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E . . Elements of fractional calculus. Fractional

JIEMEeHTH JIpoboBoro aHaui3y. Ipobdosi .

. integrals

iHTerpanm
'KuiBepkuit  HarmionaspHHA  yHIBepcHTET !Taras Shevchenko National University of

imeni Tapaca IIlesuenka, 01601, Kwuis, By. Kyiv, 01601, Kyiv, 64/13 Volodymyrska st., e-

Bomoguvupeska,  64/13,  e-mail:  yuliyami- mail: yuliyamishura@knu.ua

shura@knu.ua 2Taras Shevchenko National University of
2KuischKuit HaIllOHAJTbHII yHIBEpCH- Kyiv, 01601, Kyiv, 64/13 Volodymyrska st., e-

Ter imeni Tapaca Illesuenka, 01601, Ku- mail: hopkalo.olha@gmail.com

iB, Bynr. Bomomumupebka, 64/13, e-mail: 3Taras Shevchenko National University of

hopkalo.olha@gmail.com Kyiv, 01601, Kyiv, 64/13 Volodymyrska st., e-
3KwuischKuit HaIlOHAJIHLHUM yHiBEpCHU- mail: hanna.zhelezniak@gmail.com

Ter imeni Tapaca Illesuenka, 01601, Ku-
iB, By1. Bosogumupcbka, 64/13, e-mail:
hanna.zhelezniak@gmail.com

Cmammio npuceavweno 6a306um aacmusocmam 0pobosur inmeepanie. osedeno ixmio 2esvde-
POGICND, HENEPEPEHICMG 30 THOEKCOM THMEZPYBAHHA, BAACTIUBOCTNG 36YAHCEHDL OPOOOBUT THMEZPANIS.
Hasedeno deaxi npuraadu obuucserms dpobosux inmezpanis, dpobosi inmezpast 610 K6adpamuU4Ho-
THME2POBHUL PYHKYIT.

Knowoei crosa: dpobosuti inmeezpan, 2eAb0eposicmb, HENnEPEePSHICG 3G THOCKCOM THIME2PYBAHHA

The paper is devoted to the basic properties of fractional integrals. It is a survey of the well-
known properties of fractional integrals, however, the authors tried to present the known information
about fractional integrals as short and transparently as possible. We introduce fractional integrals on
the compact interval and on the semi-axes, consider the famous Hardy-Littlewood theorem and other
properties of integrability of fractional integrals. Among other basic properties, we consider Holder
continuity and establish to what extent fractional integration increases the smoothness of the integrand.
Also, we establish continuity of fractional integrals according to the index of fractional integration, both
at strictly positive value and at zero. Then we consider properties of restrictions of fractional integrals
from semi-azes on the compact interval. Generalized Minkowsky inequality is applied as one of the
important tools. Some examples of calculating fractional integrals are provided.

Key Words: fractional integral, Holder property, continuity according to the fractional index.

1 Bcryn HHsI Ta, JIesTKi TPUKJIau 0b9ucjieHHs 1poOOBUX iH-
TerpaJiis.

V 1iit cTaTTi BUKIaIeHO 6a30B1 BJIACTUBOCTI IPO-
6oBux inTerpaJjiB. CTaTTs B OCHOBHOMY Mag pede-
PaTHBHUI XapakKTep, aje MU IOCTapajich BUKJIa-
CTU BiJIOMi BJIACTHBOCTI JPOOOBUX IHTEIpaJIiB, pa-
30M 3 JIOBEIEHHAMU, § MAKCHMAJIbHO KOMIAKTHO-
My Ta Hpo30poMy BuJsiai. Pobora ckiragaerbes
3l BCTYIly Ta CeMH PO3/iIiB, sSIKI MICTATH OHade-
HHs Ta 3arajbHi BJIACTUBOCTI IpoOOBHUX IHTErpa-
JIiB, TeJIbJIEPOBY BJIACTUBICTH APOOOBUX iHTErpa-
JIiB, BJIACTUBOCTI 3BY?KeHHSI JPOOOBUX IHTErpaJIiB
3 IPsIMOI Ha KOMIIAKTHUM IHTepBaJl, HEIIEPEPBHICTD o 1 z o

JpOobOBUX iHTErpaJIiB BiIHOCHO 1HAEKCY IHTErpyBa- (Lo (@) = @ /a (z = )" f(t)dt,

2 OgsuadyeHHs Ta 3arajibHi BJIACTUBOCTI
apo6oBuX iHTerpaJiin

Hexaii dynkuis f : [a,b] — R rta a > 0.V 6inbmio-
cTi BUIIaJKIB HIKYe v < 1, Xo4a 11e He € 000B sI3-
KOBOIO yMOBOIO. Buznadmmo JiiBocTOpOHHI Ta mpa-
BOCTOPOHHI 1po6oBi iHTerpasm Pimana-JliyBimis
Ha (a,b) mopsKy o sK

© H0.C. Mimypa, O.M. Tonkaso, I'. C. ZKenezusak 2022
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Ta

b
Uﬁﬂ@%zFé%/@xWAﬂﬂﬁ

BiJITIOBITHO.

Bynemo kazaru, mo dyukuist f € D(1¢ ot (b— )) (
cumBout D(-) nosHauae 0b6s1aCTh BiAOBLIHOIO oOrle-
partopa), sIKIO BiAHOBimHI iHTerpasm 36iraroTbes
Maitke it Beix @ € (a,b) (Bimmocmo mipu Jle-
Gera). YV IbOMY BUIIQJIKYy TAKOXK MOXKHA CKa3aTH,
mo 1 iHrerpasu (abo innn ¢yHkiil) 36iraroTbes
M.c. (Maiizke ckpisb) Biguocno mipu JleGera. He-
xait H — meskuit knac dynkiiit. Kaxyrs, mo f €
]Ig+(b_)(H) skmo f(x) = (I§+(b_)h)(x), x € [a,D]
M.c. BimHocHO mipu Jlebera, ta h € H. Bimgmosimgmi
KJIacu (PyHKIIN, Bu3HadeHi Ha R, MO3HAYAIOTHCS
ax 19 (H).

[Tepriie mpupone 3anuTanus: ki GyHKIT Ha-
JIEZKATD 10 KJacy D(I;:L(b_))? Binmosins mae Ha-
CTYIHA JIEMA.

Jlema 2.1. Hexat f € Lyi([a,b]). Todi

(i) f € D(I&_(b_))-

(i) I3 oy € La([a, 0]).
(4dd) (1135
,ﬂosedeHHﬂ. Hexait f € Ll([a, b)). Hus 6ympb-
sikoro n > 1 posruisiremo fi,(z) = (f(z)An)V(—n).

Toni | fr(z)| < |f(z)|An iMu MoxkeMo 3acTOCyBaTH
Teopemy Dyoini:

t/‘{ a+f% (z)| do =

"o =00 )t

t// —”1WUWM—

f”Ll(ab] Hf||L1 ([a,b]) -

—F— dr <

a 1
b b
< é(a>)||fn\m (fatl) < é())llfllmm b)-

3a Tteopemoro Jlebera mpo MOHOTOHHY 30i-

xuicrs, (15 fr)(z) T (15 f)(x) maiixe Beronu Bij-
nocHo Mipu Jlebera, a Takoxk 3a jgemoro Paty

L%ﬁfw»

b
|d:z < nh_g)lo/ }(Igﬂrfn)(a:)‘ dzr <

_b-a)p

—-iYZ;;jIij”Ll [a,b]) -
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AHaJIONYHAM YMHOM PO3IJISAAETHCS BULAIO0K 3 1H-
Terpajiom I;* f. O

Saysaotcenns 2.1. Jlema 2.1 € 4YacTKOBUM BH-
maJkoM OiJbIl  3arajbHOro pesyabrary. Jlifi-
CHO, PO3IVISHEMO, HAIPUKJIAJ, JPOOOBHIT iHTEerpas
(Ig ) (@) = [T(xz—t)*! f(t)dt. Mu moxkeMo po3-
rasaaTe ApoOoBUit iHTerpast K 3ropTKy OyHKITT
S()a4(t) ma g(t) = t*~'. Toxi BukopucroByio-
uqn Teopemy 1.3 3 [6] MOXKHA JIOBeCTH HACTYIIHUI
pe3yJIbTaT.

Jlema 2.2. Hexat f € Ly([a,b]),p > 1, maa > 0.
Tooi I{j;(b,)f € Ly([a,b]), ma

A e T

Losedenns. OgeBugHO,

U&ﬂ@%wﬁwéwwﬁ—ﬂﬁqﬁﬁ

1 r—a o
< F(oa)/o |f (= 6|t dt,

3BIJIKM 3a JIOMOMOTOIO y3arajbHeHOl 1HTerpaibHOL
HepiBHocTi MiHKOBCHKOIO OTPUMY€EMO, IO

1
P
x)‘pda:> <
(/‘ |f(z — )|t Hﬁ
0
1 b—a b N
< — fla—t)Ptlebrdy
il (e

“rig [ ([ ra)’
a)®

TY“;jijnf”Lp [a,b]) -

dt =

e
o

O

Jlpobosi interpanu Pimana-Jliysimisg na R Bu-
3HAYAIOTHCS SIK

(I9f)(x (/ f(t)(x —t)*Lat,
Ta

(12 ) / F(t)(t - )Lt
BI/IIIOBLIHO.

Oynkuis f € D(I), axmo BianosigHi iHTe-
rpaJin 36irafoTbest Maiixke it Beix x € R. Bimmo-
Binmo 1o [4], maemo Briouenust L,(R) C D(1Y),
1 <p< é Binbie Toro, BUKOHYETHCS TEeopema
Xapzi-JliTasyna.

12
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Teopema 2.1 ([4]). Hexati 1 < p,q < o0, 0 <
a < 1. Todi onepamopu IS obmesrceni 6id Ly(R)
do Lg(R) modi i miavku modi, xoau 1 < p < *
ma q = p(1 — ap)~t. Ile osnauae, soxpema, wio
ons 6Yydv-axozo 1 < p < é 1q= 1f’ap, ICHYE KOM-
cmanma Cp g0 Maxa, wo

</R (/R Sl u|a1du)qd$>; <

< CpgallfllL,m®)
Teopema 2.2. Hezat f :
PyHryia.
(1) pobose inmezpysarmsi mMae maxy naniezpy-
NOGY 6AACTNUBICTN:
I Ig =T f ) f =1

ons f € Li([a,b]). Axwo a+ B > 1, modi i

PIBHOCTE BUKOHYIOMBCA 6 O6Y0o-AKit Mouys
€ (a,b), 6 npomuaestcnomy eunadky 60nu

BUKHYIOMBCA Oaa matioice 6cix © € (a,b).

(i)

(2.1)

[a,b] — R - sumipna

151 - 1
dan f € Ly(R), a,ﬁ>0maa+ﬁ<%.

He:mufGL ([a,b]), g € Ly([a,b]), p,g>1
—|— <14 «a, abo nexatip >1,q¢>1 ma

(iii)

=

SE

P

+ l =14 «a. Todi maemo nasedeny HudHc-
e ¢opmyny THME2PYBAHHA YACTNUHAMU OAS
dpobosuT THME2PaNIG:

b b
/ o (@) L2, f)(2)de = / @) (I g)(x)de
Hexat f € Ly(R), g € Ly(R), p>1,g > 1
ma%—i—%:l—i—a. Tooq

/ o) (1% f) () da = / () (I9g) ()
R R
(2.2)

osedenna. Bei mi dopMysn MoXKHA JOBECTH 10~
JiOHUM YMHOM, TOMY TOBEIEMO JIUIIEe OJHY 3 Ha-
HIBIPYIOBUX BJIACTUBOCTEI:

CREDICE
1

OH-B Ldu =

2022, 1
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O
Jlema 2.3. Hexati 0 < a < 1, f €
L,(R)(Lp([a,b]), p>1mallf=0. Todi f(:v) =0
matiorce oas eciz x € R (z € [a,b]).
Josederns. Posrnsinemo inrepsas [a,b]. Hexai

[F (@ =)7L f(t)dt = 0 maiike qs Beix z € [a, b].
Toni mst Gyap-sikoro 1 € [a, b] 3a Teopemoro Dy-
6ini
0= / (r— )= / (= — )L f(t)dtd> —
/ f(t)/ (r— 2)=°(z — 1)°Ldzdt =
a t
— [ st Bla1 - )

ae [7 f(t)dt =0, orxke, f(t) = 0 maiixe jus Beix
x € [a,b]. O

3 TeabaepoBa BJacTuUBiCTh ApPOOGOBUX iHTe-
rpaJjis

Hexait C*([a,b]) — MHOXIHA 2eavdeposur Hene-
pepenux gynkuit f : la,b] — R nopsiaky A, 0610

C([a, b)) = {f + [a,b] = R| [ fllx = sup [F(2)
te(a,b]
+ sup [f(s) = fOI(t =) < oo

s,t€a,b]

Tnoxi A masuBaroTh iHmekcoM [enbaepa Bimmosi-
uol dynkiii. OueBuiHO, M0 OYIb-gKa DyHKITiS 1H-
nekcy I'enbnepa A Ha JessKOMy iHTepBaJIi € OIHOYA-
CHO (byHKIII€IO Oy/Ib-STKOT'0 MEHIIIOro iHaeKcy ['enb-
Jiepa Ha [boMy iHTepBaJii (aje He HaBIakn). SIKino
ingekc I'enbnepa gopisaioe 1, To Binmosigna dyH-
KIisg HasuBaeTbcd dyukiieo Jlimmmig. [Ipoctip
dbyuxuiit JTimmumng wa inrepsasi [a.b] 6ymemo mo-
snauaru Lip([a,b])(= C*([a,b])), mob e mrytaTn
iioro 3 mpocropom CM([a,b]) memepepsro mube-
pentniitoBuux dyukiiit. [ugekc lenbiepa ne Moxke
IIePEBUIIyBaTH 1, KPiM BUMAJAKY, KOJIU (DYHKIIIA €
JIESIKOIO CTAJIONO.

CrogaTtky /10BejieMo, 0 JpobOBHil iHTErpaJt
[IEPETBOPIOE IHTETPOBHY (DYHKINIO y (DYHKIIO
lenbaepa. Touwrire, cripaBe uBuil HACTYITHUI pe-
3yJIbTAT.
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Jlema 3.1. Hexati 1 < p < co ma o > %. Tooi
19 (Ly([a,b])) C C*[a,b]) daa 6ydv-arxur —o0 <
a<b<ooma0<)\§a—%, fmugoagl%—kl
ma 19 (Ly([a,b])) C Lip([a.b]), axwo o > % +1.

Hosedenna. Hexait a < t; < t9 < b. Tomi, Bpa-
XOBYIOUH, 1[0 MPUITYIIEHHs ap > 1 eKBiBaJIeHTHe
HepiBaocti (o — 1)g > —1, Toai fK MpHUITyIEHHS
a < 1—1—% eKBiBajieHTHe HepiBHOCTI avg—2q+1 < 0,
a TakoXkK To# hakT, mo I ag — 2g + 1 < 0
(u—t1)®97 20+ > =24+ | gapnaxu, Mz MOKEMO
3aCTOCYBATH HEPIBHOCTI

0 T aqg—2q+1

aqg—2q+1<0,

)

Ta

aq—2q+1

11 U
/ (u— s)(a_2)qu < —
0 aqg—2q+1

QQ‘_QQ'+],Z 07

Ta 3aCTOCYBaTH y3arajbHeHy HepiBHICTH MiHKOB-
cokoro. Tomi y Bunasiky ag—2g+1 < 0 orpumaemo
OIIHKY

<

t2 a—1 h a—1
/0 (ts — $)°=Lf(5)ds — /0 (11 — $)°=Lf(s)ds

<

/tz(m — )27 f(s)ds| +

t1

+ <

t1
| =9t =t =9 pes
to %
_S(a—l)qd3>
§</ (ts — s) 1711y o)+

. [ = ortan) 1ssas <

a—1+1
to —t q
((( 2 ;; T 1N oty + 11— @l %
a—1)g a

to t1 %
X / (/0 (u— S)(O‘_Z)%) dull fll 2, (ap)) <
t1

1 1 —qf
< +

(a—1)g+1)7  |(a—2)g+1| (a _ ;)

<

p

a1
x (ta = t1)" P fll L, (lab):
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a y BUIIAJKY aq — 2q + 1 > 0 orpumyemo, mo

<

to t1
a—1 a—1
/0 (s — )2 f(s)ds — /0 (tr — ) f(s)ds

1
ty —t1)* 7P 1 —ape1-1/p
§< ta-t) >  J-d 1(t2—t1))
((a=1g+1)s  |(a—2)g+1]s
X1 f Il 2y (st

Q=

_1
[Topismioroun creneni (to—t1)" » Ta to—t; Maemo,
IO B I[bOMY BHUIIAJIKY

to t1
[t s = [ -9 ()| <
0 0
< Clty —t1)
nas peaxoro C' > 0. O
Tenmep momememo, 1m0 JIpoOOBHUIT iHTerpaJ

36ibmye inmexc Lerbaepa GyHKIIl, TOOTO Mae Mi-
Clle HACTYIHUI pe3yJIbTarT.

Teopema 3.1. Hexati diynruis p € C([a,b]). To-
d1 dns 6ydo-axozo a > 0

I3, (9() = ¢(a)) € CM([a, b])
axwo A+ a <1 ma

131 (o(-) — ¢(a)) € Lip([a, b])
akwo A+ o > 1.

Zlosedenns. HexTyiodn cTagmm MHOKHUKOM, PO3-
IJISHEMO (DYHKIIIIO

Tomi st Oynb-sikoro a < x < y < b MM MOXKEMO
BUBECTH

o(y) — 9(z) = / (= 0 () — () dut

Ha=1) [ (=0 ol - el d=
(3.3)

Orke, BpaXoByIO4uHd, MO I OyIb-IKHX U <
r <y rta B> 0 maemo nepisnocti (y —u)? — (z —
wP <(y—x) ma0< B <1lra(y—u)f’—(z—

14
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u)? < By —uw)P Yy — x) musa 1 < B, Mu MOXKeMO  3BiJKHM [T Maiixe BCiX 2

JUSITH HACTYTIHUM IHHOM:
Y 1
o)~ 9(@)] £ € [y =) - adu+
y
+ C'/ (z — ) Yz — 2) d2+
ry
+ C/ (z —a)* Yz — a)*dz+
y T
- C/ / (z = )27 2(z — t)Mdtdz <
y
<C(y—z)*™ + C/ (z —a)* L2+

y
e[

< Cly - o)™+ Cly - @)™ = (v - a)*| <

(z - x)o‘+)‘_1 _ (z _ a)a-i-/\—l‘ dz <

<Oy —2)*M ifA+a<l1
<Cy—x)*t, ifA+a>1,

1 Teopemy J10BEIECHO. O

4 JIpoboBi iHTerpasm Big KBagpaTUYIHO-
iHTerpoBHuUX QyHKILii

3BepraeMo yBary dmTada Ha Te, IO pe3yJbTaTh
IIBOTO IIPO3ILTY cPOPMYIbOBaHI st (v € (0, %)

Jlema 4.1. Hewau f € CW([a,b]). Todi das

deaxozo o € (0,%) icHye makae PYHKYLA © €

LQ([aa b]) wo f = Ig+(b_)‘;0; mobmo (C(l)([G’?b]) -
]Ig+(b_)(L2([a, b])). Te came sipro, Axu0 Mu 3a.mi-
numo [a,b] na R.

Hosedenna. PO3sriassHeMO KOMITAKTHUN 1HTEpBaJs
[a, b]. Banuiemo hopMaIbHO CIIBBIHOIIECHHS

L[
| @0 et

MOMHOXKHUMO Ha (z — x)~% 1 mpoiarerpyemo:

flz) = (4.4)

JCEENOT

_ F(la) /z(z ) Oda /x(:c el ()dt
_ F(la) / o(t) /tz(z — )"z — ) dadt =
_ B(o,1-a) _ W #

- A etar=r-a) [ pjar

15

o) =ty s (] - o)

B 1 d ((z—a)l™™
_F(l—a)dz< = /@

/: (Zl_f);_af’(:v)dx>

— 1“(11— 3 <<2f_(62)a +/a (z — x)_o‘f/(:v)dx> .

(4.5)
slkmo o € (0,3) Toui ¢ € Lo([a,b]), Binuosinmo
a0 jgemu Lemma 2.2. Tomy, AificHO, BUKOHYETHCS

(4.4), CV([a, b)) C I3,y (La([a, b)) O

Hacaimok 4.1. Ockiavku CH([a,b]) e wiso-
wum Yy Lo([a,b]), maemo, wo npocmopu
Ig_i_(b_)(Lg([a,b])) e winvhumu 6 Lo([a,b]) das
oydo-axoz20 0 < o < %

Hosmaummo HE ([a,b]) = Ig, (L2([a,b]))
(H*([a,b]) = I (L2([a,b])) posrasnaerses ana-
noriuno). Busnaunmo B HY ([a, b]) sHopmy

Mooy Pllme (o)) = 12Nl Lo (0t -

Jlema 4.2. Jlasa scix 0 < a < % npocmopu

HS ([a,8]) s nopmoro || - |lgg (ja,p)) € 2invbepmosu-
MU

Losedenns. JlocuThb PO3LIISIHYTH JESIKY IOC/II0B-
nicte Komii, nanpuknan, Ig hy,, i Bcranosurn ii
30ikHicTh. Mu Maemo, 1o h, € IOCJiIOBHICTIO
Komi B Ly([a,b]), orxe, icuye f € La([a,b])
taka o | fn — fllry(ap) — 0,m — oo. Tomi
I f € HY([a,b]) Ta I fr — I3 f,n — oo B
HY ([a, b). 0

5 3By2keHHd ApPoOOBUX iHTErpaJin

Hexait ¢ : R — R — Bumipna dyukiis. Po3ris-
HeMo 11 3By2KeHHsI Ha Jesikuii iHTepsan |a,b], me
—0<a<b< oo

Qpa,b(x) = {((i($)’

BokpeMa, MO3HAYUMO P4 (Z) = @0 400(X).

Teopema 5.1. Hezati ¢ € Ly(R) daa dearozo
€ (1, é) Todi

(I$p)+(z) = (I19) (z),z € R,
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de ¢ € L,(R) i mae suennd

R

0, x < 0.

Hosedenna. g modarky, HOBEIEMO, IIO TaKa
dynkiia ¢ € L,(R). diiicuo,

/R (x)Pdz < C /R (@) P+

o [T [T
0 0 t+x

Temep mocTaTHBO 3HANTH CKIHYEHHY BEPXHIO

dx.

MeXKYy JIJIsT IPYTOoro inTerpaa. 3 I€0 METO0 3a-
CTOCYEMO JI0 HBOI'O y3araJibHeHy HepiBHicTH MiH-
KOBCbKOT0. BpaxoBytoun, mo « < 1/p, orpumyemo
HACTYIIHY OITIHKY:

o] o0 v _ p
/ . (/ o ( t)dt) _
0 0 t+x

= |t = zz|
P
)|dz>

) U“”ﬁz -
( I ([ wet-aapas) )
e[

p
) loll? g < co.

IN

Oé—*

Kpim Toro, (I$¢)(x) = 0 ansa 2 < 0. Posrisanemo
x > 0 1 Bukopucraemo crissigaomntenns (7.10):

(126)(x) = F(la) / (2 — ) Lp(t)dt =

e e ([ () e

= (18:) + S *
0 N T (x _ t)a—lt—a
X /Oo(—z) p(z)d ; P dt =
_ (Tc L 0 (2 (‘:U — Z) ! y =
= (59) + g |2l s -
0
= (Igﬂrgo) + P(la)/ (x — z)o‘*lgo(z)dz =
= (I£p)(z)
]

16

2022, 1

Bulletin of Taras Shevchenko
National University of Kyiv
Series: Physics & Mathematics

6 HenepepsHicTb
BiJTHOCHO «

ApoboBUX iHTerpaJis

Posriisinemo moBeliHKYy JIpoOOBUX IHTErpaJiiB sk
dyHKIT B .

Teopema 6.1. Hexat ¢ € Ly([a,b]) daa dearozo
p > 1. Todi dpobosi inmezparu (Ig‘+(b_)cp) Hene-
pepsni no o wa [0,00) 6 Ly([a,b]). Biavwe mozo,
sonu nenepeperi na (0,00) ak dynxuii 3 Ly([a, b))

Lp([a7 b])

Hosedenns. Hexait o, ag > 0. Posruisimemo pisau-
IO

(a3 @) (@) — (Igy)(x) =

<F(<1340) - 1“(104)> /ax e(t)(z — t)* 0 1dt+

T /x (2 — )% — (& — 0)*Y) p(t)dt =

I(a)
= (Ip)(x) + (Jo)().

oxpeno  NIDpyery T
()l (a,b))- Brimmo 3 emoro 2.2,

I(ao) | (b—a)™
IMNa) | T(1+«

(6.6)
He obmexyroun 3arajibHOCTI, NPHUIIYCTUMO,

mo byHKIisA ¢ HabyBae 3HadeHHs ( 3a MekaMu
inrepsay [a,b]. Toxi

Omninnmo

1Tz tas < ]1 _ S elz o

7@l = 77|/ T (201 01 (e — 2)de
! " a—l] a0 |p(x — 2)|dz
Sqa [l = )l

(6.7)
BukopucroBytoun HepiBHiCTH MiHKOBCHKOTO,
OTPUMAEMO OIIHKY

1 /b—a )
< — |1 — 207902907 dzx
I'(a) Jo

. (/b oz - z>|pdx>; <
1

b—a
a—aq ap—1
< F<a>/0 |1 — 272127 dt ||| L,y (ab])-
(6.8)

1o L, (la0)

3 (6.6) Ta

(e, -

~ T(ao)
S’ T(a)
1

b—a
1 — &0 ao—ld )
e /0 11— 29720120 L0z ol o

(6.8) maemo

DO Ly ((as) <

(b—a)*
1+ o

)HSOHL,,(ab]
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3a reopemoro Jlebera npo mazkoposaHy 306ikHICTH 1IpU N — 00, piBHOMipHO npu « € [0,1]. Ilomxo
B OCTAHHBbOMY IHTErpajii MOXKHA 3J{IHCHATH Ipa- JPYroro J0JaHKa, TO s JOBIILHOTO = € [a, b] Ta
HUYHURA mepexin upu o« —  «g. OUeBHIAHO, I JOBLILHOIO (PIKCOBAHOTO 1 MAEMO

-

— 0 upu o — . Orxe,

«
o _ o [(Kon)(@)| < 5= %
H(Ia+ B Ia-i(l)HLp([a,b}) ’ F(l + Oz)

lellz, (a.8))

=0.

Hexait Tenep ag = 0. Hatue 3aBnanss — nose- bma .
¢TH, MmO X ; t“ max |}, (t)|dt = 0,

li I — =
O}L%H( atP) <P||Lp([a,b]) 0 upu « — 0, 3BijKH H(K%)HLP([a,bD — 0 1pn

Cnpasni, anamoriuno (6.7), mepemmmenmo pi- — 0, mo # noBoAUTE TEOpEMY. -
SHUIO HACTYIHUM 9HHOM:
(Leye) (@) — p(x) = Saysaoicennsa 6.1. 3a Teopemoro 2.7 [4], 36ixkmicT
1 /Cﬂ—(l
= oz — t)dt — p(x) =
Lle) Jo lim (7, ) (2) = ¢(a)
o r—a 1 a—
= = —-t) — Y dt
i e et

BUKOHY€ETBCs JJisi Maiizke BCIiX x € [a, b].
(z —a)®

() <F(1 ta)

- 1) — (K)(@) + (Lg)(2),

(K@)l b)) + JpoboBUX iHTErpaJIiB.
p\|Q

Posrisinemo  nesiki  npuksaay  OOYHMCIIEHHST

seigen [|(1819) — @llr,(ap) <
(L) 2, (fa,p)) - OueBmmHO,

p

a)a dz.

1+)

7 OO6uucieHHsi nedaKux APOOOBUX iHTErpa-

—1 R
JI1B

IEDIE g < / o)l |

3a Teopemoio Jlebera 1mpo markopoBany 30i-
JKHICTH B OCTAaHHBOMY IHTerpaji MOXKHA 3iii-
cHUTH TpaHwdHuil nepexin npu o — 0. Orxke,

Ipursad 7.1. Hexait f(z) =z, 5 > —1. Toui

limg 0+ H(L(p)”?p([a’b]) = 0. [1106 oninutu (K¢), (12, F) (x) = 1 /ﬂﬁ(m )P =
MPUILYCTUMO, IO (0 — HElepepBHO JudePeHITiioB- I'(a) Jo
na. Tomi
b—a
a s I'(B+1)
K < — e dt — 0 _ T =W atp
(Kp)@)] < F(1+a)/ mmas le'(®)ldt = R AR A vre Iy

piBaOMipHO 0 . KpiM Toro, MoxKHa amporcumy-
patu dyukiio ¢(z) nocigosricrio menepepsno IIpuxaad 7.2. Hexait f(z) = e, A > 0. Toai
nudepenniifiopanx GYHKIIHA ¢p, () 38 HOPMOIO B

L,([a,b]). Toxi 1 /x

(I$f) (z) = (o) (x —t)2teMdt =

—00
A o0
(KO Ly < IE (e — o))z, (0t _ lf( m) / oAyl g,
@) Jo
(K@)l L,y ([ap))- (6.9) L e a1 cuy e
BacTocyemo ysarajabHeHy HepiBHiCTE MiHKOB- - T(a) /0 € (X) (X) B
CBKOTO JI0 meprioro jojnanka B (6.9), Mmarumemo
2(b a)® prmac???; Hexait a = 0,0 = 1,8 > 0,y > 3,

I (=)l (far) < 1+ )HQO el (tas)y = 0 f(s) = s%71(1 — 5)™7. Toui mua mosinbHOTO t €

17
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(0,1) marorb Miclie HACTYIIHI IIEPETBOPEHHSL: Tomy sutst goBimbaux £ > 0,0 > 0,0 < a < 1

/m(:c — )Tt + )t =
0

(Igiﬂf) (t) = = /01(1 —8)* 157 (s + a/x) " Nds

t 1
= / (t— s)y_ﬁ_lsﬁ_l(l — ) Vds =|s =tz]| = = 331/ (1—5)"" Na/o+1—s)""ds =
0 0
1 - =ly=1F=ab=a/xz+1
1 y=18=a, /z+1]
= t_l/ (1 —2)7F-1P-1 ( - z) dz = aN —a
0 t =z Ya/z+1)*! (—) B(l—-a,a)=
u/t z )
== —_ = oa—
1t—1+u __ 7 (etz)*
1 " Y—f—1 sin(ma) a®
0 —lttu IIpukaad 7.4. Hexait W = {W;,t > 0} — Binepis-
U B—1 1 u - o Ocki W
« L cokuit iporiec. Ockinbku TpaekTopil W Henepeps-
1—t+tu t1—1t+1tu Hi M. H., JyIg JoBiIbHOrO @ > 0 icHye apoboBwmii
o 1—t+tu—ut du — IHTerpaJl
(ot tuy ew e
S (AT (05:9) () = g5 |, (o= 0" W =
B 0 1—t+tu 1 x .
_ == —t)%dWy,x > 0,
% uﬁ 1 (]__t)’Y % F(a+1)/0 (.’IT ) t, L =2
(L=t + )=t (1 =t 4 tu) ™ i ocranniit inTerpas € BiHepiBCcbKuUM, TOOTO iHTE-
11—t w— 71 rpaJioM BiJl HEBUIIAIKOBOI (DYHKIII BiAHOCHO BiHe-
(1 —t+tu)? piscbkoro mporecy. Le rayccosuil mporec 3 cepe-
1 .
JTHIM
1— )V B — )Yy — )T
o R (e (R E (16,17 () = 0
X V(1 —t 4 tu) VAT =2 gy, — i KoBapiariero
1
=1 - t)ﬂ/ (1—u) 1Py = cov (15 W) (x), (I5:W) (v)) =
0 1 zAy
— (1= )P B(y - 5,8) = -y, @0
_ L(B)I(y = B) ! ‘ A7 ToBibHUX X,y > 0.
I'(v) (1—1)P Imrerpan (I§, W) — qacTKoBuil BUIAIOK rayc-

COBCBKHX IIPOIIECIB, dKi € IHTerpajjaMu 3 CHUHTY-
JIIPHUMY siapaMu. JleTasbHO BOHM PO3TIISTHYTI B
poborax [1, 2, 3, 5]. Kpim Toro, Bunaakosuii npo-
nec X, = [ (z —t)*dWy, @ > 0 icuye ne Tinbku

Ak nacainox, gst f(s) = s77Hb—s)"7,b>1 jum o > 0, ane i s o > —1/2, ocxinbku iio-
ro iCHyBaHHs 3aJI€’KUTh Bij 3012KHOCTI iHTErpaJia
Jy (x — t)?*dt. Tlponec X HasuBaeThCs JPOGOBIM
6poyHiBcbKuM pyxoM JIiyBisis.

1
/ (1—s) P LPL(h— 5)ds =
0

BucnoBku
1/b
=p ! / (1—2)77 35—1(1 /b — s) 7814z B crarTi posriasayro 6a30Bi BiaacTUBOCTI 1po6o-
0 1 BHUX IHTErpaJiiB, MPUIOMY JOBEJEHHST HABEIEHO y
—p1 B(y - 8,5) (1/b) _ HaiibiIb1I IpocTiii 1 mpo3opiit dpopwmi. rst momaiib-
T (1-1/b)8 IIOr0 3HAHOMCTBA 3 TEMOK PEKOMEHJIYEMO KHUTH
=P (b= 1)"PB(y - B,8). ta crarri [4] - [10].
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Locaidocyemoves 3a0ava onmumMasbrHo2o OUIHIOBAHHA NMHITHUT GYHKUIOHAAIE 610 HEGIJOMUT 3Ha-
YeHb CMAUIOHAPHO020 CINOTACTUYHO020 POUECY 30 CTLOCTNEPEHCEHHAMU TPOUECY Y CNEUTANLHUT MHONCU-
HAT MOU0K. SHatideni Gopmysu OAf 0OYUCAEHHA ZHAUEHHA CEPEIHLOKBAPAMUYNHOT NOTUOKY Ma cne-
KMPAALHOT TAPAKMEPUCTIUKY ONMUMAALHOL NMHITHOT OUIHKY OYHKYIONAAIE 3G YMOBU CNEKMPANLHOL
BUSHAMEHOCTNE, KOAU CNEKMPANLHA ULALHICTID NPOUECY MOUHO 810oMa. Y 8UNAOKY, KOAU CNEKMPALLHA
WINADHICTND NPOUECY TMOYHO HEBI00MA, 6 360GI0MBCA AUWE 0CAKT KAACY ONMYCTMUMUL CNEKMPALOHUL
wiavHoCmeEtl, 3aCMOCOBYEMBCA MIHIMAKCHO-pobacmHuti memod. 3natideni Gopmyat Oas UIHAMEHHA
HAUMEHUL CHPUATNAUBUL CNEKMPANLHUT WIADHOCMET MG MIHIMAKCHUL CNEKMPANOHUL TAPAKMEPU-
CUK 0AA ONMUMAABHO20 AIHITHO020 OUTHIOBAHHA PYHKUIOHAAIE OAA KOHKDEMHUTL KAWCIE CNEKMPAAL-
HUT ULLADHOCTET.

Kmovoei crosa: cmayionapHuti cmoracmuyHutl NPpouec, MiHiMaKCHO-pobacmHa OUiHKa, HatMeHU, CNpU-
AMAUBA CNEKMPAALHA WINDHICND, MIHIMAKCHO-DOOACMHT CNEKMPAALHT TAPAKMEPUCTNUK.

The problem of the mean-square optimal estimation of the linear functionals which depend on
the unknown values of a stochastic stationary process from observations of the process with missings
1s considered. Formulas for calculating the mean-square error and the spectral characteristic of the
optimal linear estimate of the functionals are derived under the condition of spectral certainty, where
the spectral density of the process is exactly known. The minimazx (robust) method of estimation is
applied in the case where the spectral density of the process is not known exactly while some sets of
admissible spectral densities are given. Formulas that determine the least favourable spectral densities
and the minimaz spectral characteristics are derived for some special sets of admissible densities.

Key Words: stationary stochastic process, minimaz-robust estimate, least favorable spectral density,
minimaz-robust spectral characteristics.

Introduction on of the problems of interpolation, extrapolation

and filtering of stationary sequences and processes

Investigation of the properties of stationary
stochastic processes plays an important role both
in the theory of stochastic processes and appli-
cation it to the practice. A great number of sci-
entific papers deals with the problem of estimati-
on of unknown values of a stationary process.
The formulation and effective methods of soluti-

belong to A. N. Kolmogorov [16|. Further analysis
can be found in the works by Yu. A. Rozanov [37]
and E. J. Hannan [11]. A significant contribution
to the theory of forecasting was made by H. Wold
[41, 42], T. Nakazi [33]. Constructive methods
of solution of estimation problems for stationary

© O. Yu. Masyutka, I. I. Golichenko, M. P. Moklyachuk, 2022
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stochastic sequences and processes were developed
by N. Wiener [40] and A. M. Yaglom [43].

The basic assumption of most of the methods
of estimation of the unobserved values of
stochastic processes is that the spectral densities
of the considered stochastic processes are exactly
known. However, in practice, these methods are
not applicable since the complete information
on the spectral densities is impossible in most
cases. In order to solve the problem parametric or
nonparametric estimates of the unknown spectral
densities are found. Then, one of traditional esti-
mation methods is applied, provided that the
selected densities are the true ones. This procedure
can result in significant increasing of the value of
error as K. S. Vastola and H. V. Poor [39] have
demonstrated with the help of some examples.
To avoid this effect one can search the estimates
which are optimal for all densities from a certain
class of admissible spectral densities. These esti-
mates are called minimax since they minimize
the maximum value of the error. The paper by
Ulf Grenander [10] should be marked as the first
one where this approach to extrapolation problem
for stationary processes was proposed.

Several models of spectral uncertainty and
minimax-robust methods of data processing can
be found in the survey paper by S. A. Kassam and
H. V. Poor [15]. J. Franke [5], J. Franke and H. V.
Poor [6] investigated the minimax extrapolation
and filtering problems for stationary sequences wi-
th the help of convex optimization methods. This
approach makes it possible to find equations that
determine the least favorable spectral densities for
different classes of densities.

A great amount of papers by M. Moklyachuk
[22] — [25] is dedicated to the investigation of
problems of the optimal linear estimation of
functionals which depend on unknown values of
stationary sequences and processes. In papers
by M. Moklyachuk and A. Masyutka a mi-
nimax technique of the estimation for vector-
valued stationary stochastic processes is proposed
[21], |26]-[28]. Methods of solution of problems of
interpolation, extrapolation and filtering problems
for periodically correlated stochastic processes
were developed by M. Moklyachuk and 1.
Dubovetska [4, 8]. Estimation problems for functi-
onals which depend on unknown values of
stochastic processes with stationary increments
were investigated by M. Luz and M. Moklyachuk
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[17]-[20]. The problem of interpolation of a stati-
onary sequence with missing values was investi-
gated by M. Moklyachuk and M. Sidei [29] - [32].

Prediction of stationary processes with mi-
ssing observations was investigated in papers by
P. Bondon [1, 2|, Y. Kasahara, M. Pourahmadi
and A. Inoue [14, 34|, R. Cheng, A. G. Miamee,
M. Pourahmadi [3]. The problem of interpolati-
on of stationary sequences was considered in the
paper of H. Salehi [38].

In this paper we deal with the problem of
the mean-square optimal linear estimation of the
functionals

—-M T
g = [ aede+ [aeat
—00 0

T
st = [ateae+ [ ateo
0

T+N

—M T [e')
g = [ agorars [ameies [ awe,
—00 0 T+N
—M T
At = / a(t)E(t)dt + / a(t)E(t)dt,
—M—DM- 0
T TH+N+N;
As¢ = [aeaes [ ae
0 T+N
-M
Agé = a(t)E () dt+
— M — M,
T T+N+Ny
+ / a(DEb)dt + / a(B)E(H)dt,
0 T+N

which depend on the unknown values of a
stochastic stationary process £(t) from observati-
ons of the process £(t) + n(t) at points t € R\ Sk,
respectively, where

Sy = [—o0; =M U[0; T], Se = [0; T|U[T + N; 0],
S3=51US, S4 = [—M—Ml;—M] U[O;T],
S5 = [O;T]U[T+N;T+N+N1], Se = S4 U Ss.

The case of spectral certainty as well as the case
of spectral uncertainty are considered. Formulas
for calculating the spectral characteristic and the
mean square error of the optimal linear estimate
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of the functionals are derived under the condi-
tion that spectral densities of the processes are
exactly known. In the case of spectral uncertainty,
where the spectral densities are not exactly known
but a set of admissible spectral densities is gi-
ven, the minimax method is applied. Formulas for
determination the least favorable spectral densi-
ties and the minimax-robust spectral characteri-
stics of the optimal estimates of the functionals
are proposed for some specific classes of admissi-
ble spectral densities.

1 Classical interpolation problem for stati-
onary processes

Let £(t),t € R, and n(t),t € R, be uncorrelated
stationary stochastic processes with zero first

moments F¢(t) = 0, En(t) = 0. Correlation
functions
Re(t) = E¢(t + 5)€(s), Ry(t) = En(t + s)n(s)

of stationary processes £(t),t € R and n(t),t € R,
respectively, admit the spectral decomposition [7]

o0 [e.9]

Re(t) = / EAF(dN), Ry(t) = / "G (dN),

—00 —0o0

where F(d)\) and G(d\) are spectral measures
of processes £(t) and n(t), respectively. Consider
stationary stochastic processes £(t),t € R and
n(t),t € R with absolutely continuous spectral
measures F'(d\), G(d)\) and correlation functions
of the form

(e} [e.e]

Re(t) = / NN, Ry (t) = / e g(\)dA,
where f(A) and g(\) are spectral densities of

processes £(t) and 7(t), respectively, and the mi-
nimality condition holds true

© (W2
| oy s <o W

where
—M T
’yl()\):/ mclthr/oq )l Adt
—00 0
T
s (A) —/a (B)eithdt + / an(t)e™dt,
0 T+N
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-M

/ as(t) e dt+

—0o0

T
+ O/ch(t)

-M

/ oy (t)e™dt +

—M—M;

13(A) =

" dt +
T

as(t)edt,

L~z

Ya4(A) = ay(t)e™dt,

St —

T T+N+Ny

Y5(A) = /a5(t)eit/\dt +

0 T+N

s (t)etAdt,

o (t) e dt+
—M—DM;y
T T+N+N;
+ / o (t) et dt + g (t)e™dt
0

T+N

are nontrivial functions of the exponential type.
Under this condition the error-free estimation is
impossible (see, for example, [37]).

Processes £(t) and 7(t) admit the spectral
decomposition [13]

o0 o0

() = / NZ(dN), () = / ¢ 7, (dN),

—0o0 —0o0
(2)
where Z¢(d\) and Z,(d\) are the orthogonal
stochastic measures that correspond to spectral
F(d\) and G(dX\). The following
properties hold true

functions

EZ&(A1>Z§(A2) = F(Al ﬁAQ) = A N f(A)d)\,

BZ,(0) 7,0 = GAnA) = [ g(ax

Consider the problem of the mean-square opti-
mal linear estimation of the functionals

—M T
Ay = / a(t)E(t)dt + / a(E(t)dt,
—00 0

o0

#)dt + / a(t)E(t)dt,

T+N

A2l = /
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T %) —-M
A3 = / t)dt+ / a(t)E(t)dt+ / a(t)E(t)dt,  Ag(\) = / a(t)e™ di+
—c0 0 T+N —M—M,
M T T T+N+N;
Al = / (t)&( )dt+/ (H)E(t)dt, +/a(t)e”)‘dt+ a(t)e™dt.
~M—M; 0 0 T+N
A TH+N+N Denote by Akf the optimal linear estimate
As€ = (t)&(t)dt + / a(t)&(t)dt, of the functional A,¢ from observations of the
0 TIN process &(t) + n(t) at points ¢t € R\Sy and
.2
by Ax(F,G) = E ‘Akf — Akf’ the mean-square
M error of the estimate flkf . Since spectral densities
Al = a(t)&(t)di+ of stationary processes £(t) and n(t) are known,
—~M—M; we can use the method of orthogonal projections
T T+N+Ny in Hilbert spaces [16] to find the estimate Ag&.
+ /a(t)f(t)dt—i— / a(t)€(t)dt, Consider values £(t) and 7(t) as elements of
; N the Hilbert space H = Lo(2, F, P) generated by

which depend on the unknown values of a
stochastic stationary process £(t) from observati-
ons of the process £(t) + n(t) at points t € R\Sy,
respectively, where

S1 = [—o0; =MJU0; T], S2 = [0;T]U
S3=51US, S4 = [—M — My; —M] U [0; T],

S5 =[0;T1U [T+ N;T + N+ Ny, S¢ = S4USs.

[T+ N; o0,

Making use of spectral decomposition (2)
of stationary process £(t) we can write the
functionals Ag¢ in the following form Ag&

o0

| Ar(N)Ze(dX\) where
-M T
A\ = / a(t)edt + / t)etAdt,
—o0 0

T
AQ()\):/a(t)eitAdt—F / a(t)e™dt,

0 T+N
-M

T
a eit)\
/ (£)etdt+ 0/

—00

[e.o]

Az(A) =
T+N

T

a(t)eit)‘dt—}—/a(t)eit’\dt,

0

M
Ag(N)

—M—DM;y
T

/ a(t)e™dt +

0

T+N+N1
a(t)e™dt,

As(X)
TIN
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a(t)eit)‘dt—i—/ a(t)edt,

random variables £ with 0 mathematical expectati-
ons, B¢ = 0, finite variations, E|¢|? < oo, and
inner product (£,7n) = E£7. Denote by H* (¢ 4 1)
the closed linear subspace generated by elements
{&(t) +n(t) : t € R\Sk} in the Hilbert space
H = Ly(Q,F,P). Denote by La(f + g) the Hi-
Ibert space of functions a(\) such that

(o]

|

Denote by L5(f + g) the subspace of La(f + g)
generated by functions {e™*,t € R\S}}.

The mean-square optimal linear estimate Ag&

of the functional Ai£ can be represented in the
form

[a(N)P(F(N) + g(N)dA < oo.

o0

Ay = / hie(A)(Ze (dX) + Z,(dN)),

—0o0

where hi(\) € LE(f +g) is the spectral characteri-
stic of the estimate.

The mean-square error A(hy; f, g) of the esti-
mate A€ is given by the formula

/L%

According to the Hilbert space projection
method proposed by A. N. Kolmogorov [16], the
optimal estimation of the functional Ap¢ is a
projection of the element Ai¢ of the space H on

R 2
— B |4 - Aye| =

e (VPFO w+/v% ) 2g(A)dA
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the space H*(¢ + 7). It can be found from the
following conditions:

1)Ap¢ € HE (& + ),
2) A& — A LH* (€ + ).

It follows from the second condition that the
spectral characteristic hy(A) of the optimal linear
estimate Ai¢ for any ¢t € R\ Sy satisfies equations

o

[ (AN ) = ) + g dr =0,

- 3)

Define the function Cx(A) = Ag(N))f(N\) —
hi(A)(f(A) + ¢g(N\)) and its Fourier transformati-
on

ex(t) = / Cre(Ne ™dX, teR.

It follows from the condition (3) that the
function cg(t) is nonzero only on the set Si. Hence,

—-M T
Ci1(\) = / c1(t)edt + / c1(t)e™dt,
—00 0
T 00
Ca(N) = /CQ(t)eit)‘dt—i— / co(t)e™dt,
0 T+N
—-M
Cy(0) = / ea(t)e dt+
” T [e'9)
+/Cg(t)€it>\dt+ / c3(t)etdt,
0 T+N
—-M T
Ci(\) = / ca(t)edt + / ca(t)edt,
—M—NM;y 0
T T+N+Np
Cs5(\) = /65(t)e’t>‘dt+ / cs(t)etdt,
0 T+N
-M
Cs(\) = ce(t) e dt+
—M—M;
T T+N+N;
- / ce(t)e™dt + / co(t)e™dt
0 T+N
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and the spectral characteristic of the estimate Akf
is of the form

hi(A) = Ax (N F)(F V) +9(N) 7' =
— N (F) +g()) 7 (4)

It follows from the first condition, Az¢ €
H*(¢4-n), which determine the optimal linear esti-
mate of the functional A&, that for some function

vi(t) € LE(f +9)

) = [ onlei,

R\ Sk

therefore for any t € Sj, the following relation
holds true

o0

/ [Aku)fm(fw o)

—0o0

C G + g(A)Vﬂ NN = 0. (5)

The last relation can be represented in terms
of linear operators in the space L5(f + g). Let us
define operators

(Bia)(t) = / / a(u)(f (V) +g(A) LA D dadu,

Sk —0o0

(Rya)(t) =

/ / a(u) FON(F(N) + g(0) e Ddrdu,
Sk —

(Qua)(t) =
- / / a(u) FV)(F ) +9 () Tg(N) e Ddrdu,

Sk —00

a(t) € L’Q“(f—i—g), t e Syg.

The relation (5) can be rewritten in the form
(Rya)(t) = (Byek)(t), t € Sk (6)

Consider the operator By is invertible. Then
the function ¢k (t) can be calculated by the formula

(B, 'Ria)(t),

cr(t) t e Sg.



Bicnux Kuiscvkozo nayionanrvro2o yrisepcumemy

Bulletin of Taras Shevchenko

iment Tapaca Ilesuwernra 2022, 1 National University of Kyiv
Cepia: Pizuro-mamemamusri HAYKY Series: Physics & Mathematics
Consequently, the spectral characteristic and the spectral characteristic of the estimate Ap&

hi(\) of the estimate Ap¢ is calculated by the
formula

he(A) = = A (NSO +g()) =

= G (F) +g()) 7 (7)

Cr(N\) = / (B, 'Ria)(t)eat.
Sk

The mean-square error of the estimate Akﬁ
can be calculated by the formula

o

/‘Ak(A)Q()‘)‘}'Ck()‘)F((f()‘)+9()‘)>2)_1f(>‘)d)‘

+/L%OMQ)

= ((Rga)(t), (By 'Rpa) (1)) +

~CMP((FN)+9(N))*) " g(A)dA

((Qra)(t), a(t)),
(8)
where (a(t),b(t)) is the inner product in the space
LE(f +9).
Let us summarize results and present them in
the form of a theorem.

Theorem 1.1. Let £(t) and n(t) be uncorrelated
stationary processes with spectral densities f(\)
and g(\) which satisfy the minimality condition
(1). The spectral characteristics hi(\) and the
mean-square error Ag(F,G) of the optimal linear
estimate of the functional Ar& which depends on
the unknown values of the process £(t) based on
observations of the process &(t) + n(t), t € R\ Sk
can be calculated by formulas (7), (8).

Consider the case when the stationary process
&(t) is observed without noise. Then the spectral
characteristic of the estimate Ax¢ is of the form

hie(A) = Ak(A) — Ch) ()
@mz/%@#w,

Sk

(9)

the relation(6) is of the form
a(t) = (Brey) (1),

If the operator Bj is invertible then the
unknown function ¢k (t) can be calculated by the
formula

t € Sg. (10)

cr(t) = (B 'a)(t),

t € Sk,

is of the form
hi(A) = he(f) CeN)(FO))
C()) = / (B a) (1) \dt.

Sk

= Ar(\) —
(11)

The mean-square error of the estimate can be
calculated by the formula
=< B 'a,a(t) > .

Ax(f) (12)

The following theorem holds true.

Theorem 1.2. Let £(t) be a stationary stochastic
process with the spectral density f(X), which sati-
sfies the minimality condition

SN
/w Try e

for some nonzero function of the exponential type.
The spectral characteristic hi(\) and the mean-
square error Ag(f) of the optimal linear esti-
mate of the functional Ap€ which depends on
the unknown values of the process £(t) based on
observations of the process £(t) at time points
t € R\ Sy where

(13)

S = [—o0; —M]U[0;T], S2 = [0;T|U[T + N; 0],
S3=51USy, Sy= [—M—Ml;—M] U [O;T],
S5 =[0;T|U [T+ N;T+ N + Ni], S¢ =S4 U S5

can be calculated by formulas (11),(12).

2 Minimax method of interpolation

Derived Theorem 1.1 and Theorem 1.2 can be
used only in the case of spectral certainty, when
spectral densities of processes are exactly known.
However, in practice, this case is not common, we
do not have the exact values of spectral densiti-
es. If there is given a class of admissible spectral
densities where spectral densities of the processes
belong to, minimax method can be used to esti-
mate the functionals. This method allows us to
find estimates that minimize the maximum values
of the mean-square errors of the estimates for all
spectral densities from the given class of admissi-
ble spectral densities.
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Definition 2.1. For a given class of spectral densi-
ties D = Dy x D, the spectral densities fP()\) €
Dy, g2%(\) € Dy, are called least favorable in the
class D for the optimal linear interpolation of the
functional A€ if the following relation holds true

A(F o) = A (b (12, 00) s FRaR) =

max
(fyg)eDf XDQ

Definition 2.2. For a given class of spectral densi-
ties D = Dy x Dy the spectral characteristic h(\)
of the optimal linear interpolation of the functi-
onal A€ is called minimax-robust if there are sati-
sfied conditions

he(N) € Hp) = LE(f +9),

N

(f7g)€Df><Dg

min max A (h;f,g) = max A (h);f,g).
helth, (£.9)€D (f.9)€D (i f.9)
From the introduced definitions and formulas
derived in previous section we can obtain the
following statements.

Lemma 1. Spectral densities f)(\) € Dy, gi(\) €
D satisfying the minimality condition (1) are the
least favorable in the class D = Dy x Dy for the
optimal linear interpolation of the functional A&
if the Fourier coefficients of the functions

(e +2) ™ RN + g2 (\)

SRR + gh(N) RN

the operators Bg, R%, Q%, which
determine a solution to the constrain optimization
problem

determine

(Rya)(t), (By ' Rya)(t))+

+ ((Qra)(t), a(t)) =

{
= ((Rya)(t), (BR) ' Rya)(t)+((Qpa)(t), a(t)(>.4)
1

max
(f,9)€DsxDy

The minimazx spectral characteristic hg
hi(f2,90) is determined by the formula (7) if
h(fy.9p) € Hp.

Corollary 2.1. Let the spectral density f2(\) €
Dy satisfy the minimality condition (13). The
spectral density f(A) € Dy is the least favorable
in the class Dy for the optimal linear interpolation
of the functional Ai¢ from the observation of the
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process £(t) at time points ¢ € R\ Sy if the Fouri-
er coefficients of the function (f2()\))~! determine
the operator Bg which determines a solution to
the constrain optimization problem

e (B "a)(0). a(t) = (BY) ) (0)a(0).
(15)
The minimax spectral characteristic h) = hg(f7)
is determined by the formula (11) if hy(f?) € H]f)f.

The least favorable spectral densities f()),
g%(\) and the minimax spectral characteristic
B = hi(fP, gY) form a saddle point of the functi-
on A (h; f,g) on the set HY x D. The saddle point
inequalities

A (h f.9) <A (s e g0) < A (hs f2,91)
Vh € Hp,Vf € Dy, Vg € Dy,

hold true if hg = hk(flg,gg) and hk(flg,g,g) € HE,
where (f7, ) is a solution to the constrained opti-
mization problem

A (hi(fR,90); fr9) =
= A (h(f2> 90 R 9) > (16)

A (i (fR.90) 3 fr9) =

sup
(f7g)6Df><Dg

/\Ak(A)gg(AHC’S(A)|2((f;?(>\)+92(A))2)‘1f(h)dk+

/\Ak(h)fzg(h)CS(A)|2((f;?(AHg;?(A))z)‘lg(A)dA,

co) = [ (B Ria)(0)e .
Sk
The constrained optimization problem (16)

is equivalent to the unconstrained optimization
problem [35]:

AD(f’g) =

—A(hi(f,90): f,9)+6((f, 9) Dy x Dy) — in(ﬁ |
17

where 0((f, g)|Dsx D) is the indicator function of
the set D = Dy x Dy. Solution of the problem (17)
is characterized by the condition 0 € dAp (£, g),
where OAp(fP,gY) is the subdifferential of the
convex functional Ap(f,g) at point (f2,g?) [36].
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The form of the functional A(hk(f2,%); f,9)
admits finding the derivatives and differentials of
the functional in the space L x Lj. Therefore
the complexity of the optimization problem (17)
is determined by the complexity of calculati-
ng the subdifferential of the indicator functions
3((f,9)|Ds x Dgy) of the sets Dy x Dy [12].

Lemma 2. Let (f?, g%) be a solution to the optimi-
zation problem (17). The spectral densities fp(N),
gY(N) are the least favorable in the class D = Dy x
Dy and the spectral characteristic h = hy(f?, g9)
is the minimaz of the optimal linear estimate of
the functional A if hi(f2, g%) € HE,.

3 Least favorable spectral densities in the
class D = Dy x D,

Consider the problem of the mean-square opti-
mal interpolation of the functional Ai¢ in the case
when spectral densities of processes belong to the
class of admissible spectral densities D = Dy x Dy,

po={s0| [~ svar=» },

{gm\g(x) (1= (V) + (V).

/_Z g(A)dA = q},

where g1(A) is known and fixed spectral density,
w(A) is unknown spectral density.

From the condition 0 € dAp(f7, gY) we find
the following equations which determine the least
favourable spectral densities for these given sets of
admissible spectral densities

D. =

[ AR (NG + CRA)| = a®(FL(N) + g2 (V), (18)

(AL =CRN)] = (B2 (RN +92 (V)
(19)
where v(A) < 0 and y(A) = 0 if g?(\) > (1 —
€)g1(\), and o2, 3% are unknown Lagrange multi-
pliers.
Thus, the following statements hold true.

Theorem 3.1. Let the minimality condition (1)
hold true. The least favorable spectral densities
2N, g2(N\) in the class Dy x D, for the opti-
mal linear interpolation of the functional Ap&
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are determined by relations (18), (19), constrai-
ned optimization problem (14) and restrictions on
densities from the class Dy x D.. The minimaz-
robust spectral characteristic of the optimal esti-
mate of the functional Ap& is determined by the
formula (7).

Theorem 3.2. Let the spectral densities () €
Dg, gY(N\) € D§ where

| 1=y }

Df={a| [~ avar=a },

and the minimality condition (1) hold true. The
least favorable spectral densities f2(N), ge(\) in the

of = { s

class D(J; x DY for the optimal linear interpolation
of the functional A& are determined by relations

[ AR + CRN)| = (L (N) + g2 (V), (20)
[ ARV fE) = CRN)| = B2 + gl(V), (21)

constrained optimization problem (14) and restri-
ctions on densities from the class D{; x DJ. The
minimaz-robust spectral characteristic of the opti-

mal estimate of the functional A€ is determined
by the formula (7).

Corollary 3.1. Let the minimality condition (13)
hold true. The least favorable spectral densiti-
es f2(A) in the class D(J; for the optimal linear
interpolation of the functional Ax&, which depends
on the unknown values of the process £(t) based
on observations of the process {(t) at time points
t € R\ Sk, are determined by the following equati-
on

[CRN)] = a®(FE(N), (22)
constrained optimization problem (15) and restri-
ctions on densities from the class D(J; . The mini-
max spectral characteristic of the optimal estimate
of the functional A& is determined by the formula

(11).
Corollary 3.2. Let the minimality condition (13)

hold true. The least favorable spectral densities
f2(N) in the class

pf = {f(A)‘f(A) = (1- ) fu(N) + 2w,

| sovan :p}

for the optimal linear interpolation of the functi-
onal Ar&, which depends on the unknown values
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of the process £(t) based on observations of the
process £(t) at time points ¢ € R\S, are determi-
ned by the following equation

[CR)] = (% + () (L),

where y(\) < 0 and y(\) = 0 if f2(\) > (1 —
€)fi(A), constrained optimization problem (15)

(23)

and restrictions on densities from the class Dg i
The minimax spectral characteristic of the opti-
mal estimate of the functional Ap¢ is determined
by the formula (11).

4 Least favorable spectral densities in the
class D = D} x Dos

Consider the problem of mean square optimal
interpolation of the functional Ai€ in the case
when spectral densities of the processes belong
to the class of admissible spectral densities D =
DY x Das,

o o[- vtercs).

where spectral densities v(A),u(N), g1(N)
known and fixed. The class D} describes the
"strip” model of stochastic processes, Dss descri-
bes "é-district"in the space Lo of the given
bounded spectral density g1 ().

From the condition 0 € dAp(f7, g we find
the following equations which determine the least
favourable spectral densities for these given sets of
admissible spectral densities

are

| Ae(N)gp
(@ +71(A) + 72N (L) + gR(A),  (24)

RN = CR)? =

BN — (M) (RN + gp (V)% (25)

ISR

where 71(A) < 0 and y1(A) = 0 if f2(A) > v(\),
Y2(A) = 0 and y2(A) = 0 if f2(A) < u()), and
a?, 3% are unknown Lagrange multipliers.

The following theorem and corollaries hold
true.

|Ak(A) f

N|Fdxr =, (26)
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Theorem 4.1. Let the minimality condition (1)
hold true. The least favorable spectral densities
2N, g2(\) in the class D = D% x Dags for the
optimal linear interpolation of the functional A&
are determined by relations (24) — (26), constrai-
ned optimization problem (14) and restrictions
on densities from the corresponding classes D =
D! x Dys. The minimax-robust spectral characteri-
stic of the optimal estimate of the functional A&
is determined by the formula (7).

Corollary 4.1. Let the minimality condition (13)
hold true. The least favorable spectral densities
f2(\) in the classes DY for the optimal linear
estimation of the functional A&, which depends
on the unknown values of the process {(t) based
on observations of the process £(t) at time points
t € R\ Sy, are determined by the following equati-
on

ICRV] = (@ + 7 (V) + 92RO, (27)
constrained optimization problem (15) and restri-
ctions on densities from the class D}. The mini-
max spectral characteristic of the optimal estimate
of the functional Ax¢ is determined by the formula

(11).

Corollary 4.2. Let the minimality condition (13)
hold true. The least favorable spectral densities

f2(\) in the class
(A)]?dA < }

o

for the optimal linear estimation of the functional
A&, which depends on the unknown values of the
process &(t) based on observations of the process
&(t) at time points ¢ € R\Sj, are determined by
the following equations

CONE = B2 — AOD(FRONE  (28)
constrained optimization problem (15) and the
following restrictions on densities from the class

Dss
[ o -

The minimax spectral characteristic of the opti-
mal estimate of the functional A& is determined
by the formula (11).

N[Fdr = 6. (29)
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5 Conclusions 8.

In the article we propose the methods of the mean-
square optimal linear interpolation of the functi-
onals which depend on the unknown values of the
process based on observed data of the process
with noise and missing values. Under condition
of spectral certainty when the spectral densities
of the stationary processes are known we derive
formulas for calculating the spectral characteristi-
cs and the mean-square errors of the estimates of
the functionals. Analogous results are derived for
the case of observations of the process without noi-
se. In the case of spectral uncertainty when certain
sets of admissible densities are given we derive the
relations which the least spectral densities satisfy.
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Anorauisi. Hepisnicmos Beprwmeniina

1T ler) < nllThller)

YMOACAUBUAG OTNPUMAHHA KOHCTMPYKIMUSHOT TAPGKMEPUCTNIUKY HAOAUNCEHHA NEPIOOUYHUT OYHKYIT
MPULOHOMEMPUYHUMU NOATHOMAMU T, cmenens n. Hamomicmsb, nacaidok uiei nepishocmi dasn anze-
bpaiwruz noainomie P, cmenens n, a came, nepicHicms

le Pyl < nllPall,

de || - || == |l - lleqer,1) ma ¢(x) := V1—22%, ne pose’asye 3adany oMPUMANHA KOHCMPYKRMUCHOT
TAPAKNEPUCTNUKY HAOAUNCEHHA HENEPEPEHUL HG 610pI3KYy PyHKYit anzebpaivnumu nostwomamu. Tax
camo He po3s’azye yro 3adawy i wepisnicms Maprosa

1P < 0| P

Biavwe mozo, ne docmammnvo nasims nacaidky nepienocmet bBeprwmetinag 1 Maprosa:

lenPrll <

1
de () ::\/1—x2+ﬁ.

Brasany 3adavy, ax i pad tHuwuT meopemudHus i npaxmuyHur 3a0ay, po3e’azye nepienicms Jl3aduxa

c(s)nlley” Pull;

cnpasedausa dan xKoocrozo s € R. Ha eidminy 6id nepisnocmets Beprwmedina ma Mapkosa, mouna
cmana 6 nepiehocmi J[zaduka nesidoma daa eécixz s € R, ane 6100Ma acumMmomuyno mouna Cmana Ors
namypasvhuz s: c(s) =1+ s+ 5%, a daan > 2s,s €N, gidoma nasimv mowna cmana

Vv1+n2-1
1l4s———— | —s.
n

20| Pull,

len*Pall <

c(n,s) =

B nawiti samimuyi yetl pesyavmam nowupero Ha sunadok s < n < 2.
Kmouosi caosa: Touna cmana, nepisnicmo J3aduka, arzebpainii noatHomu.

Abstract. Bernstein inequality

IT5 o) < nllTallor)
made it possible to obtain a constructive characterization of the approximation of periodic functions
by trigonometric polynomials T, of degree n. Instead, the corollary of this inequality for algebraic

polynomials Py, of degree n, namely, the inequality

le Pyl < nllPall,

© B.O. Bogomuna, 2022 34
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where || - || == || - [[[=1,1) and ¢(x) := V1 — 22, does not solve the problem obtaining a constructive

characterization of the approximation of continuous functions on a segment by algebraic polynomials.
Markov inequality
2
|PA I < [ Pl

does not solve this problem as well. Moreover, even the corollary

len Pl < 20l Pall,

1
h =4/1 -2+ =
where @, () == 1/ x4+ 3

of Bernstein and Markov inequalities is not enough. This problem, like a number of other theoretical
and practical problems, is solved by Dzyadyk inequality
len Bl < e(s)nllon*Pall,

n

valid for each s € R. In contrast to the Bernstein and Markov inequalities, the exact constant in the
Dzyadyk inequality is unknown for all s € R, whereas the asymptotically exact constant for natural s
is known: c(s) = 1+ s + s%; and for n > 2s,s € N, even the evact constant is known:

2
Vi+n2 -1
cnys)=(14+s— | —s.
n
In our note, this result is extended to the case s < n < 2s.
Key Words: Ezact constant, Dzyadyk inequality, algebraic polynomials.

CrarTio npejcraBus i.¢.-M.H., wi.-kop. HAH Ykpaian, [[lesuyk 1.0.

1 Beryn Teopema 1.2 ([1]). Jasa xoorchux namypasvruz

yucea k i n = k snatidemovca noainom P, € P
Hexait Pp, — npocTip anredpalHuX NOMHOMIB CTe- g, wo

nenst < n, 3 Aificanmu koedirientamu, | f|| =

||f||C[—1,1} = MaXg;e[-1,1] |f(x)| - piBHOMipHA HOP-
ma dynkuii f € C[—1,1], k — narypanabHe 9ucio,

2
\/1—1—712—1) L

—k —k
|Pren * = (n, k)l Py - (2)
Hapermri 3ayBazkumo, 1110

n c(n,k) <1+k+Ek  imo

c(n, k) = (1 +k

T3 c(n,k) = 1+k+k* mpu n— oo.

1
on(x) ::\/1—332#—?

Hns n > 2k B poboti [1] nosesena HacTynHa
Teopema 1.1.

B mamiit 3amitni nokasano, mo Teopema 1.1 Badikcyemo a € (0,1),k € Ntan € N,n > k. Ilo-
CIIpaBe/ITIBa TaKOXK g n > k. 3HAYUMO 4Yepe3 T,— MPOCTIp TPUTOHOMETPUIHIX
TIOJIIHOMIB

2 O6rpyHTyBaHHS CIIPAaBEIJIMBOCTI Teope-
mvu 1.1

Teopema 1.1. /laa K024CHUT HAMYPAADHUL HYUCEA
k in > k ma xoocrnozo noainoma P, € P, euro-

n
NYEMbCA HEPIBHICTID Ty = ap + Z (am cosmt + by, sinmt)

m=1
/, 1—k —k
1Pasen” |l < e(m, B)nl| Paspr ™. (1) crenenst < n 3 gificaumu KoedinienTamu. Hexaii
B mepisnocti Jzsmuka [2, 3] (c. 262) crana w = et € R.
¢(n, k) € TOIHO0, OCKIIBKY CIIPaBeINBa, TeOpeMa Caigyroun [1], nozHaunmo
1.2. Teopema 1.2 nosesena y [1], xoua ccopmysibo-
BaHa TaM JmIe i n > 2k. p(t) := Jw? —a| = \/(1 —a)? +4asin’t, (3)
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S(w) == w" *(w? — a)k

Q(t):=Re S (eit) ,

- TPUTOHOMETPUIHUN MOJIIHOM CTEIeHs N, TAKOXK

62“— <1—2k) a
n
2
W_(l_%)a) can (1= %Y
n n

Cdopmy/1i0eMo HACTYIIHY JIEMY.

A(t) =

JIema 2.1 ([1]). Aas noaimoma Q cnpasdorcyro-
MbCA HEPIBHOCT

QI <IS(eM)=p"(t),teR,  (4)
d

ot
G

=npF L ()A®t),t € R,
(5)

Byzne norpibue HacTynHe yTo4HEeHHsST TEOPEMHU
Bepumrreitna |1, crop. 498]. Hexait H; — anre6pai-
YHU 110J1iHOM cTenens [, sknii He Mae HyJIiB 30BHI
OJIMHUYHOTO KPYTa.

Q2 (1)] <

Teopema 2.1. Axuo mpu2oHomempuysHut nosl-
nom T), ecmenens n > 1/2 3adosoavhac nepienicmo

T ()] < |Hi(e™)|
ons 6cix NUCHUT 3Havens t, mo
T ()] < [(n — D) Hy(e™) + e Hj(e")].

C. H. Bepumreiin |1, crop. 498] orpumas 1o
TeopeMy JIsl BUMIAJKY 1 2> [, a Jjist BCix n > /2,
TeopeMa 2.1 BUuTLIMBaE 3 TeopemMu 2.2.

Teopema 2.2 ([4]). Hezati R(z) - aszebpaiunud
NOATHOM cTnenena n, wo mae 6ci wyai y |z| < 1 ma
P(2) - anzebpaiunudi noainom cmenens ne 6ulL020
3a cmeninw P(2). SHxwo

[P(2)] < [R(2)] (6)

Oas |z] =1, mo das dosiavrozo |B| < 1 maemo

2P'(2) N BP(Z)

2R (2) R(z)
n 2 +5

n 2 |’

(7)

~X

ons |z] = 1.
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Zosedenna meopemu 2.1. Mu 3acTocoByemMo Ha-
crymai aprymentn Tamas Erdely ta asxyemo mpo-
decopy Dany Leviatan 3a Te, 1110 BiH 3BEepHYB Ha
Hux Hairy yBary. Orxe, Hexait Ps, Ta R, — ajre-
OpaiuHi moiiHOMY CTeneHs 21, O3HAYEH] BiIOBi -
HO PIBHOCTSIMU

_ Py (2)

Z’I’L

z=e"

Tn(t)

TSt Ta

Ron(2) = 22" H)(2).

IIpu mpomy 3ayBaxkmmo, 1m0 Ro, € aJsrebpai-
YHAM IOJIHOMOM, OCKIJIBKHU 3a yMOBOIO n > [/2.
Bposymino, |Th(t)| = |Pen(e®)| ma |Hi(e)| =
| Rop (e)|, Tomy nms mommomis Poy, Ta Ry, BEKO-
Hyerbca ymosa (6) reopemn 2.2. Tani, ockinbKy,

. (P (2)  nPy(z)
Tr’z(t):“’< 2Zn Tt Ta

ZR/Qn(z) _ RQn(z) _
2n 2

(Hi(2)22 =+ (= ()22

1
2n
TO 3a TeopeMoio 2.2 3 f = —1 oTpumyeMo

ZPQ/n(Z) _ P27l<z)

T ()] =2
T3 ()] = 2n | =22 :

~X

2n

2Ry, (2) | o Ron(?)
n +6 2

|(n — 1) Hy(e) + e Hj (e)).
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3anpononosana Hosa peonociuna mooderb epumpoyuma AK Oaeamowlapogoi 0O0NOHKU, AKA BKIHOYAE
yumockenem, NiNIOHUU wap, 2AiKOKANIKC i 2iopamHuil wap ax 6’ szkonpyacni mina Makceena. J{ocnioiceni
BAACMUBOCIMT MOOCIL NPU [30MOHIYHUX, I30MEMPUUHUX | OUHAMIYHUX eKchepumeHmax. J{ocniosncytomvcs
ocyunayii no6epxonb epumpoyumie abo IHWUX KIIMuH Kposi Y HAOIUNCEHHI 3aN06HEeHUX 8 S13K0I0 PIOUHON0
bazamowiaposux 000IOHOK 3 8 A3KONPYXICHUX Mmamepianie. Posenawyma 3adaua npo po3no8CrOONCEHHs.
Manux 30ypeHsb 630082ic nogepxui kaimunu. Ompumani pose’sasku 3adaui y euenadi xeuav FOwnea i Jlame.
3anpononosanuti memoo idenmupixayii napamempie epumpoyumie 13 OAHUX eKCNEPUMEHMATbHUX
BUMIPIOBAHbL PO3NOBCIOONCEHHS X8ULb HA OCHOBI 3aNPONOHOBAHOL MoOeli Oist Yinel KIHIYHOI OlaeHOCmuUKY
3aX60PI06AHb 3 BUKOPUCTAHHAM MIKPOKPANJL KpO8I nayieHma.

Kniouosi cnosa: Epumpoyumu, Mamemamuune modeniosanns, bacamowaposi obononxu, BinbHi
KonusanHs, Bumyweni xonueanns.

Rheological properties of the red blood cells (RBC) determine their movement in the larger and smaller
blood vessels, oxygen and carbon dioxide delivery to/from the cells. Those properties vary significantly with
age and health state of an organism. In this paper a new rheological model of RBC as a thin multilayer shell,
which includes the cytoskeleton, lipid bilayer, glycocalyx, and hydrate shell as Maxwell's viscoelastic bodies
is proposed. Mechanical properties of the rheological model in isotonic, isometric and dynamic experiments
are studied. The oscillations of the surfaces of erythrocytes or other cells in the approximation of multilayer
viscoelastic shell filled with a viscous fluid are investigated. The expressions for the dynamic Young’s
modules and viscosity/fluidity coefficients as functions of the viscoelastic and geometric parameters of the
layers are obtained. The problem of propagation of small perturbations along the cell surface is considered.
The solutions of the problem in the form of Young and Lamé waves are obtained. The method of
identification of the erythrocyte parameters from the experimental measurements of the wave propagation on
the basis of the developed mathematical model for the purposes of clinical diagnostics of diseases with use of
a microdrop of blood of the patient is proposed.

Key Words: Erythrocytes, Mathematical modeling, Multilayer shells, Free oscillations, Forced
oscillations.

CrarTio npencraBuB wieH-kopecnionaeHT HAH VYkpainu XKyx 5.0
JIBOBBITHYTOIO, TUCKOTIOAIOHOI0, chepruuHOO abo

HamiBchepuyHOO. YuMCIeHHI  eKclieprMEeHTAIbHI
JOCITIJDKEHHs IIOKa3alM, 110 NpykHI Moaymi Ei_s,

1. Beryn. EpurpounTn KpOBi JIIOIWHHU SIBISTIOTH
co0010 B’SI3KOMPYXHI OOOJIOHKH, $KI 3alMOBHEHI
KOHIICHTPOBaHMM  PO3YHHOM  TE€MOTJIO0iHy 3
B’SA3KICTIO 41, =7-107 [a-c [1]. ®opma epuUTPOIHTIB Moy 3cyBy Gy_3 i
3aJIeKUTh BiA pI3HUX (QakTopiB 1 Moxke OyTh

© JI.B. batrok, H.M. Kisinosa, 2022
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B'SI3KOCTI MeMOpaHH 7, 1 PO3UMHY TreMOIIOOiHY
yCcepeAnHI € BaXJIMBAMH IOKa3HHKaMH UL
JIIarHOCTHKH 3aXBOPIOBaHb [2]. 3 yacoM MeMOpaHH
CTalOTh OiJIBII KOPCTKUMHM, 2 CPUTPOLUTH — MEHII

neQOpMiBHUMH,  TOMY  TpPYXHI  BIAcTHBOCTI
BUKOPHUCTOBYIOTBCH, HaNpHKIAI, IUTst
BiIOpDaKOBYBaHHS  «CTapuxX»  EpUTPOLUTIB 3

JIOHOPCBKOi KpOBi mepen ii BUKOpUCTaHHAM [3].
OCKUIBKH EpHUTPOIMTH YacTo OuIbIN 3a Jiamerp
KamJIsIpiB, BOXJIMBAMHI BH3HAYAIEHHMH (haKTOpaMu
MiKpoIpKyasaTopaoi  ¢yHkmii €  aedopmaris
MOBEPXHI EpUTPOLUTIB Ta 11 3MiHM 3 TaKUMH
MaTOJIOTiSIMH, K CEPIIOBUIHOKIITHHHA XBOpoOa Ta
Maisipis. Byno mokasaHo, 10 KOJMBaHHS MeMOpaH
EpUTPOIUTIB  TiJA dYac pyxy 3ajexarb BilI
KOHIIGHTpalii TIIOKO3H B KPOBi, MIO Pi3KO BIUIMBAE
Ha JIeNeKTpUYHI Ta eJEeKTPUYHI BJIACTUBOCTI
epuTpounTiB. B ekcmepuMeHTax uacToTa LUX
KOJIMBaHb €KCITOHEHI[IAbHO 3MeHIyBayachk Big 1,2
o 0,85 kI'1y 31 3MIHOKO KOHIIEHTpALlIi TJIIOKO3U Bij
85 wmr/mn mo 346,1 wmr/mn [4]. Takum 4YUHOM,
mapaMeTpy KOJNWBaHb €PUTPOLHTIB, TaK CaMo SIK X
JENIEKTPUYHI Ta EJNeKTPUYHI BJIACTHBOCTI MOXHA
BUKOPHCTOBYBATH JUIS  TOYHINIOl  TiarHOCTHKH
nykpoBoro niadery [5]. BaxiuBicTh mpyxKHUX
BIACTUBOCTEH  MeMOpaH Ui TIPUKIIATHIX
3aCTOCYBaHb BX€ JaBHO OOTOBOPIOETHCA, —aje
OCTaHHIMH POKaMH CTaji0 3pO3yMLIMM, LIO B'A3KICTh
MeMOpaH € JyXe BaXJIHBOI Uil TNPaBHILHOTO
BIITBOPEHHS dYacy penakcamii MeMmOpaHH Ha
30BHIIHI cTUMYNH [6], IO BiAIMOBia€ MOMEpEaHIM
TCOPETHYHUM  pe3ylbTaTtaM il CEepuIHux
00O0JIOHOK 1 piAKMX Kpameib [7], y TOMy 4uCIli B
30BHIIIHBOMY YJIBTPa3ByYKOBOMY MoJi [8].

2. Peojoriuna mogenbp epurpounta. OCKiJIbKH
€pUTPOLIUTH MalOTh HE TUIBKM MeMOpaHy, aie i
LUTOCKENET, MOBEPXHEB1 CTPYKTYpH (TIIKOKATIKC) i

(D

e TOYKM [O3HAa4yalTh MOXiAHY 3a 4acowm,
a =p, b (E,+E,+E,+E)/a, a=EEE,
a2 = (EcghEm/ugluh +Ecthglum/uh +Ecngh#glum)/a s
a3 = (EchEmEg/’lh +ErgEmEh/’lg +ECmEgEh/um)/a s
bl = (Emll'lgll'lh +Emluhlug +Eh/’lg’/’lm)/ a,
b, =(E,E u, +E,E,u, +E,E)/ a, E;=E+E,,
E, =E+E +E,.

Ilpy i30TOHIYHOMY HABaHTAKEHHI o =0

piBusuHs (1) nae g aedopmarnii memOpanu

&)= 2-,_*+ C, exp(4t) +C, exp(4,t) + Cyexp(At), (2)

c

ae A,, - KOpeHi anre0paiuyHOro piBHsAHHA
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rigpatHi OOOJOHKM CKJAAHOI CTPYKTYpH, Ui
00poOku 1 OioMmexaHiuHOI IHTEpIperTanii JaHuX
EKCIIEPUMEHTIB ~ HAWOUIBII ~ BaXKJIMBI  BiJIMOBIJIHI
OaraTomniapoBi MOJIENI epUTPOIINTIB, SIKi TO3BOJISIOTH
aJleKBaTHO OITMCATH HE TIJbKH MEXaHIuHi, ajle u
eylekTpuyuHi GiodisuuHi BnactuBocTi KiIiTHH [5]. B
JaHiii poOOTI 3ampoONOHOBaHI HOBAa PEOJIOTiYHA
MOJICNTb TIOBEPXHI EPUTPOLIUTA SK MapajeIbHOTO
MO€THAHHS TPYXKHOro mapy murtockenery (E. ) 3

B’S3KOTPYXHUMH  IIapaMH  JmigHoro  Oicios
(E,, 4 ), TDIIKOKamikcy 3 aacopOOBaHMMHU iOHaMU
¢isposunny  (E,,u,), i
CTPYKTYpOBaHOT rigpatHoi 000JIOHKH 3
ancopboBanumu yactuHkamu ( E, , g, ) (Puc.1).

Ia3Md  KpoBi  abo

s mapyBaTa moBepXHs pO3TAIIOBaHa MiX JBOX
piaMH, a came BHYTpilIHIM (in) BMIiCTOM KIITHHHU
(Hb+H,0) 1 30BHIIHIM (out) cepemoBUILEM
(mmasma kpoBi abo  Qizpo3umH). MexaHiuHi
BJIACTMBOCTI  I[i€] MOBEPXHI MOXKHA JIOCHITUTH B
130MeTpUYHUX (MOCTiiHE MEXaHIYHE HaIpyKEHHA
o =const), 130TOHIYHMX (TIOCTiiiHA JAedopMariis
&=const) 1 IuHaMiYHUX (TIEpioAMYHA 3OBHIIIHA
cuna f(t)~e” ).

P

out: H,0+NaCl

in: Hb+H,0

=0 =
Puc.1. ]_HapyBaTa cxema 6yZ[OBI/I i peonorqua MOJC/Ib
€puTpouuTa.

PiBusinus peosoriunoi mozeni (Puc.1) €
a&+a,é+aé+Ees=bo+bo+o,

d3
al3d—f+a2ﬁ.2+a3ﬂ.+Ec =0,
t

)

1

a  KOHCTaHTU Ci,s OOUUCTIOIOTBCA  SIK
C 1 1 1Y'(-c"/E

Gl=l4h 4 4 0

¢) & A K 0

Ilpy i30METPUYHOMY HABAHTAXKEHHI £=¢&

piBHsiHHA (1) mae 11 HaMpy)KeHb B MaTepiaii

* *

E e A Ecs A s
o(t)= ﬁexp(i4t) + T;exp(}%t) +Eg, (4)

4 5 5 4

e A

4,5

A’ +b,A+1=0.

KOpeHi anrebpaiuHOro piBHSHHSA
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[Ipu JUHAMIYHOMY HaBaHTaKEHHI
(1) oTpumyemo nansi KOJHMBAaHb HANpYXEHb B

Marepiaii

o(t)=o0,E(w)exp(iot+ip), %)
Jie TUHAMIYHUN MOJTYJTh IPY>KHOCTI Ma€ BUIIIS
VA +@’B’
E(w) = , (6)

(1-b&*y +b’ @’
neA=E, +(ba, —a, —bE)®" +(a,b —ab,)o*,
B=a,-Eb, +(ab, —a,b —a)o’ +abo’, a 3cyB a3
MK  OCHWIALISMU  HAampyKeHb 1 Jedopmarriii
p=arcig(wB/ A).

3. IMocranoBka 3amaui. JluHamiuHa ITOBEIiHKA

HECTHCIIUBOTO B’ SI3KOMPYKHOTO Marepiany
OTHCYETHCS PIBHSHHIMH [9)].
div(ii) =0, (7)
2 —
pg—? —di 4 F, (8)
t

Je @ - BEKTOp TepeMillleHb, p i L=-pd+6 —
p -
TiIPOCTaTUYHUI THCK, & - OJUHUYHUI TEH30p, & -

TYyCTHHA 1 TIOBHHH TEH30p HAaINpyXeHb,

TEH30p B A3KONPY/KHHUX HANpyXeHb, F - 30BHIIIHI
CHJTHL.

[MincraBnsiemo (1) B (8) i 3 ypaxyBauusaMm (7)
OTPUMYEMO PiBHAHHS y nepemimenHsx ( F =0)

o 0 0% o o’ 0 -
[bl y+b2 5+1}[p¥+ij = [a, a74—% ¥+a3 5+E£}Au %)
Posriasaemo TI0JIOCY Marepiaity
{xe€[0,L],y€[0,H]} (Pmc.l1), ma kinmi x=0 sxoi

Po(D),u,(0)
Herotona. Po3p’s3ku  (11) Bixmoigamu IBOM
LIBHJKUM PiAMHHUM MonaMm (xBuii FOHra) i iBom
MOBUTBHUM TpYyXHHUM MonaMm (xBuii Jlame). VYci
00YHCIIeH] 3aIeKHOCTI 13 330BITBHOI0 TOYHICTIO
(<5.4%) BiNMOBiZAIOTH AaHUM EKCIICPUMEHTIB [6-

reHepYeThCsl Manie 30ypeHHs SIKE

0 1 2 3 " st
Puc.2. 3anexrocti £(t) npu HaBaHTaxeHHi (0 =0 *) i
posBanTaxkensi (o =0) mozeni nu1 E, = 10°(1-3) i
E =10°(4-6), E, =10°, 11, =107 (1,4),
E, =10",u,=0.1(2)5), E, =10°, u, =1(3,6).
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&(t) = ¢, exp(iwt) (BUMYIIEH] KOJIMBAaHHA) 13 MozAeNi
PO3MOBCIOJKYETHCS  B3ZOBXK IOJOCH Yy BHUINIAMI
XBWI, MO ODKUTH {i(t,x,y)=u(y)exp(io(—x/c))E,
p(t.X,y) =p, exp(io(t —x/c)) }.
BupasiB y (9) nae 3/IP npyroro nopsaky s u(y)

ITincranoBka  1ux

2 .

[0} Lo .
——Zj:——[A+zB]pO, )
c c

a- blwz) +iwb,
(E, —a,0”) +io(a, — a,0”)
SAKOro 3 YpaxyBaHHSIM KIHEMaTHYHHUX TpaHUIHUX
YMOB Ha MMOBEPXHSAX PO3IIILY €
u(y) =((d, +d, %) e~ (d,—d,4) e - 22,d,)/2,,(10)

Uy Ly ia)c[A+l'B]pO
= s dy =——— ; 2
Ha, po’c*[A+iB]-w

u"+u(pa)2 [4+iB]

e A+iB =

O3B 30K

Ao = \/(af - pw’c*[A+iB])/c, a oyt BUSHAYCHHS

LIBUJIKOCTI PO3MOBCIOIKEHHS XBUIJII MA€EMO
JUCTIepCiiiHe CHIBBIAHOIIEHHS ¢ = c(®) Y BUIIAI

(d,—d,2)=(d, +d, A )exp(2A, H) . an

4. PesyabraTu i 00roBopennsi. YncenbHi po3paxyH-
KM KPHMBHX HaBaHTa)XCHHS-PO3BaHTaxeHHs (2), (4),
BUMYLIEHUX KoJuBaHb (5), a TakoX YacTOTHOL
3aJIe)KHOCTI JIMHAMIYHOTO MOJyJSl MPYXHOCTI (6) 1
MIBUJIKOCTI PO3MOBCIOKEHHS ManuX 30ypeHb (11)
MIPOBOJMITUCS 3 BHKOPUCTAaHHAM 3HA4YEHb
{E..ELE By, 0,04, 40,, H} , BTACTHBUX KOMIIOHEHTAM

MOBEPXHI €pUTPOLUTIB B (hi310JOTIUHUX JiarnazoHax
E, €[10%10°1Ta, x4 €[107°;10']TTa-c. Pimsmms (11)

€ anreOpaiyHUM pPIBHSHHSM 4-TO TOPSIIKY, PO3B’SI3KH
SIKOTO OOYHUCITIOBANNCS MOAHN(IKOBAHIM METOIOM

0.75

0.25

0 l]‘.2 0.4 l}.‘ﬁ l]‘.E i

Puc.3. 3anexnocti 0(€) Npu HaBaHTaKEHHI-PO3BAHTAKEHH]

woneni ans £, =10% (1), 10° (2), 10° (3).

5. BucHoBKH. 3anporoHOBaHa MOJEIb OIUCYE
B’SI3KONPYXKHY IOBEAIHKY MEMOpaH EpHUTPOLHTIB
AK IIapyBaTHUX OOOJIOHOK 1 J03BOJIIE BHUABUTHU
BIUTMB 3MiH TPY>KHOCTEH 1 B’SI3KOCTEH KOXKHOTO
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mapy y 3B’sA3Ky 3 Oylnb-SIKHMH 3MiHAMU CTaHy

mBuakoctedt xBuwib FOura 1 Jlame Ha pi3HUX
4acTOTaX  MOXYTh  BHUKOPUCTOBYBaTHCA Ui
BUMIPIOBaHb  B’A3KO  MNPYXHUX  IapaMmeTpiB
MOOAWHOKHUX EPUTPOLMTIB JUIA Lied MeIu4HOL
JIIATHOCTHKHM 3aXBOPIOBaHb 1 BIUIMBY MPOBEICHOTO
JiKyBaHHS Ha craH narieHra. [loganeima po3pobka
Jeraneii MeTody i Horo ImepeBipka Ha pe3ynbTaTax

1 ydacHuKaM KoH(epeHiii 3a yBary 10 podoTu
1 CTUMYITIOF0U€ OOTOBOPEHHS PE3yJIbTaTIB.
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opraHizmy moauad. OTpuMaHi 3HaYeHHS
EKCIIEPUMEHTIB CKJIaJIe TEMY HACTYIHUX JOCIIKCHb
aBTODIB.
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YucenvHo poss'azano 3a0auy npo ceHepayilo a8mMoKOIUBAHb 8 NOMOYi npu O0OMIKAHHI KpPY208020
yuninopa 3 po30in08aAIbHOI0 NAACMUHON (cnaimmepom). A8MOKOIUBAHHA NONI6 WEUOKOCMI 1 MUCKY
BUKNIUKAHO NEPIOOUYHUM GOpMYBAHHAM mMa IOpusom euxopie 3a yuninopom. llokazamo esonoyiro nous
3a6UXPEHHOCI [ CUT, WO Oilomb Ha 0OMiuHe Mio, 3d PI3HOI O0BIHCUHU NIACMUHY CRAIMMepPA.

Kurouosi cnosa: oomikanns yuninopa, cniimmep, A8MOKOAUSAHHS, 8IOPUE BUXOPIS, BUXPOSULL CILIO.

The problem of generation of self-sustained oscillations in the flow past a circular cylinder with a splitter
plate is solved numerically. At the initial moment the fluid is at rest. We investigate both the transient pro-
cess and the steady periodic vortex formation and shedding behind the cylinder. The evolution of the vortici-
ty field is shown for various length of the splitter plate. It is demonstrated that the splitter oriented along the
flow direction significantly reduces the forces applied to the cylinder. With increasing splitter length the av-
erage value of the drag force decreases monotonically but the amplitudes of oscillation of the forces applied
to the body change nonmonotonically. In this paper we offer our explanation of this phenomenon. It is shown
that when turning the splitter plate at some angle from the flow direction the process of vortex formation and
shedding behind the cylinder is no longer strictly regular and periodic at the range of Reynolds number con-

sidered in the paper.

Key Words: flow past cylinder, vortex shedding, splitter plate, vortex wake, OpenFOAM.

Crartio penctaBuB 1.¢.-M.H., ipod. XKy 5.0.

Since vortex shedding in a flow behind a cylin-
der can lead to undesirable vibrations [1], it is neces-
sary to be able to control this process. A simple way
to decrease the drag and the oscillating lift force con-
sists in positioning a splitter plate in the wake. The
flow past a cylinder with a splitter plate has been the
subject of many computational and experimental
works [2-8]. In the experimental work [2] the models
with comparatively small splitters (h/d < 2, where h
is a length of the splitter plate, d is a diameter of the
cylinder) were considered at the Reynolds number in
the range 10* <Re <5x10*. It was concluded that
splitter plates reduce the drag by stabilizing the sepa-
ration points. They produce a wake narrower than
that of a plain cylinder. Even a very short splitter

© L.V. Vovk, V.S. Malyuga, V. Yu. Duhnovsky,
2022

plate markedly reduce the drag coefficient C,. For
example, h/d=1/16 effects the 9% reduction and
h/d=1/8 effects the 16% reduction. C, may be re-

duced by as much as 31% with a plate of h/d=1. The
vortex shedding frequency varies by +10% within
the range h/d < 2. In [3] a discrete vortex model was
developed to investigate the unsteady flow in the
wake of a cylinder with a splitter plate. It was estab-
lished that even the short splitter plate produces a
significant change of the fluctuating lift: 80% reduc-
tion of the fluctuating lift for the plate of h/d=1/16.
In [4] the control over the vortex shedding with split-
ter plates was numerically simulated at the Reynolds
numbers of 80-160. Prediction of the vortex shed-
ding was in close agreement with the experimental
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data by Williamson [5]. The experimental results in
[6, 9, 10] were very similar to the numerical results
in [4] at Re = 120-160. The net drag was significant-
ly reduced by the splitter plate. There existed an op-
timum length of the plate for minimum drag at a giv-
en Reynolds number. In [7] an experimental study
was carried out to investigate the effect of a splitter
plate. The splitter plate length h/d varied from O to
1.5 and the Reynolds number was assumed to be
2400 and 3000. The experimental results showed that
the splitter plate had an effect on stabilization of
wake turbulences. For splitter plate length of h/d=0.5
and 0.75, the flow structure was significantly modi-
fied. The vortex shedding frequency decreased as
compared to the bare cylinder case. For higher split-
ter plate length of h/d=1, 1.25 and 1.5, the generation
of a secondary vortex was observed. It was deter-
mined that the splitter plate length of h/d=1 was op-
timal for suppression of the velocity fluctuations.
The stabilizing effect of the splitter plate was more
obvious at Re=3000. In [8] the flow around a cylin-
der with a splitter plate was numerically investigated
using the finite volume method. The problem was
considered in frames of Reynolds Averaged Navier-
Stokes approximation. It was revealed that the vortex
shedding behind a cylinder is completely suppressed
when the splitter plate length is longer than some
critical value which was proportional to the Reyn-
olds number. When the splitter plate length was
similar to the diameter of the cylinder, the vortex
frequency, drag, and oscillation of the lift coefficient
reached local minimum.

Fig. 1. Geometry of the problem

In this paper we described the hydrodynamic
feedback channel which causes the periodic process
of vortex shedding. The numerical simulation of the
steady process of vortex shedding is performed for
the splitter length in the range from h=d/2 to h=11d/2
but only for Re=200. It is shown that a splitter
plate oriented along the flow significantly reduces
the average drag force and the amplitude of oscilla-
tion of the forces applied to the body. With increas-
ing splitter length the average value of the drag de-
creases monotonically. The amplitudes of oscillation
of the forces applied to the body change nonmono-
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tonically. We give our explanation of this phenome-
non. In the present paper the problem of viscous in-
compressible fluid flow past a cylinder with a splitter
plate is solved numerically by using Direct Numeri-
cal Simulation (DNS) technique.

Statement of the problem. The algorithm for its
numerical solution

Let us consider the problem of a flow of viscous
incompressible fluid past a stationary circular cylin-
der with a flat splitter attached behind the cylinder.
The splitter is an absolutely rigid thin plate. It can be
oriented along the flow or at some angle to the flow
direction. The computational domain and the accept-
ed designations are shown in fig. 1. The computa-
tional domain occupies the rectangle 0<x<L,

0<y<L,. The fluid enters the domain through the

left side (x=0) with the constant velocity $V$.
Then the flow runs against a circular cylinder of di-
ameter d with a thin splitter plate of length h located
behind it and leaves the computational domain
through the right boundary (x=1L,).

The problem is formulated within the frame-
work of the model of viscous incompressible New-
tonian fluid. Such flow is described by the nonsta-
tionary system of Navier-Stokes equations. To bring
the governing equations to the dimensionless form,
the cylinder diameter d was taken as the length scale,
the velocity of the uniform flow V at a sufficiently
large distance from the cylinder was taken as the ve-
locity scale. Then the time scale is the magnitude
d/V, the pressure scale is the double pressure head
pV?. The key parameter of the problem which en-

ters into the governing equations is the Reynolds
number Re=Vd /v, where v is the kinematic vis-
cosity of the medium.

a b c
Fig. 2. Vorticity field during the transient process
Re=200, o =0, h=d/2: a) t=2.5, b) t=41, ¢ ) t=140

The boundary conditions for the velocity were
specified as follows: the uniform flow at the inlet
(x=0), the non-slip condition at the solid surface of
the cylinder and the splitter, the zero normal gradient
at the outlet (x=L,). For pressure, the condition of
zero normal gradient was formulated all over the
boundary except for the outlet. At the outlet a con-
stant pressure was prescribed. In this paper, we per-
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formed numerical calculations for Re=200 while
the splitter length h varied from 0.5d to 5.5d.

The algorithm for numerical solution of the for-
mulated problem is described in detail in [11]. It is
based on the finite volume method, which is the most
popular numerical approach in computational fluid
mechanics. The toolbox with open code OpenFOAM
was used for calculations. The spatial discretization
was performed on a structured O-type grid with
nodes concentrated near the solid surface of the cyl-
inder and the splitter. The length of a control vol-
ume’s side did not exceed 10 in the immediate
vicinity of the surface. The second-order schemes
were used both for spatial and temporal discretiza-
tion. In particular, the TVD scheme implemented in
OpenFOAM was used to discretize the convective
terms. For the discretization of the time derivative
we used an implicit three-point asymmetric second-
order scheme with backward steps (backward differ-
encing scheme). In order to verify the constructed
numerical algorithm, the classical problem of nonsta-
tionary flow separation behind a circular cylinder
was solved numerically [1]. The obtained results
were compared with the numerical and experimental
data of other authors. To parallelize the computa-
tions, we used MPI technology and the paralleliza-
tion method known as the solution domain decompo-
sition which is based on the geometric parallelism.
The calculations were performed on the cluster su-
percomputer of the Institute of Cybernetics of NAS
of Ukraine.

Analysis of the numerical results

First we consider the transient process for the
case that the splitter length is equal to the cylinder’s
radius h=d/2 and « =0. The flow develops in time
from rest. Once the motion begins, a pair of vortices
that have vorticity equal in absolute value but oppo-
site in sign arises behind the cylinder. In other

L= R = RN = B

a b c
Ny €5 €5
d e f

Fig. 3. Vorticity field for the steady process of vortex
shedding (Re=200, « =0): a) h=d, b) h=3d/2, ¢)
h=5d/2, d) h=7d/2, e) h=9d/2, f) h=11d/2
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words, two symmetric vortices that rotate in opposite
directions appear at the rear. Figs. 2 demonstrate the
vorticity field at three moments of time. In fig. 2a the
vortex pair behind the cylinder has just arisen. The
horizontal size of the vortices only slightly exceeds
the diameter of the cylinder. As time goes on, the

12 )
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8
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a b C
Fig. 4. Periodic oscillations of the force coefficients
acting on the solid body: a) for h=d/2, « =0, the
upper curve is the drag coefficient C,, the lower

curve is the lift coefficient C , b) for h=11d/2,

a =0, the curve with a small amplitude of oscilla-
tions is C,, the curve with the high amplitude is C, ,

¢) for h=11d/2, a =20°, the upper curve is C , the

lower curveis C,

extent of the vortex pair grows and reaches a certain
maximum value at the time approximately t=41. The
vorticity field at that moment of time is shown in fig.
2b. At the boundary of this stationary vortex pair the
expanding mixing layer is formed, i.e. the shear flow
layer, that is characterized by significant transverse
velocity gradients. High transverse gradients lead to
flow instability. On further increase of the vortex
pair, the symmetry of the flow is violated. At the
moment t = 57 the flow symmetry begins to collapse.
As time goes on, the flow symmetry behind the cyl-
inder completely collapses and the flow passes into
the regime of periodic vortex shedding. The upper
and lower vortices detach in turn. This regime is
demonstrated in fig. 2c for the time t = 140.

Now let us consider the steady process of
self-sustained oscillations of the flow behind the
cylinder. The vorticity fields are represented in
fig. 3 for various lengths of the splitter plate. The
splitter is positioned along the flow. It can be seen
that the vortices are formed not immediately behind
the cylinder surface, as it was in the flow past a cir-
cular cylinder without a splitter [1], but at some dis-
tance from the rear of the cylinder. It means that the
vortices interact not so much with the cylinder, but
rather with the splitter plate. For h=d the shear layers
formed on the cylinder surface separate from the cyl-
inder and move along the splitter. The formation of
large eddies in the wake occurs behind the rear point
of the splitter. Consequently, the large vortices
formed in the flow interact with the rear part of the
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splitter rather than with the cylinder surface. As the
splitter length increases, the interaction of the rear
part of the splitter with the large vortices formed in
the shear layers increases. At splitter length h=5d/2
the large eddies are formed before the rear part of the
splitter. With further splitter elongation (h=9d/2 and
h=11d/2), the large eddies in the wake are no longer
observed. The separated shear layers simply take a
wavy form. Thus, the elongation of the splitter has a
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ter length increases the drag force slightly decreases,
whereas the amplitude of the lift force variation in-
creases more than twice. Fig. 4c corresponds to the
case when the splitter is turned at the angle « = 20°
to the flow direction. In this case, the average value
of the lift force becomes nonzero due to the devia-
tion of the splitter. Moreover, the curve of the lifting
force lies higher than the curve of the drag force. So,

Taommusg 1

The periodic flow characteristics for various values of the splitter length h (Re=200, «=0). The following
denotations are used: T is the oscillation period, St is the Strouhal number, C; is the average value of the
drag coefficient, A, is the amplitude of the drag coefficient oscillation, A, is the amplitude of the lift co-

efficient oscillation, N = A / A is the ratio of the oscillation amplitudes of the coefficients C{, C;

h 0 r 2r 3r 5r r or 11r

T |5.082 5.89 6.30 5.72 5.78 7.22 9.11 11.2

St |0.197 0.170 0.159 0.175 0.173 0.139 0.110 0.089

CS | 1.343 1.146 1.044 1.039 0.997 0.927 0.875 0.840

A, | 5107 7.2.10° | 24.10° | 6.2:10° |1.1.10° | 52-10° | 44-10° | 49-10°
A, |0.686 0.518 0.333 0.416 0.949 1.150 1.241 1.249

N |73.10° | 1.39-10% | 0.72-102 | 1.49-10° | 1.16-10 | 0.45-10° | 0.35-10° | 0.39-10

generally stabilizing effect on the flow.

The periodic nature of the flow in the cylinder's
wake leads to the fact that the forces applied to the
cylinder change periodically as well. The interaction
of the vortices has practically no effect on the front
critical point, because of its remoteness from the vor-
tex separation region. Fig. 4a shows the time evolu-
tion of both the drag coefficient C, and the lift coef-

ficient C, for h=d /2, a=0. Obviously, the forc-

es change periodically. The period of drag variation
is half the period of lift force variation. In other
words, the oscillation frequency of the force acting
on the cylinder and the splitter in the horizontal di-
rection is twice as large as the oscillation frequency
of the force in the vertical direction. The same effect
occurs in the flow past a circular cylinder without a
splitter [1]. The other two fig. 4 show the time varia-
tion of the force coefficients for the splitter length
h=11d /2. Fig. 4b corresponds to the case when the
splitter is positioned along the flow direction. In this
case, due to the symmetric geometry of the problem,
the lift force oscillates around zero, and the frequen-
cy of the drag force oscillation is twice higher than
the frequency of the lift force oscillation. It worth
noting that with elongation of the splitter plate the
amplitude of lifting force variation grows so much
that its peak values exceed the drag force. At the
same time, the drag force decreases slightly. Thus,
comparing fig. 4a and 4b we can see that as the split-

even a relatively small deviation of the splitter by the

angle a=20° results in the fact that the lift force
exceeds the drag force. It should also be noted that
the time variation of the forces applied to the solid
body is no longer obviously periodic. Even a slight
deviation of the splitter plate of the length
h=11d /2 leads to violation of strict regularity of
the vortex shedding process. Figs 5 show the vortici-

ty field for & =20°. It can be seen that the boundary
layer formed at the upper part of the cylinder sepa-
rates from the cylinder surface and becomes a free
shear layer. The large vortices and reverse flow
zones may appear between the upper separated free
shear layer and the splitter surface. On the contrary,
in the lower part of the cylinder the shear layer is

/ @
a
a b c
Fig. 5. The vorticity field during the vortex shedding

period T (Re=200, « =20°, h=11d/2): a) at some
time t=t,,b)att=t,+T/4,c)att=t,+3T /4

located near the solid surface up to the splitter tip.
The separation of the lower shear layer and the for-
mation of a large vortex occur behind the splitter.
Thus, the oscillations of the upper and lower shear
layers are of different nature and differ in frequency.
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This reasoning explains the violation of strict regu-
larity and periodicity of the oscillation process of the
forces applied to the cylinder and the splitter. In oth-
er words, the process of vortex formation and shed-
ding from the body surface continues but the strict
regularity and periodicity of this process is no longer
observed.

The forces applied to the cylinder and the split-
ter can be represented as a sum of constant and oscil-
lating parts F=F°+F°. It is obvious that if the
splitter plate is positioned along the incoming flow

direction, C7 =0, if the splitter deviates by some

angle a, a nonzero mean value of the lift force arises
C; #0. Table 1 shows the values of the constant

component C;, the amplitudes of the oscillating
components C?, C; and the ratio of these ampli-

tudes for various splitter lengths. In addition, the ta-
ble shows the period of the oscillation and the corre-
sponding Strouhal number. It is evident that the split-
ter plate behind the cylinder substantially reduces the
average value of the drag coefficient. Moreover, the
drag coefficient continues to decrease as the splitter
length increases. This happens apparently because
the vortex formation behind the cylinder leads to
appearance of some reverse motion zones near the
surface of the splitter plate. The reverse flow near the
body reduces the drag. It should also be noted that
the splitter plate substantially decreases the ampli-
tude of the drag coefficient oscillation. Thus, in the
flow around a cylinder without a splitter (h=0) the
amplitude of the drag coefficient oscillation is

5.107. In the presence of even a small splitter plate,
whose length is equal to the radius of the cylinder,
the amplitude of the drag coefficient oscillation de-

creases to 0.72-1072. With further elongation of the
splitter plate, the oscillation amplitude of C? be-

haves nonmonotonically. First, it decreases as h
grows up to h=d, then it increases for h up to h=5d/2,
then it decreases again for h up to h=9d/2 and then
increases again. This apparently depends on how
many vortices detached from the cylinder surface
can be located along the splitter. It should also be
noted that in the presence of a splitter plate the oscil-
lation period, that is the time between shedding two
adjacent vortices, increases substantially. On further
elongation the splitter plate the period of vortex for-
mation increases as well. However, this process is
nonmonotonic. Thus, if the splitter plate length
changes from h=d to h=3d/2, the period sharply de-
creases. Figs. 6 show instantaneous streamline pat-
terns at various splitter plate lengths. It is easy to see
that there are large vortex structures on both sides of

48

2022, 1

Bulletin of Taras Shevchenko
National University of Kyiv
Series Physics & Mathematics

the splitter. As a consequence, some zones of reverse
flow occur at the surface of the splitter. As already
noted above, this leads to the fact that the average
drag force and the oscillation amplitude of the drag
coefficient decrease sharply in the presence of a
splitter. With a further increase in the splitter length,
not one but several large vortices can be located at
each splitter side. The fact that a different number of

Fig. 6. Instantaneous streamlines (Re=200, a=0): a)
h=5d/2, b) h=9d/2, c¢) h=11d/2

the vortices are observed along the splitters of differ-
ent length explains why the amplitude of the drag
coefficient oscillation behaves nonmonotonically
with increase in the splitter length. First, it decreases
as h increases up to h=d. With such values of the
splitter length there is one vortex near each side. The
vortices lead to the decrease in both the average val-
ue of the drag coefficient and the amplitude of drag
oscillations. Then, as the splitter length increases to
h=5d/2, these vortices grow, which leads to reduc-
tion in the flow stability. As a consequence, the am-
plitude of the drag force oscillation increases with
the splitter extension to h=5d/2. At h=5d/2 two large
vortices arise alternately near the splitter sides. As
the splitter length increases from h=5d/2 to h=9d/2,
the amplitude of oscillation of the drag coefficient
decreases. With a further elongation the splitter plate
the size of the vortices near the splitter sides increas-
es. This again leads to the instability of such a sys-
tem. Therefore, as the splitter length increases above
h=9d/2, the amplitude of oscillation of the drag force
increases again. However the average value of the
drag coefficient decreases monotonically with in-
creasing splitter length h.

Conclusion

The flow past a circular cylinder with a flat
splitter plate is numerically simulated. The self-
sustained oscillations of the flow caused by the
periodic vortex shedding are studied. The calculated
data for the main flow characteristics at various
splitter lengths are represented. The case when the
splitter is turned at some angle to the flow direction
is also considered. It is shown that a splitter plate
oriented along the flow direction reduces
significantly the average drag and the amplitude of
oscillation of the forces. With increasing splitter
length the average drag decreases monotonically.
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The amplitudes of oscillation of the forces change
nonmonotonically. If the splitter plate is turned at the
angle a =20°, the process of vortex shedding is also
observed, but such a process is no longer regular and
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periodic. In conclusion it should be said that the
periodic change in pressure on the side of the body is
a source of sound oscillations of the dipole type.
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B3aeMopisi I0CKUX NMPYKHUX XBUJIb. Plane elastic wave interaction.
BpaxyBaHHsI KBaIpaTH4YHOI Ta KYGiuHOT Considering of quadratically and cubically
HeJIiHilifHOCTI. nonlinearity
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Teopemuuno 00CHIONCYEMbCS 83AEMOOISE NPYHCHUX NIOCKUX SAPMOHIUHUX X6Ub 8 Mamepia, HeliHIlMI
81ACMUBOCTI K020 ONUCYIOMbCA NPYI*CHUM nomeHyianom Myprazana. 3a80aKu ypaxy8aHHIO 3a1eHCHOCHI
8eKmopa nepemiyeHb MinbKu 6i0 OOHIEI NPOCMOpoBoi 3MIHHOI ma Yacy, 3anucyemscsi ma
BUKOPUCMOBYEMbCA 3ANUC NOBHOI CUCIEMU DIBHAHb Ol NIOCKUX X8UNb, WO NOWUPIOIOMbCSA 830084C OCi
abcyuc. Poszensadacmvcst 63aemM00isni NO3008IICHIX X8UTL 3 OKPEMUM Ypaxy8anHsAM Kyoiunoi neninitinocmi. Ha
OCHO8I KYDIYH020 DIBHAHHA PYXY BUBYAEMbCA 83AEMOOIS YOMUPLOX 2APMOHIYHUX X8UMb. 3aCMOCO8YEMbCS
Memo0 NOBIIbHO 3MIHHUX AMNAIMYO, OMPUMYIOMbCS BKOPOUEHHI MA eBONIOYIUHI PIGHANHA, nepuii iHmezpanu
YUX piHAHb MA 3aNUC 3AKOHY 30epexcenHs Ol KOMNAEKM) YOMUPbOX 83aEMO0itouux xeuns. 1lpogooumscs
AHANO2IsL MIdHC 00CAI0NHCYBAHUMU NPU YPAXYBAHHI 83AEMOOII MPbOX X8ULL MPUNTIEMAMU MA K8AOPYNIemamu,
00CHI0HCYBAHUMU 8 PO3TIAHYMOMY BUNAOKY, 3 YPAXYBAHHAM YOMUPLOXXEUNLOBOI 83A€MOOII.

Kniouosi cnosa: eapmomniuna xeuns, KyOiuHa HeNIHIUHICMb, NPYICHUU NOMEHYIAN, NI0CKA X6UJ,
Kgaopyniem, YOMmupuxeuibo8d 63acmMooisl.

The interaction of elastic plane harmonic waves in the material, the nonlinear properties of which are
described by the elastic potential of Murnaghan, is investigated theoretically. The displacement vector is
depended of only one spatial variable and time, a record of the complete system of equations for plane waves
moves along the abscissa axis is recorded and used. The interaction of longitudinal waves with a separate
considering cubic nonlinearity is investigated. On the basis of the cubic equation of motion, the interaction
of four harmonic waves is studied. The method of slowly variable amplitudes is used. Firstly the two-wave
interaction is investigated, then the interaction of four waves is described. Shorten and evolutionary
equations are obtained, the first integrals of these equations and the record of the law of conservation for a
set of four interacting waves are obtained. An analogy is made between the triplets studied when taking into
account the interaction of three waves and the triplets investigated in the case under consideration, taking
into account the four-wave interaction, quadruplets.

Key Words: harmonic wave, cubic nonlinearity, elastic potential, plane wave, quadruplet, four-wave
interaction
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[lpenmeroM  nybmikaiii €  pe3yiabTaTw W= E(/ﬁt + 2/”)(“1,1) + oM [(Uz,l) + (Us,l) ] +

TEOPETHYHOTO OCIIIDKEHHS HENIHITHOTO 1 1
3

CIOTBOPEHHS TMPYXHUX IUIOCKMX XBHIb TPH iX +( H+—A+-A+B+= Cj(un) +
MOLIMPEHHI Yy TineprnpyxHoMy marepiami. s onucy 2 3 3
HenmiHifHOCTI  nedopMmyBaHHS — Matepianry  Oyino 1 [ 2 2}
BUKOPDUCTAHO TPYKHUH mOTeHmian MypHarana +5(24+B)uy, (uz'l) * (u3'1) - @
[1,2,3] y Burismai
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+%(/"H— 2u+ A+ ZB)[(UM)Z +(uy,)’ Jr(ughl)z}2 +

+%(3A+1OB +4C)(u, )’ [(UM)Z +(uy,) +(ua,1)2}

ne A, u—mupyxkHi crani Jlsame (apyroro mopsixy),
A,B,C —crani
Take mpencTaBiieHHS TPYKHOTO MOTEHLIANY 3 ypa-
XYBaHHSIM JIOIaHKIB YETBEPTOTrO MOPSIIIKY, K BIIOMO
[4,5], no3BOJIsIE JOCHTIKYBATH KBAPATHYHO 1 KyOiu-
HO HENiHIMHI XBWJIBOBI e€pEeKTH B TillEpIPYKHOMY
Marepiami [4,5], BUXOIAYM 3 IOBHOI CHUCTEMHU PiB-
HSIHB JIJIS TUIOCKUX XBHIIb, IO CKJIAJIAETHCS 3 TPHOX
B3a€MOITOB’I3aHUX PIiBHSAHB. 3alIeKHICTh BEKTOpa
nepeMilieHb TUTBKU BijJ OJHIET MPOCTOPOBOI 3MIHHOT
X, Ta 4acy { mae MOXIIHMBICTH MOAANBIIOrO 3alUCy

MypHarasa (TpeTboro MOpPSIKY).

IMOBHOI CHUCTEMM PIBHSHb IS IJIOCKUX XBHJIb, IO
HOIINPIOIOTHCS B310BXK oci Ox, . Hiwkde HaBenene i

BUKOPUCTOBYEThCS ~TUIBKM OJHE 3 HHX. JUIA
MO3JIOBXKHBOI XBHJI. [Ipy mbOMy BBaXKa€Thcs , IO
MOTEpEYHI XBHWJII TOYATKOBO HE 30YIKYIOThCS, 1
TeHepallisi [IUX XBUIIb ITO3/I0BXKHIMH HE BUBUAEThCS.
[Ipu okpemMoMy BpaxyBaHHI BUKIFOUHO KyOiuHOT
HEeNMHIKHOCTI (MPH LBbOMY KBaApaTHuHi e(eKTH
B3a€EMOAII BBAXKAIOThCA BIIOMHUMH 1 JOKJIaJHO
omucanuMu [1]), HemiHiliHE XBUIBOBI PIBHSHHS IS
MTO3IOBIKHIX XBHJIb, 3TiHO [4], Mae BUTISIT

2
Py —(A+24)Uygy = Nyl (ul,l) ; )

e N, :g(/i+2,u)+6(A+3B+C).

[lomi6HO 70 TOTO, SIK Yy KBaIpAaTHYHO HENMIHIHHUX
CepeOBHUIIaX MPH TPUXBIIIBLOBIHA B3a€MOIII MOXYTh
YTBOPIOBATUCS IPU AEIKUX YMOBaxX XBWJIBOBI TpH-
IJieTd, B KyOIYHO HENMIHIHHUX CcepefoBUINaxX MpH
YOTHUPUXBUJIBOBUX B3a€EMOMIAX MOXYTh YTBOpPIO-
BaTUCS 3a JESKUX YMOB XBHJIbOBI KBaJAPYIUIETH.
OTxe, PO3MIANAETBCS  B3a€EMOJIS  MO3IOBXKHIX
NPY)XHUX XBWJIb, IIOLIMPEHHS SIKUX OIHCYETHCS
PIBHSIHHSM (2) TIPH YMOBI y3TO/IXKEHOCTI 4acTOT.
AHaJi3 MO310BKHIX XBIJIb 32 METO0OM MOBLIBHO
3MiHHUX amIutiTyl. Bxopoueni Ta eBogwouiiini
PIBHSIHHS /151 ABOXBUJIbOBOI B3a€MOJII

3arajibHa yMOBa Y3TODKEHOCTI 4acTOT, fKa
3a0e3neuye B3a€EMOIII0 XBHIIb, MA€ BUTJISA]

w, =0, T 0, *w,.

@)
VYmoBa y3FO,[[)KGHOCTi XBHJIbOBUX BeKTOpiBI

K, =%k, +k, K,

(4)
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Cxema B3aemMoali XBWIb 13 3a3HAYEHUMU
3araibHAIMA  YMOBaMH  Y3TOKEHOCTi 3a3BHUYail
KOMEHTYETbCSl y HENiHIHHIA ONTHII SK TeHepamis
HOBOI XBWJII TPhOMa PI3HUMHU XBWJISIMHA HaKauyBaHHS
(pumping wave) abo 3a 0yab-KOI0 iHIIIOI CXEMOIO,
SIKMX, B3araji Kaxydu, Moke OyTu Oe3niu. 30kpema,
iCHye cxema, II0 Iepeadayae TakKUM Xapakrep
B3a€EMOJIIFOYMX XBUJIb: JIB1 XBHJII HaKauyBaHHs, OJIHA
CUTHAJIbHA Ta OJHAa  XOJNocTa  XBHWIS  (TYT
BUKOPHUCTOBYETHCS TEPMIHOJIOTisI HeNiHiIiHOT
OITHKH, IO BiJIMOBi/Ia€ TaK 3BaHii cxemi oOepTaHHs
XBWIILOBOrO (poHTy). IlounmHaeTbes pO3TIIsIaHHS
CXEMH 3 IOCIIDKEHHS JBOXBUILOBOI B3a€MOIIT I
JBOX  TMPOTHIEKHO  CHOPSIMOBAHUX  OJHAKOBO
MOTYKHUX XBUJIb BEJIMKOL aMILTITYIH.
[Nommprorounch B HENIHIHHOMY CEpEIOBHII, XBHII
B3a€EMOJIIIOTh, 10 PO3TISIAETBCI B pPaMKax
JIBOXBUJIBOBOT B3aeMofii. OmHOYACHO MEPIICHIN-
KYJISIPHO JIO ITUX JIBOX XBHJIb (B3/IOBXK OCl aILTiKaT)
3aJla€Thcsl  CNAOKWH  CHTHAN MaJioi  aMILTITYIH.
Cnabki  xBuii aHaM3YIOTBCSI B paMKax
YOTHPUXBUIBOBOI B3a€EMOIII. Edexr 3arampHOI
B3a€MOJIii MOJISITa€ B TOMY, IO aMILTITYIH CIaOKUX
XBHJIb 3pOCTAOTh 13 9aCOM HEOOMEXKEHO.

Posrnananus XBWJILOBOIL
BiIOYBA€ETHCS HA OCHOBI IBOX TIIOTE3:

Io-nepwe, nBi cmabki xsuai (signal waves) ne
BIUIMBAIOTh HA JBI TOTY)KHI XBHJII HaKadyyBaHHS
(pumping waves). ToMy MOTYXHi XBHJII MOXYTb
PO3TIISIIATUCS HE3AJIEKHO.

B3acMomil

Ilo-Opyee, TOTyXHI  XBWII  HaKadyBaHHA
BIIMBAIOTh Ha CJa0OKI CUTHaJBHI, 1 B aHali3l
B3a€EMOJIIT CHUTHAIIbHUX XBHITb HEOOXigHO

BpPaxoOBYBAaTH YCi YOTHUPH XBWJI, 3 SKWX JBI XBHUIL
HaKa4dyBaHHS BBAKAIOTHCS BXKE BITOMUMH.

TakuM dYHHOM, CIIOYATKYy PO3TIIIIa€THCS
JMBOXBUJIHOBA B3a€MOJiS TIO3IOBXHIX TPYKHUX
XBWIb. PO3B’S30K piBHSAHHS (2) 3ammcyeThes y
BUTIISAOL

X - t

Kn X +@ tj
A B g

i k i
u(xl,t)_A(xl)e( A )—B(xl)e( )
Jam, 3a craHgapTHOIO MPOIENyporo, Tpeda:
migcraButu (5) mo (2); BpaxyBatm, mo (5) —
PO3B’S30K pIBHAHHA (2) i OyAb-IKOi aMIUTITY/AH;
3HEXTYBaTW JPYrHMHU TOXITHHMH aMIUNTyd, 3
MIpKyBaHb BIJICYTHOCTI 30BHINIHBOTO MPHILTUBY
eHeprii y cucremy. OTprMaHe BKOpOUYCHE PiBHSHHS
PO3AUIAETHCS, BpPaxyldd Te, MO BIUIMBOM XBHII
camoi Ha ce0e MOXXKHA 3HEXTYBAaTH, BPaxXOBYIOUH
OibII BaXUIMBUM B3a€MHUM BIUIMB JABOX 3aJaHHUX
XBWIb. BkopoueHe pIBHAHHS 3allUCYETHCS K JBa

PIBHSHHS, HUIIXOM OKPEMOro 3amucy [iiicHoi Ta
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yABHOI YacTUHH, NPU LBOMY BPaxOBYETHCSA yMOBa
YacTOTHOIO CHHXPOHI3MY. B  pesymerati mMaemo
PIBHSIHHS:

d—AzkAkB(ZkA +kg ) A’Be
1

i(kA+kB)x1_

dB (6)

B 2 ik kB
d—Xl_kAkB(kA + 2Ky ) ABe .

Hami, 3 ypaxyBaHHSIM YMOB ()a30BOI0 CHHXPOHI3MY
ky+kg =0,
3aMUCYIOThCSl EBOJIOIMHI PIBHSHHS

dA

dx, dx,
Hami, 3 ypaxyBaHHAM piBHOCTI
aMILTITYT 000X XBHJIb

A(% =0)=B(x =0)=A(x),

PO3B’SI30K HENiHIHHOI cucTemMu (4) MOXKHA 3arucaTu
Y BHIJISII

dB

k3A%B, k3AB?,

IIOYaTKOBHX

(o) s
A(x) =A% (x3)e ) )
2
k3A(A0(X3)) X

B(x)=A"(x;)e

3aneXHICTh aMIUNITYA XBWIb Bl KOOPIMHATH Xq
O3HA4a€, M0 B CXEMi JOCHIKEHHS PO3TISAAE€THCS
My4OK XBWJIb, 1 B3JIOBXK IEPETHHY IbOTO ITyYKa
aMIUTITyJla XBWJII HEOJHAKOBAa. 3 OTPHUMAHOTO
pPO3B’SI3Ky  BWTIKae, IO  IO3ZOBXHI  XBHJI
3ycTpivaroThes B repetuni X, =0, B pe3yapraTi 4oro
BimOyBa€eThCH iX B3AEMOMIS, 1O XOAY SKOI 4acTOTH

@, =wz; 1 MBUIKOCTI XBWUIb 30epiraroTbcs, a
aMILUTITYTd ~ 3MIHIOIOTBCS ~ CHHYCOINAdbHO 3
MaKCHMaJbHOIW — amiutitymoro A’ 1 mepiogom

T=ﬁ(/1+2y)/N3ki(A° )2 .

XBUIA HakadyBaHHS, TAKUM YMHOM, - L€ XBHJIA 13
CTAJIOI0 aMILTITYO0, IO 30epiraeThcsi 3a PaxyHOK
MOCTIHHOTO HaKadyBaHHS 10 Hel eHeprii iHmWMu
XBHJIIMH-YYaCHUISIMH YOTHPUXBUIIBOBOI B3a€MOJII,
sIKa JOCIIIKYETHCS OKPEMO.
AHaJIi3 YOTUPUXBUJIBLOBOI B3a€MOJII MO310BKHIX
XBWJIb 32 METOJAOM MOBUILHO 3MIHHMX AMILTITY/.
Hami po3B’sI30K NPEACTaBIAETbCA Y BUITISAL
YOTHPHOX  MO3AOBXKHIX  XBWJIb 3  DPI3HUMH
aMIUTITYIaMH, XBUJILOBUMH YHCJIAMU Ta YaCTOTAMHU
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u(x1) =2 A (%)E™ 0, =kx— oyt ®

BxkopoueHe piBHSIHHS Ma€ BUTJISII

%eiW —
dx

4

pILS

n=1

4

ZikkzkrﬁAsznei(zﬁﬂk*(ﬂm)'

m=1k=1

—iN,
2(4+2u) (9)
[Ticns 1poro BKOPOYEHI PIBHSHHSA PO3IUIIOTHCS 3
ypaxyBaHHSM yYMOBH 4YaCTOTHOT'O CHHXPOHI3MY (3).
Hami, TOCHiOBHO, BHKOPHUCTOBYETHCS  yMOBa
CHUHXPOHI3MY 3a XBWJIbOBUMH uuciamu (4). B
pe3yJabTaTi 3alHUCYOThCS SBOJIOIINHI PIBHSIHHS, JJIs
SKMX TPUHAMAEThCS TINMOTE3a, 3riHO fAKiM edekT
camMoreHeparlii KO)KHOI 3 XBUJIb € MEHII 3HAYHHM,
HDK XBWJIBOBHH B3a€MOBIUIMB. B pesynbrari
OTPUMYIOTBHCS €BOIIOIIHHI PIBHSIHHS BUTIISIILY

Ae{:KlEA@Ag:KZEA@
A =K AA A A =K AA A,

B pamkax peanizaliii cXxeMH YOTHPHUXBHUIBOBOI B32€EMO-
Jii Ha OCHOBI pe3yNbTaTiB, OTPUMAHUX BUIIC 32
CXEMOIO JIBOXBIJILOBOI B3a€MOJIil, BHKOPHUCTOBYIOTHCS
mBa ocranHi piBHsSHHA 3 (10), 1 BOHM TpPUHAMAIOTH
OUTBLI TPOCTHH BUIIIAA, 32 (hopMyinoro (7), 3BiIKH

AlAZZ‘Aio
A :KS(A;))Z,EM;AA :K4(A10)2'E‘3-

[[InssxoM psiny MNOEPETBOPEHb OTPUMAHHUX TAKUM
YUHOM PIiBHSHB, 1X KOMIUIEKCHOTO CIIPSDKEHHS Ta
JIOJTaBaHHS, OTPUMYIOTBCS PIBHSIHHS BUTIISITY

=K (AAAA -AAAA,),
3 =Ky (ARAA - AAAA,),

(10)

2
’

5 =Ks(-AAAA +AAAR), D)
P =K (FAAAA - AAAA)
Tyr 3mificHeHO mepexim Big  aMIUTYd A0

IHTEHCUBHOCTI XBUJIb 3 BUKOPUCTAHHSAM MO3HAYCHHS
JUTS iIHTEHCUBHOCT1 OKPEMOI XBHIII BUTIISTY

2’
):11'.

MOoXIHMBICTP ~ OTPUMaHHS  MEPIIUX  IHTETpalliB
CUCTEMHU HENIHIMHUX E€BONIOMIHHUX piBHSHB (10) —
crniBBinHOmeHs THIy Menni-PoBa, Ta 3arambHOro
iHTerpamy eHeprii 3IIMCHIOETbCA 32  BIIOMOIO

A A +AA = (‘Af
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MpoLeaypolo. 3aranbHUi 3aKOH 30epeKeHHs eHepril
OTPUMYETBCS Yy BUTIISAI

4
Z(w%( jlm = const
n=1 m

IUIIXOM MHOKEHHSI M-ro piBHSAHHS cucteMu (11) Ha
BIJINOBIJIHY YaCTOTY wm Ta JOJaBaHHS Pe3y/IbTaTiB.

TakuMm 4MHOM, y JOCHIDKEHHI OTpUMaHO 0aszy s
MOJNANBIINX  JOCHIDKEHb 0araTbOX KOHKPETHHX
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3aJa4 YOTHPUXBWIIBOBOI B3aeMoAii y KyOi4HO
HENHIHHOMY TiepnpyXKHOMY CepeIOBUIIII.

[TonibHO MO TOrO, SIK Yy KBAaJpPaTUYHO HEIHIH-
HUX CEpEelOBHINAX MPH TPHUXBHILOBIA B3aeMOil
MOXYTh YTBOPIOBATUCS TpPHU JESIKMX YMOBax
XBWJIbOBI ~ TPUIUIETH, B KyOIYHO HENiHIHHUX
CEpelloBHIAX TPU UYOTUPUXBHIBOBUX B32aEMOJINX
MOXYTh YTBOPIOBATHUCS 3a JECSIKUX YMOB XBHJIBbOBI
KBaJ[PYTIJIETH.
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IIpo Bu3HauenHs rpanuuHoi ¢yukuii B | On a determination of the boundary function

MOYaTKOBO-KPaoBii 3axadi aas | in the initial-boundary value problem for the
rimep6oJiiuHOr0 pPiBHSIHHS apyroro | second order hyperbolic equation
HOPSIAKY

Lankaran State University,

General Hazi Aslanov Ave., 50, Lankaran,
Azerbaijan Republic, AZ4200

e-mail: idrakasgerov@gmail.com

JlankapaHCBhKUH Jep)KaBHUI YHIBEPCUTET,
np-T ['enepana A3u Acnanosa, 50, Jlankapan,
AzepOaiimxanceka PeciyOmika, AZ4200
e-mail: idrakasgerov@gmail.com

Y ecmammi oocrioocyemocs 3a0aua eusnauenHs epanudnol yHKYii 8 nowamKo8o-Kpauositl 3a0aui,
Wo onucyemvcs 2inepOoNiYHUM PIBHAHHAM OpPY2020 NOpAOKY. 3a 00nOMO2010 000AMKO80I YMOBU
0yoyemubcs yHKYIOHAN, a pO3NAHYMA 3a0aia 3600UmMbCs 00 3a0adi ONMUMATbHO2O KepYB8aHHS.
Pospaxosarno oughepenyian gpynxyii, 0o6ederno HeodXIOHy i 00CmamHio ymogy onmumMaibHOCMA.
Knwouoei cnosa: cinepboniune piensaHHA, obepHeHa 3a0ayd, ONMUMATbHE Kepy8aHHs, YMO8d
ONMUMATLHOCMI.

In the paper the problem of determination of the boundary function is studied in the initial
boundary value problem described by the second order hyperbolic equation. With the help of the
additional condition, the functional is constructed, and the problem under consideration is reduced
to the optimal control problem. The differential of the function is calculated, a necessary and

sufficient condition for optimality is proved.

Keywords: Hyperbolic equation, inverse problem, optimal control, optimality condition.

Crartio npencrasus 1.¢.-M.H. Xycainos J[.1.

I. INTRODUCTION

Recently, the study of the inverse problems
for the partial derivative differential equations
has become more intensive [4]. The reason for
this is their strong application in in medicine,
physics, geophysics, astronomy, biology and ect.
With the implementation of the modern
computer technologies, the application of
inverse problems has led to a further expansion
of its areas. Different types of inverse and ill-
posed problems have been considered in [2, 4,
8]. It is known that there are many methods to
solve such problems [1, 3, 4, 8]. One of these
methods is to reduce the problem under
consideration to the optimal control problem
with the help of the inconsistency function
cnstructed using additional condition or

© I.M. Askerov, 2022

conditions and to study the new problem using
the methods of optimal control theory [2,4,7].
This way of solution of the inverse problems is
traditionally called a variational or optimization
solution method. In [1, 4] some inverse
problems in variational formulation have been
investigated for the partial differential equations.
In many cases this method was used to solve
such problems for the parabolic type equations
[11]. Hyperbolic type eqautions are the less
studied by this method class of equations [10].

Therefore in this work we investigate the
problem of determination of the boundary
function in the mixed problem for the second
order hyperbolic type equation.
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Il. PROBLEM FORMULATION

In the domain Q=Qx(0,T)consider the
following boundary value problem

2
a—;+ Au = f(x,t), (x,t)eQ, (1)
ot
(x9)=po(x). 20— py(3), xer, @
U‘Sl =0, U‘Sz ZQ(S,t), (S,t)e 82 , 3)
Pols: =0, %o 52=‘9|t:o'

Here Q is a bounded domain from R"with
smooth boundary I'; S=I'x(0,T) is a lateral

surface of the cylinder Q; S=S'US?,
S'NS?=, mesS' >0,i=12.,
S'=T"x(0, T), S?=I?x(0, T), T =I*tur?
"nr’=g; @, W, (Q), o, €L, (Q),
feL,(Q),

the function a, (x,t) eC’ (Q) satisfies in Q the
conditions:

A=- 3

i, j=1 9% OX

J

(a” (x,t)—

ajj (x,t)= aji (x,1),

n

2 aj(x, )i za- ng a >0, a=const.
i,j=1

In condition (3) 9(s,t) is an unknown function.

To find this function we set the following
additional condition

ou
6VA

r =a(s,t), (s,t)eS. (4)

Here
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n

= Y ajjlx, t)a—ucos(v Xi )

i,j=1 aXj

ou

aVA

is a conormal derivative, a(s,t)eL,(S") is a
given function.

To solve the considered problem we reduce it
to the following minimization problem [1],[4]:

To find a function 9(s,t)eV, cW)(S?) that
gives minimum to the functional

|

together with the solution of problem (1)-(3).
Here the function u(x,t;9) is a solution of
problem (1)-(3) correcponding to the function
9(x,t). By closed convex set V_ we denote the
class of admissible controls [7]. Since

uec(o TEwi (), (0. T} L) for

ou(s,t;9)
AN

J(Q):%j

Sl

- a(s,t)} dsdt ()

a—ueC
ot
each control &€V, problem (1)-(3) has a

unique solution from W,(Q) [9].

As a solution of problem (1)-(3) we take the
function u(x,t;9) eW,(Q) that satisfies the
integral identity

i§

Q
and a.e. the conditions u(x,0)=¢,(x) and
uls2 = &(s,t) for Ve W, (Q), n(x,T)=0.

ou dn

ou on
= 8t+z IJ(xt) \ ox dxdt —

i,j=1 J

(6)
- fcﬂl(X)ﬂ(x,O)dx = j frdxdt
o Q

I11. CALCULATION OF THE
DIFFERENTIAL OF FUNCTIONAL (5)
AND OPTIMALITY CONDITION

Let us show that functional (5) s
differentiable in V, . Take two admissible

controls 4,3+ 8% €V, and denote by u(x,t;9)
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and u(x,t;9+69) corresponding solutions of As a generalised solution to adjoint problem
problem (1)-(3). (11)-(13) we understand the function

Let SU(xt)=u(xt;9+89)—-uxt;9. It is w(xtHeW,(Q) that for vgeW;(Q),
clear that the function du(x,t) is a generalised g(x,0)=0, g|q: =0 satisfies the integral
solution of the boundary value problem identity

Fokts VR ool
o .%ax(”(x’t)aTJZO' (xDeQ. (0 -V D38 0002 s+

j 5 ot ot 53 j X; (14)
v

+ dsdt=0

AU(x,0) =0, %:O, xeQ, (8) g[aVAg

and a.e. the conditions y(x, T) =0 and
Al , =389(s,1), (s,t)eS?. (9)
: : ou(s,t; 9)

As a generalised solution of boundary value V/‘Sl :T—a(s,t).

A

problem (7)-(9) we understand the function

A(x,t) eW, (Q) that satisfies for ) o
Now to show the differentiablity of the

V7 eW;(Q) n(xT)=0, g =0 the functional J(9) we calculate its increment
integral identity
AJ(P)=I(F+693)-I(9) =

n 2
_[ o 877+ > a, (x t)aé‘u on dxdt + =1J au(s,t;19+519)_a(S 9l -
ot ot A ax, — ,
Q J (10) A
2
_[—au(s,t,g) —a(s,t)} }dsdt =
AN
and a.e. the conditions du(x,0)=0 and _ EJ‘ ou(s,t:9) +88u(s.1) e 2 i
dulgz =89(s, 1). 22 oV, ’
Suppose that the function yw =w(x,t;9) is (.t 9) 2
ageneralised solution from W;'(Q) to the adjoint —{T—a(si)} }det =
problem [6] A
. ; ; _ Fu(s’t;‘g)—a(s,t)}a(m(s’t;'g) dsdt +
L 1 14 14
o Z_g[ N t)g‘”}o L (%) eQ (11) : A ~
% j +1J~ oau(s,t;9) dsdt
2% oV, ’
w(x,T)=0,p,(x,T)=0, xeQ, (12) (et N
A9 = | {M - a(s,t)}Ldsdt +
ou(s,t; 9 1 v 1%
l//‘sl =%_a(s,t), ‘//‘52 =0 (13) S A 2 A
A :
= (—65‘*(5’“‘9)) dsdt (15)
2 Va

By virtue of [9] we can state that boundary value
problem (11)-(13) has a unique generalised

solution for each fixed eWZl(Sz).
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If take 7(x,t)=w(Xt)in identity (10) and Let

g(x,t)=adu(x,t) in (14) and subtract them we
get

[ 2 s9dsdt -
§20Va

(16)
oduau(s,t;9)

Sl@vAL AN

— a(s,t)}dsdt =0

Considering the last one in (15) we obtain

A= OV sgdsdt + R, (17)
s? Va
where
2
R = EJ’ oA(s, 1 9) dsdt
2 AN

is a remainder term. It is clear that first
summand of right side in formula (17) is
differential of functional (5)

OV s9dsdt
5

Va

)= |

and gradient of functional (5) is

oy
J'(9) =
(&) P

Va

S2
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2

odu
oV

2
W3 (S%)

<c|og

(18)

Then the function J(9) is Frechet differentiable
in V,. If the function 4 (s,t)eV_ gives
minimum to functional (5), then AJ(4,) >0 [5].
From relations (17) and (18) we get

L, (s")

j V(S sadsdt > 0

52 Va

Iw(g(s,t) —G,(s,t))dsdt >0, (19)

52 A

vV&eV,,.

IV. CONCLUSIONS

Thus the following theorem is proved.
Theorem. Let the above conditions on the data
of problem (1)-(3), (5) are fulfilled. Then the
necessary and sufficient condition the control
9, €V, to be optimal control in problem (1)-

(3), (5) is fulfilment of variational inequality
(19).
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IIpo oxun miaxix a0 ¢opmanizauii mpouecy | One approach to formalizing the process of
nommpenns ingopmanii Ha ocHoBi arperauii, | information  dissemination  based  on
1o ooMeskeHa qudysicro diffusion-limited aggregation

KuiBcbkuil  HallioHanbHuil  yHiBepcuter iMeHi | Taras Shevchenko National University of Kyiv,
Tapaca llepuenxka, 83000, m.Kuis, I'mymkosa 41, 83000, Kyiv, Glushkova st., 4d,

Y yit cmammi poszensdoaemovcs 00un 3 nioxodie 00 opmanizayii npoyecie iHGOPMAYiiHO20 NOWUPEHHS
HC OCHOBI MOOeni azpeaayil, wo obmedicena ougysiero, 3 3aCMoCy8aAHHAM eNeMEHMIE KIIMUHHUX AGMOMAMIE
ma ix ananozie. Mooenv onucye OUHAMIKY npoyecy po3noscioddcents ingopmayii 6e3 enauey 3acobis mac-
media, WsAXOM 8paxyeanus haxmie 0OMiHY IHGopmayicio, KUl 6i00Y8aAEMbCs NPU KOMYHIKAYIT Midc
yuacHuxamu 008LIbHOI Yinbogoi ayoumopii. Beajxcaemvcs, wo npoyec xapaxmepusyemvcsi 81ACMUBICINIO
camo nodibnocmi. 3anponono8ano  niOXi0, AKUUl  00380J45€  OOCHIONCY8AmMU  OUHAMIKY Npoyecis
iH(hOpMayilino20 NOWUPEHHsT 3 YDAXYBAHHAM CMAGNIEHHA YYACHUKIE epynu 00UH 00 0OHO20 Md CMAGIEHHS
yuacHukie 00 6xiOHol inghopmayii. B sxocmi pesyibmamy OmMpuMAano OYIHKY eheKmusHocmi npoyecy
PO3NOBCIV0dICEHNsT THpopmayil, saKa 0ac MONCIUGICMb 3POOUMU SUCHOBKU U000 VCRIWHOCMI 3aX00i8
npocysannsi ingopmayii. s 0emoncmpayii 3MO0eIb08AHUX HA OCHOGI NIOX00Y NPOYecie NOUWUPEHHS
inhopmayii nasedeno pesyrbmamu HUCEIbHUX eKCNEPUMEHmMIS, V SKUX peaiizayisi npoyedypu o0OMiHy
inghopmayicio KocHOI 0cOOU 0OMEHCEHA MPLOMA VHACHUKAMU YiTbOBOI 2pynu.

Kniouosi cnosa: inghopmayis, mooeni po3noscioodicenns, azpecayis, Oughysis, oyiHka eghekmugHocmi.

This article examines one of the approaches to the formalization of information dissemination processes
based on the diffusion-limited aggregation model, using elements of cellular automata and their analogs.
The model describes the dynamics of the information dissemination process without the influence of the mass
media by taking into account the facts of information exchange that occurs during communication between
participants of an arbitrary target audience. It is believed that the process is characterized by the property of
self-similarity. An approach is proposed that makes it possible to study the dynamics of information
dissemination processes, taking into account the attitude of the group members to each other and the attitude
of the participants to the input information. As a result, an assessment of the effectiveness of the information
dissemination process was obtained, which allows drawing conclusions regarding the success of information
promotion measures. To demonstrate the processes of information dissemination modeled on the basis of the
approach, the results of numerical experiments are presented, in which the implementation of the
information exchange procedure for each person is limited to three members of the target group.

Key words: information, distribution models, aggregation, diffusion, efficiency evaluation.

Crartio npencrasuB 1.T.H. Kynin B.1

MPaBUIIO, YITKO 3a/laHy TNPEAMETHY a0o IUIOBY
HaNpaBJIeHICTh, IO  BHU3HAYAETBHCA  OOJIACTIO
iHTepeciB moauaA. [Ipu IbOMy CTYIIHB CIPHHHSTTS
(BrummBy) iH(opMarttii hopMyeTbCs Ha OCHOBI PiBHIB
3amaM’sITOBYBaHHSI KOHKPETHO OOpaHOro BapiaHTy 3
JIEKLTHPKOX MOXKIIMBHX 1 piBHOIpaBHUX [1].

IIpy wpomy moOTPiOHO BiAMITHUTH, 1O B
iHpOpMaLiiHUX NpoLecax YacTo IiIKPECTIOEThCS
HasBHICTh XaOTHYHOIO IepeMillyBaHHS wmapiB [2].
BoHo yTBOprOETBCS B TIpOlECi PO3MOBCIOKEHHS
iHpopMalii, KoJdu y CHUCTEMi, SIKa 3HAXOIUTHCSA B
NEBHOMY  BIIOPSIKOBAaHOMY  PEXHMi, BHHHUKA€E

Beryn. Y cywacHomy  iHdopmaniitHOMy
CYCILUIBCTBI 0OCATH Ta BILTUB TOTOKIB iHOpMAIIii Ha
Xim cormianbHOI eBONIONIT HAA3BUYAWHO 3POCIH.
MosxHa MO-pI3HOMY  TPaKTyBaTH TOHSTTS
«iH(popmaris». Pi3HOMaHITTS BU3HAYEHb O3HAYAE,
10 Hapasi 3arajJbHONPUIHATOr0 HEMae€, a CYTHICTh
MOHATTS ~ 3aJSKUATh  Bifg  crmenudiku  obnacTi
JOCITIIKEHHS.

[Hdopmaniiini MOTOKM NPEACTaBISIOTH COOO00
MporecH, 10 TEHEepyrTh iHdopMallio, sKa
po3paxoBaHa Ha KOHKPETHOTO CIIOKMBAaya, Mae, SIK

© Bappuxk I1.P., 2022
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XaOTHYHMH  PEeXHUM, KOTPUH  TOTIM  3HOBY [Ipu peanmizauii anroputmiB MopemoBanHs DLA
3MIHIOETBCSA BIIOPAAKOBAHUM PEKUMOM, 1o pO3paxyHKH HOTpe6yIOTI) S3HaA4YHUX BHUTpAT Yacy.

BiJIPI3HSETHCS BiJ BUXITHOTO HAsBHICTIO, B MeEpIIy
gyepry, OuIbmIOl KinbKkocTi iHGopmamii. HasBHiCTH
mapy IepeMilllyBaHHs € HeoOXiTHOW YMOBOIO
PO3BUTKY IH(pOPMAIIMHOrO BILUTUBY. TOMY BiH Mae
MICIle Yy BCIX IIpolecaXx BUHUKHEHHS IIHHOI
iHpopMmanii: OionoriyHoi  eBONIOWil, PO3BHUTKY
OpTaHi3My Ta, 3p03yMLIO0, JIFOJCHKOr0 CYCILILCTBA.

3 iHmoro 60Ky, KiNbKicTh OTpUMaHoi iH(opMmarril
CYTTEBO TICPEBUIIYE HAII CIIOXUBYI MOXKIUBOCTI.
PizHi BapiaHTH iJiell Ta JyMOK TIOBUHHI KOHKYPYBaTH
3a OOMEXEeHy yBary CHOXKHBada, BpPaxOBYIOUH
CKJIaJIHI 3MIHU B CIIOKMBUYIH cepei. I, sk HaCIiOK,
0COONMBUI  iHTEpEC OTPUMYIOTH METOIH, IO
JOCITIKYIOTh Ta BUKOPUCTOBYIOTh MOJICII TUHAMIKA
JUTSL OITHCY TIPOLIECIB PO3IMOBCIOKEHHS 1H(POpMAITIii.

3amavi aHamiTHyHOI O0O0POOKM iHOPMAIIITHHX
MOTOKIB 1 1X BIUIMBIB MOTPEOYIOTH PO3B’s3aHHS
3a1a4 JIOCIII IKEHHS JIMHAMIKHA MPOIIECiB
PO3MOBCIODKEHHST iH(oOpMaIlii Ha OCHOBI 3aco0iB
IMITaIlIHHOrO  MOJEIOBAHHSA 1 IPOTHO3YBaHHI.
Po3poOka Momeneld Ta MeTOmIB JUIs  iMiTarii
iH(OpMAIITHUX BIUIMBIB 3 YpaxyBaHHAM THHAMIKH B
iHbopMariitHuX Tporecax J03BojsAE  ehEKTHBHO
BUPINTYBaTH BAXKJIMBI KOMYHIKAIliifHI TIpoOJIeMH,
ICTOTHO MIZABHINUTH PiBeHb iH(OpMAIiHHOT Oe3meKn
Jep>KaBh, TAaKTUYHO 1 CTpPATEriyHO IPOTHO3YBATH
PO3BUTOK MOIiH 1H(GOPMALIIHHOTO MPOTHUCTOSHHSL.

st dopmamizamii 1 JOCTIIHKEHHS IPOIIECiB
PO3BUTKY B Yaci iH(OpMAIIITHOrO pO3MOBCIOKEHHS
Ta BIUIMBY Ha COIliyM HEOOXITHO BHKOPHCTOBYBATH
MPUHIIIIOBO ~ HOBHHM  IHCTPYMEHTapid,  AKHH
TIO3BOJIUTH aZeKBaTHO BimoOpakaTh cTaH
OUHAMIYHOI CKJIaI0BOi TPOIIECY PO3MOBCIOKEHHS

iHpopmanii [3]. [lpm wnpomy, po3poOka HOBHUX
MiIXOMIB HE CKACOBYE METOMUK BHUKOPUCTAHHS
KIIACHYHUX  CIOcOOiB  aHamizy Ta  oOpoOKH
OUHAMIYHUX TPOIECiB, MO (OPMYITIOETHCS Y

BHUIJISIII TaK 3BAHOTO MEXAHICTUYHOTO MiAXOmy i
TPYHTYETbCS Ha /1€l 3aCTOCYBaHHSI METOMy aHAJOTIH
[4-6].

Barato mporiecis, 1o BiiOyBatOTECS y PUPOII Ta
CYCIILITBCTBI, XapaKTePH3YIOThCS Xa0TUYHOIO
JIMHAMIKOI0, MOJIETIOBAaHHS SIKOI TPU3BOAUTH JIO
MOSBM HOBHX MAaTeMaTHYHHX CTPYKTYp, SIKHM
BJIACTHBA CTATUCTUYHA (HEIOBHA) MOBTOPIOBAHICTb.
BaximBe Micue cepeq LIUX CTPYKTYp 3aiMaroTh
(paxranbHi Kinactepu [7], VIS JOCHIHKEHHS SKHX
aKTMBHO  3aCTOCOBYEThCS ~ MOJENb  arperaii,
obmexenol mudysieto (diffusion limited aggregation,
DLA) [8], mo omucye mnpouenypy o0 €aHaHHS
OKpEeMHX YaCTHMHOK Y CaMONOXiOHiI arperaTtd B
YMOBaXx iX BUIaJKOBOTO OMyKaHHS.

62

Tomy A TOAAJbIIOrO BUKOPHCTaHHS — JaHOL
METOUKHU HeoOximHa ~ po3poOka  BapiaHTiB
ONTUMI3allii POOOTH IMX aJrOPUTMIB, & TAaKOXK
CTBOpEHHsI HOBUX MeToliB (opmanizalii mporecis,
0 BiZAOYBaIOThCS Yy SBHUINAX arperaiii, oOMexeHol
mdysiero. BripoBakeHHs! POMIOHOBAHOTO MiIXOLY
€ O0COOJMBO BXKJIMBUM MJISI JOCTIIDKEHHS! BIUIMBY
3aco0iB  coiaIbHUX MepeX Ha iHpopMaliiHi
MPOIIECH Y CyYaCHOMY CYCITUIbCTBI.

OnuuM 3 TAXOMIB s (popmatizailii mporecis
iHpOPMAIITHOTO MOIIMPEHHST € 3aCTOCYBAaHHS KITi-
TUHHHAX aBTOMATIB a00 IedKuX IX aHajoris. Po3ris-
HEMO OJIMH 3 BapiaHTiB MOJICIIOBAHHS MPOIIECIB PO3-
MOBCIOXKeHHsI iH(opMallii Ha ocHoBl Moxeni DLA y
CEPEIOBHUII TOBLIBHOI IIOBOI ayauTopii. Mozenb
OITUCYE JMHAMIKy TpOoIlecy MOIMMPEHHs iHpopMarii
0e3 BILTUBY 3aC00IB Mac-MeJlia, MUITXOM BpaxyBaHHS
(dakriB 0OMiHY iHQOpMaIli€to, SKUH BiIOyBaeThCS
Py KOMYHIKaIlil MK Y9aCHUKaMH TPYIIH.

KopucryBadi iTbOBOI IpyIH, CHUTKYIOUHCHh MiX
co0010, HAZAITh OJUH IHIIOMY iH(OPMAII0 PO
ek 00’ €KT (HAmpuKIad, MpOo MPOIYKIII0, IO
peKIaMy€eTbCsl), Uil TIONMIMPEHHS JAHUX PO SKUAN
3MIACHIOIOTHCS iH(OpMaIlifiHi (peK/IaMHi) 3aX0mu 3
METOIO 3aIliKaBJIEHHS y HBOMY SIKOMOTa OuIbIIe
HOBUX Jioel. Po3moBcromkenHs iHpopMalii MoxHa
3MOJICTIOBATH Ha OCHOBI MPUHITUIIIB arperarii DLA,
BUKOPDHUCTOBYIOYM [UIS OmHMCy iH(OpMaIiiHOro
MOMMPEHHsT (MPOHUKHEHHS) HeHpomomiOHy MoIensb
00MIHY JaHWMH Y COIiaJIbHIA Mepexi.

PosrasaeMo Mopens pPO3MOBCIOIKEHHS 1H(OP-
MAaIlifHOTO TOTOKY Ta WOro BIUIMBY Ha IJIHOBY
ayIUTOPII0, IO XapaKTepU3YEThCSI BIACTHUBICTIO
camoroiOHoCTi. MaeMo rpymy, MO CKIaJa€ThC 3
N ocib, 00’eananux y couianbHy Mepexy. Koxua
ocoba 3Haiioma 200 Ma€ MOKIIUBICTh CHITKYBaTHUCS 3

IIEBHOIO KUIBKICTIO N, izl,_N IHIIUX 0cl0 3 1iel
aymutopii. bes oOMekeHHs 3aralbHOCTI BBaYKAETHCA
MOXJIMBUM, IO ICHYIOTH Taki Homepu K :].,_N
KopucTyBadiB cormepexi, must skux N, =N —1. 3

iHIIOro GOKy, 3pO3yMiNO, II0, SIKIIO KOPUCTYBAd |
3HAMOMHUI 3 KOPHCTYBaueM |, TO i | Oyme 3HaOMHUit
3 1. Taky CTpYKTypy MpencraBuMo rpadom, e
KOKHa BepmMHa rpada MpeacTaBise  co0o00
KOpUCTyBaua Mepexi, a pedpo MK JBoMa
BEpIIMHAMH O3HAYa€ Te, IO Il JIOAW 3HahoMi abo
CHIKYyIOThCS MK coboro. Llei rpad moxxHa 3amatu
CHUMETPUYHOI0 MaTpulelo R 3B A3HOCTI po3MipHOCTI
NXN, o cknagaerbes 3 0 1a 1, ne 1 Ha mo3umii (i,))
O3HA4Ya€, IO YYaCHUK TPYNH | CIUIKYEThCA 3
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BIJICYyTHOCTi KOHTAKTIB 3 KOPHUCTYBa4eM |.

Kpim mporo, koxkHa ocoba 3 HiIbOBOI ayauTopii
XapaKTepu3yeTbcsi HAOOPOM JOAATKOBHX MapaMer-
piB. Ilo-mepiie, KoXeH HEOAHAKOBO CTABUTHCS O
nobaueHoi/mouyroi iHdopmanii, B AaHii Mozeni
KO)KCH y4YacHMK Mae cBiii koediuient li, e [0,1],
i=1,N, mo BinoGpaxkae piBeHb HOro CTaBIEHHS
(cnpmitHsTiuBicTh) 1m0 iHGopmamnii.  [lo-apyre,
KOKEH IMO-Pi3HOMY  BpaxoBy€ JyMKH  CBOiX
3HallomMux. B paMkax Mojeni BU3HAYUMO BEKTOp Ti,
110 3a71a€ piBeHb JOBIPH i-i TrOAUHM 110 Ti 3HAOMUX.
Jdnst  3pydyHOCTI BHKOPUCTaHHS 3alMIIEMO IeH
Bexrop y Bursm T; = (t,t,,... by ), ze t; €[01],

t; = 0, sikmio BinnosigHe r; = 0, r; — J-it enement

i-ro psaka marpuui R, t, =1, j=1,N .

Ilpunyctumo, 10 Ha TMOYATKy IpOLECY
MOJICTTIOBAHHS TIOMIMPEHHs iHPOpMAIlil TPOBEIACHO
nepHy iHdopMalliiiHy kaMmmnaHito. Po3risHemo, sskuMm
YHHOM OynyTh (OpPMYyBATHCS PiBHI PO3IOBCIOJI-
JKeHHs 1H(opMaIlil B CEpeloBUIIl TEBHOI LIJIbLOBOI
aymurtopii, 3actocoByrounm Momensb DLA  mis
dopmamizarii  pyHKIiOHYBaHHS MeEpeXi OOMIiHY
iH(popMariero, MO CKIATAETHCS 3 HEHPOIOmiOHUX
eNIEMEHTIB.

3agamo meBHUI Topir L CTaBIeHHS y4YaCHUKIB
rpynu g0 BxigHoi impopmanii, L €[01]. TIlpm
mpoMy, OyZemMo BBaatd, 1m0 iH(OpMAaIisa
eheKTHBHO BIUTHBAaE Ha 0coOy i, sKIIO 1l piBEHb

cipuitsarrs |, > L, 1=1,N. Beenemo Bexrop Ho,
H,=(,h,,...,hy), ze h =0, sxkmo I, <L Ta
h=Lopul >L, i =1N. 3p0o3yMiIlo, Mo BEKTOp

Ho no3Bosnsie oxapakTepu3yBaTH ycix oci0 3 IUTbOBOT
aymuTopii momo iX cupuiHATTA iH(opMarii Ha
MOMEHT CIITKyBaHHS (HampuKIaj, B Pe3yNbTaTi
30BHIIIHBOTO BILIHABY).

Jami BBaxkaeMo, MO y MepexXi BimOyBaeTbcs
CHITKYBaHHA MiX c000t0. PiBeHb CHPUHHSTTS
iHbopMarIlil y KOXHOTO YyYacHHKa MOXKE 3 YacoM
3MIHIOBATHCh K HACHTIJIOK BIUTUBY 3 OOKY OTOYEHHSI.
3MiHy PpIBHA COPUMHATTS 3a YacoM OyAeMo
ONMCYBAaTH MOJEIUII0O HEWPOIOMiOHOro eJxeMeHTa
BUTJIISIILY

N
M=L2tij|j(t)—|i(t), i=LN. (1)
dt  n+193

1 T

J#1
3MiHa CcTaBI€HHS KOXHOI 0coOM 3 IUILOBOL
ayautopii cmocrepiraerbcsi auckperHo. llokmaBim
0e3 0OMeKeHHS 3arajibHOCTI iHTepBaJl AMCKPeTH3amii

At =1, orpuMyeMO piBHSHHS HACTYITHOT'O BUIJISY:

63

1 N
Ii(t+1)_Ii(t):mgtijlj(t)_Ii(t)'
a00, OCTATOYHO,
1 N
Ii(t+1)=n—+1§tul,-(t), 2

i=1L,N,t=012,...

To0To, y KOKEH MOMEHT 4acy MepepaxoBYIOThCS
koe(illieHTH cTaBieHHs 10 iHQopMamii  ycix
YYaCHUKIB IUIbOBOI ayauTopii 3a JOMOMOTrO0
CepeNHBOro 3HAYCHHS TYMKH KOXXHOTO 3 OTOYCHHS
0co0M 3 ypaxyBaHHSIM PIiBHsI JOBIpH JI0 KOXHOTO 3
OTOYEHHSI.

TakuM 4YMHOM, Ha KOXXHOMY KpOIi B SIKOCTi

Ii (t) '
i=LN, t=012,... . O6umCIIOEMO sekrop H(t),
H (0) = H,, Biznosixso xo nopory L.

SIkmo  Ha  JeIKOMy ~ KpOIi  BUKOHYETBHCS
crieigpomenns H (t) =H (t —1), To6T0 indopma-

pe3yabTaTy OTPUMYEMO Hallp 3Ha4YeHb

LIAHUM TOTIK OUIbIIE HE BIUIMBAE HA YKOIHY 0CO0Y 3
HUI0BOT ayauTopii, abo, akmo sexrop H (t) =(1, 1,
1), To0TO yCi 0COOM BXKE 3HAXOIATHCSA IIiJT

BIUINBOM 30BHINIHBOTO TIOTOKY iH(opmarii, -
nporeaypa MOJCIIOBAHHS — JIMHAMIKKA  IPOIECy
pO3MOBCIO/DKEHHS  iH(OpMarii 3a  HaBEICHOIO
CXEMOI0 3yTUHSETHCS.

Y cknaiHuMO MOJIETTh BILJIUBY Ta
PO3MOBCIODKCHHS iH(pOpMaIlii B MeXax IIUIbOBOT
aymuTopii TPUNYIIeHHAM, [0 HEe BCl JIOIU
MIO3UTHUBHO CTaBJISITHCS 710 BX1JTHOTO

iH(hOpMAaIIITHOrO TOTOKY, a IX BiJIHOIIEHHS MOXeE
3MIHIOBaTUCh HE JIMIIE Bil HEHTPaIBHOCTI 10
no3uTuBHOCTI. s BimoOpaskeHHS Tepexony g0
HEraTUBHOTO e(eKTy B TPOIeCi PO3MOBCIOKEHHS
pekiamMu  OyZeMO BHKOPHCTOBYBAaTH HACTYITHUH
MIXI1.

AHANOTIYHO TIOPOTY CHPUHHSATIMBOCTI peKiaMi
L BBenemo mopir pieus Z, mo Bigmosimae 3a
HEraTWBHE BIiTHOIIEHHA 1O BXimHOI iH(popMarii
(pexnamu). SIkmio0 Ha TMEBHOMY KpOIi CIIPUHHST-
JIMBICTh i-1 0COOM 110 BILUTMBY iH(OpMaIlii (pekaamu)
I.(t), i=1,N, crae menmowo 3a Z (1, (t)<Z), 1o
BBO)KAEMO, IO JaHa 0co0a TOYMHAE HEraTHBHO
CTaBUTHCA OO0 3MicTy iH(OpMAIifHOTO TIOTOKY.
BpaxyBaHHS HEraTHBHOTO CTaBJIEHHS 10 iH(popMaIii
CYITEBO HE 3MIHIOE  3alPOIIOHOBAHY  CXEMY
QITOPUTMY MOJEIIOBAaHHS MPOLECY IOIMIUPEHHS
iHpopmanii. 3 THM caMHM iHTEpBaJIOM JIUCKETHU3aLil
At =1, sk i OyJa0 PO3MISHYTO BHIIE, HA KOKHOMY
Kpoli BinOysaeTbes 3mina Bekropy H(t), t >0, mo
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XapakTepu3ye BIUMB iH(popMaIlii Ha 0ci0 3 IUTLOBOI
aymuropii. BukopucroByroun mopir Z, MoxHA
CIIOCTEpiraTv 3a 3MiHOK HETATUBHOT'O CTABJICHHS J0
MPOIIECY PO3IMOBCIOKEHHS iH(pOpMAITii.

TakuM YMHOM, Ha KOXHIM iTepamlii MoXHa
MopaxyBaTH KUIBKICTh 0Ci0, IO MepedIum 10
MMO3UTHBHOIO CTaBJIEHHS, Ta KUIBKICTH OCIO, IO
CTaJId HETATHMBHO CTABUTHUCS JIO BXiqHOI iH(opMaIlii.

[osnauumo uepes E7(t), t >0, — kinbkicts 0ci0,
i Skux y npomikok wacy [t—1t] cnpasemnusi
nepisnocti h (t) > h (t—1),i =1, N, a uepes E(t),
t>0, BINMOBIAHO, KIABKICTH 0CI0O, IS SKUX
h(t)<h(t-1),i=1N.

3a nonomororo Benmuue E*(t) ta E7 (1), t >0,
3aMUIIeMO  OLIHKY  e(EeKTUBHOCTI poIecy
nmomupenHs iHdopMaitii, ska (pakTUYHO € aHAJIOrOM
peHTa0eNbHOCTI  BUTpayeHUX JJIsi  IPOBEICHHS
iH(OopMaIiitHol KaMmaHii pecypciB
+ _
E()=1+=D-E O (t)N E®

, 1>0. (3

s BenmwunHA NMO3BOJIIE Y MOBLIBHUNA MOMEHT
qacy t>0 3poOMTH BHCHOBKHM IIOIO OLIHKH
e eKTHBHOCTI OpTraHi3allii Ta MPOBEACHHS 3aXOiB 3
MpOCYBaHHS iH(OpMAIlii; BH3HAYNTH €(DEKTHBHICTH
3aXOMiB 3a TICBHUH IHTEpBal dYacy, SIK CEPEIHIO
3BaXKEHY OIlIHKY, M0 0a3ye€Tbcs Ha 3HAYCHHSIX
IaHOTO KPHUTEPII0 B KOXHUM MOMEHT 4Yacy 3 I[OTO
MPOMDKKY; Ta, TMOPIBHIOIOYM MK COOOI0 3HAYEHHS
e eKTUBHOCTI Ha PI3HUX IHTEpBaJax Yacy, 3poOUTH
3aranbHi BHCHOBKHM MIOIO PO3BUTKY Ta YCIIITHOCTI
3aXOJIiB PEKIIAMHOTO XapaKTepy.

3 ¢opmynu (3) 3po3ymino, MmO yci 3HAYEHHS
MOKa3HWKa Halexarh NpoMibkky [0,2]. Bemnumnaa
E(t)=1 osnawae, mo edeKTHBHICTH 3axXOmiB
momupeHHs: iHdopMmalii mMae HeHTpadbHHN eQeKT
(BUKIHMKae PpIiBHY KUIBKICTh TMO3UTHBHHX  Ta
HEraTUBHUX BIATYKIB) y UUThOBiK ayaurtopii. Ilpm
sgauenHsx  E(f)>(<)l  edpextuBHicTE  3axomis

XapaKTepPU3yeThCSI  BIATIOBITHIMH
(HeraTHUBHMMHM ) HACITIIKAMH.
Heo0ximHO Tako 3BEpHYTH yBary Ha 3aJIeKHICTh
CXEMHU aJITOPUTMY BiJi BUOOPY IOPOrOBHX 3HA4YECHb
L ta Z, a Takox Bix BeIMYMH PIiBHIB B3a€MHOI

IMO3UTHBHHUMH

NOBipH, WO TOAarThC Bektopamu 1;, 1=1N.

BinmoBimHi moCHiKEHHS MOXIJIHBI 3 BHUKOPUCTaH-
HSM, HampHuKIaja, eJIeMEHTIB Teopii IWHaMIYHOTo
comianibHoro BmuBy Jlatane [9] abo mporuecis
JMHAMIKU JIyMOK Y colianbHuX Mepexax [10].

Ha puc.1-4 HaBeneHo MpHUKIAIU JHUHAMIKA
MOUIMPEHHsT 1H(QOpMAIHHOIO BIUIMBY 3a PI3HHUX
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YMOB CTaBJCHHS KOHTHHTEHTY TPyNH OO BXiAHOI
iHdopMalii Ta 3 ypaxyBaHHSIM CIIOCOOIB peaizallii
B32€MO3B’s13KiB MDK YYaCHUKAaMU LIJILOBOI TPYIIH.

[ndopmariiinnii BIUIMB, SKAH TOYMHAETHCA 3
3ajydeHHs onHiei ocoOu (MMO3HAYEHO YEePBOHUM
TPUKYTHUKOM), PO3MOBCIOKYEThCA Yy dYaci 3a
OJTHAKOBOT'O TIO3UTHBHOTO CTaBIICHHS YYaCHUKIB JI0
BXinmHOI iHpopManii (puc.l), 3a yMOB piBHOMIpHOTO
pO3MONTY TTO3UTHBHOTO Ta HETATHBHOTO CTABJICHHS
no iHdopmariii (puc. 2). YYacHUKH LiIIHOBOI IPyIH
3aJ]af0ThCSl Y BUTJISII TPUKYTHUKIB, IIO BU3HAYAE
croci0 peaizalii npoueaypu oOMiHy iH(OpMaIi€ro:
KOXKHa 0co0a CIUIKYEThCS JIUIIE 3 TPhOMa 31 CBOTO
OTOYEHHSI.

Ha puc.3 Ta 4 HaBeneHO BUIIAJKU JUHAMIKU 3
BpaxyBaHHSIM Pi3HOTO CTaHY JOBIPH YYaCHUKIB OJIMH
0 omHOTO (pHC.3 — 32 YMOBH JIHIIE ITO3UTHBHOTO
CTaBJIEHHS, puc.4 - 3a HAABHOCTI MO3WTHBHOTO Ta
HEraTUBHOTO CTABJICHHS JI0 iH(opMmaIii).

Puc.2
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BucHoBku

Y po0oTi po3riIsSHYTO OIVH 3 MIXOIIB 0 Gopma-
Jizaii mporeciB iH(GOPMAIIHHOrO TMONIUPEHHS Ha
OCHOBI MOJIeITi arperaiiii, mo ooMexeHa nudysiero, 3
3aCTOCYBaHHSM €IEMEHTIB KJIITHHHUX aBTOMATIB Ta
ix aHayoris. Mojenb oONUCye IMHAMIKY MPOIECY
PO3MOBCIO/UKeHHS iH(popMallii 0e3 BIUIMBY 3ac00iB
Mac-Melia, IUIIXOM BpaxyBaHHS (akTiB OOMiHY
iHpopMalicro, kuii BigOyBaeThCA MpPU KOMYHIKallii
MDK YYaCHMKaMH JIOBUIbHOI IIUJILOBOI ayauTOpii.
BBaxxaeThCst, 1110 MPOIEC MOUIUPEHHS XapaKTepU3y-
€ThCSI BJIACTUBICTIO CaMOIMOIOHOCTI. 3amporoHoBa-
HUH MiIXiJx A03BOJSIE JOCTIKYBATH Ta aHAI3yBaTH
JMHAMIKY TpoIeciB iH(popMaliifHOro MOMUpEeHHs 3
ypaxyBaHHSM CTaBJICHHS YYaCHHUKIB I'PYIH OJHMH JI0
OJTHOTO Ta CTABJICHHSA Yy4YaCHHMKIB JIO BXIJHOI
iHpopmanii. OTpuMaHo OIIHKY e(EeKTHBHOCTI
MPOIIECY PO3MOBCIODKEHHS 1H(OpMalii, ska 1ae
MOXXJTUBICTh 3pOOWTH BWCHOBKH MIOAO YCIINIHOCTI
3axodiB 3 TmpocyBaHHs iHdopMmamii. Haeneno
pe3yabTaTH YHCEIBHUX CEKCIIEPUMEHTIB, Y SKHX
peaizaltis mporeaypu ooMiHy iHpOpPMAIi€ro KOXKHOT
ocobn oOMEKeHa TphbOMa YYaCHHKAMH IIUTHOBOT
TpyIy.

3pobseH0 BHCHOBKH TIPO HEOOXIMHICTH IMOIANTH-
UX JOCHI[PKeHb 3 BUKOPHUCTAHHIM EIEMEHTIB
Teopii IWHAMIYHOTO COIIaJIbHOTO BINIUBY Ta
BpaxyBaHHS MPOIIECIB 3MIHM JYMOK Ha OCHOBI TAHUX
COITIATPHUX MEPEK.
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IIpobnemamu meopii cmitikocmi i, 8 4aCMKOBOMY, BUKOPUCIAHHIO OJisl Y020 OPY2020 MEMOOY
Jlanynosa, npucesueno docmamuvo 6azamo pabdim. I3 ocnosnux modxcna giomimumu nacmynui [1-
7]. Ocnosny ysazy 6 yux pobomax npuodiiiemocs OMPUMAHHIO YMO8 cmitl  Kocmi. B moil ace uac
npu po3e’a3y8anHHi NAPAKMUYHUX 30A0aY BANCIUBUM € OMPUMAHHA KIIbKICMHUX XAPAKMEPUCMUK
30I0HCHOCMI PO38 SA3KU 00 NOJIOJNCEeHHs cmiukocmi. B Oaniti pabomi pozensadaromvcsi HHENIHIlHI
cKkanApHi  Oughepenyianvui  pieHAHHSA 3  HeNiHIUHICMIO cneyiaibHo2o 6udy (c1abo HeniniiuHi
pisuannss). Takoeo muny ougepenyianvti pieHaHHs 3yCMPINAIOMbCA NPU OOCTIOHCEHHS NPOYECi8 6
Heupoounamiyi [8,9]. B oaniu pabomi ompumanni ymoeu CmiluKocmi CmayioHapHo20 pPo38 3Ky
CKQIAPHUX Di6HAHb Maxkoeo muny. A makoodc 3HatioeHi xapakmepucmuku 30id%cHOCmi npoyeca.
Tokazano, wo po3s’s130x 3a0ay cmiukocmi micHo nos 'szami 3 3adavamu onmumizayii [10-12].

Quite a lot of works have been devoted to problems of stability theory and, in particular, to the use of
the second Lyapunov method for this. The main ones are the following [1-7]. The main attention in these
works is paid to obtaining stability conditions. At the same time, when solving practical problems, it is
important to obtain quantitative characteristics of the convergence of solutions to an equilibrium position. In
this paper, we consider nonlinear scalar differential equations with nonlinearity of a special form (weakly
nonlinear equations). Differential equations of this type are encountered in the study of processes in
neurodynamics [8,9]. In this paper, we obtain stability conditions for a stationary solution of scalar
equations of this type. And also the characteristics of the convergence of the process are calculated. It is
shown that the solution of stability problems is closely related to optimization problems [10-12]. Key words:
mathematical model, stability, Lyapunov's second method, convergence, quadratic form.

CrarTio pencraBuia 1.¢.-M.H., 1oi. Pozopa I.B.

1. Ksaapatununa ¢pynkuis JIsmyHnosa. [loBHa noxigna ¢ynkuii JIsnyHnosa B cuy (1.1)
CTilKICTB. Posragaemo CKaJISIpHE Ma€ BUTTIAI
mudepeHIlialbHe PIBHSIHHS BUTY d

X =—ax+bF(x), a>0, (1.2) EV(X)Z
OyHKITIsA F(X) HemnepepBHa i 3aJI0BOJIbHSE =—2hax® + 2hbe(x) < 2h(— a-+ |b|K)x2 .
yMOBaM “JIiHIHHOro” 00MeKeHHs I, [IpU BUKOHAHHI YMOB
IF(x)<K|X. (1.2) a—|p|K >0,
H.OCJ'Ii}_DKeHHH CTIMKOCTI HYJIBOBOTO ITOJIOKEHHS moBHa moximHa (yHKuii JlamyHoBa B CHily
PIBHOBAarn MOXHA MpOBOAUTH 33 JIOIOMOIOO piBasHs (1.1) Oyme BiIZ’€MHO BH3HAYEHOIO i
KBaJpaTH4HOi QyHKIIT JIamyHoBa HYJIbOBHM PO3B’SI30K TJI00AJIBHO aCHMIITOTHYHO
V(X) =hx?, h>0. CTIHKHM.
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2.0uinkn 30ikHOcTi. Hexallh moBHa mnoxigHa
¢ynkuii JIsnyHnosa Big’eMHo Bu3HaueHa. Tomi ajst
Hel Mae Miclie HepiBHICTb

ol (x)

%V (x) < —2h(a—[b|K Jx? = —2(a -
3Bincu oTpuMyeMo audepeHIialbHy HEepiBHICTh

av (x ( )

[poiaterpyemo ii i orpuMaemo

V(D) <V (x(t, o T,

3Biacu BUIUIMBAE  EKCIOHEHI[IIiHA  OI[IHKA
301KHOCTI pO3B’A3KiB piBH;{HH;I (1 1)
b K t t
Ix(t) <[x(t )|e Aol %)

3. ®yukuis Janynosa tuny Jlyp’e-
ITocTHikoBA.
Hexait ¢ynkis F(X) 3aJI0BOJIbHSIE  TaK
3BaHHM yMOBaM CEKTOpPa»
0< F(x)<Lx, npu x>0,
Lx < F(x)<0,mpn x<0, F(0)=0, (3.1)

Takumu GyHKITIIMA MOKYTh OYTH, HAITPUKJIa,

F(x)= Cal F(x)=arctgx.
l+e™
YmoBn (3.1) MOXHO 3amucaTd B OUTBII
KOMITAKTHOMY BUTJISITI OJTHI€T HEPIBHOCTI
[Lx—F(x)JF(x)>0, (3.2)

B mpomy Bumaaky ¢yakuito JlamyrHoBa MoKHA
Opatu y Burnszi tumy Jlyp’e-IloctrikoBa.

V(X)th2+yj|(‘F(S)dS, y>0. (3.3)
0

Mae Miclie HaCTyITHE TBEPIKEHHS.
Teopema 3.1. Hexaif icHyI0Th mapameTpu
h>0, >0, k>0, npu sxux BuKOHYIOTbCS

HEpiBHOCTI
2ha + (k —yb) > 0,

1 1 2
2ha + (k —yb) > (Sya—hb —1kL)" (3.4)

Toni HynbOBUH  PO3B’S30K X(t)z 0
piBHsHHSA (1.1) Oyme aCHMITOTUYHO CTIMKHM.
Jlosedennsi. HeBaXko IOMITHTH, IIO

(byHKITiS V(X) 3aJI0BOJIBHSIE  IByXCTOPOHHIM
HEPIBHOCTSIM

hx? SV(X)S(h+%ijX2, (3.5)

TOOTO € J[OJAaTHHO BHU3HAUCHOIO (YHKLIEIO.
Obpaxyemo ii moBHy mnoxigzny B cumiy (1.1).
Otpumaemo
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S () = 202+ 7 (0 =
[oh(t) + 7 (xt))}< [ ax(t) bF (x(0)] =
= ~2hax’(t)— saF (x(t)x(t) + 2(t bF (x(1)
+ 0F 2 (x(t)) = ~(x(t), F (x(t))
1
) 2ha E;a—hb[ X(t) j
b b \F
TakuM YMHOM, OTPUMAIK KBaIpaTHIHY HopMy

dy (x(t)=-z"(t)C,z(t), z(t)= (F)((it(z))j '

dt

2ha 1 ya—hb
C, = 2
1 1 :
~%—hb _
U n
Jiist cMMeTprYHOT MaTpHIIi
C. = [C11 C12]
7l o

YMOBOIO JIOAaTHHO BH3HAUYCHOIO € HEBIJl EMHICTh
ii BmacHux umcen. OCKUTBKA

_|en—4 |_
detC; = cy A

2
(c11 + €22)A + (€11€22 — €12),
1
10 A1,(Cy) = 2 [(c11 +c22)
2
V(c11 — €22)% + 4cd,].
I yMOBH J10IaTHLO BU3HAYEHOCTI
MAarOTh BUTJISI
C11 + €22 > 0, €165 > iy
JInst cuMeTpuIHOl MaTpHIT

2ha

(3.6)

! hb
C, = 2"
B
SV

BOHHU MAKOTh BUTJISIT

2ha —yb > 0, —2hayb > (%ya — hb)2.

JIpyry yMOBY MOXKHA TIEpEITUCATH Y
BUTIISAOL

(ya + 2hb)? <0
i BOHa HE BUKOHYEThCS. TakuM YHMHOM, MaTPHUIlS
C; He MOXe OYTH JTOJaTHHO BU3HAYEHOIO.
I[1o6 3pobuTH ii MOJATHHO BU3HAYEHOIO,
BUKOpUCTaeMo BiactuBocti (3.1) HemiHiiHOT

dhysKIIT F(X) 1 TIpeAcTaBUM TOBHY MOXiIHY
¢ynkuii JIsmyHoBa y BUTIIAAL

Sv(xt)=
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2ha 1 ya—hb
—~(x() FOD) 2" s
—a—hb -
2
)
F(x(t))
+k[Lx(t) - F(x@))JF (x(t)) -
—k[Lx(t) - F(x(t))JF(x(t)), k > 0.
BBenemMo nepmmii  JI0IaHOK B KBaJpaTU4YHY
dhopmy. OTpumMaemo
d
—V(xt))=
SV x(o)
=—(x(t) F(x(t))*
I 1 1
2h —ra—hb—-=KkL
* . a . 2 e 2 *
—ya—-hb—-=kL - Kk
27473 o
o 0 J KILX(®) - FXOIF (x(1)
F(x(t)) |
BBukopucraemo “ymoBm  cekropa”’ (3.2) i,
BiIKMHYBIIN JPYTHHA TONAHOK, OTPUMAEMO
d
—V(x(t))<
9 xe)
< —(x(t) F(x(t))*
I 1 1
2h —ra—hb—=KkL
o : . 2 7 27 |x
—ya—-hb—-=kL - k
27473 o
o X) J
F(x(t))
TakuM 4MHOM, SIKIIO0 MaTPHULS
1 1
- 2ha Eya—hb—EkL
27 1 1
Eya—hb—EkL —yb+k
OyZe IomaTHRO BHU3HAYEHOK, TO TMOBHA TOXiTHA
¢bynakuii  JlsnynoBa  (3.3) Oyme  Bim emHO

BH3HAYEHOKD 1 Ha OCHOBI

Apyroi
JlsimyHOBa TONOXKEHHSI PiBHOBAru X(t)EO Oyne

TEOpEMU

ACHMIITOTHYHO CTIHKHM.
A Jurd bOro HEOOXIJIHO 1 OCTAaTHBLO, 1100
BHUKOHYBAJIMCh HEPIBHOCT1
2ha+ (k—yb) >0
1 1, \?
2ha(k —yb) > (ya—hb —1kL)" 3.7)

3ayBaxkenHs 3.1 HeBaxko mobauntu, 1o
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CyTTEBE 3HAYEHHs, SKEe BIUIMBAE Ha YMOBHU
CTIMKOCTI, Ma€ 3HAK IIOCTIMHOI b, SIKUM BU3HAYAE
3BOPOTHIH 3B’5130K HEMiHIHHOCTI.

IMpuxnan 3.1. Posrasaemo piBusHHA (1.1)
3 mapamerpamu K >0, i wneniniiinoi ¢ynkuii
F(x):arctgx. Hpunycrumo h=10 y=2. B
upoMmy Bunanaky L=1/2, a ¢dynkuis JlsmyHoBa Mae
BUTJISI

V(x)=10x* + Zf arctgx(s)ds.
0

MaxopaHTi 0OMEXKEHHS I Hel MatOTh BHUIJIST
2 2
10x% <V(x)<12%.
[i moBHa moXizHa B3M0BX PO3B’A3KIB PIBHAHHS
Ma€ BUTJISI

%V (x(t))=[20x(t)+ 2arctgx(t)[x'(t) =

= [20x(t) + 2arctgx(t )] x [~ 10x(t )+ barctgx(t)]
SKio 11 npecTaBUTH Y BUTIISAAI KBaAPaTHUHOT
(hopmH, TO OTPUMAEMO

9y x() -

dt
200 O x(t
_ (x(t) arctox(t) ©
0 —2b | arctgx(t)

Ilpu b<0 Boma Oyme BixemuO
BU3HAYCHOI  KBaJApaTHYHOIO  Qopmoro  (ie
BifIOBiae Meromy IiHiMHOTO Ha6GmmxKeHHs). |
MOJIOKEHHsSI  piBHOBarn OyAe aCHMITOTHYHO
CTIAKHM.

Hexait b>0. Toxi kBagpatuuna Gpopma He
Oyne Bim’emHO BHU3HaueHOw. IIpemcraBumo ii y
BUTIAOL

9y (4 0) = (xtt), arctgx<t>{

dt
x(t)

*(arctgx(t)] ’
. kB ()~ F(x(t))}F(x(t))— k[l (1)~ F(x(t))}*

2
*F(x(t),k >0
BBegemo mepummii  JOJAHOK B KBAaJAPaTUUHY
(opmy

200 O
*
0 -2b
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200 —lk
4

*

I onik
4

L X0
(F(X(t))J ~KIX() = F(X(D)IF (x(V).

BukoprCTOBYIOYH YMOBH CEKTOPA 1 BiIKWHYBIIH
JpYTHUil TONaHOK, OTPUMAEMO

TR L
—V(x(t)) < =(x(t) F(x(t *
dt —%k _2b+k

o X
(arctgx(t)}

Sx ButumBae i3 (3.4) mis AOAATHRO BH3HAYCHOI
MaTpHIli HEOOXiZHO 1 JOCTaTHHO BHKOHAHHS
HEpIBHOCTEH
200-2b+k>0
200(k—2b) > 1—16k2

3ayBakenHst 2.2. PosrisHeMo BILIUB
mapamerpiB  dyskmii  Jlamynoa  (3.3) i
mudepertianpaoro piBHsHHS (1.1) Ha CTIMKICTH
HYJTHOBOTO PO3B’S3KY. Tyt 3aJlAHUMU
(pixcoanumu) € mapamerpu a>0, L>0, b, a

napamerpaMud (38 paxyHOK  SKHX  MOXKHA
3aJ0BOJIBHUTH HEPIBHICTB) € h>0, >0,
k>0. 1 3agaua JOCHIDKEHHA  CTIHKOCTI

3BOAMTHCSA 70 3a]1a4i onrTuMizamii QyHKITii
2
®(h,7, k) =2ha(k - sb)- G;ﬁ ~hb - % ij

— Max
IpH OOMEXEHHSIX
h>0, y>0,2ha+k-yb>0.k>0.

4.Onrtumizania. PosrmsHeMo BIUTMB mapaMerpiB
¢byukii pisastabs (1.1) Ha BU3HAYEHHS CTIHKOCTI
HYJIBOBOI'O pPO3B’SI3KY. [Tapamerpamu
¢bikcoBaHnMH, (3aJaHUMH) € TTAPAMETPU CHCTEMH,
tobro. a>0 i L>0, a mapamerpamu 3miHHUX,
TOOTO. 3a PaXxyHOK SKHX MO)KHA 3aJIOBOJBHUTH
uepisnicts (3.4), ¢ h>0, y>0, k>0. 1
3aja4ya JOCIIKEHHS CTIAKOCTI 3BOAUTHECA 1O
3a7a4i 3HaXO/DKEHHS IMX MapaMerpiB, IPH SKUX
MakcuMizyeTbes Qynkuis sminanx h>0, ¥ >0,

k > 0, T06TO0 po3risgaeThes 3aaaua

@(h,y,k)=2ha(k —y)-
(5a—kL)/2—h)* — max

70

2022, 1

BulletinofTaras Shevchenko
National University of Kyiv
SeriesPhysics&Mathematics

npu OOMEKEHHSIX
h>0, y>0,k>0,
Sxmo icuyrots mapamerpu h>0, >0,
k>0, yHKIis
CD(h, 12 k) Oyle J0JaTHHOK, TO HYIbOBHUIA

Ipyd  AKUX KBaJpaTU4HA

po3B’sizok piBHAHHS (1) Oyme acHMIITOTHYHO
CTIHKHUM.

B 3aransHOMYy BUNAJKY AJI 33/1a4 BEIUKOL
PO3MIpHOCTI yMOBaM BiJ’€MHO BHM3HAuYCHOCTI
¢dyskii JlsnyHoBa € JOJATHICTH BIAMOBITHOT
matpuni C, sika BXOZUTH B MaTpHuHE PiBHAHHS
JIsmynoBa. Takum umHOM, sk BumuiuBae i3 [10]
OTPUMYEMO 3aj]auy KBaJpaTUYHOI ONTUMH3AIIi 3
oomexennsmu  [10,11]. [lns cuctem BeIHMKOT
PO3MIPDHOCTI  YMOBH  BIiJi’€MHO BH3HAuYEHOCTI
noBHOI moxigHoi ¢yHkmii JlsmyHoBa mae BHI
JOJATHOCTI ~ MIHIMAaNbHOTO  BJIACHOTO  YHWCIA
MaTpHIli, SIKe BXOJIUTH B PiBHAHHS JlsmyHoBa. Sk
BurumBae i3 [12], MiHiMangbHE BIIACHE YHCIIO
CUMETPUYHOI JI0JaTHHO BH3HAYEHOCTI MATPHUIll €
OMyKIIO (QyHKIieto i enemenTiB. Tomy 3amauda
OTPUMAaHHS YMOB CTIMKOCTI 3BOJUTHLCS JIO 3ajadi
BHITYKJIOT ONITUMI3aIlii.

Puc.4.1

IToBepHemoch no npuxnany 3.1 . Jnst Hboro
obyukiis @ (h,y, k) mae Burisg
ya—kL

2

® (h,y,k) = 2ha(k —y) — ( — h)2.

Sk Oaummo, HaBiTH S OIHOBHMIPHOTO
BUTIAJIKy TIOOyIyBaTh Tpadik He MOXIHBO. s
TOro, mo0 TPOAEMOHCTPYBAaTH, T€ W0 3ajada
JOCTIKEHHS] CTIHKOCTI 3 OTpPUMAaHHOI (YHKIIIT
JlamyHOBa MOYKHA TIOCTYITUTH HACTYITHUM YHHOM

®ikcyemo BennunHy y = 0.1 1 oTpMaemMo
3aJeKHICTh



Bicnux Kuiscbroeo nayionanvbnoeo yHieepcumeny
imeni Tapaca Lllesuenka
Cepin ¢izuxo-mamemamuyni HayKu

® (h,0.1,k) = —h? — 0.25 — —= + 15hk + 0.5k

I'padix nanoi gynkuii 306pakeHo na pucio 4.1.
ne ®=z, h=x, k=y.

Hepaxko momiTuTH, 1110 QYHKIliS B 00JIaCTI

y>0,k>0 wmae pmomatHi 3HayeHHS. Takum
YUHOM HYJBOBC TIOJIOXKCHHSA piBHOBaFI/I
ACUMIITOTHYHO CTIHKe.
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