMajiol0 I 1X BUKOPUCTaHHS Y
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MiZcTaBl IEKCPUNITOPIB EINEKTPOHHOI iX CTPYKTYpH,
BHU3HAYEHHUX 3 KBAHTOBO-XIMIUHUX PO3PAXYHKIB.
VY paniil poboTi 32 JOMOMOroK HEEeMIIpUYHUX

METOJIIB  KBAHTOBO-MEXAaHIYHOIO KOMITHOTEPHOIO
MOJICJIFOBAHHSI 3HAYHOI KUIBKOCTI PIBHOBa)KHUX
CTPYKTYP OIMOJICKYJISIPHUX KOMILICKCIB,

cTabLTI30BaHUX BOMHEBUMU 3B’ SI3KAMH, JTOCHIIKEHO
B3a€EMO3B 3K MK T€OMETPUYHUMH IapaMeTpamMu
KOMIUICKCIB Ta CHEPTCTUYHUMU XaPaKTEPUCTUKAMH
KOMILJIEKCIB.

Marepianu i MmeToan

PiBHOBaXKHI reoMeTpii KOMILJIEKCIB,
CTa0li30BaHUX BOJIHEBUMH 3B’SI3KAMHU, OZCPIKYBaIH
B pe3yibTaTi ONTHMi3alii T'eoMeTpii KBaHTOBO-

Me3aHiyHMM ~ MeromoM  B97-3¢ [2]  Teopii
(GyHKI[IOHAAy TYCTHHM 3  ITIONpaBKaMH,  SIKi
JO3BOIISIIOTH,  30KpeMa, KOPEKTHO  OIUCYBaTH
JHCTIEPCIiHY MIKaTOMHY B332€EMOJIIIO, 3

BHUKOpHUCTaHHsM TporpamHoro makery ORCA Bepcii
4.0.1 [3]. TlouaTkoBi Teomerpii KOMIUIEKCIB Oyiu
CTBOpPEHI MUIIXOM KOMOIHYBaHHSI YOTHPUATOMHHUX
Morekyn 3 6a3u PubChemQC [4]. ITicist ontumizarii
reoMerpii 3-moMikK HaOOPIB KOMIUIEKCIB, IO MajH

OMHAKOBMM Tpad 3B’s3KIB, 3aJMIIAId  OIUH
KOMITIEKC (i3 HaWMEHIIOI EHEpPTi€ro). IIpu
moOymoBi  rpady 3B’SA3KIB  BpaxoByBalld  SIK

KOBAJIEHTHI, TaK 1 HEKOBAJICHTHI B3aeMoii. 3B’ sI3KH
(30kpema, BoaHEBI) imeHTH(DIKOBYBaIH 32 HASBHICTIO
miHil 3B’A3Ky, Bu3HaueHoi meromom QTAIM [5] 3a
pO3IIONUIOM  TYCTUHH  €JIEKTPOHHOIO  3apsny,
orpumaHoro meronom B97-3c. Kommnekcu, y skux
He OyB HasBHUN BOJHEBHHA 3B’SI30K MK
MoJieKynaMu, abo Oymia BusBIIeHa OLTbINE, HIX OIHA
HEKOBAJICHTHA B3a€MOIIsI MDK MOJEKylaMH, 3
MOJANbIIOr0  po3riasmy  Bukiodanu.  Ilpomec
moOyIOBH  MIJICYMKOBOTO  HA0Opy  KOMIIJIEKCIB
BUKOHYBAaBCSI B  aBTOMAaTHYHOMY  DPEeXHMI 3
JIOTIOMOTOIO CIEiaIbHO PO3POOIIEHOT MPOrPaMHU.
Buxopucroyrouun oTpUMaHi MIPOCTOPOBI
CTPYKTYPH KOMIUIEKCIB, OyJI0 pO3paxoBaHO 3arallbHy
eHepriro B3aemomii (y Kkain/monb, | Kkan/mMoip =

4,184 x/[x/Momp) MOJEKyd, TMIO YTBOPIOIOTh
KOMILIIEKC, 3a (hopMyI1oto
E™=E,, —E,—E, @

ne E™ — emepris B3aemozii Monexyn, Eag — eHepris
KoMmIiekcy, Ea — eHepris mepmoi MoJeKyiu
KoMmIiekcy, Ep — eHeprii Japyroi Monekyiu
KOMIUIEKCY. 3a3HadeHi eHeprii BKIIOYaIH SIK
CHEeprilo EIEeKTPOHHOI MiJicucTeMu (PO3paxoBaHy Y
nakeri Psi4 [6] Bepcii 1.2al.dev781 meTomom Teopii
30ypens Mboiiepa-Ilneccera 2-ro nopsaaxy (MP2) 3
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BUKOPHUCTAaHHSIM Habopy Oa3ucHHMX (yHKIIH aug-CC-
pVvVQ2), Tak 1 EHEeprilo KYJIOHIBCBKOTO
BIZIIUTOBXYBAaHHA sifiep aToMiB. Po3paxyHOK eHeprii
Ex Ta Eg 3milicHIoBaBCcS 3 BUKOPHUCTaHHSM TOTO K
Habopy OasucHUX (YHKIIH, 10 1 MPU PO3PaxyHKY
Ens (BukopucToByBaBcs Tak 3Banuid DCBS-
0a3ucHUil HaOip muMepa), BUKIIOYAIOUYM THM CaAMUM
Tak 3BaHy BSSE-nomuiky.

PesyabTaTti T2 06roBOpeHHs

Y opepxanomy Habopi 3 1177 piBHOBaXXHHX
CTPYKTYP KOMIUICKCIB JIBOX MOJIEKYJ, CIIOJIy4EeHHUX
PIBHO OJHUM BOJHEBMM 3B’SI3KOM, HAHOLIbIILY
KinbKicTh (1155 KOMIIIEKCiB) CTaHOBIATH 3B’ S3KH
Hactynuux tunie: NH...N (486 komiuiekcis), NH...O
(279), OH..N (235), OH...O (99), NH...C (36),
OH...C (20). CratucTU4HHN pO3MOALT BOIHEBO-
3B’A3aHUX KOMIUIEKCIB 3a BimcranHoO Oy, x MK
aTOMOM BOJIHIO, 3aJiSIHUM Yy BOIHEBOMY 3B’s3KY, Ta
aTOMOM-aKIIEIITOPOM ITPOTOHA HaBeIEeHO Ha puc. 1.

50

KinbkicTe
w B
o o

N
o

=
o

150 175 2,00 2,25

dy.. x A

Puc. 1. Po3noain BonHeBo-3B’s13aHMX KOMIUIEKCIB 3a
BIJICTaHHIO OH, x MK aTOMOM BOJIHIO, 33 IISTHUM Y
BOJHEBOMY 3B’S3KY, Ta aKIETITOPOM IIPOTOHA

3anexHicTh ozepxkaHoi eHeprii E™ Biaemonii
MOJIEKYJT ~ BOJHEBO-3B’SI3aHOTO  KOMIUJIEKCY  Bif
BijicTani On.x MK aTOMOM BOIHIO, 3aIisIHUM Y
BOJIHEBOMY 3B’S3Ky, Ta  aTOMOM-aKIETOPOM
MPOTOHA HaBeleHa Ha pHcC. 2.

2,50 2,75

04

&
!

int ‘
E” xxan/mone
5
1

ey
(4]
L

220 4

14 16 18 20 22 24 26 28 30
d A
Puc. 2. 3anexuicts eneprii E™ B3aemonii Monexys
BOJTHEBO-3B’SI3aHOT0 KOMILJIEKCY BiJ BijicTaHi dn. x
MDK aTOMOM BOJIHIO, 33/1iTHUM Y BOZHEBOMY

3B’$I3Ky, Ta aTOMOM-aKICIITOPOM MMPOTOHA
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3 onepKaHWX JaHMX BUIUIMBAE, LIO EHEPris
B3a€EMOJii HE € OJHO3HAYHOK (YHKIIEK BiAcTaHi
du..x: Ip¥ OHOMY 1 TOMY K 3HAYEHHI Un_x 3HAYCHHS
Eint MOXXyTb pi3HUTHCS Ha TIOHA]] 2 KKAJI/MOJIb.

OxpiM 3rajlaHoro po3paxyHKy eHeprii B3aeMoIii
3a CyNpaMOJIEKYJSIPHUM MiAXOAO0M, JJISI POXPaxXyHKY
SHEprii B3aeMoIii MOJIGKYJI KOMILUIEKCY OyJio
BHKOPHCTaHO METOIY AaJalTOBaHOI 10 CHUMETpii
teopii 30ypens (SAPT) [7]. IlepeBaroto octaHHiX €
MOXKJIUBICTD PO3IiTICHHS 3arajabHOL eHeprii
B3a€MOJIii HA CyMy BHECKIB BiJl CKJIQJIOBHUX Pi3HOI
¢i3n4HOl MpUpoOH (€IeKTPOCTATHYHOI, 1HAYKIIHHOT,
0oOMiHHOI, jgucnepciiHol). B3aemo3B’sA30Kk  Mixk
CHEPrisiMM B3a€MOJIi1, ofepkanuMu Merogamu SAPT
Ta MP2 HaBezieHo Ha puc. 3.

0 ; , ;

-15} %

ESAPE gcan /monn

=20} u

!

L
~10 -5 0
E™, kkan/momb

-25
=20

15

P
nc. 3. B3aeMO3B’SI30Kk MDK BEIMYMHAMU CHEPIii
B3a€EMOZIL MOJIEKYI BOJIHEBO-3B’SI3aHOTO
KOMITJIGKCY,  3HAWJICHUX  CYIPaMOJICKYISPHUM
meroznoM (E™) Ta 3 BUKOpPHCTAHHAM a/IalITOBAHOI /10

cuMmetpii Teopii 36ypens (ESAPT2)

3 HaBeJEeHUX JaHUX BHIUIMBAE, IO OAEpXKaHi
merogamu MP2 ta SAPT eneprii B3aeMoii MoneKym
BOJJHEBO-3B’S3aHOT0  KOMIUIEKCY KOpPENIOITh, a
CepeAHbOKBAIPATHYHI 3HAYEHHS DPI3HUIb BKa3aHUX
eHepriii ckmagaroTh 0,22 kkam/monb mis SAPT2.
Amnanoriyna ampokcuMmanis gt SAPT2+3  nmae
Oimpiie cepemHbokBagpatuuHe BigxuieHHs (0,39
KKaJ/Monb), amke wMeroq SAPT2+3  BpaxoBye
MOMpaBKKu OUTBII BHCOKHMX, aHK Meromu MP2 Ta
SAPT2, nopsiakiB po3BUHEHHSIX €HEprii B3aeMopii B
psau Teopiit 30ypeHs.

Hassua KOPEJSIIis eHeprii B3aEMOZII,
OllepKaHUX PI3HUMH  METO/JaMH, Ja€  3MOry
Bukopuctatd SAPT nansg anamizy BHECKY pI3HHX
CKJIaJIOBUX JI0 eHeprii B3aemomii. 3alexHICTH
pO3paxoBaHHUX METOI0M SAPT2+3
€IeKTPOCTATUYHOI, IHAYKIIAHOT, OOMIHHOI,

JUCIIEpCiiiHOi CKIamoBKUX 10 eHeprii B3aemonii ESAPT

Bim BimcraHi BimcraHi dp.x MDK aTOMOM BOMIHIO,
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3aMislHIM Yy BOAHEBOMY 3B’SI3Ky, Ta aTOMOM-
aKLENTOpOM NPOTOHA HaBeAeHa Ha puc. 4.
s0q iy
40 - . B
oL - B o E™
30
2
o 20
\é
S 10
=
o, 0 ﬁ ]
k=
-104 s
204 :
-30 1 %t
T T T T T T T T T T T T T 1
14 16 18 20 22 24 26 28
dHX’A
Puc. 4. 3anexHICTh BHECKIB €NEKTPOCTATHYHOL

(E®Y, mumcnepciitnoi (EYP), igmykuiitnoi (EM) Ta
obminnoi (E*M) B3aemomiii 1m0 3araibHOi ereprii
B3a€MO/Iii MOJIEKYJ BOJHEBO-3B’3aHOTO KOMILIEKCY
Bifl BizcTaHi On.x MK aTOMOM BOIHIO, 3aIiSTHUM Y
BOIHEBOMY 3B’SI3Ky, Ta aTOMOM-aKIENTOpPOM
IIPOTOHA

3 omep)KaHWX [NAaHUX BHUIUIMBAE, IO 3-TIOMDK
yCiX JACHIUKEHUX BHECKIB 0 3arajgbHOi eHeprii
B3aemoyii ymmre BHecok EM impmykiiitHoi B3aemonii
BHSIBUB HAOMIKCHO OIHO3HAYHY 3aJIOKHICTH BiJl
Bifgcradi du.x. Ile MoXe CBigUWTH TIPO Y4YacTh B
POMY BHII B3a€MOXii JUIIE THUX AaTOMIB, IO
Oe3nocepeqHbO 3aisHi Y BOMHEBOMY 3B SI3yBaHHI, a
came: aToMa BOJHIO Ta aTOMIB JIOHOpa Ta aKLenTopa
IIPOTOHA.

Baprto 3a3HaumTH, IO Pi3HI CKIAJ0BI BHOCSTH
CIIBMIpHUN BHECOK IO 3arajbHOi eHeprii B3aemoii
(ixy MokHa oOpaTh 3a OIIHKY JUIA eHeprii
BOJHEBOTO 3B’A3yBaHHS), IPUIOMY
eIIeKTPOCTATUYHUHN, THAYKIIHHUI Ta JUCTIepCiiHUN
BHECKM MAIOTh CTaOUT3YIOUHMH (MPHUTATYBaIbHIH )
XapakTep, a OOMIHHMHA —  JecTa0UTi3yIOoUHid
(BiAIITOBXyBAJIbHUH). Cepenne 3HAYCHHS
OCTaHHBOTO TIpH  On_x 2,1 A (maitbinpu
iMOBipHOMY 3HaueHHi dn_x — auB. puc. 1) ckiamae
6,7 KKaJ/MONb Ta MAa€ CepelHbOKBAIPATHUHE
BigxuneHHs 2,1 Kkan/mMonb, TOHI SK CepenHe
3HAYEHHS 3arayJibHOI eHeprii B3aeMomii mpu ToMy XK
3HayeHHi du.x ckunagae -4,7 Kka/Monb 1 Mae
CepelHbOKBAIPAaTUIHE BiAXMWIEHHS 1,3 KKan/MoJb.

BucHoBku

TakuM 4YMHOM, 3 BHUKOPHCTAHHSIM KBaHTOBO-
MEXaHIYHUX METOAIB MOJEKYISAPHOTO MOJECITIOBAHHS
Oysio moOy/oBaHO CHCTEMAaTU30BaHUH HaOip NaHUX,
10 MICTHUTH SIK piBHOBaXkHI reoMerpii 1177 pizHux
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MOJICKYJIIPHUX KOMILICKCIB, CTaOLII30BaHUX OJHUM
BOJIHEBHMM 3B'A3KOM, TaK i1 JaHi Ipo iXHi CTPYKTYpHi
Ta EHEPTreTUYHI BIACTHBOCTI.
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