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On central limit theorems for branching
processes with dependent immigration
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V daniti pobomi mu po3eanadaemo cyOKPUMUYHL Ma CYNEPKPUMUGHT 2LAAACTIVE NPOUECY, 3 TMMIZP0-

UIEN0, WO 3ANEANCUMD 610 NOKOATHHA HaACMUHOK. Y pobomi dosedeno UeHMPAAbHI 2PAHUYHE MEOPEMU
0As Paykmyayitl 2iAAACMO20 NPOUECY 3 M-3AAEHCHON IMMIZDAUIEI Y SUNGOKY KOAU CEPEOHT SHAUEHHA
IMMIZPYIOYUL YACTNUHOK NPAMYOMS Jo0 HecKinwennocmi. Bemanosaeno caabky 36iocuicmsy daykmya-
Uit CYyneprpUMUYH020 NPOUECY 00 CMAHIAPMHO20 HOPMAALHO20 PO3NOJIAY 30, NPUNYUELHHA PELYAAPHOT
BMIHU HA HECKIHYEHHOCTT CePednbo20 ma JUCTEPCH IMMIZPAUItiH020 NPOUECY, Ma CAADKY 30idICHICMD
Ppayxmyayit cybrkpumuHo20 npoyecy 9o cmandapmmoz0 HOPMAALH020 PO3N0JiaYy 63 MaKozo Npuny-
WEHHA.
Kaaonosi carosa: Tiaracmi npouecu, iMMIZPAULA, M-3ANEHCHICTD.

In this paper we consider subcritical and supercritical discrete time branching processes with generati
on dependent immigration. We prove central limit theorems for fluctuation of branching processes with
immigration when the mean of immigrating individuals tends to infinity with the generation number
and immigration process is m—dependent. The first result states on weak convergence of the fluctuati-
on subcritical branching processes with m—dependent immigration to standard normal distribution. In
this case, we do not assume that the mean and variance of immigration process are reqularly varying at
nfinity. In contrast, in Theorem 3.2, we suppose that the mean and variance are to be reqularly varying
at infinity. The proofs are based on direct analytic method of probability theory.

Key Words: Branching process, immaigration, m—dependence

Communicated by Prof. Moklyachuk M.P.

the (k — 1)—th generation and £ is the number
of immigrants in the k—th generation. In this
interpretation W (k) is the number of individuals
in the k—th generation. Assume that a = EY;; <
00. Process W (k) is called subcritical, critical or
supercritical depending on a < 1, a =1or a > 1,
respectively.

The asymptotic behavior the distribution
of W(n) as n — oo has been studied by
many authors, see, e.g., the survey of Vatutin
and Zubkov [45]. Early contribution is due to
Sevast’yanov [42], who derived limit theorems
for continuous-time Markov branching processes
when immigration {e,,n > 1} is an independent
and distributed by Poisson law. Then many

1 Introduction

Let

two

{Yiei,k>1,i>1} and {ex,k>1} Dbe
sequence of mnon-negative integer-valued
random variables such that the two fami-
{Ykﬂ',k‘ = 1,i = 1} and {é‘k,k‘ = 1}
independent, {Y};, k > 1,i > 1} are independent
and identically distributed (i.i.d.). We consi-
der branching processes with immigration
{W (k) ,k > 0} defined recursively as

W (k—1)
W(0)=0, W(k)= > Yiiter k=1
=1

(1)
We can interpret Y ; as the number of offspri-
ngs produced by the :—th individual belonging to

lies are

© B. Tonomo3zwuii, C. Illapinos, 2020
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research works appeared in which various generali-
zations of the immigration process were consi-
dered. For instance, when the sequence {¢,,,n > 1}
is i.i.d. the asymptotic behavior of W (n) is well
studied (see [10], [40], [41], [12], [30] and references
therein). In the critical case, Nagaev [29] consi-
dered a wide-sense stationary immigration process
{en,m > 1}, and proved weak convergence of di-
stribution of n71W (n) as n — oo to a gamma
distribution. Asadullin and Nagaev [1| managed
to weaken conditions of [29] up to the condition
"type of ergodicity". More precisely, they studi-
ed weak convergence of n~!W (n) under more
general situation that there exists a random vari-
n
able ¢, such that n'E ‘ S (ex —€)
k=1

oo. Badalbaev and Zubkov [5] for the sequence
of special random processes (including branchi-
ng processes with immigration) proved a limit
theorem which contains results of [29] and [1] as a
special case. Concerning functional limit theorems
for (1), we refer to Wei and Winnicki [46], Sriram
[43], Li [25],[24], Ispany et al.[14],[15], Khusanbaev
[19], [21], Iksanov and Kabluchko [13] and see
references therein. We refer to papers [18], [20],
[39] where the rates of convergence in central li-
mit theorem for (1) were studied.

While most of previous
concerned with stationary immigration, the non-
stationary (time-dependent or state-dependent)
immigration case were studied by Foster and Wi-
lliamson [7] and by Pakes [32]. In this class of
processes, unlike in classical models, immigrati-
on rate may depend on time of immigration. For
further investigations for branching processes wi-
th non-stationary immigration we refer to Pakes
[31], Hering [11]|, Badalbaev and Rahimov [4],
Mitov and Yanev [26]-[28] (see also [2], [3]).
Rahimov |[33]-[34] studied the case when immi-
gration process is non-stationary and increasing
and obtained for all cases central limit theorems
(CLT’s) for fluctuation of (1). A key reference is a
monograph by Rahimov [35], where one can find
a variety of results and references related to this
process. Later, Rahimov [36] proved functional li-
mit theorems for a fluctuation of critical process
defined by (1). For deterministic approximation
for W(n), we refer to Rahimov [37], Khusanbaev
[16]-[17] and see references therein.

However, in all of previous works, the immi-
gration process was assumed to be independent.

—0asn—

literature was
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Guo and Zhang [9] proved a functional limit
theorem for fluctuations of the critical branching
process (1) under the condition of m— dependent
immigration. Recently, Khusanbaev et al. [22]-[23]
obtained functional limit theorems for fluctuati-
on of (1) when immigration process satisfies
¢—mixing condition. The results of above cited
papers showed that the limit behavior of fluctuati-
ons of process (1) clearly depends on the rate of
convergence to infinity of the mean number of
immigrants.

The purpose of this paper is to establish CLTs
for fluctuations of subcritical and supercritical
process W (n) defined by (1) in the case when
the immigration process is m—dependent and the
mean of immigrants tends to infinity.

The paper is organized as follows. In Section
2, we provide basic facts and definitions. Section
3 contains main results and their proofs.

2 Notations and definitions

We begin by introducing basic facts. First, let us
recall the notation of m-dependence.

Osnavenns 2.1, It is sald that a sequence
of random variables {X,,n > 1} satisfies the
m—dependence condition for some m > 0 if the
random vectors (X1, ..., Xz) and (Xg4my1,...,) are
independent for all k£ > 1 (see [6]).

Throughout the paper, we will assume that
the immigration process is heterogeneous, i.e.,
random variables {e,k > 1} are non-identically
distributed and m—dependent, and the particles
entering the population act independently of the
other particles and according to the same law
as particles of the population. We denote by
Z!(k), k=1i,i+1,..,1<j <e¢, the branching
Galton-Watson process generated by j—th parti-
cles arriving at the moment ¢ with Z7 (i) = 1.
According to our assumptions branching processes
Z!(k),k > i;i,j > 1 are independent and
Zij (k+1),k =0,1,... has the same distribution
as Zt (k) , k=1,2,....

From now on, we assume that
b? := Var(Yy 1) < o0,

v = EYl,l (Y171 — 1) (Y171 — 2) < 00.

We also assume that «(n) = Ee, < oo and
B (n) = Var(ey,) < oo for all n € N.
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Osnavenns 2.2 ([8]). A measurable function [ :

(0,00) — (0, 00) is slowly varying if for all A > 0
tim (A7)
200 l(x)

Osnavenns 2.3 ([8]). A measurable function f :
(0,00) — (0, 00) is called regularly varying at infi-
nity if it can be represented in the form

flz) = 2Pl (x),

where p is called index of regular variation and
p € (—o0,00) and I, (x) is a slowly varying functi-
on.

Osnavenns 2.4 (|8]). A sequence of positive
numbers {z(n),n > 1} is called a regularly varyi-
ng sequence of index p if there is a sequence of
positive terms {y(n),n > 1} satisfying as n — oo

2(n) ~ Cy(n), n(l—(y(n—1)/y(n))) = p < .

If a sequence {x(n),n > 1} is regularly varyi-

ng with index p, we will write {z(n),n > 1} € R,,.

Under the above assumptions A(a,n) =

EW (n) and B? (a,n) = Var(W (n)) are finite for
all n > 1. Denote

fio (t) = B 210y (1) = Ee™ B, k> 1,

Denote by @ (z) distribution function of the
standard normal law. In this paper, a, ~ b,

denotes lim ¢ = 1 and a, = o(b,) denotes
n— o0 bn
. . P
lim » = 0, a A b = min(a,b) and — denotes
n—oo “n

the convergence of random variables in probabi-
lity. C' denotes a generic constant which may be
different from place to place.

3 Main results and their proofs

Now we are ready to formulate our main results.
We begin with a simple Lemma which provides
formulas for A(a,n) and B?(a,n) when immigrati-
on processes are dependent.

Lemma 1. Let W (n),n > 0 be a branching
processes with immigration given in (1). Then, for
alln>1,

n
n) = E a" (i
i=1

B%(a,n) = A? (a,n) + o% (a,n) + 2w (a,n), (2)
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where

= > a5 ),
i=1

i—1
n) = Z Z a7k cov (g4, ).
=2 k=1

Jlosedennsa. By (1) and recurrence, for all n > 1,

W(n 1)
E[ Y Yail+Ee,=
i=1

=aEW(n—1)+ =

_E:anz

B%(a,n) = EW(n — 1)Var(Ya,)+

W(n—1)

+Var(W(n —1))(E(Ya,1))* + 2 cov( Z Yo €n)

=b2A(n — 1) + a*Var(W (n — 1))+

+8 (n) + 2 cov( Z Yo, €n)-

Note that

W(n 1)

cov( E Yoien) =

W(n—1) W(n—1)

Yoi—E Yai)(e

) )

i=1 i=1

n — Eey)]

= E[(aW (n — 1) — aEW (n — 1)) (e, — Ee,,)] =

=acov(W(n—1),e,) =

(> Yo riten1—aEW (n—2)-Ee,_1)(en

—Ee,)]
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W(n 2)
Z Yo—1,—aEW (n — 2)4e,_1—Eep_1)

= (12 cov

(W(n —2),en) + acov(ep—1,6,) =

n—1
.= Z a" 7 cov(ej, en).
=1

By iteration, we get (2). The Lemma 1 is
proved. O

First result deals with CLT for a fluctuati-
on of subcritical branching process (1) with
m—dependent and increasing immigration.

Theorem 3.1. Let a < 1, v < oo and the
immigration process {en,n = 1} is m—dependent.
Suppose a (n) € Ry and B (n) € Rg with a, 5 > 0.
If a(n) = oo and B(n) = o(a(n)) as n — oo,
then, as n — o0

7

osedenns. First of all, we note that the process
W (k) can be represented as

k&
=337/ (k), k>1

i=1 j=1

W (n) — A(a,n)
B (a,n)

<x>%<b(m), xz € R.

(3)

By (3), in view of the independence of random
variables Z/ (k), it follows

=E H Fog ()
k=1

Indeed, le(k) are independent of e,,n >
1, since by assumption sequences
Yii,k>21,i>1} and {en,n 1} are
independent, obtain

two
=

n

n)) = Eexp(it Z 2

i=1 j=1

] (n)

)

U, (t) = Eexp(itW (

Hexp thZ]

n

E[] JIE(itz1 (n)))""):

=1

v€n)l]

o(e1,e2, ...
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Therefore

En (BJ) (a/'ln()a = —ztEEZ Z) E ¢

IIﬁ%(B( )

Since E[Z} (k)]3 < oo then the Taylor series
expansion is valid for the characteristic function

fr (1)

a,n)

fi (t) =1+ atEZL (k) —

3

2 it
~SE[Z} (0] + B[ 2] (),
where |0 <1,k >1
It is well-known (see [3])
EZL (k) = o,
k—1(, k-1
11312 (a )2, %
E[Z] (k)] = p— b +a
k—1(,2k
11313 (a®* —1)
E[Z] (k)] A
3aF1 (ak - l) (ak_l — 1) 9 9 2
+ (a—1) (= 1) (b +a*—a)"+
3ak1 (ak — 1)
+T (b2—{—a2 —CL) +6Lk. (4)
Now using the expansion Inz = (z—1) —
lz—-12+0 ((a: - 1)3), z — 1 and (4), taki-

o(Jt*),

ng into account that O((f,_x(t) — 1)3) =
t— 0, we get

ln[e * Hf;;kk<B( >]:

=il (n) + Ix (n) + O(I3 (n))

A(a,n)
B(a,n)

t

a,n)

()

where
it o~
I = n —alk
1 (TL) B(a,n) kila (8/€ Oé( ))7
t2 n an—k (an—k‘ _ 1)
I b?
2(n) 2B2 (a,n) p Ty (a—1) ’

10
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B3 [ab (a2 - 1)
Ii(n) = —r—
3(”) B3(a’n);€k{ 2_q v+
3aF=1 (@ — 1) (aF1 =1
( )( )(b2+a2—a)2+
(a—1)(a®—1)
3aF1 (aF -1
+a(_ : ) (0* +a® —a) +a"}+

1t - 3(n—Fk)
JR S B n k
+B3(a,n);a a (k)

Note that the equality in (5) is understood in
almost surely sense. From [38], Lemma 3.2 we
know that if a < 1, b2 > 0 and « (n) — 00, n — o0
then, as n — oo

() Ao~ S0 i) 02 (am) o 2
20( n
(iii) A? (“’”)”(1_:2)((1)_@' (6)

Thus from assumptions of Theorem 3.1 and (6)
it entails that dominated term of B?(a,n) is
A2 (a,n), ie.,

B%(a,n) ~ A% (a,n) as n — oo. (7)
We treat each term of right hand side of (5)
separately. First we consider I; (n). By Cauchy-
Bunyakovsky inequality, the inequality 2zy <
22 + y? and (6) and also using the properties of
regularly varying functions at infinity, we obtain

2 n
ElL )" = Frra >R+

n—1 (k+m—1)An

B2anZ Z

k=1 j=k+1

a? I F cov (er, ¢5) <

£2B(n) <~ ok
< =N n
= B2 (a, n) ;a +

n—1 (k+m—1)A
32 ) 2 Z a7k B ()VB (k) <
k=1 j=k+1
28 (n) a** —1

= B2(a,n) a? -1

11
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1-2

2 n—1 (k+m—1)An ‘
a®IE (B () + B (k) <

t2

+BZ (a,n)

k=1
n—1 (k+m—1)An

B2anZ Z

a® =7k B (5) <

k=1 j=k+1
t28(n) a®" —1
= B2(a,n) a®—1

t2 -
1 2(n—k)
+53 (@) ); a +
N t2 B 1)Zn:a2(" k
B?(a,n)
k=1
Ct? (2m — 1)

Hence, by Chebyshev’s inequality, we have

I (n)£>0, n — oo.

(8)
Now we consider I3 (n). From (6)-(7), it follows
12

2 —_—
A (a,m) >~

t2

B = 5Bt

n — 0.

(9)
By the Cauchy-Bunyakovsky inequality and taki-
ng into account the properties of regularly varying
functions, we find

Varls (n) <

n— n— 2
¢ Mt |t 1),
= 4B4(a,n) P a2(a —1)*
n—1 (k+m—1)An 2n—2j( n—j 2
a a — 1)
+ B () B (k)
; jzk;rl a?(a — 1)2

t4

< m [Cﬂ (n) (a4” — 1) +
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n— 1 ker 1)/\71 2TL 2](an ] _1

1ODEDY

X (8(5) + B (k)

2
k=1 j=k+1 a*(a—1)
(2m —1) B (n) b*t* a** —1
" 402(a—1)*B4 (a,n) a* —1
C(2m—1)tt

Hence, from the last relation and by (9) and
virtue of the Chebyshev inequality, we get
2

2 )

Iy (n) L n — oo. (10)
Further, taking into account the conditions of the

Theorem 3.1, we obtain as n — oo

E|l3 (n)] <
3 n
Blaa L (e
’ k=1

(b2 +a _a’) ’t| S n—k n—k
2a(a—1) B3 ( n);“ (= 1) )+
+ LM a" Fa (k)+
6B3 (a,n) —
+ U a* R (k) ~
B3 (a,n)
k=1
o qmy+ed _am+
B (am) " T B am)
¢ cle’® cle’®
B (a,n)+633 (a,n)a <nH_B?’ (a,n)a (n) =0

Consequently, by Markov inequality

Ig(n)£>0, n — 00.

(11)
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Thus, combining relations (8)-(11), we obtain

In [ = )] I

as n — o0o. Hence, according to the Lebesgue’s
majorized convergence theorem (see [44], Theorem
3, Chapter 2, p.234 and Remark, p.330), we may
deduce

A(a,n)
B(a,n)

t2

2

t

Hf:;kk (B(

a,n)

A(a,n)
B(a,n) \Ij

it t — _é —
e —_—T e n 0
n B (a7n> Y 9

which finishes the proof of Theorem 3.1. O

The next result provides conditions for vali-
dity of CLT for supercritical branching processes
W(n). Note that in this case the immigration
mean and variance is not assumed to be a regularly
varying at infinity.

Theorem 3.2. Assume a > 1,7 < oo and let
{en,n =1} be a sequence ofm dependent random

variables. If x (a,n) = Z a ?ka (k) — oo and

B(n)=o(x(a,n)) asn—)oo then as n — oo

P(W(n)—A(a,n)

B (a,n)
Remark 1. Note that the condition x (a,n) — oo
holds if lim inf < alnt1) > a®. This means that immi-
gration mean tenés to infinity fast enough. Clearly,
if a(n) € Ry then x (a,n) does not converge to
infinity.

<a:>—><1>(x), z €R.

Jlosedenns. The proof of Theorem 3.2 follows the
lines of Theorem 3.1. Again we use the relation
(5), and we have to evaluate each term involved
in the right-hand side of (5). Before we start, it
should be pointed out the asymptotic behavior of
B2 (a,n) as n — oo. Observe that under conditi-
ons of Theorem 2, we have as n — oo,

B%(a,n) ~ A% (a,n) ~ Ca®"x (a,n). (12)

It is obvious E[[; (n)] = 0. By the same argument
as in proof of relation (8), we have

n

E[Il (n)] B2 (a,n) ZGQ
k=1
n—1 (k+m—1)A A
32 ) 2= > @it FVET <
k=1 j=k+1
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C (2m — 1) bttt
a2n42 ~ 4(< ;: ( ) ))2 a’n max B (k) — 0, n— oo.
<C—m—— a“"x (a,n <k<n
S OB (a ) 2, P+

Thus, by Chebyshev’s inequality

a’ (m —1)t?

n
—2k P t2
e (a,n) 1?1226 (k) kz_:l @ I (n)— —g oo (14)
a’* (m— 1)t ia_%ﬁ (k) ~ Concerning I3 (n), we proceed with the same
B?(a,n) Pt arguments which were made in (11) and we get
t2 3
~C k)—0 — 00.
s AK) 0, 0 o0 Bl ) < 0t )

. X (a,n) \/x (a,n)
Hence, we may claim that

It (1) 50, n o (13) CltfPa (n) Cltf’a (n)

x (a,n) v/x (a;n) — x(a,n)/a*"x (a,n)

Let us consider I (n). From (12) it follows that

t2 t2
]EIQ (n) = —mAQ (a,n) — —5 as n — OQ.

3 3
Now we estimate the variance of Iy (n). Observe  + Clt] + KG) — 0 (15)

that a” V a’2nX (av n) X (CL, n) X (CL, n)

Varls (n) <

as n — o00. Collecting relations (13)-(15), we

2m -1t zn: B (k) a* k) (an_k ~ 1)2 p4 ~,  obtain the statement of Theorem 3.2. Theorem 3.2

=~ 4B*(a,n) pt a?(a — 1)2 is completely proved. O
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VY pobomi docaidocyromubes 8AGCTMUBOCTVE MPAEKMOPIT BUNGOKOGUT NPOUECEE, W0 3a0a10Mb PO36 A3~
ku (6 Lo()) das pienarns menaonposionocmi 3 p-cybeayccosumu, CMAayioHapHUMU SUNAOKOBUMU
ymosamu. Ocrosni peaysvbmamu pobomu — ue oOUiHKY 0Af8 PO3N0JIALE CYNPEMYMIS GKA3AHUT NPOUECLE
HG 0OMEIHCEHUT MaA HEOOMENCEHUT MHONCUHA.

Karonosi caosa: p-cybeayccost npouecu, pI6HANHA MENAONPOGLIHOCTNE, 8UNAIKOST NOYAMKOST YMO-
8uU, PO3NOJIA CYNPEMYMY

In this paper, there are studied sample paths properties of stochastic processes representing solutions
(in L2(Q2) sense) of the heat equation with random initial conditions given by p-sub-Gaussian stationary
processes. The main results are the bounds for the distributions of the suprema for such stochastic
processes considered over bounded and unbounded domains.

Key Words: @-sub-Gaussian processes, heat equation, random initial condition, distribution of
supremum

1 Introduction of solutions by uniformly convergent series and
their approximations in different functional spaces
In this paper we investigate sample paths properti- were developed. The present paper is most closely
es of stochastic processes representing solutions related to the papers |1, 3, 4, 6].
of the heat equation with random initial conditi-
ons given by ¢-sub-Gaussian stationary processes. We obtain the bounds for distribution of
The general theory of ¢-sub-Gaussian processes is  supremum for the processes related to the heat
presented in the classical monograph [2| and its equations with ¢-sub-Gaussian initial conditions.
further development can be found in numerous These results generalize the correspoding results
recent studies. Partial differential equations from papers [3, 4] where the cases of Gaussian and
with random initial conditions have been intensi- sub-Gaussian initial conditions were considered.
vely studied in the literature (from different points We also investigate the rate of growth of soluti-
of view), starting from the papers by J. Kampé ons on an unbounded domain and thus extend the
de Feriet (1955) and M. Rosenblatt (1967) who results of |3, 4]. In [6] similar results were obtained
introduced rigorous probabilistic tools in this area. for the case of higher order heat-type equations
In particular, in [8, 9] solutions to PDE subject (see also [6] for more references on the theory of
to random initial conditions were investigated @-sub-Gaussian processes and partial differential
by means of Fourier methods, representations equations with random initial conditions).

© O.M. I'onkaso, JI.M. Caxno, O.1. Bacuiuk 2020
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The paper is organized as follows. Section 2
collects important definitions and facts on ¢-sub-
Gaussian processes needed for our study. In Secti-
on 3 we consider stochastic processes represen-
ting solutions (in Lo(£2) sense) of the heat equati-
on with random p-sub-Gaussian initial conditions
and state the results on the distributions of the
suprema for such stochastic processes considered
over bounded and unbounded domains. Section
4 discusses the conditions of convergence of the
integral functional which represent the solution to
the random heat equation. This consideration is
based on the approach of paper [1| and a result
from paper [8] (presented in Appendix).

2 Preliminaries

We present basic definitions and facts from the
theory of ¢-sub-Gaussian variables and processes
which will be used in the paper.

Definition 2.1. [2, 10] Let ¢ = {¢(x),z € R}
be a continuous even convex function. The functi-
on ¢ is an Orlicz N-function if ¢(0) = 0, ¢(z) >
0 as z 75 0 and the following conditions hold:

22 — 0, Timgoo 22

lim,_,q £ = 00.

Condition Q. Let ¢ be an N-function which satis-
fies lim inf £ ;C) = ¢ > 0, where the case ¢ = oo
is possible.

Definition 2.2. [2, 7] Let ¢ be an N-function
satisfying condition @ and {2, L, P} be a standard
probability space. The random variable  belongs
to the space Suby,(12), if EC = 0, Eexp{A(} exists
for all A € R and there exists a constant a > 0 such
that the following inequality holds for all A € R

Eexp{A(} < exp{p(Aa)}.

The space Sub,(£2) is a Banach space with
respect to the norm

(=1 (In E exp(())
Al ’

T () = sup

A£0

which can be written equivalently as 7,(¢) =

inf{a > 0 : Eexp{A\(} < exp{p(a))}, and it is

called the p-sub-Gaussian standard of the random
variable (.

Definition 2.3. [5] A family A of random vari-
ables ¢ € Sub,(2) is called strictly ¢-sub-
Gaussian if there exists a constant Ca such that

2020, 1-2
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for all countable sets I of random variables (; € A,
1 € I, the following inequality holds:

o\ 1/2

T (Z A,Q) <Cx|E (Z Mi) . (21)
i€l iel

The constant Ca is called the determining

constant of the family A.

The linear closure of a strictly p-sub-Gaussian

family A in the space Ly(€2) is the strictly ¢-
sub-Gaussian with the same determining constant
(I5])-
Definition 2.4. [5] Random process (
{¢(t),t € T} is called (strictly) ¢p-sub-Gaussian
if the family of random variables {((¢t),t € T}
is (strictly) ¢-sub-Gaussian (with the determining
constant C¢).

Let K be a deterministic kernel and suppose
that the process X {X( ),t €T} can be
represented in the form X(t fT (t,s)d&(s),
where £(t), t € T, is a strlctly - sub Gaussian
random process and the integral above is defined
in the mean-square sense. Then the process X (t),
t € T, is strictly p-sub-Gaussian random process
with the same determining constant (see [5]).

Definition 2.5. |2, 10] Let ¢ = {¢(z),z € R} be
an N-function. The function ¢* defined by

¢ (z) = sup(zy — ¢(y))
yER
is called the Young-Fenchel transform (or convex
conjugate) of the function .

The Young-Fenchel transform is also known
as the Legendre (or Legendre-Fenchel) transform,
escpecially in the convex analysis and in the theory
of large deviations.

The function ¢* plays an important role in the
theory of ¢-sub-Gaussian random variables and
processes.

If ¢ is a p-sub-Gaussian random variable, then
we can write exponential estimates for its tail
probabilities, in particular, for all 4 > 0 we have

u

the following bound:
. 2.2
o)) e

By using the entropy methods, various esti-
mates for the distribution of suprema of ¢-sub-
Gaussian random processes can be written in
terms of the function ¢* (see [2]).

Plicl> up < zexp { ¢ (
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To derive the main results in Section 3 we will
need additional notions and statements.

Lemma 2.1. Let Z(u),u > 0 be a conti-
nuous monotonically increasing function such that
Z(u) > 0 and i is nondecreasing for u > wuo,
where ug > 0 is a constant. Then for u > 0,v > 0

Z(u + up)

u
in(—,1 .
mm(v, ) < Z(v+ uo)

Proof. For 0 < u < v we have

u

v

U+ Uup
v+ Uug

< Z(u + up)
= Z(v+ o)’

is nondecreasing for u >

O]

since the function %~
Z(u)
Uugp-

Definition 2.6. [6] The function Z(u),u > 0, is
called admissible for the space Suby(2), if for Z
the conditions of Lemma 2.1 hold and for some

e>0
/Og‘lf(ln (Z(_l)(§> — uo))ds < 00,

where ¥ (v) = ;0> 0.

_v__
=D (v)

Consider a separable ¢-sub-Gaussian process
defined on a separable metric space (7', d), where
T = {a; < t; < b, = 1,2} and d(t,s)
gili’)é ’ti - Si’, t= (tl,tg), S = (31,82).

Theorem 2.1. [6]/ Assume that X = {X(t),t €
T} is a separable o-sub-Gaussian process such that

sup 7o (X (1) — X(s)) < o(h), (2.3)
d(t,s)<h,
t,seT

where {o(h), 0 < h < @‘iné\bi — ail} is a

monotonically increasing continuous function such
that o(h) — 0 as h — 0 and for some ¢ >0

/Oe\ll(lng(_ll)(u)> du < 00,

where U(v) =

(2.4)

<p(+>(v)' Then

P{ igg | X (t)] > u} < 2A(u,b)

forall0 <60 <1 and

21, (min(feg, o))
9(1—0) ’

u >
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where

A(u,0) = . 9

=expq —p* (5 <u(1—9)—51¢(min(950a ’YO)))) }’
and

g0 = sup 1,(X (1)),

Y0 = o(max [b; — ail),
teT Z=1,2

©*(u) is the Young-Fenchel transform of the
function @,

1,(6) =
IRl

3 Main results

231(__1)‘2;) + 1) ( b2 “2) + 1)” du.

201 (u

Consider the Cauchy problem for the heat equati-
on

ou 0%u
— =pu—,t>0,x€eR,u>0, 3.1
subject to the random initial condition
u(0,z) = n(z),z € R, (3.2)

where n(z),z € R, is a stochastic process.

In [3, 4] the case of a sub-Gaussian process 7
was studied. We suppose that 7 is ¢-sub-Gaussian
process satisfying the next assumption.

H.1 n(z),z € R is a real, measurable, mean-
square continuous stationary (in wide sense)
stochastic process, which is strictly -sub-
Gaussian with the determining constant c,,.

Let B(x),z € R, be a covariance function of
7, therefore, we have the representation
B(z) = / cos(\x)dF (), (3.3)
R

where F'(\) is a spectral measure, and for 7 the

spectral representation holds
n(z) = / N Z(dN). (3.4)

R

The stochastic integral is considered as Ly(£2)
integral. The complex-valued orthogonal random

measure Z is such that E|Z(d\)|? = F(d)).
Consider the process u(t, x),t > 0,z € R, defi-

ned by

u(t,r) = /Rg(tw —y)n(y)dy, (3.5)
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where
1 x?
A R NP S SR
9(t,) (47pt)l/2 P Apt v
(3.6)
is the fundamental solution to the heat equation
(3.1).

Taking into account (3.4), we can write the
following representation of the process given by

(3.5):

u(t,x) = /Rexp {i)\ac - ut)\2}Z(d)\). (3.7)

The process (3.7) can be interpreted as the mean-
square or Lo(€2) solution to the Cauchy problem
(3.1)—(3.2), as justified in [4].

Theorem 3.1. Let u(t,z),t > 0,z € R, be the
stochastic process given by (3.7) and assumption
H.1 hold. Assume that Z(u),u > 0, is a functi-
on satisfying conditions of Lemma 2.1 and the
following integral converges:

c% =

:Z/ (22 (,NJFUO) +4Z2<’2)\’+u0))F(d>\) < .
8 (3.9)

Then

o(h) = sup To(u(t, ) —u(ty, z1)) <

max{[t—t1],|z—z1|}<h

1
*‘f’uO

Pruw)

Proof. The proof is similar to the proof of Theorem
3.1 in [4]. We present the main steps. We have:

< eCr(2( (3.9)

sup
max{|t—t1|,|Jz—z1|}<h

To(u(t, x) — u(ty, z1)) <

<ec

(E(u(t, 2)—u(t, 931))2) vz
(3.10)

sup
max{[t—t1],|z—z1|}<h

Using calculations from [4], we get

E(u(t,x)—u(tl,x1)>2:/Rlb()\)]ZF(d)\), (3.11)
where
b(\) = exp{i\z} exp{—pr*t}

—exp{idz1} exp{—p\?t; }.

From formula (3.11) from [4] we have for |t —t;| <
h and |z —x1| < h:

b < (1 —exp { ¥l — 1] })
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+4sin? (%)\(l‘ - xl)) < (min(uAQh, 1)>2+

+4<min (ngl))%

Using Lemma 2.1 we can write the bound

ACSTY

Z(,u)\2 +UO)
b)) < 20 w0

B Z(% + o)

(3.12)

Substituting (3.12) in (3.11) and using inequality
(3.10), we obtain (3.9). O

Theorem 3.2. Let u(t,z),a <t < bc <z <d,
be a separable modification of the stochastic process
given by (3.7) and assumption H.1 hold. Assume
that Z(u),u > 0, is an admissible function for the
space Suby(SY), and the integral (3.8) converges.
Then for 0 < 6 <1 and

A~

21, (min(6I", 7))
6(1—0)

u >

the following inequality holds true:

P{ 32% fu(t, 2)] > u} < 24(u,0),  (3.13)
o)
= { — " (T (1 - 0) — 1, (min(Or, ) }
Ly(0)
= [ (] () ) 41
(1 () ) 1) s 0
r- c,,(/RF(d)\))l/Q, V) = o

CnCZ

——————, w=max(b—a,d— c¢);
Z(L + ) ( )

Yo =

Cyz is defined in (3.8).
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Proof. The assertion of this theorem follows from Let d ¢e®>1and % 5%e® > 1, then
Theorems 2.1 and 3.1.

Note, that from Theorem 3.1 we have that f@((S) < €
condition (2.3) of Theorem 2.1 holds with o(h) = 5 V2 X X
-1 b — 1 1
chZ<Z(%+uo)> . We also have / ( (d cb aexp{2(%>a}>>2
s
b a)\ s
g0 = sup Tolu(t,x)) < < / d
" (t.2)€lab]x[cd] olulh: ) V2 > °
CZ o
N\ 1/2 +/ &
< ¢ sup <E(u(t,1:)) ) < )
(t,z)€lab]x[c,d] 8 ( ( c)(b - a))) 2
=7 —
1/2
< ¢y sup /exp{—2,u)\2t}F(d)\) < Cz\ e 1\t
(t,x)€[a,b] X [c,d] ( ) + 5(7) (1 - %) . (3.16)

It follows from (3.13) that in this case for

1/2
<ey F(d)) =T < oo.
(/R ) 21, (min (6T, 7o)

(1 - 6)

0 u >

Ezxample 3.1. Let n = {n(u),u € R} be a centered

Gaussian random process satisfying Assumption
2 2

H.1. Then ¢; = 1, p(z) = %, o*(x) = %, P{ sup |u(t,z)] >u} <

U(z) = %xl/ 2. Consider the following admissi- ‘égélzi

we have

ble function 2
< {3 (os-0 o))}

In this case 0= (i +ea)’

If 0 is such that 0T < vy (# < 3%), then for

Z(u)=In%(u+1), u>0, a>1/2.

w =e*—1, ZD(v) =exp {vé} -1,

. 21,(6T)
U up
0<h< ’YO 0(1 - 9)

Z(v+ug) =In%(v+e%),

C% = / {111204 (,u)\Q—i—ea) 44 1p3 <’2)\’+e°‘>]F(d)\). we get the estimate
R

The above integral converges if the following P { ailtlg lu(t, z)| > “} =

integral converges c<a<d

/ In%* (])\| + ea)F(d)\). (3.15) < 0<ig”% exp{ — %(% <u(1 —0) — %ﬁp(er)))Q},
R

and if 3 > 1 then for
That is, if condition (3.15) holds true, then A
Theorem 3.2 holds. It follows from (3.14) that 21,(0T")

u > sup
. 5 q b—a Cz\w
I@(5)_/0 ﬂ(ln < 2 <eXp{<TZ> }_ e et P{ sup [|u(t,z)| >u} <

0<6<1 0(1 —0)
o) (B (') 2%

_ea>+1)D ds. < inf exp{—%(%(u(l—&) %f (9F))>2}.

0<6<1

NI
= —

21
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Ezxample 3.2. Let n = {n(u),u € R} be a centered
Gaussian random process, as in Example 3.1.

Consider the admissible function Z(u) = |ul|?,
0 < a < 1. In this case
ug = 0, Z(_l)(u) = ué, u >0,

Al

ci= ()" +o(3) )y

/R ((2)" +atexz) @y, 3a7)

if the next

<

This integral converges integral

converges
MeF(d)) < oo,
R
That is, if condition (3.18) holds, then
Theorem 3.2 holds. It follows from (3.14) that

\f/ b—a iz)i+1>
(T ) #1)]) s

For0< g <1, x>0,y >0, we have

(3.18)

Cz

S

In((1 +a)(L +y)) = (1 +2)(1 +y))’

[In(1 +2)” + In(1 + y)”]

IN

[In(1 + %) + In(1 + ¢°)]

(@ +y°),

IN

Q\HQ\HEM—‘Q —

therefore, in the case of f < a we obtain

5

2

)5

(3.19)

1

1p(0) <

B

f(CZ) 2 0 )1
(5]~

It follows from (3.13) that in this case for

C

u> ZJ@(mln(era ’YO)) /B) ,

91— 0) Y =Czx

we get the estimate

P{ sup |u(t,z)| > u} <

a<t<b
c<x<d
<pion{-3(H(on-0
~ 2T, min(6T,70),9))) '}
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Consider now the process u(t,x),(z,t) € V
defined on an unbounded domain of the following
form: V = [-A, A] x [0,00), A > 0.

Introduce a family of segments {[by, bx+1], k =
,1,...} such that by = 0,b; > bgi1,bp — 00,
— 00; bri1 — b > 2A, define the sets V, =
A, ] [bk,bk+1],k_0,1,... and V = Uzo:ovkz-

Let {a(t),t > 0} be a continuous strictly
increasing function such that a(t) > 0,¢ > 0 and
a(t) — oo, as t — oo.

0
k
-

Denote:
ap = min a(t); ep= sup T,(u(t, x)).
t€[bk,bi+1] (z,t)EV},

In the next theorem the rate of growth of
u(t,x), (z,t) € V, is evaluated.

Theorem 3.3. Let u(t,z), (t,x) € V, be a
separable modification of the stochastic process gi-
ven by (3.7) and assumption H.1 hold. Assume
that Z(u),u > 0, is an admissible function for the
space Suby(Q2), and the integral (3.8) converges.
Suppose that the following conditions hold:

=
o < o0

2. Foro >0

I.(0) /OU q:(m [(A(ZH)( ) — ug) + 1)
X (w(z(*)(#) —ug) +1)])ds

and for some 6, 0 < 0 < 1

1. sup;_ 0,00

CnCZ

1,06
sup Tok(Ock) _
k=0,00 Ak
o
. * (1_6
3. The series kgoexp{ % (%)}

such  that

converges  for  some s

sup % <s< 4.

=0,00

Then for
I,x(0
u> sup o,k (02k) 4 ’
k:ﬁ af 0(1 — 6)
t
P{ sup [ult, z)l u}ﬁQexp{—cp*(E)}
(z,t)eV a(t> S
sag(1—0)

o

)} =1 24(u). (3.20)

2¢p

o
x> exp{
k=0

22
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Proof. The assertion of this theorem follows from
Theorem 6.1 (|6]) (see also Theorem 3 in [9]). The
arguments used for the proof are the same as that
for Theorem 6.2. in [6]. O

Corollary 3.1. Let the assumptions of
Theorem 3.3 hold true. Then there exists a random
variable & such that

P{¢>u} <2A(u)

for
4

(1 - 6)

jcp,k: (0€k)
ag

u > sup
k=0,00

and
lu(z, )| < &a(?)

with probability one.

4 On convergence of the integral (3.7)

In the papers [1], [6] the integral functionals (wi-
th kernels of a particular form) of ¢-sub-Gaussian
random processes were studied as solutions of
higher order partial differential equations with
random initial conditions.

By using the same approach as in [1], we can
state that under the conditions of Theorem 3.2 the
integrals given by formula (3.7), that is,

u(t,z) = /Rexp {i)\:c - ,ut)\Q}Z(d)\)

converge with probability 1 for |z| < A, 0 <t < T,
where A > 0 and T > 0 are some constants.
For this end we can apply the result from [8] (see
Theorem A.1 in Appendix). In view of Theorem
A.1 it is sufficient to show that there exists a
sequence a,, > 0, a, — co asn — 0o, such that the
sequence uy, (t,z) = ffzn exp {z’)\x - ,ut/\Q}Z(d)\)
converges uniformly in probability for |z| < A,
0<t<T.

Reconsidering the proof of Theorem 3.1, we
obtain

sup
max{|t—t1|,|z—z1|}<h

T@(un(t’x) - un(tla -Tl))

<ec

sup
max{|t—t1|,|z—z1|}<h

<e, /R BOVPE () < e (2

(ECun(t, ) (11,21))?) 2

)

L
- u
h 0

23

Bulletin of Taras Shevchenko
National University of Kyiv
Series: Physics & Mathematics

1-2

therefore, condition (5.21) of Theorem A.1 holds

with ))_1.

1
*‘i‘uO

o(h) = ¢yC (Z< .

Taking into account that

Z (uo)

9y
CnCZ

1
oV (e) = — , 0<e<
— Z
Z(=1) (i) g
and Z is an admissible function (see Definition
2.6), we conclude that condition (5.22) of Theorem
A.1 holds as well.

5 Appendix

Let (T,d) be a compact metric space and C (T')
be the Banach space of continuous functions
with uniform norm. Let X = {Xj (t),t € T} be
a sequence of ¢-subGaussian random processes
such that X € C(T). The general conditions
of convergence in probability of X in the space
C (T') are presented in the book [2|. In the paper
[8] these conditions are presented for the case
where T is a finite-dimensional space.

Theorem A.1. ([8]) Let R* be a k-dimensional
space, d(t,s) = maxj<ij<k [ti —si|, T ={0<t; <
Ti,i=1,2,..,k},T; > 0; X, ={Xp (t),t €T} be
a sequence of p—subGaussian random processes
such that X, € C(T). Let us assume also that
there exists a continuous increasing function o =

{o(h),h >0}, 0(h) =0 as h — 0, such that

sup 7, (Xp (t) — Xn (5)) <o (h) (5.21)
d(t,s)<h
and
1
/0+ v <ln e Y (8)) de < o0, (5.22)

where W (u) = #)(u), o=V (u) is the inverse

function of o (u), @™V (u) is the inverse functi-
on of ¢ (u), for u >0, and [y, f(¢)de denotes
foéf(s) de for sufficiently small 5 > 0. If the
sequence of processes X, (t), n > 1, converges
in probability to X (t) for all t € T, then X, (t)

converges in probability to X (t) in the space
c(T).
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Oninku po3noainy HamiBauopMm leabaepa Estimates for the distribution of Holder

Big mificHMX cTallioHApHUX IayCCOBUX semi-norms of real stationary Gaussian

nporieciB 3i CTiiiKOIO KOPeJIAIiifHOI0 processes with a stable correlation

dyHKITiEFO function

! KuiBcobknit  namjonasbumit  yHiBEpcHTeT iMeHi
Tapaca Illesuenka, 83000, m. Kuis, np-t. I'my- ! Taras Shevchenko National University of Kyiv,
mKOBa 41, 83000, Kyiv, 4d Glushkova str.,
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VY pobomi poseaadaromuea dilicni cmayionaphi 2ayccost NPouecy 3t CMitiKo Kopesauilinoto dym-
xuicro. Ilokasano, wo mpaexkmopii CmayioHaPHUL 2a4YCCOBUL BAACHUT KOMNACKCHUT BUNGIKOBUL NPOYe-
€18 13 HYADOBUM MAMEMATNUNHUM CNOJBAHHAM HaeHcamb npocmopy Opaiua, nopodcenomy PyHKyi-

2
ero U(x) = ez —1. Ompumano ymosu, 3a AKUT CNPABOACYIOMBCA OUIHKYU PO3Nnodiny naniehopm Ienv-
depa 610 2ayYcCOBUT BAACHUT KOMNACKCHUT UNAOKOBUT NPoyecis, sudnaverur na xkomnaxmi T = [0,T].
Ka0106i cr06a: cmauioHapHi 263CCo8T NPOUECU, 8AACHT KOMNAEKCHT 6UNGOKOST NPOUECU, NPOCTNOPU
Opaivwa, modysi Henepepsrocmi, Hanishopmu Ieavdepa.

Complex random wvariables and processes with a vanishing pseudo-correlation are called proper.
There is a class of stationary proper complex random processes that have a stable correlation function.
In the present article we consider real stationary Gaussian processes with a stable correlation function.
It is shown that the trajectories of stationary Gaussian proper com2plex random processes with zero

mean belong to the Orlich space generated by the function U(x) = e — 1. Estimates are obtained for
the distribution of semi-norms of sample functions of Gaussian proper complex random processes with
a stable correlation function, defined on the compact T = [0,T], in Hélder spaces.

Key Words: stationary Gaussian processes, proper complex random processes, Orlicz spaces, moduli
of continuity, Holder semi-norms.

CrarTio ipescraBus i.¢d.-m.H. Kozadenko 10.B.

1 Bcryn BJIACHUX KOMILIEKCHUX BHIIQJKOBAX IIPOIIECIB

Xo = (Xa(t), t T OTO 11 i i
Hexaii (T, p) — mesikuii MeTpudHUil IpOCTIp. o = (Xa(t), t € [0,T]), robro fvosiproctefi

PosrissHemo Takmit BumamkoBmit mporec X =

= (X(¢), t € T), mo 3 imosipuicrio 1: P sup [ Xa(t) — Xa(s)] >
sup | X (t) — X(s)] 0<|t—s|<e f(t —s])
0<p(t,s)<e t,s€[0,7)
lim sup Loel <1 . .
£l0 f(e) Taki OIIHKK Ta NPUIYIICHHS, 3TIIHO 3 AKH-

MU HAIIBHOPMU TPAEKTOPIil TPOIECIB 3 MTPOCTO-
piB Fy(2) 3amoBoabusiiors ymoBi Iesbaepa, Oyiin
orpumani B |2, 3]. Cxoxi pesyibraru jjist raycco-
BUX IIPOIIECiB, BU3HAYEHUX HA KOMIIAKTI, MiCTs-
Thest y pobori [4]. Kozauenko [5] y3aranbnus pesy-

VY 1iit mepiBaoCTi byHKIiS f moBuHHA OyTH MOJTY-
JIEM HelepepBHOCTI jyist mporecy X .

[Tpocrip dyHKITNE 3 MOAYISIMEA HEIIEPEPBHOCTI
f e nmpocropom lestbjiepa, a GyHKITIOHAT

su | X (t) — X(s)| geTaTu Jagai s BUIIaIKOBUX IIPOIECiB, IO Ha-
o<pts)<e  f(p(t;s)) Jexarh 110 npocropis Opuiva (aue. Takox [1, 6]).
t,s€T
€ HaIiBHOPMOIO y mpocTopi l'eabnepa. Y momanb- 2 OszsHavyeHHs Ta NONEPeHiI pe3yJabTaTu

MMOMY MaTHUMEMO CHpaBy 13 OI[IHKaMH PO3-
MoaLTiB  HamiBHOpM lenbiepa Big TpaeKTopiii

© A.B. Barymna, 2020
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Osnavenns 2.1. ([7]) Bunagkosuit komiiekcHuii
uporiecc X = (X4 (t), t € R) HasuBaeThCs Bia-
CHMM KOMIIJIEKCHIM BHIIA/IKOBUM IIPOIECOM, SIKIIO
[ICeBIOKOpedIiiina (PYHKIls OO MPOIECY T0-
PIBHIOE HYJTIO:

EXo(t)Xa(t+ 1) =0,

TO6TO, KOJIN BUKOHYIOTHCA YMOBU:

EX ()X (t+7) = EX,(t) X,(t +7),

EX.(H)Xs(t+7) = —EX () X (t + 7).

Osnavenns 2.2. (|8]) @yukuis r(7), 7 € R, nasu-
BAETHCS CTIHKOIO KOPEAIiHHOI0 (PYHKINEIO, TKITO

r(r)=o exp{—cwo‘ <1+i5|:’w(r,a)>},

(1)

neac (0,2, 8 <1,¢>0,0%2>0ma

tg 5"
w(ra) =4, 2
{3,lnlfl,

Osnavennsa 2.3. CralnioHapHUil BJIACHHUI KOMILIE-
KCHU BUIAJIKOBUI IIPOIEC HA3UBAETHCA BJIACHUM
CTaI[iOHAPHNM KOMILIEKCHIM BHUIAJKOBUM IIPOIIE-
COM 3i CTIfIKOIO0 KOPEJSIiitHOI (DYHKIIE, SKITO

Eya(t) = T(T)a

SKITO ¢ # 1;
aKImo o = 1.

Xo(t+71)
ne dyskis r(7) 3amana (1).

Osnavenna 2.4. ([1]) @ynkniio U : R — R na-
suBaioTh C—dyukiieio, sakio U — olyKJja, MOHO-
TOHHO 3pocTraioda npu = > 0, mapHa, HEIepepBHA,
a takox U(0) = 0.

Ba oznauennsam, C—byukis U(x), z > 0, mae
obepueny dyukiio ([1]).

Osnavenns 2.5. ([1]) Hexait U — nosinbaa C—
dyuxuig. [Tpocropom Opiiiva BUIIAIKOBUX BEJIH-
und Ly (§2) Ha3MBa€THCs CiM’SI BUIIAIKOBUX BeJIV-
9uH, 10 s KOKHOI & € Ly () icHye Taka KoH-
cranTa r¢ > 0, mo

> < 00.

eit mpoctip € npocropom Banaxa 3 HOpMOIO

el :inf{r S0 EU(f) < 1}.

£
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Osnauvenna  2.6. ([1])
Net,py(u) == N(u) — me mixiMambHa KiTbKicTh

MerpudHa MaCHBHICTH

3aMKHEHUX KyJjib (BU3HAYEHUX BIJIIOBIIHO /10 Me-
TPHUKH p) PAJiyCy U, SKIMU MOXKHA TOKPUTH IPO-
crip T.

Osnavenns 2.7. ([1]) C-dbyukuis U 3an0BosbHse
A% -ynmosi, sikmo U ~ U?, To6ro Jxo > 0, IL > 1
Vo > xp :

U*(x)

< U(Lw). 2)

Posrasinemo upocrip T = [0, 7], T > 0, y
AKOMY BBEIEMO METPHUKY
p(t,s)=t—s|, t,seT.
Hexait U : R - R — C—dyuxuis, mo 3am10-
BonbHse A2-ymosi. Bimmosimauit mpoctip Ly ()
€ pocropom Oputiva 3 HOpMOIO || - || 7.

PosrinstHemo croxactwunmit  mporec X
(X(t),t €T) 3 Ly(Q)—upupocramu. Toxi

px(t,s) = [[X(t) = X(s)[lv,  t,s€eT,
€ TICEBJIOMETPUKOIO, ITOPOJKEHOI0 MporiecoM X .
[Tpunyctumo, mo mporec X € cenapabebHIM Ha
(T, p).

[Moksagemo N(u) — MerpuyHa MaCHBHICTDH
upocropy (T, p). Hexaii o(u), u > 0, € nesikoro He-
nepepBHOIO (DyHKIE Takowo, mo o(u) — 0 upu
u — 0. BBesiemMo yMOBY Ha TICEBIOMETPUKY P :

sup |1X(1) — X ()l < o), V>0,
p(t,s)<u
Ockinbku T = [0, T], To 3a o3nadenusM 2.6
MAa€eMo, 110
T T
— <N < —+ 1.
2u () 2u *

Tomy st o~ (p) — obepuenoi byHKIii 10
o(u), BUKOHYETbCSI HEPIBHICTh:

N(T,px)(p) < + 1.

_r
201 (p)
Teopema 2.1. ([6]) IHoxaademo

o(u)
+ 1> dp =
'(p)

i
o(t)] = O/UU(U <§; + 1> do(t), u > 0;

20 max{xg, L}, de x9 ma L — xonucmanmu 3
osnavenna 2.7; a makoorc u, = o"V(T). Todi
icnyroms pynwyii C(o(u)), u € (0,uy), 1 Ci(u),

€ (0,7), maxi, wo C(o(u)) > 0 Vu € (0,us),
Ci(u) >0Vu € (0,T), Ci(u) = 0 npuu — 0, ma
YV > 20 Yu € (0,us) mae micye nepiericmo:

T
20(-1

[p



Bicnux Kuiscvkoz2o nayionanrvbro2o yrisepcumemy

Bulletin of Taras Shevchenko

inf<r>0:r>—o

iment Tapaca Ilesvwernra 2020, 1-2 National University of Kyiv
Cepia: Pizuro-mamemamusti HaYKY Series: Physics & Mathematics
62
l¢|l = inf {r >0: EeXp{QQ} < 2} =
p | X (t) — X(s)| C1(u) "
sup > < . 3
oy Clo(u) (ot~ ) U(a) S (RPN AT
0<t—s|<u - N2~

Jlna w makuz, wo N(u) > U(zp): C1(u) < 3+2
i C(o(u)) < 3L(54 4L). Biavwe mozo,

i A(X;u) <1
im su <
wo 3L+ AL)z0f (o (w))
Mmadioice naneeho, de
AXiu)= sup | X(t)— X(s)].
t,s€T
0<t—s|<u

3 OcHoBHIi pe3yabTaTn

Hexait £ — rayccoBa BUITaJKOBa BEJIUYNHA 3
HYJBOBUM MAaTEMATUYHUM CIIOJiBAHHSIM Ta JIHC-
nepcieio o2.

Teopema 3.1. Bunadkosa ceaununa & ~ N(0,02)

naaesrcums npocmopy Opaiva Ly () 3 dyrryiero
U(x) = exp {%2} — 1 ma nopmoro ||€||r = %0—,

Jlosedenns. Ockinbru U(x) = exp {%2} -1, T0

e b

JJIsT TOBiIbHOTO 1 > 0. Maemo, 1110

2

> = Eexp{fr

2

§

r

)
1 / x? z2 d
= exp —5 ¢ -expl ———5 o dxr =
2m0 P 272 P 202
)
)
_ 1 22 r?2— g2 do —
a 2Qmo exp 2 r2g2 v
—00
% 722_052 yi x2 r?2—o? d
B \/ﬂ . r2g2 / P 2 . r2g2 v

Orxke, £ nanexuts npocropy Opumiga Ly (2)
3a o3HavenusM 2.5. Ii Hopma:

27

H,_/

3
2

—=0.

V3

Posrisinemo X, = (Xo(t), t € T) — cramnio-
HApHUI raycciBCbKuil BJIACHUIT KOMILIEKCHUM BU-
na IKoBMit mporiec Takwit, mo Xo(t) ~ N(0,02%)
Vt € T. ¥V takomy pasi, BiIIOBIIHO 70 TeOpeMU
3.1, X, (t) nasexurs npocropy OpJiiua, 1o nopo-

O

JeKyeTbest pynkiieo U(x) = exp {%} -1,z eR.
s C-dynknis 3a10B01bH0€ A2-yMOBi 3 KOHCTAH-
tolo L > /2 (quB. osmadenns 2.7), nmpmdomy
npu L = /2 yMOBa BUKOHYETHCSI JIJIsI JOBLIBHOTO
x > 0.V Bignosigaomy mpocropi Opiiva Ly (2)
HO3HAYNMO HOpMY depes || - ||¢.

Takum auHOM, (DyHKILS

pxa(t;8) = [ Xa(t) = Xals)|uv,

€ IICEBJ/IOMETPUKOIO, IIOPOJIZKEHOIO IIPOIECOM X .
[Tpunyctumo, mo mnporec X, € cenapabebHIM Ha
(T, p). Ockinbku Vt € T ta V7 € [—t,T —t]:

t,s €T,

EXo(t)Xa(t +7) = (1) = 0? exp{—c|7|*},

TO, BUKOPHUCTOBYIOUHN HepiBHICTHE 1 — ™% <

x > 0, maemo Vt, s € T:
E(Xa(t) = Xa(s))* = 2r(0) — 2r(jt — s|) =
= 202(1 — exp{—c|t — 5|*}) < 2co?|t — s5|°.

[Mosnaunmo o1 (u) = 20\/%1&‘/2, u > 0. Or-
2Ke, 3riHOo 13 Teopemoio 3.1, oTpuMmau yMOBY Ha
IICEBJIOMETPUKY pPXx,,: JJId JoBiabHOTO U > 0

sup || Xa(t) = Xa(s)llv < 20

[t—s|<u

3riHO 13 O3HAYEHHSIM METPUYHOI MACUBHOCTI
Uu

( BE) e

obepreHO0 QYHKIE 110 01(u), TO Gylle BUKOHY-

BaTHUCh HEPIBHICTbD:
/3
2c

N

px,, (1)) Ta ocKimbKI U(_l)(u) = (

—2/a
T /

2

u

20

N

PXq

(u) <1+
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st (byHKui'l' U( ) = exp{ } 1, z € R,

obeprenoro € U =+/2In(y+ 1), y > 0. To-

MY MOXKeMO OHIHHTI/I 3HAYCHHA Cl)yHKHll

o1(u)
T
e el B
20" (p)
0 1
20\/%7u"/2 T 3 -2/«
_ T (» |3
= / 21In 2+2 (20 20) dp.
0

JJ1sT ITHOTO CKOPUCTAEMOCST HEPIBHICTIO

B8

ln(1+t):;1n(1+t)6 — (4)

0 CIPABIKYETHCA Mjig Oyab-sikoro ¢ > 0 Ta

g € (0,1). Maemo:
(243)

floi(u) <
ne B € (0,1). [Ipunycrumo, 1o

JZue?
o7 /
—2/a
< ) <er(u) - p /e,

To610 €1 (u) > p?/* + L. (20\/2;0> 2/a. Ockinb-

KH D € (O 20\/% a/ 2) TO TIOTIEPE/THS HEPIBHICTD

2/«

(u+ %) . (20\/%) .

Om:xe, 3a ymoBH, 1o B < «, Mag MicIle HepiB-
HICTB:

B/2

3 dp,

14+ —. -
+ 2c

2 \ 20

1+T
2

3
2c

p

20

BUKOHYEThCsT TIpH €1 ()

/2

B/2
et ] -
dao c =

812,
a—p 3/3<“’ ) !

Takum YHUHOM, CIIPaBJ/I2KYETHCiA HaCTYIIHa TeO-

LT
2

pema.

Teopema 3.2. Iloxaademo
dao c

B/2
o b B(“) ¢

de c,o > 0, a € (0,2] ma p € (0,min{l,a}).
max{zg, L}, de xg ma

ga(u): 2, u>0,

Taxoorc wexatl zg
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L — xoucmanmu 3 osnavenHsa 2.7, a MaKorc
oD T /37"
Up = (T) = (5513 . Todi icruyromo

Pynryi C(O’l< ), uw € (0,uy), t Cr(u), we (0,T),
maki, wo C’(al(u)) > 0 Vu € (0,us), Ci(u) > 0
Vu € (0,7), Ci(u) — 0 npuu — 0, ma Vo > 2z
Vu € (0,us) mae micye nepieHicmsy:

Xa(t) — Xa
pl oy X=Xl
tser  Clo1(u)) ga(lt — s|)
0<|t—s|<u
< Ci(w)
exp {%} —1
Biavwe mozo,
. A(Xy;u)
lim su <1
w0 3L(5+4L)z0 ga(u)

Mmatioice wanesHo, de

A(on§u) = Sup |Xa(t) _Xa(s)"

t,seT
0<|t—s|<u

Hacaigok 1. Ockinvru A% -ymoea cuxornyemvces
Ve > 0 npu L V2, mo y maxomy eunadky
20 V2 i dna oydo-axozo u < ﬁ =0 Usx
suronyemovcs nepishicmo N(u) > U(zg). Todi
Vo > V2 ma u € (0,min{u., usw}) cnpacdcye-
MbHCA HEPIBHICTD:

bl ap Eal)- Xa(o) .
tseT  3(845v2) ga(lt — s|)
0<|t—s|<u
2
o {5}
Biavwe mozo,
A(Xy;u)

66 +4v2) galw) ~

Mmatioice nanesHo, de

lim sup
ul0

A(Xq;u) = sup | Xa(t) — Xa(s)]-

0<|t—s|<u

3ayBaxkeHHs1 1. Bnauents npacoi wacmuny He-

2In(4 + v/2).

piswocmi (5) mewwe 1 npu x >

28
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ITpuknad 1. Hexait T = 1,¢c = o =1t gep a,u, 3a(5+4v2)

pun 20 = 110 e ha(ou, B) = YEiiel
u=35€ (O mln{ , 2(6 o) }) Axmo « € (0,2), ®ynkuio hs(o,u, 5) moxHa MiHIMI3yBaTH 10

To Hexait B = §, Ta f = 2, gkmo o = 2. Or-
2Ke, 3TrigHo i3 HacaigkoM 1 Ta 3ayBaKeHHAM 1, y

Takomy Bunaiky vV > 1/21In(4 4+ v/2) mae micre

HEpPIBHICTB:
Pl el = Xals) 3V2
p <
t,scf0,1] 3(8 +5v2) hi(a) e —1
o< |t— s|\2
ne hy(a) = 225 o o € (0,2) ma by (2) = 2

Axmo qs g € (0,1):

3+\/_

2TYS e =2 <1+
q

TO 3 iMOBipHicTIO, OL/IBINIOIO 32 1 — ¢, CIpaBIKYyeE-
Thest Taka ominka Vo € (0, 2]:

sup | Xa(t) — Xa(s)] < 6(5 +4v2)x
t,s€[0,1]
0<[t—s|<3
3 2
« | <1 4 lf) h(a). (6)
q
5+ 4v/2)/In(301 + 100+/2) - ZTT arue o € (0,2);

200

zla) = {

29/2(8 + 54214/ 1n(301 + 100/2),

AKIG 0 = 2.

800

400 |

-

00 CI.IE- 1.ID 1 .IE- E.ID
Puc. 1. Bnauenns npasoi yactuau HepiBaocTi (6)

B 3aJ1€2KHOCTI Big obpanoro « st ¢ = 0,01

Hpuraad 2. Hexait c =3, 0 =1 1aT =2(1—u).

2
V rakomy pasi ais Oymb-saxux x> 1/21n(4 4+ v/2),
€ (0,2], u € (0, e_%) ta B € (0,1) 3rigHo i3

HacJaikoM 1 Ta 3ayBaxKeHHsIM 1 Ma€ Miclie HepiB-

HICTB:
Xo(t) — Xo 2
S B AOES AC I GO B
tee2(1—w)]  hala,u, ) e
0<|t—s|<u

29

8h?: (OC,'U,,B)
op

Je?

AHajioriyHO 10 MOIEPeSHBOr0  IPUKJIAJLY,
Vg € (0,1) macrymnna HepiBHiCTb CIPaBIIKYETHCS
Vo € (0,2 Tau e (0
mor 3a 1 — ¢:

aMminHit 5. 3 ymoBu = 0 maemo, 110

OIITUMAaAJIbHUM € SHAYCHHA

1

200

Inu

9
In?u

, o—1 ) 3 iMoBipHicTIO, Gib-

Sup [ Xa(t) = Xa(s)| < 6(5+4v2)x
t,5€[0,2(1—u)]
0<[t—s|<u
2
X In (1+¥> -h4(oz,u), (7)
o a—flau)
ne  ha(o,u) = \/z,a(a,u)(a—ﬁ(a,u))u C

1000

500

u

Puc. 2. 3nauenns npasoi yacruau Hepisaocti (7)
B 3aJIEKHOCTI Bijt obpanux « ta u mjist ¢ = 0,01

Bucuosku

Y poboTi mpoaHAI30BAHO OMIHKH PO3MOJILITY
AedkuX (PyHKIOHAIB g JiMCHUX CTallioHAp-
HUX T[ayCCOBUX IMPOIECiB. 30KpeMa, PO3IJISTHYTO
3B’S130K MiXK TPAEKTOPISIMU CTAIlIOHAPHUX TayCCO-
BHUX BJIACHUX KOMIIJIEKCHUX BHUIIQIKOBUX IIPOIIECIB,
1[0 MAIOTh HY/JIbOBE MaTeMAaTUYIHE CIIOIiBaHHs, Ta
HpOCTOpOM Opiiva, mo mopoKeHnit PyHKITEO
Ulz) = e —1. st posnoiily HAIIBHOPM Biji ra-
YCCOBUX BJIACHUX KOMILIEKCHUX BUIAJKOBUX IIPO-
necis, BusHadennx Ha xkommakti T = [0,7], orpu-
MaHO OIIHKM y mpocTopax ['enbaepa.



Bicnux Kuiscvkoz2o nayionanrvbro2o yrisepcumemy

Bulletin of Taras Shevchenko

iment Tapaca Ilesuwernra 2020, 1-2 National University of Kyiv
Cepia: Pizuro-mamemamusri HAYKY Series: Physics & Mathematics
Crircok BUKOPHUCTAaHUX I2KepeJT References

1.

Buldygin V.V. Metric Characterization of
Random Variables and Random Processes /
V.V. Buldygin, Yu.V. Kozachenko. — Ameri-
can Mathematical Society: Providence, RI,
2000. — 257 c.

Kozachenko Yu.V. Lipschitz conditions
for stochastic processes in the Banach
spaces [Fy;(€Q) of random variables /

Yu.V. Kozachenko, D.V. Zatula // Theory of
Probability and Mathematical Statistics. —
2015. — Ne91. — C. 43-60.

Kozachenko Yu.V. Estimates for distributions
of Holder semi-norms of random processes
from F, () spaces, defined on the interval
[0,00) / Yu.V. Kozachenko, D.V. Zatula //
Statistics, Optimization & Information
Computing. — 2019. — N7 (1). — C. 198-210.

Dudley R.M. Sample functions of the Gaussi-
an processes. / R.M. Dudley // The Annals
of Probability. — 1973. — Nel (1). — C. 3-68.

Kosavenxo [0.B. CiyuaiiHble IpOIECCHl B
npocrpancrBax Opsmyaa. 1./ FO.B. Koszauen-
ko // Teopusi BEpOSITH. U MaTeM. CTATHCT. —

1984. — Ne30. — C. 92-107.

Samyaa /.B. Moy HemlepepBHOCTI BHUIIA/I-
KOBHX IIPOIECiB 3 mpocTopiB OpJtiva BUITAIKO-
BUX BeJINYNH, BU3HaUeHnX Ha inrepsayi / J1.B.
Baryna // Bicnuk Knicbkoro HanioHag sHOTO
yuiBepcurery im. Tapaca Illepuenka. Cepist:
diz.-mar. mHayku. — 2013. — Ne2. — C. 23-28.

Iempanosa M.FO. Bnacui KOMILIEKCHI Bu-
nagkosi mpomecu. /  M.IO. Ilerpanosa,
10.B. Kozauenko // 36ipHUKE HAyKOBHX
rpaib 1podecopChbKO-BUKIIAIAIIBKOTO CKIIATY
IouHY imeni Bacuist Cryca. — 2017.

Kosauenxo FO.B. JliiicHi cramioHapHi raycosi
MIPOIECH 3i CTINKIMU KOPEIATIHHIME (DyHKITI-
svu. / FO.B. Koszauenko, M.FO. Ilerpanosa
// HaykoBuii BicHUK YZKTropoJCbKOro yHiBep-

curery. Cepisg «Maremaruka i indopmaTukas.
— 2017. — Ne2 (31). — C. 90-100.

30

1.

. KOZACHENKO, Yu.V.

BULDYGIN, V.V. and KOZACHENKO, I.V.
(2000) Metric characterization of random
variables and random processes (Vol. 188).
American Mathematical Soc.

. KOZACHENKO, Yu.V. and ZATULA, D.V.

(2015) Lipschitz conditions for stochastic
processes in the Banach spaces Fy(£2) of
random variables. Theory of Probability and
Mathematical Statistics. 91. pp.43-60.

. KOZACHENKO, Yu.V. and ZATULA, D.V.

(2019) Estimates for distributions of Holder
semi-norms of random processes from [Fy,(£2)
spaces, defined on the interval [0, 00). Statisti-
cs, Optimization & Information Computing. 7
(1). pp.198-210.

. DUDLEY, R.M. (1973) Sample functions

of the Gaussian processes. The Annals of
Probability. 1 (1). pp.3-68.

(1985) Random
processes in Orlicz spaces. 1. Theory of
Probability and Mathematical Statistics. 30.
pp.103-117. (in Russian)

. ZATULA, D.V. (2013) Modules of continui-

ty of random processes from Orlicz spaces
of random variables, defined on the interval.
Bulletin of Taras Shevchenko National Uni-
versity of Kyiv. Series: Physics & Mathemati-
cs. (2). pp.23-28.

PETRANOVA, M.Yu. and KOZACHENKO,
Yu.V. (2017) Vlasni kompleksni vypadkovi
procesy. Zbirnyky prac’
profesors’ko-vykladac’koho DonNU
iment Vasylya Stusa.

naukovyz
skladu

. KOZACHENKO, Yu.V. and PETRANOVA,

M.Yu. (2017) Dijsni stacionarni hausovi
procesy zi stijkymy korelyacijnymy funkci-
yamy. Naukovyj wisnyk  Uzhhorods’koho
universytetu. Seriya «Matematyka 1
informatykas. 2 (31). pp.90-100.

Hanitinmia 1o penkosterii 11.08.2019



Bicnux Kuiscvkoz2o nayionanrvbro2o yrisepcumemy
iment Tapaca Ilesvwerra
Cepisa: npukAaoHa MAMEMAMUKA

VIIK 519.21

B.II. By6uenko!, x..-m.m.
€.0. Koctiok?,
M.O. JIykamtyx?,

A.M. Spormmescpkniit

Kunacudikarnis 3minu peiiTuHry
(iHaHCOBUX MOKA3HUKIB CTPaXOBUX
KOMMOaHiii

1=4KyiBchpknit  HaliOHAJBHUH yHIBepcHTET
imeni Tapaca I[llesuenka, 01033, Kuis, Bys. Boso-
IUMUPCHbKa, 64.
3Instituto Politecnico Nacional, Centro de
Investigacion en Computacion, Mexico City, Av.
Juan de Dios Batiz S /N, Nueva Industrial Vallejo,
Gustavo A. Madero, 07738 Ciudad de Mexico,
Mexico
e-mail: 'v_zubchenko@ukr.net,
2kosteugeneo@gmail.com,
3lukashuk.nikola@gmail.com,
4yaro.andriy@gmail.com

2020, 1-2

Bulletin of Taras Shevchenko
National University of Kyiv
Series: Applied & Mathematics

https://doi.org/10.17721/1812-5409.2020/1-2.4

V.P. Zubchenko!, Ph.D.
Ye.O.Kostiuk?,

M.O. Lukashchuk?,
A.M. Yaroshevskyi?

Rating change classification of insurance
companies indicators

1=4Taras Shevchenko National University of
Kyiv, 01033, Kyiv, 64 Volodymyrska st.
3Instituto Politecnico Nacional, Centro de
Investigacion en Computacion, Mexico City, Av.
Juan de Dios Batiz S/N, Nueva Industrial Vallejo,
Gustavo A. Madero, 07738 Ciudad de Mexico,
Mexico
e-mail: 'v_zubchenko@ukr.net,
2kosteugeneo@gmail.com,
3lukashuk.nikola@gmail.com,
4yaro.andriy@gmail.com

Y pobomi docaidorcyrlomvbea 3aAEHCHOCTIVE MINC PIHAHCOBUMU NOKAZHUKAMU CMPLLOGUL KOMNAHIT

ma NPOCMOPOM HOBUH, AKUL PO32AAIAEMBCA Y 8u2aadi cykynnocmi memamuk. Memoro pobomu e no-
b6ydosa modeni Oasn nepedbauenns HANPAMKY 3MIHU PeTmuH2y CMparosol KoMNaHii 3a 3a0aHUM NOKG-
anukamu (620py abo 6HU3 610 NOMOYHOT NO3UYTE 6 pelimunezy) Ha 0CHOBT MHOHCUHU HOBUHHUL cmamel
3a 610nosidnutl npomisicox wacy. bByaro cmeopero nidrid, axul ekA0vaE NOWYK HATOLALUL BNAUBOBUL
mem 0as 3a0ano20 nokadnuxa. Buxopucmano memod memamuuwnozo modenosanns Latent Dirichlet
Allocation (LDA) ma waisnuti 6aecie xaacugiramop. s oyinku 6yao euxopucmano Leave-One-QOut
8aN10aUT0 HACOBUL PAIE 13 MEMPUKOI MOYHOCI.

Kaouosi caosa: LDA, cmamucmuqnuti anaiis Ho8UH, Memamusne Mo0eatosanmns, naishull baecie
Kaacugiramop, Ginancosi noKa3HUKY CMPATOG0T KOMNAMIL.

In this paper we investigate the relationship between financial indicators of insurance companies
and news space. The news space is considered as a set of topics. The goal of the paper is to fit the
model in order to forecast company‘s rating change for given indicators — whether rating will go up or
down regarding the current value. As the data set we use news articles of the relevant insurance topics
for the specified time period. The approach we use includes search for the most influential topics for
the given indicator. To retrieve topics, we used Latent Dirichlet Allocation (LDA) algorithm and Naive
Bayes model. For the validation the Leave-One-Out approach was used with accuracy metric.

Key Words: LDA, news space analysis, topic modelling, Naive Bayes, financial indicators of insurance
company.
1 Bcryn BUX KOMIAHi#l YKpaiHu JOCTYIHI 38 MOCUIAHHSIM
https://forinsurer.com /ratings/nonlife. /lana 3a-
Jlada € BayKJIMBOI, OCKIJIBKU B 0AraThOX TaJIy3six,

Y poboTi JIOCHIKYETHbCST MUTAHHS ITPOTHO3Y- )
30KpeMa B CTpaxyBaHHI, HEJOCTATHBO JaHUX JIJId

BaHHA 3MiHM pPeHATUHTIB (QiHAHCOBUX ITOKA3HU-

KiB CTpaxoBUX KoMITaHi#i. Bukopucrano Bimkpu-
Ti JaHi CTPaxoBOrO pHWHKY YKpalHu Ta, IJIs
MMPUKJIaTY, MOKA3HUK CYMapHUX AaKTHUBIB CTpa-
XOBUX KOMITaHi#t. Bigkpuri mani 1momo icropwu-
9IHUX MOKA3HUKIB (piHAHCOBOrO PEATHHIY CTpPaxo-

MOOYIOBU TIPOTHO3HOT'O MEXaHIi3MYy B PEXKUMi pe-
aJibHOrO 4vacy. OOMerKeHHsI BUHMKAIOTh 3 PI3HHUX
IIPUYNH, TAKUX K 3aKOHOJIABUE PEry/IIOBaHHS, 3a-
HAJTO BEJIMKa I[iHA IMArOTOBKN (PIHAHCOBUX 3Bi-
TiB, HEJOCTATHsI aBTOMAaTH3allid i mudposizalrist

© B.IL. By6uenko, €.0. Koctiok, M.O. Jlykamyk, A.M. fpomescbruii, 2020
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bizuec-mporieciB kommaniit Tomo. Hanpukiram, pi-
3HAIS MiK HasIBHUMHI JTaHUMH OO (hiHAHCOBOL
JUHAMIKN CTPaXOBUX KOMITaHIM Ta PUHKOM AaKITii
MIOJISITA€ B TOMY, IO 1HMOPMAIIisT OI0 IMIHT aKIIil
KoMIaHil Ha 6ipKi JHOCTymHA MaiizKe y JTOBLILHUN
qac. HaTomicTh 1m10/10 cTpaxoBoro puHKY olepa-
TUBHOI iHdopMalil ayke MaJo. €auHe, Mo Bigo-
MO — IIe JMHAMiKa KJIIOUOBUX (DPiHAHCOBHX ITOKa-
3HUKIB CTPaXOBUX KOMIAHIM HA OCHOBI IMOKBap-
TaabHuX (inaHcoBux 3BiTiB. TakoxkK, CTPaxoBUKU
3000B’s3aH1 Ha MOPivYHiil OCHOBI MybO/IiKyBaTn Ga-
JIAHC, 3BIiT 1IpO pubyTKH Ta 30UTKH, Ta TAHI MO0
KJIIOYOBUX MMOKA3HUKIB CTPAXOBOI JiATbHOCTI.

2 Ilomepenni mocJim>KeHHs

JocaiKeHHst pUHKY ITOKA3aJ10, M0 BILJIUB 3aCO-
6iB MacoBol indopmaril y ¢IiHAHCOBOMY CEKTO-
pi 3a ocraHHI POKHU 3HAYHO 30LJIBIIUBCI, 0COOIH-
BO y cdepi dponmgoBoro puHKy. Tak, omy0IikKoBaHo
BEJIUKY KIJIBKICTh PE3y/JbTATIB I0JI0 3aJI€XKHOCTI
Mix indopmairiieio, nomupenoo B 3MI, Ta mixoio
aKIIii, BOJIATWILHICTIO Ta TPEHJOM IX JUHAMIKU
[7, 8, 9, 10]. Haupuknam, y [11] 6ymo mokasza-
HO, IO MeialpocTip HOB’si3aHuil i3 OHIOBUMU
puakamMu. Taki 3B’3KH qy2Ke CKJIAIHI I BKIIOIAOTh
BIUIMB Ha MOBEJIHKY 1HBECTOPIB.

Y pob6ori [12] BukopucroByerbest meroz LDA
3 kJacudikaTopoMm, siknit 3a6e31edye IporHo3yBa-
HHsI BOJIATUJILHOCTI JIJIsI YacOBUX Jialra3oHiB 3 20-
XBUJMHHUM 3MilleHHsIM. B3gBIu 38 0OCHOBY JTaHuit
iJIXi, MU aJaITyeMO HOro Jijist To0yI0BU MOJIETi
[IPOTHO3YBAHHS PyXy PEHTHHIIB (DIHAHCOBUX ITO-
Ka3HUKIB CTPAXOBUX KOMIIaHI{l BIJIHOCHO KOHKY-
pentiB (Ha BimMiHY BiJ MpOrHO3yBaHHS AOCOJIIO-
THUX 3HadeHb). Y pobori [13]| aBrop mpoBoanTh
aHaJIi3 BILINBY Ha (DIHAHCOBY AWHAMIKY aKIi iH-
dopmariii i3 comianmpaux Mepex ta 3MI. Y 3ama-
4i IPOrHO3YBAHHS BOJIATUILHOCTI aBTOPY BIIAJIOCS
nocarayTu Tounocti 83,2%.

PezynbraTis momo anasizy guHAMIKA CTpaxo-
BUX KOMIIAHIN 3a JOITOMOTOI0 METO/Ii MAaITMHHOTO
HaBYaHHs Ta data-science 3HATHO MEHIIE, OCKIIb-
KM 3BiTHI JaHi JOCTYIIHI 31e01/IbIIOro JIMIIIE Ha, 10~
KBapTaJibHI OCHOBi. 3aJle?KHO Bij 3aKOHOIABYOIO
peryaioBaHHsa KOHKPETHOI KpalH! 3BiTHI JaHi MO-
2KYTh TTOJAaBATHUCH 13 PI3HOIO YacTOTOIO, BTIM Yy BiJI-
KPUTOMY JIOCTYTII HAafidacTime JIOCTyIIHa caMe IIo-
KBpaTaJlbHa JUHAMiKa, Ha BIIIMIHY BiJl 3HAYHO BU-
ol 9acTOTU JaHuX i3 (POHJIOBUX PHUHKIB, 1€ IIi-
HU MOYKHA OTPUMATH MPAKTUIHO B OY/Ib-sIKUI MO-
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MeHT 1acy. OTKe, CTPaxoBUii PUHOK MAE TTPUHII-
IIOBO iHIIy CTPYKTYPY JaHUX, HiXK (DOHIOBUN pU-
HOK, OCKIJIbKM MU HE MOXKEMO IIO/IHs 3J1MCHIOBA~
T MOHITOPHUHT iHMOpMAIIil IITOA0 AMHAMIKY 3MIiHN
dinancoBux MOKa3HUKIB cTpaxoBux Kommanii. Ta-
KOXK OJHUM i3 (aKTOpPiB BUCTYIAE AOCTYI M0 iH-
dopmariiitaux megia pecypciB. Koy HOBUHE PO
bOH/I0BI PUHKY JIOCUTDH HOIYJIAPHI y CYCHLIBCTBI
Ta MalOTh BEJIUYE3HY ayUTOPIIO, TO 31 CTpaxyBaH-
HaM Jemnto Baxkde. B Ykpalini, ne crpaxyBaHHs g0ci
€ TEeMOIO DIJIBII By3bKOCIENiaIi30BaHOI0, OKPEMUX
MeJlia pecypciB, fK1 CIpsIMOBaHI caMe Ha IO Te-
My He Tak bararo. 3a3BudYail HOBUHU PO3PiKeHi
110 BCIX MOXKJIMBHUX JKypHaJaXx, caiiTax TOIIO, IO
YCKJIAJIHIOE 3324y 300py Ta aHaJIiXy JaHuX.

3 Bukopucrani agropurMn

3.1 Latent Dirichlet allocation (LDA)

Y pob6ori Blei et al. 1] 6ysna onucana reseparubHa
CTATUCTUYHA MOJETb, K& KOXKHOMY JOKYMEHTY
CTaBUTH Y BIIIIOBIJIHICTH UMOBIPHOCTI HASBHOCTI Y
HBOMY Hamepes 3aJaHol KijgbkocTi Temaruk. LDA
CIIUPAETHCS HA JIeAKI MPUITYIIIEHHS I0JI0 CTPYKTY-
p¥ JOKYMEHTIB, TaKi sIK:

® TIOpSAJ/IOK CJIIB HE Ma€ 3HAYEHHS;

e KUILKICTBH TeM 3a3zaseriap Bigoma (abo ori-
HIOETBCSI 3a3/IAJIET1Ib );

® DO3IOJII TEMATUK MOJETIOETHCS PO3IIOTi-
sgom [lipixie.

Y LDA koxkeH HOKYMEHT CKJIAJAETbCsi 3 TeMa-
THK, SIKi PO3IVISIAIOTHCA $IK JIATEHTHI (IpuxoBa-
Hi) 3minni. KoxkHa Tema pO3IiIsIa€Thest ik HabIp
CJIB 13 MMOBIPHOCTAMHU KOXKHOT'O CJIOBA, IIOTPAIIN-
TN y TeMy. Binmosigno, micas mporeaypu miaron-
KU € MOXKJIMBUM OIIIHUTHU 33 IIUMHU KMOBIPHOCTSI-
MH PO3MIOJILJI TeM Ha JoKymeHT. Lli fimoBipHOCTI i
€ “OCHOBHUMU™ ITapaMeTPaMM MOJIEJI.

Binbm gerasnbno, LDA — 1e iepapxiuna Gae-
CIBCbKa MOJIeJIb, IO CKJIQJIAEThCS 3 JBOX PIBHIB:
MepImii piBeHb CKJaJIa€ThCAd 3 KOMIIOHEHTIB, SKIi
BimoBinaoTe “remarukam’ (abo ioro e Ha3MBa-
I0Th JIATEHTHUM DIBHEM ); APYTUl PIBEHBb — MYJILTH-
HOMiaJIbHa 3MiHHA 3 ampiopHUM posnomaiioMm lipi-
XJIe, sIKa BiamoBigae 3a Kiacudikaliio “reMarnk’
y JokymenTi. IToTiMm juisi KoxkHOTO cjloBa Oymye-
ThCS MOTO POBIIOJIIT HAJIEXKHOCTI 7O KOYKHOI 3 TEM.
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OpHiero 3 mepeBar miaxomy € pobora Ha HEPO3Mi-
qeHnX TeKcTax. JJocuTh 9acTo po3MiTKa € mpobJie-
MOIO 3a PaxyHOK BapTocTi Ta dacy. K Bxke 3a-
3HAYAJIOCS, B YMOBAaX CTPaXOBOT'O Me/Iia ITPOCTOPY
Taka PO3MiTKa Ta 30ip JaHUX IHKOJIU € JIOCUTH CYT-
TEBUM OOMEXKEHHSIM.

3.2 TecryBanHs

Leave-One-Out Bamimanis [4] — e meron orin-
K1 Mojesi. st mpoBeieHHsT OIIHKKY HasIBHI JaHi
IOUIATBCA Ha 71 YaCTUHH, € T — 3araJibHa KiJib-
KicTb 3pa3kiB y nabopi maunux. [lorim n — 1 gactu-
Ha BUKOPHUCTOBYIOTBHCSI B IIPOTIeCi HABYUAHHS, a JJIs
PEIITH YaCTUHU MU IIpoBoauMoO TecTu. [Iporec mo-
BTOPIOETHC 1 pas3iB. TakuM YUHOM JJIs TECTYBaH-
Hsl BUKOPUCTOBYETHCSI BECh HasiBHUI HADIP JIAHUX,
IO ITOKPAIIY€ SKICTh MIEPEBIPKH MOJIEI. 3 HIIIOro
OOKy, TaKuil iaXis BUMAarae OibIoro acy pobo-
TU Ta PECYPCIB /I HABYAHHS 1 MOJIeJIell y TTopiB-
HSIHHI 3 KJACUYHUM PO3OUTTAM Ha TPEHYBAJIbHY
Ta TecTyBajbHy Bubipku. OgHaK 3 IHIIOrO OOKY,
He3BarkalouyW Ha Te, 10 TaKWil MAXia gae OLIbI
TOYHE YSBJIEHHS PO SAKICTH MOJEJ, BiH BUTpadae
3HaYIHO OiNbIle Yacy Ha BIIPOBAIXKEHHS - 3aMiCThb
onHiel Mojesi Tpeba HABYUTHU 7. a OIICJIS - [I€PEB-
YUTH Ha BCIX JTaHUX.

3.3 KoediuienT y3romkeHocTi

KoedimnienT yaromkenocri [5] — koedirient, skuit
obumcoeThCs It KoxkHOI Temu. Moro mozkHa
TPaKTyBaTU $K OIIHKY CMHCJOBOI CXOXKOCTI 4H
criopizmuenocTi ciaiB y 3asnadeniii Temi. Koedirri-
€HT Y3TOJI>KEHOCTI JI0IIOMarae 3po3yMiTH, K y3To-
JIKYIOTBCSI Mi2K CODOIO CJIOBA, SIKi BUBHAYAIOTH Te-
MaTuKy. [cHye Gararo pisHEX mmiaxoaiB 10 004n-
CJIEHHs 1€l OIHKM. Y HAIIOMY BHUIIQJKYy BIH 00-
YUC/IAETHC HACTynHuM dmHOM. llokamemo t; =
{w,i, k =1,.., K} — tema, sika mpeJicTaB/ieHa 3a
noromororo K maitbinein imoBipuux ciiB. Hexaix
cyMapHa KiTbKicTh TemaTnk piBHa 1. [ BekTO-
pu3ariii c/IiB BUKOPUCTOBYBAJIUCS TTOIIEPETHBO 00-
qucsteni Bekropu fast Text [3] muist ykpaincbkol Mo-
Bu'. Bubip BexTopusarii JocuTh cyTTeBHil. ByIo
obpaHo caMme Ieil 3riHO HACTYIHAX TPUIHH:

o fastText mocuTh HemoraHo yMmi€ IpAIIOBATH
3 OAPYKOBKAMHM, SIKHX Y HAIIMX TEKCTaX Odi-
KYEThCS HEMAJIO;

Thttps://fasttext.cc/docs/en/crawl-vectors.html
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e MOJesb OyJl aHaBYEHA Ha BEJIMKUX 00’eMax
TEKCTY, IO JO03BOJIUJIO Tif OTPUMATH XOPOIITi
BJIACTUBOCTI ¥ OTPUMAHOI0 BEKTOPHOT'O IIPO-

CTODPY,

KoedimienT 06unciroeThest 3riiHO HACTYITHOI (bop-

T
k=1

MYJIN:
3 costuj.u]
i,
—— cos(wp, w
7]
,7=1
Yuwm OGibminii MOKA3HUK Y3TOXKEHOCTI — TUM Kpa-
1e, OCKUTBKU MU OYIKYEMO, IO CJIOBA, K1 BU3HA-

JaloTb TeMaTUKy, MalOTb 0araTo CIJIBLHOIO.

3.4 HaiBHmuii 6aeciB kKjaccudikaTop

VmosipHicHa Mozess HAIBHOrO 6GaecoBoro Kacupi-
karopy [2] — ne ymosna monens p(C' | Fi, ..., Fy)
HaJT 3aJ1e2KHOI0 3MinHOoI0 () gKa 3aJeKUTh BiJL jie-
KiTbKOX 3mioHUX Fi,...,F,. YMOBHI po3momia
aminnol C 3a FY, ..., F, MoxHa 300pa3uTu y BU-
rusggi: p(C | Fi,...,EFy) %p(C) [T, p(E; |
C), ne Z — HOpMyMOunii MHOXKHUK, SIKHI 3aJje-
KWUTL Jjurie Bix Fi, ..
3y C' BuzHauaeThest 3rigHo classify(fi,. ..

argmax.p(C =¢)[[l_ p(Fi = fi | C =¢)

., F,. 3HadeHHs TpPOrHO-

afn) =

4 Bubipka

Habip nammx OyB orpuMaHuii 3 pi3sHHX YyKpaiH-
CbKUX HOBUHHUX BeO-CAMTIB, SIKi MICTATH TEr'd JIJIst
CTaTTi, HAIIPUKJIAJ, ‘CTPAXyBaHHS Ta MITKY KOH-
KpeTHO Obpamol KomiaHil. Mu posrisigain gaco-
Buii giana3on 3 noyaTrky 2014 poky 1m0 kinmga 2019
POKy, po3jijeHuii Ha KBapTaau (3araaom 24 pi-
suux nepioju vacy). [llo crocyerbest pefiTunry 1mo-
Ka3HUKIB [IJIsI KOHKPETHOI KOMIIaHIl — JIaHl 3 BiJ-
KPUTUX JI2KepeJs 30Mpasiucd 3a KOXKEeH KBapTaJl.
Petitunrn moka3uukis Oy/iu oTpuMaHi K IO3UIIIT B
PEeITUHTY JIJ1 IOCJILZKYBAHOI CTPAXOBOI KOMITIaHIT
BIZTHOCHO JMHAMIKH PEIITH KOMITaHI#l y TOTOYHOMY
kBapraji. Mu 3i6pasm 12829 HOBUHHUX cTaTeil 3a
BKA3aHUI YaCOBUI IMMPOMIXKOK Ta JIOCTIININ peii-
TuHrn 22 (hiHAHCOBUX ITOKA3HUKIB.

4.1 OO6poOka 03HAK Ta BiAT'yKiB

Ax ozmaku, TPOCTip HOBUH PO3JLIMIN HA BiIo-
BiJHy KiTbKicTh TeM (Olbin moKIa Huil omuc Ha-
BesieHO B posiisi “Excnepumentn ta pesyabraTu’.
Jlist KoxkHOI Temu topic; OOUUCTIOETBCS cyma T1
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MOBIpHOCTEI 3a BU3HAYEHWI MMPOMIXKOK dYacy .
[Ticsr mporo BCl TeMU PaHXKYIOThCS 3a UM 3Ha-
YEeHHAM 13 3MIMIEHHSIM Ha OJUH YacOBUI ITPOMi-
2KOK Hazajl. [lo3naqmmo orpuManuii pe3ysibrar sk
topicy. Ilicis nporo 1o KOXKHOI TeMH 3aCTOCOBYE-
ThCst (PYHKITIST:

0 topic; < topic]_;
1 topic} > topic}_;

Takum YMHOM, TIPOCTIP HOBUH ITEPETBOPIOEMO
Ha OiHApHUH BXij, SKuUil MOKA3ye 3MIiHU MOIYJIIP-
HOCTI TeM 3 yacoM. AHaJjioriuna GyHKIIist Oyiia 3a-
CTOCOBAHA JI0 BIATYKY.

5 EkcnepumeHTH Ta pe3yibTaTu

Jljist TOTO, 100 BCTAHOBUTU XapPAaKTEP 3a/I€2KHOCTI
MI2K ITOBEIHKOIO KOeMiIi€HTIB Ta MOTOYHUM CTa-
HOM IIPOCTOPY HOBHUH, Ha OTPUMAHUX TaHUX Oy-
Jia, mobynoBana mMomeab LDA. KinbkicTh TeMaTuk
Oysa migibpaHa 3a JOTOMOIOK KOeMiIlieHTy y3ro-
Jpkenocti Ta pisaa 60. Ak BxigHi o3maku, Oyu
BUKOPUCTAHI OIIepeIHLO 00podIIeHi OinapHi 03Ha~
ku Ta Biaryku. Ha mux nanwmx Gysia migmaromkena
MOJIeJIb HAIBHOTO 6aecoBOro Kiiacugikaropa, sika
nocsraa toanocti 0.77 Tobro 17/22, i3 mosipumm
inrepsanom piBast 0.95: [0.5463,0.9218]. st ko-
2KHOI TeMaTuku Oyso mnposejieno Tect Dimepa Ha
MepPeBiPKY 3HAYUMOCTI 3aJI€ZKHOCTEH M1 KOXKHOT 3
TemaTuk. Hurkvue HABOIMMO OCHOBHI pe3y/IbTaTH,
IO CBiTYUTH PO iICHYBaHHSA 3aJIE€KHOCTI MiXK I€B-
HUMU HOBUHHUMU TEMATUKAMU Ta 00paHuM (piHan-
COBUM ITOKa3HUKOM CyMapHUX aKTHBIB CTPaxOBOl
komraHil. Onuc TeMaTuK 3 HAWOLIBIT HAMOBIpHIX
5 CJIB JIjIsi KOXKHOI HOBHHHOI TEeMaTKHU BUIJISIIAE
HACTYITHUM YUHOM:

o Temarmka 18, p-value: 0,039, Kopemnsmis:

0.441;

Temaruka 19, p-value: 0,039, KopeJsist:

0.442;

Temaruka 26, p-value: 0,009, KopeJsist:

0.541.

Temaruka 18; CiyoBa: rpymenn, cyboTta, 10-
HeJIlJIKA, IEPEHECTH, KapTa;

Temaruka 19; CnoBa: MequyHuii, mgeprkas-
HHil, cy0 €KT, CTYIIHDb, PU3HK;

Temaruka 26; CiioBa: JiineH3ist, cTpaxyBaH-
Hel, CTPaxXoBuUil, piHAHCOBHIA, 31 ICHIOBATH.
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MoxkHa TTOMITATH, IO CJI0BA, IO BU3HATAIOTH Te-
MaTHUKH BJAJIOCA OTPUMATH JIOCUTH HEITOTAHO - 3a-
rajioM, BOHA MaioTh 3MicT. MoKHa BUILIUTH TEMY
MEJUIHOTO CTPaxyBaHHsd, dKa Oyja JTOCUTH IOIY-
JISPHOIO B YKPalHCBKOMY CYCINJIbCTBI. Takoxk BH-
JLIETHCS TEMa JIeSIKIX JYaCOBIX HOBUH - Ma€ MicCIle
CE30HHICTh HOBUH — HAIPHUKJIAJ, 3MiHA IIOp POKY
Ta BIAMOBIAHI MPOOJIEMH, IO BUHUKAIOTH I 9ac
TaKUX IPOIECIB. 3riHO OTPUMAHUX PE3YJIbTATIB
CTATUCTUYHUX TECTiB MOYKHA CTBEP/IXKYBATHU iCHY-
BaHHS CTATUCTUIHOI 3aJIE2KHOCT] Mi2K BiJI'YKOM Ta
O3HAKaMU.

6 Bucaosok

Y pobori 1noka3aHo iCHyBaHHS CTATUCTUYHO 3Ha-
qyII0l 3aJ1€2KHOCTI MiK 3MiHaMM IIPOCTOPY HOBUH
y 3acobax MacoBol iHdopMaIiii Ta KJIIOYOBUMHU I10-
KasHUKaM# (hIHAHCOBOI JUHAMIKHM CTPaXOBOI KOM-
manii. Pe3ynbrar mokasye, IO 3a JIOIIOMOI'OI0 BU-
KOPHUCTAHUX B POOOTI METO/IIB MAIIIMHHOTO HAaBYa~
HH MOXKHA Kpallle 3po3yMiTu MOTOYHUI (iHaH-
COBUI CTaH CTPaxoBOI KOMIIAaHII Ta CIIPOTHO3YBa-
TH TpeHs, 11 diHaHCOBOI AUHAMIKNA Ha KOHKYPEH-
THOMY PUHKY. Bukopucranus O6iabmrol KiabKOCTI
JIAHUX Ta YaCOBUX (DPArMEHTIB MOXKe JOIOMOTTH
Kpaire 3posymitu BiiuB 3MI Ha Kommasil, mpo
sIKi MU MaeMO OOMeXKeHy KUIBKICTb iHdopMaril.
JlocmimKkeHHsT MOXKYTh OyTU KOPUCHUMU JJIsI OITi-
HIOBaHHsT €(PEeKTUBHOCTI MOTEHINHNX 1HBECTHUIN
Ta TPEHIB PO3BUTKY PUHKY.

Jlami Bim mocIimKeHHS JIOKAJILHOTO PHUHKY
CTPaxXOBUX TOCIYT YKpalHd MU IJIAHYEMO IIepe-
WTHU JI0 JTOCJIJIPKEHHsI PUHKIB CTPAXOBUX ITOCJIYT 1H-
mux Kpaid, skopeMa Benukobpuranii, CIIIA, I'on-
KoHry, Bimopyci Ta immi. IIpormosyemo, mo Ta-
Ke JIOCJIJI2KEHHSI MOYK€ BUSIBUTH CXOKICTHb JMHA-
MIKH CTPaXOBOTO PUHKY B KpaiHaX i3 OJIHAKOBU-
MU MOJIITUIHAMEA PEKUMaMU, CTPYKTYPOIO €KOHO-
miku Tomo. llomanmbmmit aHa i3 MOXKe MOKa3aTU
I IPUHITANIOB] BIIMIHHOCT] MiXK JMHAMIKOIO CTpa-
XOBOI'O PUHKY PI3HUX KpaiH. 3arajoM BHKOPHUCTA-
Hi MeTOAu MOKJINKaHI 3a0e3MeYnTH MOXKJINUBICTH
[IPOTHO3YBAHHS KJIIOYOBUX (DIHAHCOBUX MTOKA3HU-
KiB Ha ocHoBi indopmariii i3 3MI Ta coriaspHIX
MepeK HaBITh B yMOBaX BiJICYTHOCTI BIJIKPHUTOTO
JocTymy 10 dpiHaHCOBOI 3BITHOCTI CTPAXOBUX KOM-
magiii. 3 iHmoro OOKy, Takuil aHali3 1ae Kparle
PO3YMIHHS 3aJI€2KHOCTEl HOBUHHOI'O ITPOCTOPY Ta
Oro BILTUBOM HA IIIJIKOM peaJibHi (piHAHCOBI ITOKa-
3HUKW PI3HUX KOMIAHI{l. ¥ eroxy Takoro pisHoma-
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HITTSI [yMOK Ta CYCIIJIBHUX PeCypcCiB JJIsT KOMIIa-
Hil JJOCUTH BaXJIMBO MATH HAJIWHUN 1HCTPYMEHT
I TAPaXyHKY V BITHOCHUX YU aDCOJIIOTHUX 3Ha~
YeHHAX 3MIH y CYCHUIBbHIN TyMII MO0 KOMIIAHII.
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V danit pobomi 6yao ompumano aAbMEPHAMUSHY OUIHKY 36€PTY UMOBIPHOCTE 8UT00Y MPAEKMO-
Pt cybzaycco6o2o npouecy, 3adaHo20 HA KOMNAKME, 30 KPUBY, 30Kpema 3G AtHitHYy dynryio . o-
caiodcernna basyemves, na peayasvmamax, ompumanur y pobomi [3]. Cybeayccosi sunadkosi npoyecu
npedcmasAaOMs 3HaAYHUL THMepPec 0Af Q0CALONCEHHA, OCKIALKU OMPUMAHT PESYALMATNU TMAKOHC MO-
IHCHA 3GCMOCOBYBAMU 00 24YCCOBUL NPOUECIE.

Karonosi caosa: cybzayccosutl npouec, Mempudna ewmponia, po3nodia cynpemymy, mpaekmopis
6UNAdK06020 NPOYECY.

Investigation of sub-gaussian random processes are of special interest since obtained results can be
applied to Gaussian processes. In this article the properties of trajectories of a sub-Gaussian process
drifted by a curve a studied. The following functionals of extremal type from stochastic process are
studied: sup;eg(X (t) — f(t)), inft € B(X(t) — f(t)) and sup;cp | X (t) — f(t)|. An alternative estimate
of exceeding by sub-Gaussian process a level, given by a continuous linear curve is obtained. The research
is based on the results obtained in the work [3]. The results can be applied to such problems of queuing
theory and financial mathematics as estimation of buffer overflow probability and bankruptcy probability.

Key Words: sub-Gaussian process, metric entropy, supremum distribution, trajectory of random
process.

Communicated by Prof. Mishura Yu.S.

1 Introduction bound f(t), P{inf;cp(X(t)—f(t)) > —x} determi-
nes the probability that the current fails below the
lower bound f(t).

The next part of this section contains some

basic notions of random variables and processes

and their generalizations from the class V(¢,%). from the spaces Sub,(€) and the class V (i, ).
Recall, that sub-gaussian random variables are \ore details can be found in monographs [1, 2.

majorized in distribution by Gaussian random Let (22, B, P) be a standard probability space
variables, and thus are of particular interest as and T be some parametrical space.

their natural generalization. Here we look at
the probability of exceeding by a sub-Gaussian  Definition 1.1. [1] Metric entropy with regard
random process a level given by linear functi- to pseudometric (metric) p, or just metric

The paper continues cycle of works studyi-
ng properties of sub-Gaussian random processes

on form another view and obtain an alternative entropy is a function Hr(uw) = H@u) =
estimate. Such estimates can be useful in queui- log N(7.) (u), if Niz.p) (u) < +o0
ng theory, financial mathematics and in some +00, it Nz, (1) = +00 where

engineering problems. For example, to support Np(u) = N(u) denotes the least number of closed

operations of electronic devices the electric p-balls with radius u covering space (T, p).
current must be in between maximum permissi-

ble amperage and permissible voltage drop. The Definition 1.2. [1] Let ¢ be such an Orlicz N-
estimate P{sup,c (X (t) — f(t)) > 2} determines function, that p(z) = cz? as |z| < zo for some
the probability that the current exceeds the upper ¢ > 0; zg > 0. Centered random variable £ belongs

© P.€. dmnuenko, O./1. Komnne, 2020
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to the space Sub,(2), if for all A € R there exi-
sts a constant a > 0, which satisfies the following
inequality

Eexp (AE) < exp (p(al)).

Definition 1.3. [3] N-function ¢ is subordinated
by an Orlicz N-function ¢ (¢ < %) if there are
exist such numbers zg > 0 and k > 0 that
o(z) < Y(kx) for x > x0.

Definition 1.4. [3] Let ¢ < 1 are two Orlicz N-
functions. Random process X = {X(¢),t € T}
belongs to class V (g, ) if for all t € T the random
variable X () is from Suby(§2) and for all s,t € T
increments (X (t) — X(s)) belong to the family
Sub,(€2).

2 Main result

Let (T, p) be a pseudometrical (metrical) compact
space with pseudometric (metric) p and X =
{X(t),t € T'} be a separable random process from
the class V(p,1)).

Condition Y. Suppose there exists such a conti-
nuous monotonically increasing function ¢ =
{o(h),h > 0}, that o(h) — 0, as h — 0, and the
following inequality for increments of the process
is true

sup 7,(X(t) = X(s)) < a(h). (1)
p(t,s)<h
Put y(u) = 74(X(u)) < oo, and f > 0, be
such a number that 5 < o(inf sup p(t, s)).
s€B tcB

The following lemma contains conditions on
boundness of supremum of the drifted random
process Xf(t) = X (t) — f(t) and estimates of its
exponential moments.

Lemma 1. [3/ Let X = {X(t),t € T} be a
separable random process from the class V(¢,1))
satisfying Condition ¥ and let f = {f(t),t € T}
be a continuous function such that |f(u) — f(v)| <
d(p(u,v)), where where 6 = {d(s),s > 0} is
some monotonically increasing nonnegative functi-
on. Let {qp,k = 1,2,...} be a sequence such that
oo

1
q > 1 and —
;Qk

€ (0,1) the j_followz'ng inequality holds true

[T(vg(!

k=1

< 1. Then for all A > 0 and

L
qx

Eexp{Asup X(t)} < D (Bp*)))

teB
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X exp {1 sup (Y (Aqry(u)) —

q1 weB

)\(hf(u))} X

xHexp{ eAqrBP* 1) + X3(o - 1)(ﬁpk1))}.
(2)

Different kinds of sequences g were studi-
ed previously (see [2]), for example, q;€ =
(1 — p)p*H~', and ¢ = v, where v is
such a number that v > lip and ¢q, =

ﬁ¢(_1) (cp (%) + H(ek)> , k=2,3...

Consider another sequence g, = 2F,k > 1
As a example, let’s apply Lemma 1 to to a sub-
Gaussian random process X, for which o(h) =
Ch®, C' > 0, drifted by the function f(t) = at,
a>0.

Theorem 2.1. Let X = (X(t),t € B) be a
sub-Gaussian random process then the following

equations hold true for p € (0,1) and x > 0.

P {sup(X(t) —at) >
teB

ngu%@@,

P {inf(X

teB

<w—mw«w}<zumﬁw»

P{sup |X(t) —at| > LL‘} < 2Z(>\,p,5,$),

teB
where Z(\, p, B,x) =

1 2
— <2au +x— (g)%) : lpa1> (1 —2p?)
-p
2((1 — 2p®) sup,ep[2

P V2 (u)] + 25%2p2)

Jlosedenmna. Let’s consider each element of (2).
k1
Note that p* = (1) %3 Since
1
ok
/]

ok+1

(N (807 )) du

1 1

> r(N (e (B (55 — )

we have that

1

00
[ (i (e)™)
k=1
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<D <2f; / r<N<a<—1><ﬁul°9%p>>>du) :exp{Mg)é- o }
k=1

1
ok+1 1—pa

3 Combining the above, consider only the exponenti-

D (2 / "N (o (5pa ) du) () al part, i,

0
’ i ' i 1 2y (u))?

Let’s conslder2 other elements in (2_)1 Since Lp [ M } o — e
90(93) = ¢(CC) = %7 5(“) — a|u| and O'( )(h) = 2u€B

1
(&)=, we have that 1

)\25221)2 B 1 pa
: T TG T T (4)
*Pla SUEW(ACJW(U)) — A1 f(u)) — Az D 1 pe
ue

Then we can minimize this expression with respect
— exp { 1 [(2)\’7(“))2] — \au — )\x} . to A. Equating its partial derivative to zero, the

5 Sup . L .
2 weB 2 following equation is obtained.
Next, 2
o0 1 Asup[(2y(w))®] — 2au — z+
[[exp {@(Aqkﬁpk_l)} uep
k=t o 20,2 1
o0 205°2p B pe
1 AT =0
— H exp {2162)\222k62p2k’—2} + 1 — 2p2 + (C 1— pé
k=1 .
- Its solution is
\B? k, 2k—2 AB*2p?
eXp{ 2 k; p eXp 1_2p2 ) 2a,u_i_x,_<g)é.]‘pocl
- \ —p=
2322p?
and supl(2y(w))?] + 3
[T exo {20 (81 }
k=1 L 1
0o o1 (2au T (g)a P 1) (1 —2p?)
= Hexp A(S\Bp \é = 1—pe
P c (1 —2p?) sup[(27(w))?] + 25°2p?
- u€B
— exp (g)é/\ i(pé)kfl After substituting this A in (4), the assertion
P of the Theorem follows from (3) and Lemma 1. [
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Jlas dosinvrozo mempuunozo npocmopy (X, d) niommoorcuna A C X nazusaemves posdianoyoio,
AKUWO Oas deaxur deoxr mowok x # y € X ichye mouka a 3 muoocunu A maxa, wo d(a,x) # d(a,y).
Mempuunoro posmipricmio md(X) npocmopy X masusaemves nomyscHicmsd po3diaarotoi MHONCUHY
3 HAUMEHWON KIADKICTIIO ENEMEHIIE.

3azanrom 3a0a14a NOWYKY MEMPUYHOT POSMIPHOCTE MeMPUYHO20 npocmopy € NP—esasckoro sadauero
[1]. B daniti pobomi onucano Mempuuny po3mipHicms 0as 0EAKUT KOHCMPYKYIT MEMPUYHUT NPOCINO-
Pi6, 30KPEMG MOBHICTIO OTAPAKMEPUIOBAHO MEMPUUHY DOSMIPHICND NPAMOL CYMU MEMPUNHUT NPO-
CMOPI6 1 PO32AAHYMO NEGHI BAGCTNUBOCTNE MEMPUYHOL POIMIPHOCTE NPAMO20 J0OYMKY MEMPUIHUT
NPOCMOoPI6.

K106t ca06a: MEMPUUHA POZMIPHICTD, NPAMA CYMA MEMPUYHUT NPOCMOPIB, Npamul dobymok
MEMPUYHUT NPOCMOPIB.

For an arbitrary metric space (X, d) subset A C X is called resolving if for any two points x # y €
X there exists point a in subset A for which following inequality holds d(a,x) # d(a,y). Cardinality of
the subset A with the least amount of points is called metric dimension.

In general, the problem of finding metric dimension of a metric space is NP-hard[1]. In this
paper metric dimension for particular constructs of metric spaces is provided. In particular, it is fully
characterized metric dimension for the direct sum of metric spaces and shown some properties of the
metric dimension of direct product.

Key Words: metric dimension, direct sum of metric spaces, direct product of metric spaces.

1 Bcryn [8] mpomoBxkum inero BioomenTass mocsimKyBa-

TH METPUYY PO3MIPHICTH METPUYHHUX ITPOCTOPIB.
IlouATTS METPUIHOT PO3MIPHOCTI METPUIHUX IPO-  3oKpeMa, HUME Oy/I0 OGUNCIEHO METPHUHY PO3-
cropis Oyno Beenene B 1953 poni bBiomenrta-  wpricrs kysis B k-BuMmipnomy EBkiimoBomy mpo-
niem [2]. Hepes 20 poxis Bomo 6yi10 3acTocoBane 10 cropi. Ilisaime M. Xeiinapmyp ta C. Maxcayui
METPUIHHX HPOCTOPIB BusHa1eHuX Ha rpadax Xa-  ofuncmin METPUYHY PO3MIpHICTh N€OMETPUYHUX
papi, Menrepom i Cnarepom [3, 4]. 3’acysanocs, [IPOCTOPIB. 3PO3yMLJIO, IO B 3araJilbHOMY BUITAI-
[0 MeTPHUYHA PO3MIPHICTH Ma€ IIMPOKE KOJIO 33~ Ky 3a/ada IOITyKy METPUYHOI pO3MiPHOCTI METpH-
CTOCYBaHb, 30KpeMa B XiMil, poOOTOTeXHII, Mg  wramx mpocTopiB € NP-BaskKOI0, OCKITHKH BOHA €
BU3HAYEHHS MiCIe3HAXOKEeHHsl poOOTiB, Giosorii, NP-paskkowo st IIPOCTOPIB, BU3HAYeHNX rpada-
KombinaTopiit onrumisanil Ta innmx [5, 4. B 3a-  yu. Tomy e mikasumu, sik iy Bumauky rpadis,
rajIbHOMY BHUIQJIKY IOMIYK METPUYHOI PO3MIPHO-  Bpma KM, KOJM MOMKHA OTPHMATH (DOPMYIY /IS

CTi 1pocTopy, Mo BusHaYa€eThCst rpadamu, € NP- ofuncienns merpuanoi posmiprOCTi /17Tt TIeBHIX
BazKKOIO 33/1a€10, OCKIJIbKH JI0 33141 LIOIIYKY M€~ pOJuH METPUYHIX HPOCTOPIB.

TPUYHOI PO3MIPHOCTI 3BOUTBHCS 3aJia4a IONIYKY

kitiku B rpadi [1]. Tomy gociijzkenHs: MeTPUIHOT B it 3amiTIii Mu po3TJIsTHEMO METPUUHY PO3-

PO3MIPHOCTI IPOBOJUINCH B JEKIJIBKOX HAIPAM- MIpHICTh KOHCTPYKLIA METPUYHHUX IIPOCTOPIB. A

KaX, 30KpeMa OIHIC METPUYHOI PO3MIPHOCTI JJIA  caMe, HOBHICTIO OXapaKTepPU3yEMO METPUIHY PO3-

neBHux pojuH rpadis [6, 4], abo st IeBHUX KOH-  MipHICTb JijIsl IPAMOI CyMH METPUYHUX IPOCTOPIB

crpykiiit [7]. 1 OTPUMAEMO TIEBHI OIIHKHU JJI METPUYHOI PO3Mip-
Y 2013 poni C. Bay ta A. ®. Beap/ion B poboTi  HOCTI IPsIMOTO JI0OYTKY METPUIHHUX IPOCTOPIB.

© B.C. Ilonomapuyk, 2020
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2 MeTrpudyHa pO3MipHICTh AeIKUX OPOCTO-
piB

HaragmaemMo osHavweHHST MeTPHUIHOI PO3MIPHOCTI
METPUYHUX IIPOCTOPIB [9].

Hexait (X, d) — merpuanuii npocrip. KaxyTs,
[0 HEMOPOXKHS i AMHOKUHA A MHOXKUHU X PO3-
ninste Touku upoctopy (X,d) AKIo Jyist TOBiTb-
HUX PI3HUX TOYOK = i y mpoctopy X icmye Ta-
Ka TOYKa a € A, 1m0 BHUKOHYETHCS] HEPIBHICTH
d(x,a) # d(y,a). Toukn nje migpoxnan A HasuBa-
I0ThCsL Po3dinatouumu. Mempuurnoro poamipricmaio
md(X) merpugnoro npocropy (X,d) HazuBaoTh
MOTY?KHICTh MiHIMAJ/IBHOI 3a BiJHOIIEHHSIM BKJIIO-
YeHHsT MHOXKMHU B 3 yCiX PO3IiIA0YnX ITiIMHO-
JKWH MHOXKHUHU X , & caMa Taka I IMHOKUHA B Ha-
3UBAETHC MEMPUYHUM OA3UCOM METPUIHOTO IIPO-
cropy (X, d).

TBepaxkennss 1. Hexat (X,d) — mempuunui
NPOCMIP, Y AK020 BCL 3HAMEHHA MEMPUKY d PI3HI.
B maxomy eunadky md(X) = 1.

Harasaemo, mo merpuunuii npocrip (Y, dy)
Ha3WBAETHCA €KGIIUCTNAHMHUM, SKIIO ICHYE Ta-
Ke JojaTHe JicHe umcyo ¢ € RY, mo aaa Beix
Y1, Y2 € Y BUKOHYETHCS PIBHICTD

d(y1, o) = 0, #KImo Y1 = Y2,
’ ¢, B IHITIOMY BHTAJIKY.

Teepaxennsa 2. Mempuunuti  6asuc n-
MOYK06020 EKBIOUCTNAHMHO20 NPOCTNOPY CKAADAE-

muca 3 n— 1 movok, moomo md(Y) = Y| — 1.

Teepmxkennuss 3. Hexati I — deaxa mmoorcuna
indexcie, X = {x;}icr — niommoorcuna mroocu-
HU dCHUT wucen, O0Af AKOT ichye Hatoiibuul
abo natimernwuts eaemenm xg. Todi mouka o €
mempuHum basucom npocmopy X 3 Eexaidosoro
MempuKoto, i, eidnosidno, md(X) = 1.

3 Ilpsima cyma MeTpMYHHUX HPOCTOPIB

Hexait (X1,d1), ..., (Xn,dn) — ckinuenni meTpu-
YHI IPOCTOPH, IPUYIOMY BBarKaTuMeMo, 110 X; N
X; =0, s Beix 4,5, 1 < i, < n.

IIpamoro cymoro mempuurux npocmopie X1 P
Xo @& ... 8 X, Ha3UBaETLCS NPOCTIp BU3HAUEHUN
Ha MHOXKHUHI X1 U X9 U...U X, 3 METPUKOIO

dx,(u,v), gkmo u,v € X;

TC(U7 U) .
C, B IHIIOMY BHUIIaIKY
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Jie ¢ — Jesgke biKcoBaHe JI0JIATHE YHUCJIO, JIJIs
SIKOT'O BUKOHYETHCS HEPIBHICTH

mazx{diam(Xy),...,diam(X,)} < c.

TobT0, AKIO TOYKHM ¥ Ta ¥ HAJIEXKATH IO PI3HUX
MHOKHH X; Ta X, TO BiJICTAaHb MiK HUMH JIOPiB-
HIOE c. ZIKIo K BOHM HAJIEXKAThb JIO OJHIET MHO-
KUHA U, v € X;, TO 3Ha4YeHHsT (PYHKINI 7, JTOPiB-
HIOE BiJICTaHi Mi»XK IIMMU TOYKAMHU BIJIIOBIIHO JI0
MeTPUKN BH3HadeHOI Ha Iiil muoxkuui dx,(u,v).
KoncTpyKIlist Ha3BaHa MPSMOIO CYMOIO METPUIHUX
IIPOCTOPIB, OCKUIBKH I'pyNa i30MeTpiii mIpsaMol cy-
MH METPHUYHUX IIPOCTOPIB i30MOpdHA AK TPyIa
IIJICTAHOBOK MPsIMiit CyMi IPYII i30MeTPiil UX mpo-
cropis (mus. [10]).

Teopema 1. Mempuura po3smipHicmd Npamoi cy-
mu X1 @ ... P X, mempuunux npocmopie Xi,
.., Xy dOpisHIOE CYMI MEMPUUHUT POZMIPHOCTNET
UUT NPOCMOPIB
n
md(X1 @ ... ®X,) = (md(Xy)).

=1

Josedenns. Hexait Vi = {v},... v} } — merpu-
aauii 6asuc mpocropy X;, 1 < i < n. Crnouarky
ITOKAaYKEMO, 10 00’ €IHAHHS MHOXKUH V = U?zl Vi
€ po3IiIsiIou0i0 MHOKMHOIO. CrpaBmi, Hexail T, Y
JOBLIBHI TOYKM mpocTopy X1 @ ... DB X,. dAxino
x 1y najexaTb ofmiit muoxkuni Xj;, 1 < j < n,
10 icuye Touka v}, 1 < ¢ < kj;, merpuunoro Ga-
sucy Vj, a orxke i MHOXkKuHEH V, MO IX PO3JIiseE.
Akmo x 1 y najexxarb pisHuM MHOXKHHaM X 1
Xy, 1 < j,q < n, TO BOHU PO3ALIATUMYThCS J0-
BITBHOIO TOYKOIO MHOKHH Vj abo V;, AKi € miMHo-
KUHAMHA MHOXKUHHA V.

TTokakemo Terep, MO MHOXKWUHA V' € MeTpH-
qHuM OasucoM mpsamoi cymu X1 & ... & X, TobTo
HaMEHIIIOI0 3a BiJIHOIIEHHSIM BKJIIOUEHHS PO3/Ii-
JISTFOUOI0 MHOYKUHOIO.

Hexaii v} € V — jiesika Touka MeTpnanoro Ga-
sucy npocropy (Xg,dx,), 1 <q<n,1<i < kg
Iokaxewmo, mo muozxkuua V' \ {v]} ne e merpu-
qauM 6azmcoM X1 D ... D X,,. OckiIbKE TOUKa,
y
py (Xg,dx,), To icayroTh nesxi Touxm u, w € X,
IO PO3/UIAIOTECH TOUKOIO v?
inmmmu roukamu 3 V. Tomi Toukm w,w € X,
HE PO3MIISATUMYTHCS TOBLIHHOIO TOYKOIO MHOXKH-
mn V\ {vf}. Crpapi, Touxamu muoxkumn Vg \ {v] }
BOHU HE PO3JIATUMYTHCS 38 BUOOPOM HAPH U, W.
Kpim Toro, 3rinHo 3 BusHadeHHsIM METPUKU T JIJIsT

JMOBITBHOI TOYKH vﬁ eV, 1<l <n, 1l # g

€ V BXomuTh IO METPUIHOrO 0A3UCy IIPOCTO-

1 He pOBILIAIOTHCS
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1 <4 < ki, 9xa He € TOYKOIO HiAMHOXKHHE X,
BUKOHYETHCHA PiBHICTD:

T(u,v) = 7(w,v;) = c.

OckiJIbKE TOYKY v]q- MU BHOUpaJH JIOBUIbHY, TO V
€ HAMEHIITIOI0 38 Bi/IHOIIEHHSIM BKJIIOUEHHST PO3/Ti-
JISAI09010 MHOXKIHOI0 X1 @D ... &P X, ToOTO MeTpu-
YHUM Oa3UCOM. O

4 Ilpsimuit 1OOYyTOK MEeTPUIHUX ITPOCTOPIB

Hpamum  dobymxom  METPUIHUX  TPOCTOPIB
(X,dx) ra (Y,dy) HasuBaerbcs MeTPUYHUI 1IPO-
CTip BU3HAaUYEHU Ha MHOXKUHI X X Y Ta 3a71aH0I0
HAa Hill O/IHIEIO 3 TPHOX MeTPUK d1, dg ab0 dso (7UB.

[11]):
1) di((z1,y1), (x2,y2)) = dx (21, 22) +
+ dy (y1, y2);

2) da((71, 1), (z2,92)) =
= Vdx(z1,22)2 + dy (1, y2)%;

3) doo((z1,11), (x2,72)) =
= max{dx (x1,x2); dy (y1,92)}-

Ockinbkn mMerpuuni npocropu (X X Y,dp), (X X
Y,ds), (X XY, ds) TOnOMIOriYHO eKBiBaIEHTH], TO
qacTO He yTOYHIOIOTH, SIK caMe 33Ia€ThCsS MeTPH-
Ka. 3 TOYKU 30py METPUUIHOI PO3MIpPHOCTI BCi TpH
KOHCTPYKIII Pi3Hi, 1 JijIgd BIAMOBIIHIX METPUIHUX
[IPOCTOPIB METPUYHA PO3MIPHICTH OOYHC/IIOBATH-
MeThCsI TI0-PI3HOMY.

Teopema 2. Hexati X — deaxuti mempuuHuil
npocmip, 6ct 3HAUEHHA MEMPUKY 8 AKOMY NONGD-
HO Pi3Hi, @ Y — cKinuerHutl exsioucmanmuull me-
mpusnut npocmip, Y| = m > 4. Todi das me-
mpuurozo npocmopy (X XY, dy) suxonyemvcs pie-
HICMD

md(X xY,d;) =md(Y)=m — 1.

Hosedenna. Tlobymyemo po3ainsgiody MHOXKUHY B
merpuysoro npocropy (X X Y,d;) Busnauenoro
K npsimuit 100yTok mpocropis X = {z;}ier Ta
Y = {y1,...Ym}, ne I — nesika MHOXKUHA iHJIe-
KCiB.
Hexaii maemo ziBi pizni rouku (21,y1), (€2, y2) €

(X x Y,d;y). Ilpunycrumo, 1o 1mi TOYKHA DPO3Ii-
JSIOTBCSL JeSKOI0 TOouKoo (z4,y5) € B, i € I,
1 < j <m. Toxi, 3rigno Bu3HAYEHHS MATUMEMO:

di((z1,91), (i, y5)) # di((z2,y2), (24, Y;))-
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[Tro mepiBHICTH MOXKHA IEPENUCATH B TAKOMY BU-
TUISIT:

dx (21, %) + dy (y1,y;) # dx (x2, i) + dy (Y2, ;)
(1)
Posriistmemo HacTynmHI BUTIAIKH:
1. 1 = x9. B tmakomy Bumajxky B ymosi (1)
nonanku dy (r1, ;) Ta dx (x2, ;) Oy1yTh piBHUMU
1 HaIlla yMOBa 3BEJIETHCS JI0

dY(ylayj) ?é dY(y27yj)a

TOOTO ¥; IOBUHHA PO3JALIATH TOYKH Y1 i y2. A
OCKIJIbKH TPOCTip Y eKBiJiCTaHTHWIA, 1 TOYKHU Y1
i Yo MU BUOMPAJIN TOBIJIBHUM YUHOM, TO B MHOXKH-
Hy B MaloTh BXOIUTH BCi TOYKH BUIVISIILY (X4, Y;),
1< j<m—1, nna geskoro ¢dikcoBaHoro i, ¢ € I.

2. x1 # xo. Ilokaxkemo, 10 JOBibHA TOYKA
(@i,y), 1 <Jj<m—1,y; # y1, y; # y2, posains-
Tume To49KY (1, Y1), (T2, y2) € (X xY). Cnouarky
3ayBaykKMMoO, 110 B MHOXKUHI B Taka To4ka icHye,
ockinbku |Y| > 4. Tak ax npocrip (Y, dy) — exsi-
JUCTAHTHUI, TO

dY(ylvy]) - dY(y27yj)7

a OTKe ymMoBa 1 3BeJIeThCs JI0 BUTISITY

dx(z1,2;) # dx (2, 7;).

Aute B ipocropi (X, dx ) BCi 3HAUEHHS] METPUKHY T10-
ITApHO Pi3HI, TOMY HEPIBHICTH BUKOHYBATUMETHCS.
BayBaxkuMo, 110 3a M00YyI0BOI0, MHOXKIHA,

B ={(xi,y1),- -, (Ti, Yym-1) }»

e ¢ meskuit (pikcoBaHmit iHeKC 3 MHOXKHUHI [, € Ta-
KOXK MIiHIMaJILHOIO PO3IIISIOYU0I0 MHOXKIUHOIO, TOO-
TO OasucoM. TakuM YUHOM MaTHUMEMO, IO PO3MIip-
HICTH IPAMOro JT00yTKY METPUYHUAX ITPOCTOPIB J10-
PIiBHIOE PO3MIPHOCTI €KBIIMCTAHTHOTO IIPOCTOPY

md(X xY,d;) =m—1=md(Y).
O

Teopema 3. frxwo (X,dx) ma (Y,dy) — exei-
JuCManmMi MEMPUYHE NPOCMOPU, MO MEMPULHG
DOBMIPHICMS NPAMO20 J0OYMKY UUL MPOCMOpI8 3
BU3HAYMEN0I0 MEMPUKOIO d] JOPIEHI0E

md(X x Y, dy) = md(X) +md(Y).
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Josedenna. Hexait X = {z1,...,2,} 1Y =
{y1, ... ym}, nas skux md(X) ra md(Y) — ix me-
TpuuHi po3mipuocti Bimmosimuo. Ilokaxkemo, 1110

MHOZKHHa

BXXY - {(xlvym)a CII (xnfla ym)7
(Tn—1,91)5 - (Tn-1,Ym-1)}

€ 6asucom npocropy (X xY, dy). Cupasui, jist
Oy/Ib-sIKUX JIBOX TOYOK (T, Yvy)s (Tugs Yuy) TPO-
cropy X X Y, MU 3aBXKJIU MOXKEMO 3HANUTHU PO3-
JUAAI09Y TOUKY (Zy,Yy) Taky, mob omHa 3 11 Ko-
Op/IMHAT CIIBITaIa/1a 3 BIJIMOBIIHOIO KOPIUHATOIO
TOYOK (Zyy s Yuy )y (Tug, Yvy ). T0OTO, 11006 BUKOHY-
BaJIACh OJIHA 3 PIBHOCTEN Xy = Ty, UU Ty, = Ty,
Yo = Yo, 91 Yy = Yy,. LOJI OJUH 3 JOJAHKIB B
cyMax:

dl(('rulﬂyvl)7 (xuvyv)) = dX(xupxu) + dY(yvlayv)

dl((wuwym)? (xwyv)) = dx($u2,$u) + dY(yfuzv yv)

oyne nepersoproBartucs B 0. Biamosiaxo, Bimcrani
OynyThb pizanmu. Takum unnoM Bxxy € po3mijis-
FOU0I0 MHOXKHIHOIO.

[Tokazkemo Tenep, mo Bxxy € MiHIMaJILHOIO
3a, BIJIHOIIIEHHSIM BKJIIOYEHHSI.

[Mpunycrumo, 1mo mMerpudnum OaszucoMm Oyie
muOKUHA Bxxy = {(Z1,Ym), -+ (Tn—1,Ym),
('xn*l?yl)? R (xnflaymfl)} \ {(l‘z,y])}, me 1 <
t<n,jg=maboi=n—1,1<7j <m. Posrnsane-
MO JIBi TOUKH 3 KOOpIHHATAMH (X5, Y;) Ta (T4, Ym)-
B muoxwuni B /11 HUX Ma€ icCHyBaTH PO3IiJIsIioda
ToYKa 3 KoopauHaTamu (U, v). 3rijiHO BUSHAYEHHS
PO3LJIAI0Y0] TOYKA MATUMEMO:

d1((u,v), (i, y5)) # di((u, ), (23, Ym))

dx (u, z;) + dy (v,y;) # dx(u, ;) + dy (v, ym)

dy (v,yi) # dy (v, Ym)

A rmax K HaI MpOCTOPHM EKBIAUCTAHTHI TO BijI-
crani dy (v,y;) Ta dy (v, yp,) OyayTh piBHUME, TOO-
TO HaIlle PUIYIIEHHsT HEIPABUJIbHE 1 TOYKa 3 KO-
OpIHHATAMHE (T4, ;) Ma€ BXOIUTU JO METPUIHOIO
basucy.

Posmip, Takum YMHOM, BH3HAYEHOTO Oasucy
Oyme mOopiBHIOBATH:

n—1+m—1=(n—1)+(m—1) = md(X)+md(Y)

O
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Beomgun momaTkoBi oOMerKeHHsI HA MeTpPH-
9HI POCTOPH, KIIBKICTh TOYOK y Ha3uci mpsaMoro
Ho0yTKYy MOXKHa, 3MeHIuTu. HalTpusiaabHimmmm
IPUKJIAIOM B JaHOMY pas3i Oyae BUIAI0K, KOJIH
upocropu (X,dx) i (Y, dy) raxi, mo Bci Bigcrani
B (X x Y, d;) € nonapno pisanmu. Tozi, Bimmosii-
HO, MeTpUYHa po3MipHicTh npocropy (X X Y, dp)
nopisaioBatume opuanii md(X x Y) = 1.

Teopema 4. dxwo (X,dx) ma (Y,dy) — exsidu-
CAHMHL MEMPUYHE TPOCTOPU, O MEMPUNHUT
npocmip susnavenull wa ix dobymxosi 3 Fexaido-
8010 MEMPUKOIO

da((z1,91), (02, y2)) =
= V(dx (x1,32)) + (dy (y1, 12))?

MAMUME MEMPUYHY POSMIPHICTD, W0 0OPIGHIOE
CYML MEMPUYHUT POSMIPHOCTET UUT NPOCMOPILE

(2)

Jlosedenms. Tnst upocropis (X, dx) ra (Y, dy), ne

(X x Y,dy) = md(X) +md(Y).

X =A{z1,...,z,},Y = {y1,...,Ym} BU3HAUMMO
migmaOoKUEY Bxyy = {(Z1,Ym), -+, (Tn—1,Ym),
(Zn-1,41), > (@n_t,Ym1)} TpsiOTO  Z0yTIY

X x Y it mokaxkemo, IO Iid MHOXKHUHA €
posminstodworo. Hexait maemo aBi pisHi TOUKH
(z1,11), (x2,92) € (X X Y) 1a pospinsody ix
(xi,yj). 3rigHO BU3HAYEHHS METPHIHOIO GasmCy
MaTHMEMO:

da((z1,91), (%4, y5)) # d2((w2, y2), (74, Y5))

Velx (e z)? + dy (i, u)? #

75 \/dx(l'g, $i)2 + dY(y27 y])2

dx (z1, ;) +dy (y1,y;)? # dx (v2,2:)*+dy (y2,y;)*

Jlati 3acTocoByIOUN MipKyBaHHS aHAJIOTIYHI HeBe-
JIEHUM B JIOBeJIeHHI Teopemu (3) MaTHMeMO, IO
6asuc merpuanoro npocropy (X x Y, dy) rakwuii ca-
MUl 5K 1 it Merpudaoro npocropy (X x Y, dy),
a BIANOBIIHO TX MeTpWYHI po3MipHOCTI 306iraro-

O

ThCH.

BayBaxkenust 1. B meopemi 4 pisnicmo (2) su-
KOHYEMBCA MAKa HC A% | 048 mempuru di. Aase,
mempuuna posmipnicms npocmopie (X X Y, dy)
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ma (X xY,da) s6icaemuvcsa we 3asorcou. Jlas npu-
KAa0Y MOJICHA 63amu 6 axocmi npocmopy X eep-
WUHY NPAMOKYMHO20 MPUKYMHUKG 3 610CMaHi-
MU MIDHC HuMU, wo dopisrrotoms 3, 4 ma 5. A npo-
cmip Y eusnawumu ax 06t mouku 3 eidcmanio 3
M Humu. B maxomy sunadky do mempuurozo
basucy (X x Y,d1) sxodumume auwe odna mo-
wka, a 6 mempuurull basuc npocmopy (X x Y, ds)
srodumumyms d6i mouku. Tomy mamumemo, wo

md(X x Y,dy) #md(X x Y, ds).

Teopema 5. Hexat (X,dx) ma (Y,dy) — exei-
ducmanmmi MempuyHi NPoCMopu, Ha AKUL GU3HA-
yerno npamuti dobymorx X XY 3 mempuroro

2020, 1-2

doo((21,91), (22, 92)) = max{dx (z1,22); dy (y1,y2)}.

Mempuuna posmipHicms MEmMpuwHo20 Npocmopy
(X xY,ds) 6 maxomy eunadky dopisriosamume

| X| x (Y] —=1), y sunadxy,
AKWO Cx > Cy,
Y| x (|X]| —1), y sunadxy,

md(XxY,dy) =
aruwo cx < cy,

| X| x|Y] -1, y sunadxy,

AKWO CX = Cy .

de cx 1 Cy HEHYADBOBT 3HAUEHHA MEMPUK NPOCMO-
pie X 1Y e6idnosiono.

Hosedenna. Hexait, sk 1 panime, X
{z1,...,2y} 1 Y {y1,...ym} 1 md(X) ra
md(Y) — Ix MeTpudHi PO3MIPHOCTI BiIIIOBIIHO.
PosristmeMo MOXKIMBI BUIIAIKH.

1. cx > cy. Bussaunmo muoxkuny B
{(zi,yj)lt = 1,...,n,j = 1,...,m — 1} it noka-
JKEMO, 1[0 BOHA € METPUYHUM 0a3MCOM MPOCTOPY
(X xY,dw).

B Takomy BuUMaJIKy, JiJIsl JIBOX JIOBITLHUX TO-
90K (Zyy Ym) Ta (Ty, Ym), MO HAJIEKATH MHOXKU-

Hl X X Y Ta He BXOJATH JO METPHYHOIO Gasucy
B My 3M02KeMO B3sITH PO3JILISIIOUOIO JIESIKY TOUKY
(%, yj) i TAKEM YHHOM MATHMEMO IO

doo(Tu Ym), (Tu, y5)) =
= max{dx (Zu, Zu); dy (Ym, y;) } =
= dy (Ym, ¥;)
doo ((Zv, Ym), (Tu, y5)) =
= max{dx (Tu, T); dy (Ym, y;)} =
= dx(zy,Ty)
dy (Ym, Y1) # dx (T, To).
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B pesyabrari mami Bigcrani OymyTs pizHuMuI
it B Oyme po3miisiiod0oi0 MHOXKHUHOIO. Terep moka-
2KeMo, 10 B € MiHiMaIbHOIO.

Hexait icmye gesxa wmHOkuHa B’
{(xi,yj)t L...,n,j L...,m — 1} \
{(xu,yo)}, me 1 <0/ < n,1 <0 < m, i npuny-
CTHUMO, IO BOHA € METPUYHUM OA3UCOM IIPOCTOPY
(X x Y,ds). Hexail Takox 3aJaHO Tapy TOYOK
(T Yor) 1A (T4, Ym) npocTopy X X Y. ko ng
napa TOYOK PO3IIISATAMETHCS TOYKOI 3 METPH-

9HOTO 6asucy (Ty,y,) € B’ maTumemo:
1. z, # x,. PosrastHemo BifcTaHi MiXK TOUKa-
MU

oo ((Twrs Y1) (Tus Yo))
max{dx (T, Tu); dy (Yo', Yo) }
=dx (xulv xU) =
max{dx (Ty,Ty); dy (Ym,Yv)}
= doo((zw, Ym) (Tus Yv))-

Tobro doo((mu’a yv’)a (xiuyv)) = doo((xna ym)7 ($U7yv))'

A 11e HEMOXKJINBO 38 BU3HAYEHHAM METPHIHOrO Oa-
3UCY.

2. x, = x. B npomy pazi mammi Bimcrami ma-
TUMYTh HACTYITHUN BUTJISIT

doo (T s Yo' )5 (T, Yo))
= max{dx (zy, xy); dy (Yo', Yo)} =
= dy (Yo', Yo) = dy (Ym, Yo) =
= max{dx (zuu); dy (Ym, Yo) } =
= doo((Tw', Ym)s (Tu, Yo))-

[ITo TakoK HEMOKJIMBO 33 BU3HAUEHHSIM.

Takum 9UHOM TOUKA (Ty/,Yy') MAE BXOIUTH
JI0 METPUYIHOTO 6as3ucy B MeTpPHIHOTO IPOCTOPY
(X xY,dx), a cama Bu3HAYEeHA HAMU MHOXKUHA B
€ MiHIMaJIBHOIO.

B pesynbrari maTumenmo, mo md(X XY, ds) =
X] % (Y] - 1).

2. cx < cy. BukopucroByioun aHaJOTivHi MO~
nepeJiHiM MipKyBaHHS, B IIbOMY BHIIQJIKy OTPUMa-
€MO, 1[0 METPHYHHA PO3MIPHICTH MPSMOro J100Y-
TKY CTAHOBUTH

md(X x Y,dso) = [Y] x (|X]| = 1).

cx = cy. Cupobyemo moOyyBaThH PO3ILISIOTY
mMHOXKUHY B st ipocropy (X XY, do ). Hexait ma-
€MO 1Bl pi3HI TOUKA (Tyy, Yu, )s (Tugs Yvy) € X X Y
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Ta posxinsody ix (x;,y;) € B. B rakomy Bumaj-
Ky, 3Ti/IHO BU3HA4YEHHd, B HAC Ma€ BUKOHYBaTHCh
HACTYIIHA HEPIBHICTH:

max{dx (ZTuy,, Z;); dy (Yoi, Y5) } #
# max{dx (Tu,, Ti); dy (Yuy, Y5) }

Tak sk Hammm BiacTaHI €KBiIMCTAHTHUX IIPO-
cropiB X Ta Y oJIHAKOBI, TO JJaHA HEPIBHICTb MOXKe
BUKOHYBATHUCH JIUIIIE Y BUMAJIKY, KOJI OJIUH i3 Ma-
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kcuMyMiB ieperBopioeThes B 0. Ile moxkiuBo Jute
TO/Ii, KOJIM OJTHA 3 TOUOK (Zyyy s Yoy ) (Tuugs Yup ) CHIB-
majaTumMe 3 6azucHoro. | Tak Mmae OyTH JJIst KOXKHOL
3 map To490K mpocTopy (X XY, d ). Takum qmnom
B 6a3uc B BXOIUTUMYTH BCi TOYKU OKPIM OJTHi€l, a
METPUYHA PO3MIPHICTDH IIHOI'O MPOCTOPY CTAHOBH-
tume md(X x Y,dy) = | X| x |Y| — 1. Ilpu gomy
3a MOOYI0BOIO TaKa MHOXKWHA B € MiHiMaIbHOIO.
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Ompumana ysazanehena molenv Womersley necmayionapnoi  sicecumempuunoi meuii 6 's13K01
HeCmucaugoi piounu Kpizb mpyoKy Kpyeo8o2o Nepemumy 3d pPAXYHOK RepioOUYHUX KOAUBAHb MUCKY Y
6XIOHOMY nepepizi mpyoKu Ha 8UNAOOK PIOUHU 3 YCKAAOHEHOI0 peonozier. Peonociune cniegionowenHs O
PIOuHU Mae, Kpim 6 s13KoCmi, uje 4omupu napamempu, sKi Maiomv 3HAYEHHs Koepiyicnmie penaxcayii
Odepopmayiii ma HanpysiceHb neputo2o i Opyeo2o nopsaoky. Taxi peonoiuni cni8iOHOUEHHS XApaKmepHi 0is
HEHbIOMOHIBCLKUX 8 A3KONPYICHUX PIOUH 3 Me30CMPYKMYpolo, a came MeXHIYHUX ma 0ion02iuHux
MiKpo/Hanopioun. Byno nokaszano, wo 3i 3p0CmanHiIM Koeiyicnmis penakcayii nepuioco/opy2o2o nopsioxy
00’emHa sumpama, cepeoHs i MAKCUMATbHI WEUOKOCHI PYXY 3meHulylombces/nioguuyromocs. OOHOuAcHi
BMIHU YUX NApamempis MOdICYymMb Npu3800umu 00 CKAAOHUX 3MIH NPOQINI0 WEUOKOCMI, 0CODIUBO O BULYUX
eapmonik. Jlocniodiceni 3aKOHOMIPHOCMI 00360J5I0OMb NOSCHUMU GIOXUNEHHS napamempie meyiti pisHux
MIKDO/HAHOPIOUH 8i0 3HAYEHb, SKI nepeddaueHi Kiacuunum po3se’siskom Womersley 0ns 00HopioHoT
HbIOMOHIBCHLKOI PIOUHU, SKULL He Ypaxosye 8 s3Koi ouccunayii nio 4ac nepecmpouku Me30CmpyKmypu
piouHu.

Kurouoei cnosa: 3adaua Womersley, 6 s3xonpyoichi piouHu, peonociuti é1acmusocmi, MamemamuyHe
MOOeN08aAHHSL.

A generalized Womersley model of a nonstationary axisymmetric flow of a viscous incompressible fluid
through a tube of circular cross-section to periodic pressure fluctuations at the inlet of the tube is obtained
due for the case of a fluid with complicated rheology. The rheological parameters of the fluid are viscosity
and four relaxation coefficients for strains and stresses of the first and second order. Such rheology is
proper to the non-Newtonian viscoelastic fluids with mesostructure, namely technical and biological micro/
nanofluids. It was shown that with the increase of the relaxation coefficients of the first/second order the
flow rate, the average and maximum velocities decrease/increase, accordingly. Simultaneous changes in
these parameters can lead to complex changes in the velocity profile, especially for higher harmonics. The
studied regularities can explain the deviations of the flow parameters of different micro/nanofluids from the
values predicted by the classical Womersley solution for a homogeneous Newtonian fluid, which does not
take into account viscous dissipation during the rearrangement of the fluid mesostructure.

Keywords: Womersley problem, viscoelastic fluids, rheological properties, mathematical modeling.

CrarTio nipeacTaBuB 1.¢.-M.H., mpod. Kyk . O.

1. Beryn KOPCTKUMH CTiHKaMHu 3a paxyHOK
Briepie pO3’BSI30K 3aja4l 1po MepIOIMYHUX KOJIMBaHb THCKY Ha BXOJl OyIo
HECTalllOHApHy TEeYil0 B’SA3K01 HECTHUCIHBOI otpumano B cepii mpaips J.R. Womersley [1].
pIIMHU Kpi3b TPYOKY KPYrOBOTO Iepepi3y 3 [Ti3nile oTpuMaHuil PO3B’ 30K OYB y3arajibHEHUIl

© s.1. Bpayne, H.M. Kisinosa , 2020
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HA  BUNQJOK  TPYXKHHX, B SI3KOMPYXKHHUX,
I30TPONTHMX 1  aHI30TPONMHHUX, TOHKUX 1
OaraTomapoBHX CTIHOK TPYOOK, a TAKOX JJIS psLy
HEHBIOTOHIBCHKHMX PIIMH, a caMe JWJIATaHTHUX,
MCEBJIOTUIACTUYHUX,  B’S3KO-IJIACTHYHUX  Ta
B’SI3KONPYXHHUX OJHOPIIHUX PIITUH 1 cycreH3ii
[2]. B ocTaHHi pokH 3HaYHO MIJABHIIUBCS IHTEPEC
JI0 33714 MIKpO- 1 HAaHO(MJIIOIAMKH, JIe BUBYAFOTHCS
Tedii piAMH C HECTaHJAPTHUMH PEOJOTTYHHUMH
rapaMeTpaMu Oust MiKpO/HaHOAPMOBaHUX
neOpMIBHUX TIOBEPXOHb, SIKI MalOTh HE OJMH, a
KUIbKa pelakcalliiHuX NmapaMeTpiB: Ui Me30-,
MIKpO- 1 HAHOCTPYKTYpH Bianosiaxo [3]. B naniit
po0OTI  pO3IIIANAEThCS  y3arajdbHEHHS — 3ajadi
Womersley Ha BUTIaJIOK B’SI3KONPYKHOT PiIMHU 3
YCKJIAJIHEHUMH PEOJIOTTYHHMH  BIIACTHBOCTSIMH,
SIKi  BIONOBIZAIOTE K  TEXHIYHMM, TaK H
010JIOTIYHUM MIKpO- Ta HAHOPIAWHAM.

1. IlocTanoBKa 3anayi.

PiBusaaus Has’e-CTokca It HECTHUCIMBOL
PiIMHE MOXXHA OTPHMATH 3 YMOB HECTHUCIIUBOCTI 1
PIBHSHHS IMITYJILCIB Y BUTJISIII

div(v) =0,

p%+ p(V, V)V =-Vp+divt, (1)

AKIIO MIJCTaBUTH 3aMiCTh ¢ TEH30p B’A3KMX

HaIPYKeHb JUISl HBFOTOHIBCHKOT pigunu © =24V

ne V - Temsop wmBuakocteir medopmanii, -
B’SI3KICTh P1IUHH.

V3aranpHeHl Momeni Ui HEHbIOTOHIBCHKUX
piIMH  MOXHa  OTpUMAaTH 32  PaxyHOK
BUKOPHCTAHHS BIAIOBITHUX PEOJIOTTYHUX
Mojeneid. B naniii poboTi BUKOpUCTaHa 3araibHa
MOJIeTb B SI3KOMPY)KHOT PIIMHU, SIKa CKIIAJAa€ThCs

3 KUIBKOX TPYXHHX, B’SI3KUX Ta IHEpUIHHUX
Moeneit [2]
't ot 54
a—+ —+ r=2uV +A—+ 2
or’ A ot a ot ¢ o’ @)

e % P48 =const - PEOJIOriuHI TapaMeTpH.
I'pannyni ymoBu ais 3anadi (1)-(2) €

v, =0, v, =0, |, =0,

or| _
© ’700 io;t (3)
=0 =Z_;‘:opje TP =0

x=L
V=y(t,r)e,

e - IIBHIKICT PIAWHH, P —

rigpocratuuHuii THCK, @i i p? - YacToTd 1
ammiTyan ®@yp’e —po3kiasaHHs THCKY Ha BXOJI
B TpyOKy. TakuMmM 4YHHOM, MOXHa 3HANTH
pO3B’s130K  JriHeapu3oBaHoi 3amaui  (1)-(2) 'y
BUTJISIIL PO3KITAIaHb.
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Jlineapu3yemMo JIpyre piBHAHHS (2) HaABKOJO
crany crokoo cucremu ¥ =0,p=p, =const 14
MiJICTABUMO B HBOTO TEH30p B’SI3KUX HAINPYXEHb
(3) Ta oTpuMaeMo PiBHSHHS PYXY Y Bnrnsmi

o 0% o
p(a§+ﬁ o't 61} VP ﬁ o P
2 2
—aa—ZVp+,uA\7+lgA\7+§6—2A\7
ot ot ot

TepMoauHaMiuHe OOTpYHTYBaHHS MOJeENeH 3
TIBUILIEHUM Ta IpiOHUM MOpsAIKaMHU
nudepeHIiiHIX orepaTopiB SIK 32 4acoM, Tak 1 3a
KOOpJIMHATAMU, HaBeJIeHI B [4].

Po3B’s130k (4) Moxe OyTu oTpuMaHUid y GopMi
Womersley [1] y BUDIAII JIOCKUX XBUJIb TUCKY Ta
MBHIKOCTI (Manux 30ypeHb) B TMOB'SI3aHid 3
TpyOKOIO  HHMITIHIPUYHIA  CHCTEMi  KOOPIMHAT

V=(r,0,x) gx

“4)

ap(t) iot iot
—_ = P . s t’ = .
. e v (t,r)=U(r)-e” (5)

ne Pi UM - ammmitynm.

2. Po3B’s130Kk 3a1aui.

Ilicns mincranoBku (5) B (4) Ta mepie
piBHsHHsA (1), OTpUMAEMO HACTYIIHY CHCTEMY
piBrstHEs 151 BusHauenns V(")

1

14 rd—U -ZU =P,

rdr\  dr
1+ifo-an’
U+ilo—-Co?

Po3B’s30k MoaudikoBaHoro piBHsHHS beccens
(6) 3 ypaxyBaHHSAM TEPIIUX TBOX I'PAHUYHUX YMOB
(3) mae BurIIAR

(6)

ne &' =iopy | x =

iP J (zm"r)
wp J (@ G R) )’

ne 2 =wxp, Jo - ¢byukuis Beccens nmepmoro pony

U(r)=-— 7

nopsiaky 0.
InTerpan Bim (7) 3a mepepizoMm TpyOKH Ja€

MOXIIUBICTh O0UMCIIUTH 00’ €MHY BUTPATY PIAMHU:

iPR?

0@ =27 [rU(r)dr = P Gl
0 @p

i"*ZRJ,(i"*ER)

» ()

ne”\ - pynxuis Beccens nepioro poxy nopsaky 1.

JIisi TIpOBEICHHST YHMCEIBbHHX PO3PaxyHKiB Ta
aHali3y BIUIMBY NapamerpiB 3anadi B (6)-(8) Tpeda
BIIOKPEMUTH [ICHY, ajie TOAI MOXHa Oyae
onmucaTh TUTbKA CHH(]A3HI KONMBAaHHA THUCKY Ta
MIBHJIKOCTi, YOro He OyBa€ B JMCHUIIATUBHUX
cucremax. JDxepenom jaumcunanii B JAaHOMY



Bicnux Kuigcbko2o nayionanbHoeo yHigepcumemy
imeni Tapaca lllesuenxa
Cepis: ¢izuxo-wamemamuyni HayKu

BUIAJIKy OyayTh HE TUIBKH B’S3Ki eeKTu, ane i
3MIHU 32 YaCOM ME30-, MiKpO- Ta HaHOCTPYKTYpH
piIvHY, SKi BU3HAYAIOTHCS 3HAYCHHSIMH a,p.A.¢
s 1poro BUKOpHCTaeMo minxing Womersley ta
npuiiMeMo |Vp|=Mcos(wt~¢)  ne M i ¢ .
amIuTiTya i ¢asza rpagieHtTy THCKy. Toai micis
migicTaHoBKH 3 (6), (7) oTpUMaEMO TS MIBUIKOCTI

MM (r)

v(t,r) = s—sin(wt —g+¢,) | )
HE

ne M(r) - aMILTITY/1a byHKIii
Jy(7Er) = My (rexp(id, (), 6o =% (R)=G(r)
hosingy ) _ M, (r)

gy = arctan 0==
1-hgycosdy ) My(R)”

M, = \/1+h% —2hjcosdy .
Amnanoriydo s 00’emHoi BuTpatu 3 (8)
OTPUMAEMO

MM, .
Q) ==t sin(or ¢ +2), (10)
ne M, (r) - aMILTITY/1a byHKIii

J\(iPEr) = M, (r) exp(i8, (1))
M, =2x[ rM, (r)cos(z, (r))dr

Po3B’s30k 3amaui (1)-(2) y Burmsai (9)-(10)
onucye 3cyB ¢a3 MK KOJIMBAaHHAMH THCKY Ta
mBUAKOCTI.  YucenbHi  po3paxyHku 3a  (9)
nozsonmun Womersley Brepmie onucatéd edext
3BOPOTHOTO PYXy PIIUHH y B’SI3KOMY Imapi Oinst
CTiHKM, sIKMi OyB  3acBiIUYEHHH  IIIIXOM
BHUMIpIOBaHb MPOQLII0 MIBHAKOCTI Ta 00 €MHOT
BUTpPATH KPOBi B apTepiaibHUX CyAnHaX (TIpsMi Ta
ynpTpa3BykoBi meronu) [1]. Orpumani B nanii
poboti y3arampHeni pesynbpratH  (9)-(10) Ha
BHIIAJIOK PITUH 3 YCKJIaJHEHOI PEOJIOTIEI0
JO3BOIISIIOTh  JIOCHIIMTH ~ BIUIMB  JTOJATKOBHX
PEOJIOTIYHUX MapaMeTpiB Ha TEHIk0 PiIUHHU.

3. YUuceabHi po3paxyHKH i aHaJjii3 pe3yJbTaTiB
[IpoBenemo ymcenbHi po3paxyHku 3a (9)-(10) 3
BUKOPUCTAHHSIM  TapaMerpiB  Mojeni,  sKi
BIJINIOBIIalOTh CHUCTEM1 KpOBOOOIry Jioauuu [1] 3
METOI0 TIOPIBHSHHS OTPUMAaHUX pE3yJIbTaTiB 3
knacuyHoro Monemwno  Womersley. [Ipuiimemo
=1050 3 =3.5-10"174. =
I kr/m’,  H=35107TJa.c, R=25yy,
— 0
L=10cy, @ =27fy  fo=] 'y, » =90 mm pr.cr.
Bemmuuan  %FA4C mvaror pi3Hi  QiznuHi
posMipHOCTi Ta 3Hauenns, ame A/H=K, |
¢/A=K, MawoTh (i3MuHE 3HAYCHHS MEPLIOrO i

apyroro dacis pemaxcauii, a f =K. i @/B=K, .
MEepIIOro 1 JPYroro 4aciB perapiaiii piiuHu, sIKi,
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BIIMOBIIHO 110 YHCICHHUX EKCIEPUMEHTATbHHUX
nanux [1,2], 3miHtotoThes B gianazonax 0.001-1 c.
Pesynbratn po3paxyHKiB Tpodiar0 HIBHIKOCTI
(9) Bim Ge3posmipHOi KoopauHaTH © =r/R mpu
pi3HEX Habopax MapamMerpis ¢ K, Ko, K,

K., , " naBeneni na Puc.la-B.
v(m/c)

v(m/c)

0.15 el e 0.01

B

Puc.1. 3anexuocri V(") s pisuux B s3kocteit A Ila-c

(a), yaciB X.1,c (0)1 Xe2,c (B).

31 3pocTaHHSM B’S3KOCTI pPimUHE 00 €MHA
BUTpATa, CEPEAHS 1 MaKCUMANbHI MIBHJIKOCTI PYXY
sMmeHInyoThes. KpuBi Ha Puc.la BiamoBimawoTh
BIIOMOMY Ha ChOT'OJIHI Jiama3oHy B’SI3KOCTEH Bin
HWKHBOI TpaHUIll HOPMH J0 MaKCHUMaJIbHUX
3Ha4YeHb, sIKi OylMM BUMIpSHI Yy MAII€HTIB TiCIA
X0JIONOBOro Ta enekrpomoky [1]. JdonatkoBi
MEXaHI3MH  JUCCHMNAIii y BHIJISIAI B SI3KO1
nepeOyI0BM  ME30CTPYKTYPH Ta IEpepO3NOaAiTy
PIIMHE MK TBEpAMMH YaCTHHKAMH CTPYKTYPH TEXK
BEIYTh JI0 3MEHIICHHS IBUAKOCTI PyXy, 0COOINBO
KOJIM TIPOIieCH NepeOya0BY MOBUIbHI Ta PO3TATHYTI
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y yaci (Puc.10). Ananoriuti 3MiHU BifOyBalOThCs
IpU BapialliiX &,, B TOMY K Jiarna3oHi 3Ha4eHb.

3MIHM 4YaciB penakcaulli APYroro MNopsiky k.,

K£2

3a paXyHOK 3MiHM KPUBU3HU NPO]LII0 MIBUIKOCTI
nooIu3y CTIHOK (Puc.18). KomoGinaris

O/IHOYACHHUX 3MiH BCiX MapaMerpiB Ky Ky»

BHKJIMKAIOTh 3BOPOTHIM BILTMB HA IIBUAKICTH

K

el

K,,, [ MOXE€ IpPU3BOAUTH 0 CKJIAQAHUX 3MiH

npoiIF0  MIBUAKOCTI, OCOONMBO [UIS BHIIUX

rapmoHik f >f;.
o
0.9
0.8
0.7

0.6

0.5 1 1 L

L
2 4 6 8 H(mllac)

Puc.2. 3anexnocti Q° (1) mis Bunaaxis
{x,.x, k., k,,$={0.01,0,0.01,0} (1),
{0.1,0.1,0.1,0} (2), {0.1,0,0.1,0} (3), {0.5,0.1,0.1,0.1}

3anexxHoCcTI 0e3p03MipHOT 00’€MHOI BHTpaTH
Tedii pimuau Q° Bix B’SI3KOCTI 4 HaBeAeH] Ha Puc.2

K., K

el g2

K‘rl '

JUTSI pI3HUX KOMOIHAIlH TapaMmerpiB
K,,3 THX 3HAuY€Hb, SKI BUKOPHUCTAJIUCS DaHIIIE
(Puc.la-B). B 3amexHocTi Biml 3HAYEHb IIHX
rmapaMeTpiB MOHOTOHHO CHajaroda 3ajie)KHICTh
Q°(u) MoXe OyTH OMyKJIa BHH3, BrOpy, S- a60 N-

nofioHa.

Bymn Takox po3paxoBaHi mpodisi MIBUAKOCTI
rapmonik fo=2-16 i mokazaHo, 1O BiAKPUTHI
Womersley edektr 3BopoTHOro pyxy piIuHH Yy
MIPUCTIHHOMY IIapi 30epiraeTsCcs TaKOX y PiIUH 3

Cnucok BUKOPHCTAHMX JKepelt

1. McDonald's Blood Flow in Arteries. By Ch.
Vlachopoulos, M. O'Rourke, W.W. Nichols. CRC
Press. - 2011. - 768p.

2. Fridtjov 1. Rheology and non-Newtonian fluids.
Springer. - 2016. - 199 p.

3. Complex Fluid-Flows in Microfluidics. Galindo-
Rosales J.F.H. (ed.) Springer. - 2017. - 111p.

4, He J.-H., Ji F.-Y. Two-scale mathematics and

fractional  calculus  for  thermodynamics.
/I Thermal Sci. - 2019. - Vol.23,N4. - P.2131-
2133.

2020, 1-2

52

Bulletin of Taras Shevchenko
National University of Kyiv
Series: Physics & Mathematics

YCKIIQAHEHOIO PEOJIOoriel0. 3aBASKH LBOMY e(eKTy
3arajfibHUN MPOQiIb MIBUIKOCTI, SIKHA CKIAJAETHCS
3 yCiX TapMOHIK, MOXKE€ CYTTEBO BiJpI3HATHCS BiJ
npodimo, sgkuld  mependavyeHU  KIACHYHOIO
dbopmynoro  Womersley, 1mo  HEOIHOPa30BO
CriocTepirasiocss B EKCHEpUMEHTax 3 MIKpo- 1
HaHOPIAWHAMH.

5. BucHoBKH

OtprmMaHna i JociilkeHa y3arajdbHEHa MOJENb
Womersley mnepioguuHoi BiceCMMETPUYHOT Tedii
PIIMHM Ha BUIIAJOK PIiJWH, MOJEII SKUX MICTSTh
OPY)KHUH, B’SI3KUI Ta iHepuiiiHWid enmemeHTH [2].
[lokazano, mo mpu Bapiamii BCIX mNapaMmerpis
Moziedi 31 3pocTaHHsIM KoeQillieHTiB penakcarii
NEPIIOro/PYyroro  MOPSAKY 00’€éMHa BUTparTa,
cepemHss 1 MaKCHUMaJbHI  HIBUAKOCTI  pyXy
3MEHIIYIOThCS/MIABUIINYIOThCS. OMHOYACHI 3MIHH
X MapaMeTpiB BHUKIHMKAIOTH PI3HOMAHITHI 3MiHH,
TaK IO 3pOCTaHHS BUTPAaTH 32 PaXyHOK
MIZBUILECHHS KOSPIIIEHTIB MEPIIOro HOPSIAKY MOXKE
KOMITEHCYBATHCSI 3MEHIIICHHSIM BUTPATH 32 PaxXyHOK

MIZABUINEHHS  KOE(DILIEHTIB  APYroro  IOPSIKY.
OcTaHHi BIUIMBAIOTH HAa KPUBU3HY MNPOodiIr0
MIBUIKOCTI  MOOMM3Y  CTIHOK  TPYOKH, IO

MIPOSIBIIIETECS B TIPUCKOPEHHI IMIBHIKOCTI B sIIpi
Tedii Ta cJaOKOMY 3BOPOTHOMY PYXY IIPH CTIiHKaX.
AHarnorigydi  mpomecm B KIACHYHIM — Momeni
Womersley moB’s3aHi 3 (a3010 KOJIMBaHb THCKY Y
BxigHOMY Tmepepisi [1]. JlocmimkeHi 3aaeXHOCTI
MOKa3yloTh, IO BIOXWJIEHHS TapaMerpiB Tediit
pisHMX Mikpo/HaHOpiguH [3] Bim 3HaYeHb, sAKi
nepenbadeHi kimacuuHowo ¢Gopmynoro Womersley
JUTS  OXHODPiMHOI HBIOTOHIBCHKOI DPIIWHU MOXYTb
OyTH BUKIWKaHI JOJATKOBUMH JDKEepelaMu B’SI3KO1
JICCUTIAIT TIPOTATOM MEPECTPOUKH ME3OCTPYKTYPH
mig9ac TEepiONUYHOTO MPUCKOPEHHSA-TAIbEMYBaHHSI
piavHU y 3CYyBHIH Tedil.
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AAre3iiiHUil KOHTAKT NPYKHUX TiJ 3i Adhesive contact of elastic solids with

CTOXaCTHMYHOI0 LIePIIABICTIO stohastic roughness

] [HCTHTYT npoGem MaTepialo3HaBCTBA ! Frantsevich Institute for Problems in Materials
im. I. M. @pannesnaa HAH  Vipainm, 03142, | Science NAS of Ukraine, Krzhizhanovsky str., 3,
M.Kuis, Byn. KpskimkaHoBchkoro, 3 Ukraine, 03142, Kyiv

Mooenv HopmanbHO20 A02e3iUH020 KOHMAKMY MINC APYHCHUMU MINAMU i3 COXACMUYHOIO NOBEPXHEBOIO
wepuiagicmio nio posensodom. Lllepuiasicme cumynioemocs nHeninitinum wapom Binknepa-@ycca, axuii modice
YUHUMU Onip 00 CMUCKAIU020 [ po3mszylouoeo (v pasi aodeesii) KOHMakmuozo mucky. Mexaniumi
61ACMUBOCII WIAPY BUSHAYAIOMBC CIMAMUCHIUYHUMY THEOPISIMU A02€e3IlIH020 KOHMAKMY MidiC HOMIHATbHO
niaockumu wepuiasumu nosepxuamu. Kowmaxm meepoux min OnUCyemocs HENiMIHUMU  2PAHUYHUMU
inmespanoHuMu DIGHAHHAMU 3 HEMOHOMOHHUMU onepamopami. Ix pose'ssku eusnauaromv 3meHuleHHS
epexmugHoi MOGWUHY  WEPULABO20 APy, KOHMAKMHUL MUCK, 001ACb KOHMAKMY, CU1y ao2esii.
Ilpedcmasneno gpopmyny 0 oouUCIenHs cuau adeesii 051 GUNAOKY, KOU KOHMAKMU OKpeMux Hepignocmell
onucyromocsi DMT-meopicii ma 3a30p midxc minamu y KOHMaxkmi napadoniviuil.

Kniouosi cnosa: adezesiiina 83aemo0iss, KORMAKM WePUasux mili, cuia aoeesii.

Model of normal adhesive contact between elastic bodies with stochastic surface roughness is under
consideration. Roughness is simulated by Winkler-Fuss nonlinear layer, which can resist to compressive and
tensile (in the case of adhesion) contact stresses. Mechanical properties of the layer are determined by
statistical theories of adhesive contact between nominally flat rough surfaces. The contact of solids is
described by nonlinear boundary integral equations with non-monotonic operators. Their solutions
determine reduction of effective thickness of rough layer, contact stresses, contact region, adhesion force.
Formulas for adhesion force calculation are presented for the most frequent nominal gap between solids in
contact for DMT—theory of contact.

Key Words: adhesive interaction, contact of rough solids, adhesion force.

CrarTio ipeactaBuB 1.¢.-M.H., mpod. XKyk 5.0.

1. Betyn MOBEPXOHb. Konrakt T MO/JIETTIOETHCS
VI HEeNHIHHUMHA TPaHUYHUMHU IHTErpaJIbHIMHU
BpaxyBanusi aaresiiiHoi B3aemonii 0coOIMBO . ,
. . . PIBHSIHHAMU TTy), PO3B'A3aHHSA SIKUX
BXUJIMBO TMpU  HEOOXIMHOCTI  MaHIMYJIIOBATH . .
BHU3HAYAIOTh po3noxin HOMIHAJIBHOTO

o0'ekTaMH MalluX pO3MIpiB, BHKOPHUCTOBYIOUH
Maiai cuwid. ToMy mOTpiOHE MOCHIHKEHHS, IO
JI03BOJISIE OLIHIOBATH 1 MPOTHO3YBAaTH aAre3iiiHy
B3a€MOJIiIf0, BUBYATH (DaKTOpPH, IO BILIMBAIOTH HA
aAre3ifHUN KOHTaKT, BHPOOJISATH pPEKOMeEeHAaIlil
JUIL CTBOPEHHS TMOBEPXOHb 3 KOHTPOJIBOBAHOIO
aaresiro. PoboTH, mpucBSYeHI TEOPETHYHUM 1
CKCIEPUMEHTAIbHUM  MmigxomaM 0  (i3uKu
azaresii, mpencraeieHi B oraai [1], a ormsmu
OOYUCITIOBATBHAX METOJIB, SKi 3aCTOCOBYIOTBCS
IUIT  JOCHIKEHHS — aAre3iiHuX  KOHTAKTiB,
npeacTaBieHi B poborax [2-4]. AxresiitHEM
KOHTaKTaM MPUCBAYCHUH 1 301pHUK [5].

Meroo 1BOTO JOCHIPKEHHS € BHBUYCHHS
a/Ire3iifHOT0 KOHTAKTy MK HIEPIIaBUMH TilIaMHU 3
BUKPHBIICHOO HOMIHAJBHOIO TeOMETPI€I0

KOHTAKTHOTO  THCKY, HOMIiHaJbHI  0OxacTi
KOHTAKTY, 3aJI@KHICTh HOPMaJIbHOI cuiHM P, 110
3/IaBJIIOE€ KOHTAKTYFOUI TLTA BiJ 1X 30JIMIKEHHS O 1
clIy anaresii. 3amponoHOBAHO YHMCEIbHHHA METO[
posB'szannss ['1Y, nana #oro peamizamis Ha
MPHUKIaJaX HOPMAJIBHOIO KOHTAKTy. 3alIeKHICTh
P(0) He MOHOTOHHa TpPU HASIBHOCTI CHI
aJre3iiHol B3a€MOJIIi, 1 criia aaresil BU3HAYAETHCS
aK MiHIMYM 1iei 3anexsocti. Haivacrimre
3YCTPIYa€ThCSA BHITAJIOK HOMIHAIBHOI reOMeTpn
KOHTAKTYHOUHUX T, 110 BiJIMIOBiTa€e
mapaOojiuHOMY  3a30py MDK  TUIaMH,  SIKi
CTBOPIOIOTH ~ mapy  TepTsa. Tomy  iHTepec
MPEICTABIIAE OIIHKA BEIMYWHHU CHJIM aiaresii mpu
KOHTAKTI TiJ1, 1[0 MalOTh TaKy F€OMETPII0 3a30py,

© I. K. Baneesa, 2020
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3a JIOMOMOTOI0 TpocTuX (opMyn 1 BH3HAUYCHHS
YMHHUKIB, W10 BIUIMBAIOTh HA BEIUYHMHY CHIIH
ajresii, IKy TaKOXK Ha3WBAIOTh CHIIOIO BiJIPUBY.

2. PiBHAHHA MoJedi KOHTAKTy HIepHIaBUX
NPYAKHUX TiJ

[epraBicTh MOJIEITIOETHCS MPYKHUM
HeNMHIMHUM — 1mapoM  Binkiepa-®ycca, 110
crpuiiMae SIK CTUCKaHHSA, TaK 1 PO3TATYBaHHS.
Mexaniuni BJIACTHUBOCTI BOTO mapy
BHU3HAYAIOTHCS CTaTUCTUYHUMHU TEOPisIMHU
aare3iHoro KOHTAaKTy MIDK IUTOCKUMH
HIepIIaBUMH TOBEPXHSAMH [6—7] 1 y Hampsmi
HOPMAaJIi 10 HUX OMHUCYIOTBCS (PYHKITIEO

p(d=t,—A), A>0
p=p(A)=3" , (D
0, A<O0
Ae t, — Taka BiACTaHb d MDK MLIepLUIaBUMU

IUIOIMHAMHY, 1O HpH d >{, B3aEMOMIEI0 MK

HAMH MO)XKHa 3HEXTyBaTH;, BenuuuHa A >0
PO3IIISIAETHCS SIK 3MEHILICHHS IIEPIIABOrO IIapy,
SKOMY  BIANOBiga€ HOMIHAJIBHMH THCK p.
[puitnasrto, mo p>0 BiAnoBigae cTUCKaHHIO, p<(0 —
po3taryBaHHi0. HoMmiHaJIbHUH KOHTAKTHHUH THCK
MDK MOBEPXHSIMH 3aJSKUTh Bil BIACTaHI MK
HUMHU 1 BU3HAYAETHCS PyHKITIEO [6]

nh_ [0 z
P d=‘—jg—exp -—— |dz,
=0 A5 20° )7, @)
O=z—-d
ne P.=1,5zwR, o=4o]+0; (rms), o,,0,
CTaHJAPTHI BIAXWICHHS BHUCOT HEPIBHOCTEH
IIEpPIIABUX MOBEPXOHb, M0 MAIOTh PO3MOALI
-1 .

Fayca; R=(I/R +1/R,)" — pamiyc KpHBH3HH
YMOBHHX HEpiBHOCTEW; W — mHTOMa pobora
amresii; n,=N/A4, — KiIBKiCTB  BHCOT
HEpIBHOCTEH, IO JOBOAUTHCS HAa OIMHHIIIO

mionti; (YHKIiOHAIbHA 3aJIEKHICTH g(5/5c)
BHU3HAYAETHCS TEOPIEIO aire3ii rajKux MpyKHUX
T, BIAMOBIZHO JIO SKOi B3aEMOIIIOTH OKpeMi
HepiBHOCTI (Hampukiman, y pasi DMT Tteopii

g(8/5,)=3"(5/5.)"-4/3 [6]), S, -

P
a0bcoroTHA BEIUYMHA MIHIMaJIBHOT'O

MepeMillieHHsT HEPIBHOCT1 JIJIsl KOHKPETHOI1 Teopil
auresii rmagkux npyxksux T 6, =0 B DMT-

reopi; 8, =3, = (3 w'R/(4K?)) ", K =4E/3

B JKR—teopii KOHTAKTYy,
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E =((1-v})/E,+(1-v3)/E,)" — npusenenuii
Monysb FOHra KOHTaKkTyruux Til, ae £, £, 1 vy,
vy, €, BIINOBIIHO, MoayJieM FOHTa 1 kKoedilieHTOM
ITyaccona matepianiB Tin. Ilapamerpu P u 0,
MOXHA PO3TISIATH SIK XapaKTepHI MacITadl CHIT
1 30J¥MDKEHb [T OKPEMHX HEpPIBHOCTEH MPH MaJix
iX BEJIMUMHAX.

Jis TUT 3 BHKDPHBJICHOI IIOBEPXHEIO
HOPMaJbHMKA 1 KOB3HHUH KOHTAKT MOJICIIOETHCS
HENMHIMHUMHA ~ TPaHHUYHUMH IHTerpaJbHUMH
piBHsHHsAMHU. KOHTaKTHE 3aBIaHHS 3BOJUTHCS 10
JOCITIKCHHS OJTHOTO PIBHSHHS TUITY
lammepinreitna [9-10] 3 mapamerpom o

u(x)+9jQK(x,y)p(u(y))dy=5—f(x), &)
X=(x],x2), y:(y],y2)eQ,

ne u(x), x € Q, — HeBigoMa (QYHKIIIA 1 HEBiIOME
30mmKenHs O, Q) — JoBIILHA 00J1aCTh, KA MICTUTH

. w\—1
HOMIHAJIbHY 00JIACTh KOHTaKTy S, 6 = (ﬂE ) -

3a30p MDK TUIOM 1 YMOBHOIO MEXKCHO aare3ifiHoi

—1/2
B3aEMOIil, K(X,y) = [(x] -V )2 + (xz - %)1

YV pasi, komu f(x)=A|xk,k21 MOKHA
nepenTu 10 0e3p03MipHHX BEITMYUH
Xy = (xowxoz > Yo = (yowyoz) s U, 64, Po» Pos €y

)
X, = (A/cS)Wc X; Yy, = (A/5)”k Y;
U(x)=u(x,(6/4)")67s 8,=5/8.;
Po(8U(x,))= 08" 4" p(3,U (x,)) =
=xkp*(8U(x,))

PIBHSHHS KOB3HOrO KOHTakTy (3) mnpuiimae
BUTJISI;

U(X0 ) + 5(5171()/]( J‘Q“K(XanO)pO (50U(YO))dYO =

k
=1—|x0

4);

; X,, Y, €€,
(5)

ne U(x,),x,€Q, HeBinomMa 6e3po3mipHa

bynkuis, €Q; =(|x0]|£1+g; x02|Sl+g), 1 uncno

&>0 BHOHMpaeTbcs Tak, MO0 BHUKOHYBAJIOCS

BrmoueHns S, ={x,:U(x,)>0}cQ,, ne S, -
Ge3po3mipHa o0IacTb KOHTaKTy; QyHKuis p*(-)

BH3HaualThCsA Gopmyoro (3). st muckpernzarii
piBHSHHS (5) 3aCTOCOBYETHCS METOJ KOJIOKAIIii, 1
JUCKpPETHE PIBHSHHS pO3B'sI3y€eThCA
Momu(piKOBaHUM MeToaoM HprOTOHA, aHAJIOr 4yHO
TOMy fK Iie 3poOsieHo B podoti [10]. Cuma P,
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MPUKIAJCHA 10 T, MPEACTABISETbCS Yy BUIIIAAL
[9-10]
o (k)k 1k
P=rnE ¢, AT"F,,

. (6)
P, = 502/1(,"9(, Do (50U(X0 ))dXO

3. PesynbTaTn po3paxyHkiB Ta ix aHaji3

PosrissHeMo BiceCMMETpPHUYHY 3ajady, KOJIH
HOMIHAJIbHUM 3a30p MK TizamMu a0 aedopmarrii
(dyHKIII€0 f(x) = Ax*.
AHaNI3yeThCSl BHUIAJIOK KOHTAKTy IIEPIIABOIO
HaIIBIPOCTOPY 3 TBEPIUM TiJIOM, OOMEKEHUM

BU3HAYAETHCA

cepraHOIO HIepIIABOI0 MIOBEPXHEIO
HOMIHAJILHOI'O pazaiycy Rs (t.e.
k=2,4=(2R; )7] ), npu Ge3po3MipHOMY
mapamerpi Kk =0,255. KoHTakT  OKpemux
HepiBHOCTEH OMHCYETHCA DMT-—reopieii

aaresiiHol B3aeMofii. Y IbOMY pasi MexaHiyHi
BIacTUBOCTI mapy Binknepa-®ycca omucyroThes
¢yukiiero (1) —(2). KoHTakT Tl MOJCTIOETHCS

HENMHIMHUMHA ~ TPaHHUYHUMH IHTerpaJbHUMH
piBHsHHEAMH (3) abo B 0e3pO3MipHOMY BHTIISI
PIBHSHHAM (5). v PIBHSIHHI (5)

BHUKOPHUCTOBYIOTBCSI 0€3p03MipHi 3anexHocTi (4):
Po(A)=1p"(4,), ne A, =8U(x,).
dynkuiii p (A,) npexcrasieni B poborax [9,

I'padiku

10]. HapmaBas BenuumHi O, pi3HI 3HAYeHHs 1
po3B'si3yroun piBHAHHS (5), YHCETBHO OYIYIOTHCS
(YHKIIOHATBHI 3aJIEKHOCTI 1’0(50) (Puc. 1).
3ane)KHOCTI TPENCTaBleHI Uil PI3HUX BEIWYHH
5. =38,/c, sxi noB’s3ani 3 mapameTpoMm aaresii

Teiibopa o, 3aJIeKHICTIO [11]:
0, =975 /(8\3). 3a wmasemocri anresii
sanexnocti B (8,) €  HEMOHOTOHHHMH.

HeratuBHiI 3Ha4YeHHS HaBaHTAKCHHS MPH MaJIUX
30JIMDKEHHSIX ~ OOYMOBJIGHI  BIUIMBOM  ajresii.

Cunoro aaresii € MiHiMyM F, =—minF, (80) .
60

Posrmsimaerbess BuUmamok — mapaboiivyHOro
3a30py MIK KOHTaKTYIOUUMH TiJIAMH.
[IpencraBneni pwuc.2 rpadikd 3aJeKHOCTEH

Oe3po3mipHOi cuim aaresii (cuia Binpusy) F, Bin
napaMeTpy K IpH pi3HUX 3HAYCHHSX Mapamerpa

UIEPMABOCTI S, OCHOBaHi Ha PpE3ylbTaTax
KOMI'IOTEpPHOrO  MojenioBaHHsA. Ha  ocHOBI
pe3yabTaTIiB  BEIMKOI  KIUIBKOCTI  YHCEIbHUX
CKCIIEPUMEHTIB 3 MOJIC/IIOBAHHS aJare3iiHOro

KOHTakTy 1npu  DMT—koHTakTax  OKpeMux
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HepiBHOCTEW OTpUMaHO (opMyITy MAis OIIHKH
0e3po3MIpHOI CHJTK aare3ii

F, =3.99¢"*0.622, 1=(0/8,)" .

(o]
Q.
2 i i
0 5 10 15
%
Puc. 1. 3anexHOCTI HOPMOBaHOI CUIIH,
MPUKIAACHOI 10 Tila Bil  HOPMOBAHOIO
30JIMIKEHHS
10° 5=08 =4
7
]
B L Bl
- ,/
5‘*=1 L 95:/::‘// o L
= y/ e / B
- 14::¢// /’>/ " //
10-2/”:’ e e
" e *
T T T §=0B
g 5 =0 }/ s ¢
b C/ éc--O 5
/""*_
//’ éC—O. 3 .
_4
10 7] -1 0
10 10 10

Puc. 2. 3ane)xHoCTi HOPMOBAHOI CHIIM aare3ii Bix
0e3p03MIpHOTO MapaMerpy K

dopmyna
HaMMEHIITNX

OTpUMaHa
KBaJ[paTiB

METOJIOM  3BaXKCHHX
Ul TapamerpiB 3
Jianasony 3Hadenb o, >0.2 i 0.3-107°<k<3.
[epexin 10 po3MipHHX 3MIHHUX 3/IHCHIOETBCS 32
dopmynoro (6), i cumy anresii mpu DMT-
KOHTAKTaX MO)KHA BH3HA4aTH 32 HOpMyIor0

F:3'99nE*63/2A71/2K0'9820.622t,f=(1/6:‘)]'78_

4. BUucHOBKH

MonentoBaHHS aare3iHoro KOHTaKTy
HIepIIaBUX TUT 3 BHKPUBJICHOI HOMIHAIBHOIO
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TCOMETPI€I0 TPOBOAMUTHCS METOJIOM T'PAHUYHHX
IHTEerpaNnbHUX piBHAHb. OTpUMaHi PO3B'A3KH
BHU3HAYAIOTh OOTUCKAHHA €(QEKTUBHOI TOBIIMHHU
HIEPIIABOro MAapy, KOHTAKTHUH THCK, HOMIHAIbHY
005acTh KOHTAKTy TPH PI3HUX 30JMDKEHHAX
KOHTaKTYIOUMX TUT 1 MapaMerpax IIepIIaBoCTi.
Cuna anresii BU3HAYAETHCS YHCEIBHO TIPU PI3HUX
rapamerpax HIepIIaBOCTi MOBEPXHI i
Makpornapamerpax KOHTAKTYFOUUX TiJl.
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Hesiki 0co61uBOCTI pyXy ejleMeHTIiB OypuIbLHUX Some peculiarities of the drilling rigs elements
YCTaHOBOK movement
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YV Oaniii cmammi docrioscyemubcs npoyec KpysCasHus OypUIbHO20 00I0MA HA WOPCMKY8AMI NIOWUHT
OHa c6eponosutu. 3acmoco8anHo He2ONOHOMHI KIHeMAMU4Hi MOOeli MexXaniuHoi 83aemM0o0ii KOHMAKMYIOUUX
Min 3 HEeOOCKOHANOCMAMU HA NOYAmMKOGIll cmadii camo3zoypenns cucmemu. Ha ocnoei pezyrvmamis
EeKCNEPUMEHMANbHUX O0CIONCEHb 88AHNCAEMBC, WO OOHUM 3 OCHOBHUX YUHHUKIB, WO 8NIUBAE HA KOIUBAHHA
KPYXHCIARHS, € 2eomempis doaoma. lIpunyckaemvcs, wo OypunvHe 00I0mo € aOCOMOMHO MEePOUM MiioM
enincoioanvHoi popmu, HUICHS NOBEPXHIL CBEPOTOBUHU B8ANCAECMBCS NAOCKONW. Konusants, wo UHUKAIOMY,
nog8’sazami 3 CHOMMAHHUMU 32UHHUMU Oehopmayismu OYPUnbHOI KOMOHU, 5K CYRPOBOOANCYIOMbCSL
6e36I0pUBHUM KOHMAKMoM 0oaoma i nopoou. Ompumano pieHsAHHS pyxXy 0010Ma 6 JIHIIHOMY HAOIUNCEHHI.
30iticneno  ananiz po36'A3Ky JNiHeapu308aHUX piGHSAHb, 3 K020  3HAUOEHO YaACmMomiu GUHUKAIOYUUX
nepioduunux pyxie. Ilpoananizogano Gopmu Koausawv 3a PIZHUX 2eOMEMPUYHUX NAPAMempi8
enincoidanvrozo doroma. Tloxazano, wo 0010mo Modce 06EpmMaAmucs y 360pOMHOMY HARPIMI, KPYIHCIIOUU
3 KYmMosUMU WEUOKOCMAMU, AKI nepesuwyyroms dacmomy obepmanHs O0YypuibHoi KoaoHu. Pesynvmamu
00Cni0MHCEHb MOJNCYMb OYMU 3ACMOCO8AHI 8 PO3POOKAX OYPUTLHUX YCIMAHOBOK HOBUX TMUNIE.

Kniouogi crnoga: enuboke Oypinns, 0010mMo enincoioanvoi popmu, He2oNOHOMHA OUHAMIKA, npsmMe ma
360POMHE KPYICTAHHSA.

This paper deals with investigatson of the process of drill bit whirling on the rough plane of the well
bottom. Nonholonomic kinematic models of the mechanical interaction of contacting bodies with defects at
the initial stage of system self-excitation are applied. On the basis of the results of experimental studies, it is
believed that one of the main factors influencing on the whirlings vibrations is the geometry of the bit. The
bit is considered to be an absolutely rigid ellipsoidal body, the well bottom surface is supposed to be a plane.
The resulting oscillations are associated with spontaneous bending deformations of the drill string, which
are accompanied by continuous contact of the bit and the rock. The equations of motion of the bit in the lin-
ear approximation are obtained. The analysis of the solution of the linearized equations is carried out, and
the frequencies of the arising periodic motions are found. The forms of oscillations under different geometri-
cal parameters of an ellipsoidal bit are analyzed. It is shown that the bit can rotate in backward direction,
moving at angular velocities that exceed the angular frequency of the drill string. The research results can
be used in the development of new types of drilling rigs.

Key Words: deep drilling, ellipsoidal bits, nonholonomic dynamics, forward and backward whirling.
CrartTio nipeactaBuB 1. ¢.-M. H., mpod. XKyxk 4.0.

1. Beryn OUIBIIOI B HMIBUIKOCTI OOEpTaHHS CaMOi KOJIOHH.
Taki mBHUAKOCTI poONATH  ePEeKT KOJIMBAaHHS

V mpaktuii riaubokoro OypiHHS HaTOBMX Ta KPYKJISHHA  OCOOJMBO  pyWHIBHHM. 3TigHO 3
ra3oBux CBCPIJIOBHMH nobpe BifloMuii NPaKTUIHUMU JIOCITIKCHHAMHU, OCHOBHUM
JNECTPYKTUBHUN BIUIUB KOJMBAaHb KPYXIISHHS Ha (D aKTOPOM, IO BILIMBAE HA KOJNMBAHHS KPYKISHHS €
OypuIibHi KOJOHHU 1 fonota [1-4]. ¥V 3anexHOCTi Bi reomerpis monora. Y poGorax asropis [5, 6]
HampsiMy 00epTalbHOrO PyXy PO3PI3HAIOTH MpPsAMI T4  aHAN3YeThCA BHMIAAOK KPYXKIAHHA C(HEPUUHOrO
3BOPOTHI KpYJIsiHHA. IIpu 1poMy B oOepHEHOMY joinora Ha C(HEpHYHii MOBEPXHI IMIOPCTKOrO IHA
HAMpsMi KPYXJISHHS IHIBUAKICTE OOCPTaHHS MOXKE IaMOOKOi OypuIIbHOI CcBepAnoBMHM. Y faHiil po6oTi
JOCATaTH 4YacTOTH y JianasoHi Bim 5 g0 30 pasiB  po3risiHyTo iHINMH BapiaHT 3aja4i PO KOYEHHS

O. B. Baminina, 1. B. Jlebenena 2020
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JI0JIOTa MO JHY CBEPAJIOBUHH, SKUW JI03BOJISAE
MOJEII0BaTH it AHAITUYHUMU METOJAaMHU,
MOB’SI3aHUM 3 MaJMMH KOJIMBAHHAMH KPY>KIISTHHS
eNIMCOINaAbHOrO  JIOJIOTa HAa  IUIOCKOMY  JHI
CBEP/IJIOBUHU.

2. IlocranoBka 3agaui
PosrisiHemMo BHIa 0K, KOJIU J0JIOTO 3 MIBOCSMU C
1 d BIIXHMIISETHCS BiJl CBOTO BEPTHKAIBHOTO CTaHY 1

MMOYMHAE KOTHUTHUCS [0 HIDKHIN IUIONIMHI 7T, HE
TOPKAIOUUCH CTIHKHM CBEPIOBHHH (pHuC. 1).

Kidenb KOJI0OHH

Puc 1. KpyxisHHSA enincoinaibHOro A0710Ta Ha
IIOPCTKYBATIH TUTONIUHI

HeniniiiHi HEroNOHOMHI  PIBHSHHA  KOYEHHS
eITITNCOINaIbHOTO JIOJIOTA MO IUIONIMHI 77 BHBEICHI y
pobori [2], Buxomsuun 3 ymoBu v=0. Bonu
MpeACTaBICH] Y BUTIISIIL:

i — v+ '\ sin® @ +d? cos’ 0 +
2 2 .
(d” —c”)sin6_ cosO,

+o =
\/02 sin’ @, +d’ cos’ 0,

(1

v+ a)v+\>'\/c2 sin® @+ d* cos* 6 +
(d* —c*)sinf, cosO,

2 .2 2 2
\/c sin” 6, +d" cos” 0,

ne 0=+ (') +(')’ ; u,v - Mani onepeyHi npyxHi

sMmilmieHHsIME ~ 1ieHTpa C  [10j10TA, OPIEHTOBAaHI
napaienbHo ocsiM Ox , Oy BIiIMOBITHO.

(0]
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PiBHsIHHS piBHOBarm MOMEHTIB, MPUKIAJCHUX 0
JI0JI0Ta, MAIOTh BUTIIAL [4]:

2 3
EI%+ El%pz +Tp, =0,
(2)
o*u o’u
—E[7—Elgpz —Tpx=0.

Tyt p,, p,, p. € KOMIOHEHTAMH BEKTOpa P, KU

3’eqnye Touky C 3 Toukoio G (puc. 1).
BizeMeMo 10 yBaru, 1o mepeMimieHHs ¢ 1 v MaJi,

Toni 0, ~—v', 0 ~u', sinf ~—', cosO =1, i
piBasaas (1), (2) MokHa mepenucatd y
niHeapu3oBaHii (hopmi:
2 2
u+d-u'—-ov+ow v'=0,
22
v+d-v'+ou+w u'=0, 3)
T d*-c
O —nVdu+| -g+hd +——-—|u'=0,
(¢ Jur| g hd v
T d*-c
OV )v+|-g+hd +———|'=0. “
(2 v+ —g T 4)
s cucrema MmiHIHHUX pIBHAHb Ma€ cCTali
Koe(ilieHTH, TOMY 3 PiBHSHB (4) BUILIHBAE:
u'=mu,v=mv, %)
JIc BEJIMYHMHA M JIOPIBHIOE:
(g(l) _ h(])d)
m=— oy (©)
—-g+hd+— ¢
Tomy,
m(d* —c*
1+ ( )
d
= 7
P 1+ md 2

Omxe, pyx nojota y cucrteMmi Biiiky Oxyz, 1110
00epTAETHCSI, BU3HAYAETHCS PIBHOCTSIMHU

u(t)=C,sinopt+C,cosopt,

v(t)=C,sinwpt—C, cosopt, ®)

1 MIOPSIKOBYETHCS PIBHSIHHIM
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X(@)=C;sinw(p -1)t+C,coso(p -1,
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Y(t)=-C,sino(p —1)t+ C,cosaw(p —1)t . 9)

Tabmuus 1 — Jleski popMu KONMBaHb KPY>KIISIHHS B 3aJISKHOCTI BiJl 3HAUYEHD YaCTOTH p

Homep 3HaueHHs Tun nepioguuHoro pyxy y cucremi | Twum pyxy y dikcoBaHiii cuctemi
MTO3UITIT napamerpa p BiTIKY Oxyz, 1110 00epTaEThCs Oxyz
5 0<p<l Q<o & 0<Q, <
3BOpOTHE 00epTaHHS [Ipsme
KPYKJISTHHSI
6 p=1 Q=0 Q,=0
3BOpoTHE 00epTaHHs Hepyxomuii cran
9 p>2 Q, >20 Q, >0
3BOpOTHE 00epTaHHS 3BOpOTHE
KPY)KJISTHHSI
Pexumu  KpyXKISHHS, IO  TEHEPYIOThCS, MI0 JOJOTO TEPEXOAUTh Yy PEKUM MOPSMOro
npeacTaBieHi y Tabnuili, HaBemeHi y craTTi [6], KpykisHHS (mo3uiis 5 y tabmuii). [Ipu npomy, BiH
TaKOX MOXYTh OyTH peaizoBaHi JUIST  HaOJNMXKAEThCA JI0 CTaHy, Koimu p — 1 Jig Manux C,

SIINCOINaIbHUX JOJOT y BIAMOBIAHMX yMOBaXx, SIKI
BHM3HAYAIOTHCSA MapamMerpoM p. Y Tabmumi 1 maHol
CTATTI HaBeAEHI TuIe To3uIil 5, 6 Ta 9 1iei TabIuI.
Y BumanKy, MO PO3JIAAAETHCA, HAWBaXKIIMBIIIUM
daxropom € chiBBinHOWeHHsS c¢/d , sKe NO3BOJIsE
IMITYBaTH MEPEXOIU BiJl MPOIOBIYBATHUX EIIIICOIIIB
1o chep, 1 Aanmi 10 CIUTIOIIEHUX enincoinis. Puc. 2
JIEMOHCTPYE  B33a€MO3B’SI30K  MDK  3HA4YCHHSIMHU
napaMerpa p i criBBigHOweHHsM ¢/d s 6a30Boi

Bepcii onora, po3risiHyTOI BUIIIE.

P
0.968 0.980
0.975 0.976 /r"’”J
0_956/
0.950
0.938

0925
0.900 0.899 d, u

0.1 0.2 0.3

Puc. 2. 3anexnicTs mapaMerpa p Bill BEMUUUHH d
(Bunmagok ¢ =0.1 m)

Tak, wanpukian, skmo 0.05<c¢c=d<0.25m i
JI0JIOTO € chepryHUM, TO YACTOTHHH Mapamerp p
HaOmmKkaeTbes a0 1 i3 3menmeHusaM ¢ . e o3Haugae,

59

a ueHtp C 1psMye€ 1O HEPYXOMOI'O CTaHy Yy
HepyxoMiii cucTemi KoopawHAT (TMO3UIisE 6 y
Tabnuii). [IpuyrHa OO MOJSATae B TOMY, IO SKIIO
BK 3 Manum J0J0TOM TPOXM BIAXWIUTHCSA BiX
IOYaTKOBOI OCHOBOI JIHIT 1 A0JIOTO Bimiliae Bix oci
o0epTaHHs, TO CUCTEMa MOXKE 3alUIIATHCS Y I[bOMY
BIIXMJICHOMY CTaHi, IO TMPHU3BEAC JO 3MIHHU
Hanpsimy OypinHs. [lokazoBo, 1m0 3a3HaveHa
CHTYyaIlisl HE € PIIKICHOIO B OYpHIIbHIH MPaKTHIII.

PosrnsHyTa TeHaeHIlis 30epira€TbCs TAKOXK 1 JJIs
JOBraCTHX eIiNncoinaibHuX JojoT. Hampuknan,
SKIO pajiiyc KPUBU3HU y BEPXHIil TOYIII elincoina 3
MBOCAMU c=0,1m, d=0,3m JOPIBHIOE
r=0,0333 » TO OUHAMIKY I[LOTO J0JIOTa MOXHA
CHIBCTaBUTH 3 JUHAMIKOWO C(EpUvIHOro mojora
paxaiyca a =0,0333 m .

Crnpasni, 3HaueHHs mapamerpa p =0.9760 s
eITINCOINaIbHOT0 JIOJIOTA EKBIBaJICHTHE 3HAYCHHIO
p=0.9811 chepuunoro monora. Puc 2 imoctpye
3MiHYy TIapamMerpa p i3 30UTbIICHHSM d.

OnHak CHUTyallisi CYTTEBO 3MIHIOETBCS, SIKIIO
enmincoin crmocHyTHi (¢ >d). Y 1mboMy BHIAJIKY
BiOpaIlist KpyXJISTHHS MO>Ke HaOyBaTH pi3HUX QOPM y
3aJIEKHOCT] Bij croiBBigHOWmEHHS c¢/d TiBOCEH.
Cnpasi, npu boMy crispignomenns (d> —c*)/d*
y piBHsHHI (7) cTae Big’€eMHHM, 1 mapaMeTp p Moxe
HaOyBaTH JONATHOTO, HYJIHOBOro abo Bij €MHOTO

3Ha4YeHb. TakuM YHHOM, 3TigHO 3 hopmyoro (7) mist
c=03m 1 d=0,1m maemo p=0,53087. Aje
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3HA4YCHHS p 3MCHIIYEThCS i3 30UTbIIECHHAM c¢/d 1
BoHO HaOyBae BemuunHU p~0 mia c¢=0,4m i
d =0,083 xm.
no3uiliero 4 y Tabmuii. Y 1[bOMY BHUIAIKY B
HEpYXOMill CHUCTeMi KOOpIMHAT JOJIOTO BHKOHYE
obepHeHe KpY»IISHHS Q, =@ .

Leii pe3yapTaT Y3roIKyeETbCA 3

Oco0nKBi BUIIAJKK BUHUKAIOTH Kok p > 2 . Toxi
OyTH Q,>w
(mosuttis 9 y Tabnuini) i J0JI0TO MOXKE 00epTaTUCS B
00EpHEHOMY HaIpsMi, KPYKJISIOYH 3 KyTOBHMH
IIBUIKOCTSMHM, SIKi TIEPEBHINYIOTH YaCTOTy
o0epTaHHs OypUIIBHOI KOJIOHH.

MOXe pearnizoBaHa HEpIBHICTb

3. BucHOBKH.

OTpuMaHO PIBHSHHSA PyXy IIOJOTa y JIHIHHOMY
HaOMKeHHI. 3IHCHEHO aHali3 PO3B'A3Ky JiHeapu-
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30BaHMX PIBHSHb, 3 SKOTO 3HAMIEHO YacTOTH Mepi-
OJIMYHUX PYXIiB, 0 BUHUKAIOTh.

[IpoananizoBaHo (opMH KOJNHBAaHb 3a pPI3HUX
TCOMETPUYHUX MapaMeTpiB eTiNcoiaIbHOr0 A0JI0TA.

[lokazano, mo momoro Moxe obeprartucs B
O0EpHEHOMY HAIpsIMi, KPYKJISIOYHM 3 KyTOBUMH
MIBHJIKOCTSIMH, SIKI  TICPEBHINYIOTH YacTOTy
o0epTaHHs OypUIIBHOI KOJIOHHU.

3a J0nOMOro po3poOJICHUX METOIIB OTPUMAHO
VSIBJIIGHHSI TTPO HAWIPOCTIII NEPioyIHI KPY>KIISTHHS
eNCOINadbHUX JIOJIOT Ha IMOPCTKYBATHUX IUIOCKUX
JTHHIIAX CBEPUIOBMH. MOXHa TPHUITYCTUTH, IO
KPYXKJISIHHSI ~ IIMX  JOJOT HA  KPUBOJIHIAHUX
MOBEPXHAX OyAe BIAPI3HATUCS OUIBII CKIATHUMH
peKUMaMyd 3 PI3HUMH YacTOTaMH 1 CKJIaJHUMH
THnamMu  pyxiB. OjHaK aHali3 TaKUX CHUCTEM
OB’ SI3aHUM 13 CEPHO3HUMHE TPYIHOIIAMH.
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Busnauaromuvcs memooom cxinuennux enemenmie (MCE) wacmomu ma ¢opmu 8invHux Koausans izo-
MPONnHOI MOHKOL N AMUKYMHOT NIACMUHYU NPAGUILHOL POpMU 3 DISHUMU 8APIAHMAMU HCOPCMKO20 3AKPIN-
JeHHs Ha kpasx. [Iposooumvcs nopieHAHHA OMPUMAHUX PE3YAbMAmie 01 0eaKux n’sSmuKymHux niacmus 3
PE3VIbMAMamMy OMPUMAHUX OJIsl K8AOPAMHUX NAACTNUH eKBIBANEHMHOI Macu 3 8IONO0GIOHUMU 2PAHUYHUMU
ymosamu. Tlpedcmagnenui hopmu KOIUBAHL OOCHIONCYBAHUX NAACMUH MA 6CMAHOBIEHA MONON02IA hopm
KOUBAHb OJIs1 OSAKUX PO32NAHYMUX NAACMUH ) 8ION0GIOHOCIE 00 K8AOPAMHUX NIACMUH 3 GLILHUMU KPAAMU |
AHCOPCMKO 3AKPInAeHUMU Kpasmu. [JOCTOGIipHICb OMpUMAaHUuX pe3yibmamis 3a6e3neuyemucs 6UKOPUCHAH-
HAM OOIPYHMOBAHOT MaAmMeMamudnoi MoOei, KOPEeKMHICIIO NOCMAHOBKU 3a0ayi Ma NPAKMUYHOIO 30idCHIC-
mio pospaxoeanux yacmom npu 3acmocysanti MCE.

Kniouogi crnosa: memoo ckinuenHux eiemenmis, n’simuKymua niacmuHa, 4acmoma ma opma GiibHUX
KOAUBAHD.

Frequencies and modes of free vibrations of an isotropic thin pentagonal plate of regular shape with
various configurations of rigid attachment at the edges are determined using the finite element method
(FEM). The results obtained for some pentagonal plates are compared with the results obtained for square
plates of an equivalent mass with corresponding boundary conditions. We present the vibration modes of the
studied plates and the topology of the vibration modes for some of the considered plates corresponding to the
square plates with free edges and rigidly fixed edges. The reliability of the obtained results is ensured by the
use of a substantiated mathematical model, the correct formulation of the problem and the practical conver-
gence of the calculated frequencies when using the FEM.

Keywords: finite element method, pentagonal plate, frequency and shape of free vibrations.

CrarTio ipeactaBuB 1.¢.-M.H., mpod. XKyk 5.0.

Beryn KOIIMBaHb, OCKUIbKK B  pEaIbHUX  yMOBax
I[lpu mpoekTyBaHHI  IHXEHEPHUX  CHOPYA, CKcIUTyaralii mOTpiOHO YHHKATH pPE30HAHCHUX
cydacHHUX OymiBenb, KOpIYCIB pI3HOMAHITHUX pPEOKAMIB. Y 3B’S3Ky 3 LUM IIOCTa€ akKTyaslbHa

MallliH Ta KOHCTPYKIIH MIMPOKO 3aCTOCOBYIOTH
IUTACTHHU Pi3HOI (opMH 3 DI3HHUMHU BapiaHTaMu
3akpirieHHs. HeoOXximHo MaTu iH(opMalliio mpo
JIWHAMIYHI [apaMeTpy TaKuX IUIACTHH, 30Kpema
iH(OpMAIliI0 PO PO3MOALT YacTOT i (JOPM BLIBHUX

© I'puropenko O.41., bopucenko M.1O., boituyk O.B., 2020

npobieMa MeXaHIKM Ta MPUKIAJAHOI MAaTeMaTHKH
Opo TOHIMPEHHS aHATITUYHUX, YHCENbHUX Ta
EKCIIEPUMEHTAIILHUX METOMIB JI0 PO3B’sI3aHHS 33734
JUHAMIKY TUIACTHH Pi3HOi (hopMu.

B pamkax kimacn4HOi Teopil TOHKHX IUIACTHH
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JUIsl BU3HAUCHHSI 4acToT 1 opM BUIBHHX KOJIWBaHb
BUKOPUCTOBYEThCSL OaraTo pisHUX MeromiB [9-11].
[Mopsin 3 aHANITHYHUMH Ta EKCIIEPHUMEHTAILHUMHU
METO/IaMU PO3B’sS3YBaHHS 3a/a4 JHHAMIKH Teopii
IUTACTUH Ta OOOJIOHOK IMUPOKOr0 TMPaKTHYHOTO
3aCTOCYBaHHS HaOynM 4YWCEIbHI METOJH, a came
METOJOM CKIHYEHHUX ejeMeHTiB. lleii meron €
OCHOBOIO POOOTH 0araTboX Cy4acHHX MpPOTpaM JUIs
IH)KEHEPHOT 0 po3paxyHKy. OIHIE0 3 TAKHX MPOrpam
e FEMAP 3 posp’ssyBauem NX Nastran [5].
3anponoHoBaHWI  TporpaMHH  3aci0  BHKOpH-
CTOBYETHCS B psiji pociimkens [1-3, 6]. Posrmsnemo
JesIKI yOJTiKaIii MpUCBsYeH] TaHild TeMaTHIll.

B [3] Bu3HauatoThCs 4acTOTH Ta POPMHU BUIBHUX
KOJIUBaHb TOHKOI YKOPCTKO 3aKpilJIeHOI KBaJpaTHOI
TUTACTHHU CTaJIOl TOBIIMHHM HA OCHOBI JIBOX YHCEIlb-
HUX MeroniB, a came, MCE, skuii peaiizoBaHo Ha
FEMAP, i meronom Penes-Piria, sikuéi Moaudiko-
BaHO Ta peamizoBano Ha EOM B cepenopumii Delphi.
B [2] nmocnmimkyroTbesi TUHAMIYHI XapaKTePHCTHKH
TOHKOT 130TPOIHOT YKOPCTKO 3aKPiIIeHOT KBapaTHOT
IJIACTHHHU 3a JOMOMOrOI0 peajizallii HeKJIaCHYHOro
excriepumenTy Xunaaai Ta MCE. OnucyeTtbest MeTo-
JIKa TPOBENICHHS EKCIIEPUMEHTY 1 YHCEILHOT'0 PO3-
paxyHKy. B [6] po3rispaioThCsi TOHKI TUTACTHHH
TPHUKYTHOI, KBaJIpaTHOI Ta I’ ATUKYTHOI (OPMH 3 Bi-
THHUMH KpasiMu. [IpoBeneHO MOPIBHAUIIBHUNA aHAIi3
pO3paxoBaHUX YaCTOT BUILHUX KOJNHWBaHb Ta BCTAHO-
BJICHI 3aJI©KHOCT1 BIIACHHX YacCTOT BiJ (I3UYHUX Ta
MEXaHIYHMX XapaKTEepUCTUK Martepialy y BHIJIII
koedimientis. B [1] MCE nocmiKkyeTbcsl TOHKA
KBajJipaTHa  IUIACTHHA 3  PI3HUMH  (Pi3UKO-
MEXaHIYHUMH XapaKTePUCTUKAMH 3 BUILHUMH Kpasi-
MU Ta MPOBOJUTHCS TIOPIBHIIBHUN aHalli3 po3paxo-
BaHUX BJIACHHUX YacTOT KBAJPATHOI IJIACTUHU 3 Yac-
TOTaMH, SIKi OTPUMaHHI YACENTbHO Ta EKCIIepHUMEHTa-
JILHO IHIIIMMHU aBTOpamH [4].

B [12] mocnimkeHo KOMWBaHHS BUTBHUX ITOJITO-
HAJBHUX 1 320KPYTJIEHHUX TOJIINOHAILHUX TUIACTHH 32
JIOTIOMOTOI0  TIOKpaIeHoro Merona Pitna Ha kiaci
romoromniyauxX ¢opm. [IpencraBieHHi mepir 1’sTh
YacTOT BIIACHUX KOJHMBAaHb IUIACTUH MPABMIIBHOI (oO-
pMHE Ta eBomoLis hopM KonuBaHb. B [7] mist BU3Ha-
YeHHS OCHOBHOI YacTOTH KOIIMBaHb TOHKUX MPYXK-
HUX TMapajeiorpaMHUX IUIACTHH 3aIpOIIOHOBAHO
BHKOPHCTOBYBAaTH METOJ IHTEPIOJISLII 3 BBEICHOIO
TCOMETPUYHOIO XapaKTEPUCTUKOIO IUIACTUHH, SIKa €
BiJJHOIIICHHSM BHYTPIIIHHOI'0 KOH(OPMHOTO pajiiyca
JI0 30BHIIIHLOr0 KOH(OpPMHOro paniyca. B [8] pos-
TIITHYTO KOJWBaHHS TMPY)XKHUX 130TPOIHUX Tparie-
LIENOAIOHUX TJIACTHH, 3alIPOIIOHOBAHO BHKOPHCTO-
BYBAaTH METOJI iHTEpHosALii popM-pakTopa Ui BU-
3HAa4YCHHS 3HAYCHHSI OCHOBHOI YACTOTH.

Meror naHOi poOOTH € BU3HAYEHHS METOJIOM
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CKIHUEGHHHX €JIEMEHTIB 4acToT Ta (opM BUIBHHUX KO-
JMUBaHb 130TPOIMHOI TOHKOI II’SITUKYTHOI IIaCTHHH
MpaBUIBHOT (POpMHU 3 PI3HUMH BapiaHTaMH >KOPCTKO-
ro 3aKpilJICHHS Ha Kpasx, MOPIBHSIHHA OTPHUMAaHHX
pe3yNbTaTiB Uil NESIKUX I AITUKYTHHX IIJTACTHH 3
pe3yibTaTaMH OTPUMaHHX JJIsl KBaIPaTHUX TUIACTHH
CKBIBaJICHTHOI MacH 3 BIAMOBIAHMMH T'PAaHUYHHUMHU
YMOBaMH Ta BCTaHOBJICHHS TOMOojorii (opM KOJH-
BaHb.
OcHoOBHI ciBBiTHOII eHHS

PiBusinas pyxy mnactuau B MCE 3a BincyTHOC-

Ti IeMIIQYBaHHS M€ BUTIIS

ne K ta M — MaTpuIis >KOPCTKOCTI Ta MaTPHUIS Mac

MEXaHIYHOI CUCTEMH BIAMOBiAHO, @ ; — BEKTOp Iie-

J
peMillleHb BY3JIB CHUCTEMH, LIO BINOBIJa€ j-TOMY
CTYIEHIO BUIBHOCTI, SKHH BIATBOPIOE j-TY (Gopmy
KOJTUBAHb.

[Ipu BiNBHUX KOJMBAHHSX TUIACTUHH BCl BY3JI0BI
TOYKH 3IHCHIOIOTh TAPMOHIYHI KOJNUBAHHS K (yH-
KIIii yacy:

D;(t)=;sinw,t. )

[Micns migcTanoBku GyHKIH (2) B piBHAHHS pY-
Xy IUTACTUHU BHM3HAUYEHHS BJIACHUX 4YacToOT 1 (hopMm
KOJIUBaHb 3BOJIUTHCS JIO PO3B’SI3aHHS CHCTEMH alire-
OpaluyHUX PiBHSHb

- N o
Ko, -o;M®; =0, j=12,..5, ()

Jle @; —4acTOTa FApMOHIYHUX KOJIUBAHb.

NX Nastran uis BU3Ha4EHHS 4acToT i popM Bi-
JHHUX KOJIUBAaHb MPH BIJICYyTHOCTI AMCUNAII] eHepril
1 nemrihyBaHHS BUKOPUCTOBYE, SIK OCHOBHUI, METOA
Jlauroma [5].

IIoGynoBa po3paxyHKoOBoOi Moesti
3a pomomororo cucremd FEMAP moOymoBaHo
TEOMETPIil0 I’ ATUKYTHOI TUTACTHHU TpaBHIILHOI (o-

pMH 3i cTOpoHO0 @ =106,73-107> & i TOBIIMHOI
d =0,003 . [Tnoma n’ITUKYTHOI IJIACTUHU €KBiBa-
JICHTHA IUIONI KBaapaTHOI ruiactuHu [3]. B sikocti

MaTepialy 3ajaBaBcsi anmoMiHid 3 moxyneM HOHra
E=1107Tla, xoedimientom Ilyaccona v =0,34,

TYCTHHOIO p = 2710](’2/ w> . TImacTHHKA TOCTiIKY-
Bajlach IpH pi3HUX BapianTtax xopctko (C) 3akpir-
nenux kpaiB i ButbHHX (F) KkpaiB (puc.1). CkiHueHHO-
eNIeMEeHTHa PO30HMBKA MPOBOAMIIACH JIIHIHMUMHU BO-
CbMHUKYTHHUMHU solid-ejieMeHTaMu PO3MipOM CTOPOHHU
1,5 mm . TlpoBomuBecs po3paxyHOK 4acToT 1 (opm
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BUIBHHUX KOIMBAHb M SITHKYTHUX TUIACTUH 3 PI3HUMH
TPAaHUYHUMHU YMOBaMH.
Pe3syabTatu
JloCTOBIpHICTh OTPUMAaHMX PE3YJIbTATIB 3a0e3-
MEeYy€eThCS BUKOPUCTAHHIM OOTPYHTOBAHOI MaTeMa-
TUYHOI MOJEJi, KOPEKTHICTIO IOCTAaHOBKM 3ajadi,

| R

FFFFC

FFFFF
FFCCC FCFCC

Puc. 1. BapianTtu 3akpirieHHS TIACTHHU

1 BUIBHUX KpaiB, sIKi pencTapieHi B tadmuii 1. s
HAO0YHOCTI Pe3y/IbTaTH MPEACTaBICHI y BUIIAII Ti-
crorpamu (puc. 2). IlOpiBHSHHS NEPIIMX TPHOX
(¢hopM KONHMBaHb BCIX PO3MISHYTHX IUIACTHH IMPEI-
craBjeHi Ha puc. 3-5. [IOpiBHSIHHS NEPIIUX JICCITH
4acTOT JJIS II'SITUKYTHOI TUIACTHHM 1 KBaJIpaTHOL
IIacTUHU [3] eKBIBaJIGHTHOI MacH 3 JKOPCTKO 3aKpi-
IUICHUMH BCIMa KpasMH HaBeIeHO B TaOauIli 2 Ta
ricrorpami (puc. 6).

Bcranopnena Ttomonoris ¢opM KOJHUBaHb IS
NESKUX PO3MNISHYTHX IUIACTHH Y BiANOBITHOCTI 10
KBaJIpaTHUX IUIACTMH 3 BUIBHMMH Kpasmu [1, 12]
(puc. 7) 1 KOPCTKO 3aKpilUICHUMH Kpasmu [3]
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PO3B’SI3KOM TECTOBHUX 3aja4 [3] Ta MpaKkTHYHOO 30i-
JKHICTIO PO3paxOBaHUX YACTOT MpPH 3aCTOCYBaHHI
METOJy CKIHYCHHHX CJICMEHTIB.

B pesynbrari po3paxyHKIB OTPHMAaHO YacTOTH
BUIBHUX KOJMBaHb I’ITHKYTHHX IUIACTHH 3 BichbMa
PI3HUMH BapiaHTaMH JKOPCTKOTO 3aKPIIlJICHHS KpaiB

FFFCC FFCFC

FCCcce ccecc
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Ne

Puc. 2. YacToTH BiIbHUX KOJIMBAHb I’ ITHKYTHUX

TUTACTHH
(puc.8).
Tabnung 1
YacToTy BUIbHHX KOJIMBaHb I1'ITHKYTHUX TUTACTHH
Ne L1y
FFFFF FFFFC FFFCC FFCFC FFCCC | FCFCC | FCCCC CCCCC
1 604 119 197 403 404 1013 1101 1300
2 604 293 537 1031 1161 1377 1649 2673
3 1039 615 1039 1305 1306 1833 2625 2675
4 1429 1061 1352 1524 2174 2623 2863 4302
5 1429 1212 1713 2317 2663 2967 3652 4304
6 2071 1659 2401 2619 2928 3583 4378 4919
7 2071 1931 2825 3010 3887 3815 4889 6319
8 2812 2562 2899 3549 3922 4816 4953 6320
9 2812 2905 3789 4011 4702 5022 6265 7224
10 3322 2977 4088 4209 4961 5027 6578 7228
BucHoBku MW HE € CaMHMH HHU3BbKHMH B TIOPIiBHSIHHI 3 BiAIO-

Y po6oTi BU3HAYEHI 4acTOTH Ta (POPMHU BUTBHUX
KOJIUBaHb 130TPOITHUX TOHKUX M’ SITUKYTHUX TUIACTHH
npaBwIbHOT  (OpMH 3 PI3HUMH  BapiaHTaMH
KOPCTKOT'O 3aKpilUieHHs Ha Kpasx. [Ipu mpomy
OTpUMaHi TaKi KOHKPETHI Pe3yJIbTaTH:

1. Yacroru m’ATHKYTHOI IUTACTUHU 3 BUIBHUMH Kpa-

BIIHUMH YacTOTaMH IIPH IHIIMX BapiaHTax 3aKpim-
JICHHSL.

2. I3 30UIbIIEHHSIM KUTBKOCTI 3aKpIMIEHUX TOPIIIB
BIJIIIOBI/IHI YaCTOTH 3POCTAIOTh.

3. YacToTu MJIaCTHHU 3 YKOPCTKO 3aKPilJICHUMH
KpasMu OUIbINI HDK B JBa pa3W 3a BIAMOBIAHI
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Puc. 3. [lepma ¢popma BUTLHUX KOJIMBAHb 11’ ITHKYTHHUX IJIACTHH

®

FFFFC FFFCC FFCFC

om om
FCFCC FCcce ccecc
Puc. 4. llpyra ¢opma BiTbHUX KOJIUBaHb I’ ITHKYTHUX TUIACTHH
om o cm

FFFFC FFFCC FFCFC

I

FFCCC FCFCC FCCCC cceec
Puc. 5. Tpers popma BUIbHMX KOJIMBaHb I’ ITHKYTHUX TUIACTUH

3

Tabnuns 2
YacToTu BUIbHUX KOJIMBAaHb I’ ITUKYTHOI 1 KBaI-
paTHOI IUIACTUHU

Ne f Ty
cccce | ccec 3] 1y
1 1300 1373 000 -
2 2673 2789 e
3 2675 2789 s000
4 4302 4096 eeee
5 4304 4972 .
6 4919 4997 3000
7 6319 6211 P4
8 6320 6211 1000
190 Z;;‘S‘- Zggg ’ i I 2 I 3 ‘ 4 ‘ 5 ‘ 6 ‘ 7 ‘ g I 9 I 10 I
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Puc. 6. HacToTH BiIbHUX KOJIMBAHb I ITUKYTHOI 1 FFCCC; FCCCC i CCCCC.
KBaJIpaTHOI MIJIACTUHU 6. Yacrotu BUIbHUX KOJWBaHb IT'SITUKYTHOI 1
YaCTOTH IJIACTUHHU 3 BUIBHUMH KpasiMU. KBaJ[paTHOI TUTACTHH 3 YKOPCTKO 3aKpilNICHUMHU
4. Bix BapiaHTy »OPCTKOI'O 3aKpIiIUICHHS OJHa- KpasMH{ MaroTh He3HAYHY PO301KHICTB.
KOBOI KUJIbKOCTI TOPIIIB CYTTEBO 3aJieKaTh IEpIii 7. HaBenena rtomomnoris ¢popM KOJMBaHb IS Je-
YaCTOTH. SIKUX PO3TJISHYTUX IUIACTHH Y BIIIOBIIHOCTI 10
5. Crnocrepiraerhcs Mana po30DKHICTh BiIIOBII- KBaJIpaTHHUX IUIACTHH 3 BUIBHUMH KPasMH 1 )KOpc-
HUX YacTOT Ta MOAIOHICTH ()OPM KOJUBaHb IS TKO 3aKPIIUICHUMH KPaMH.

miacTuH 3 mapamu  3akpimienas: FFCFC i

FEMAP[1] FEMAP [12]
E E
i ;-*I L. . I |
o -
\ . .' 7N
3 : 1 N

Puc. 7. Tonosorist ¢popM KoNMBaHb IJIACTHH 3 BUIbHUMH KpasMu

FEMAP [3]
i |

FEMAP [3] FEMAP

-

Puc. 8. Tonosorist popM KoNMMBaHb IJIACTHUH 3 KOPCTKO 3aKPIIUICHUMH KpasMU
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3anpononosano ysazanvuenns mooeni JIaumxinna po3noscioOHCents NioOCKUX X6Uuib no 8 s3KONPYHCHUX
mpyoKax, AKi 3anoeHeHi 8 513K0K piouHow. Peonociune cniggioHOweHHSA Oa CMIHKU MPYOKU Mae no 08a
yacu penaxcayii HanpyosiceHv i Oegpopmayin. OmpumaHi piGHAHHS Y3A2edNbHEHOI MoOdeni, SKi ONUCYIOmb
ocepeOHeHi MUCK, WBUOKICIb PIOUHU, a MAKOC NAOWUHY nepepizy cyounu. Ompumano po36 130K pieHsiib Y
8USTAOI XBUIb, SIKI PO3NOBCIOOINHCYIOMbCS, A MAKOdC oucnepcitline pisnsanus. Ilpoananizosani ocobausocmi
PO38 43Ky Y3a2albHeHOi MOOeni ma OUCnepcii Xeuib y NOPIiGHAKHI AK 3 KIACUYHUMU 3a0ayamu Jlatimxina ma
Hlanipo, max i 3 8’askonpyxcuoo mooennto Kenveina-Qotixma 0rsa mamepiany cminku. Yucenvhi
PO3PaxyuKu nposedeHi 0iisl HAbopy napamempie mooeni, K 8i0nosidaioms cucmemi Kpoeoooicy m0OUHU.
Tokaszano, wo ycknaoueri enacmugocmi mamepiaiy 0038oiasa10ms ypaxysamu moou FOwnea i Jlame, a maxoorc
cmabinizysamu Moou, AKi OyIU Hecmikumu )y eunaoky mpyook 3 npocmiuioro peonociecto. Pospobrena
MoO0enb 0036015€ NPOBOOUMU YUCETbHI PO3PAXYHKU HA CKAAOHUX MOOEISX apmepianbHux pycei 3 CYymmegoio
EeKOHOMIEI0 KOMN T0MepHUX pecypcia i 4acy.

Kniouosi cnosa: 6’siskonpyoicni mpyoxu, nyavcosi Xeuni, mamemamuire MoOent08anHs, OUCNepPCisn X6uUnb.

A generalization of the Lighthill model of the plane waves propagation along fluid-filled viscoelastic
tubes is proposed. The rheological relation of the wall has two relaxation times for strains and stresses. The
equations of the generalized model for the averaged pressure, velocity and the cross-sectional area of the
tube are obtained. The solution of the equations in the form of the running waves and the dispersion relation
are obtained and compared to those for the Lighthill and Shapiro problems, and the viscoelastic Kelvin-
Voigt model for the wall material. Numerical calculations for the model parameters corresponded to human
circulation system have been carried out. It is shown, the complicated properties of the material allow
accounting for both Young and Lame wave modes, and stabilization the modes that were unstable in the case
of simpler rheology. The developed model is helpful in performing the numerical calculations on complex
models of arterial vasculatures at lower computation time and resources.

Key Words: viscoelastic tubes, pulse waves, mathematical modeling, wave dispersion.

Crartio npeactaBuB I.Q.-M.H., mpod. yk . O.

1. Beryn TOHKMMH 1 TOBCTMMH TNPYXHHMH CTiHKaMH, IIO

Jlinitina Teopis mimockux xBwib 1d B MOHOTOHHO 3BYXKYIOThCS a00 PO3LIUPIOIOTHCS, 3
3aMoOBHEHUX PIAUHOI0 TpyOkax Oyna po3pobieHa B'S3KONPYKHUMH Ta 0araTomapoBUMHU CTIHKaAMH
aHrmificekuM MatematukoM JIxk. Jlaitrximiom [1]. [3,4]. B xoxHOMy Bumaaky OyJlO0 BHUIIHCAHO
Byno Takox oTpuMaHO pPO3B’S30K 3amadi Mpo PO3B’SI3KM 3a7ia4 y BUTJISII HOPMAIILHOI MOJHU 1
MOLIMPEHHS UWIIHAPUYHUX XBWIb 2d B IpsSMHUX JIOCITIJDKEHO JAUCIEPCII0 XBHUITb.

TpyOKax KpyroBoro IepeTuHy 2 , B TpyOkax 3
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Knacuyna 3amaya JlaiiTxinma 3acHoBaHa Ha
3aKOHax 30epe’KeHHS MacH 1 IMITyJIbCiB HEB'SI3KO1
piAvHY, a TAKOXK PEOSIOTIYHOMY CITiBBiAHOLIEHHIO
F(P,U)=0, ne P(t,x),U(t,x)- THCK 1 TO3AOBKHA
LIBUIKICTD PIAMHY, SKi OCPEIHEH] 3a MONEePeYHUM
nepepizoM TpPyOKH, SIKUM MOKe OYyTH JOBUIBHOI
dbopmu. VYV pa3i  BSI3KOI pIAWHA  PIBHSIHHSI
Jlaiitxinna Oynu copmynboBani A. Hlamipo 5 1
Mi3HiIIe BUBEACHI UIIXOM OCEpeAHEHHs PiBHIHD
Hag'e-Ctokca o neperuny TpyOku 6 . OCKUIBKH
3amada JlaiTximma Ta 1 y3araJibHEHHS ITHPOKO
BUKOPUCTOBYIOTHCSI TIPU MOJEIIOBAHHI CHCTEMH
KpOBOOOITYy 7 , 3HAUHWH IHTEpEeC MPECTaBISIOTh
y3arajibHEHHS  Ii€i  3aja4i Ha  BHIIAJOK
YCKJIQJHEHOI peoJiorii CTiHKM TpyOKHM Ta
HEHBIOTOHOBCKUX piauH 8,9 . V maniil poOorti
HaBeJIeHO Yy3aralibHeHHs Mojeni JladTxinna Ha
BUMIAJIOK B’ SI3KONPYKHUX CTIHOK, o
NpEeACTaBiIeHI PI3HUMH HOEIHAHHAMH IPY>KHOTO,
B'I3KOr0 1 IHEPI[MHOIO eleMeHTa I, e astic,
isco s, 1ertia, a TakoX  JOCIILKEH]
BIIACTHBOCTI pIIIEHHS y3arajibHEHOI MOl Ta

0COONMBOCTI  JUCTIePCii  XBWIIb. 1 MOJIENb
BIJINIOBIIa€  Cy4yaCHMM  MIKpO- M HaHO-
CTPYKTYPOBaHMM KOMIIO3WTaM 1 Mae IliKaBi

JIOJTATKOBI PEOJIOTi4YHI BIACTUBOCTI.

1. ITocTanoBka 3ajauyi.
Posrnsuemo cuctemy piBHsHB JladTXima-
[lamipo 9

oS 0

—+—(SU)=0, 1

- —(SU) €y
N LGN LR py @
ot oX pox S

IS 3aMUKaHHS SKO1 BUKOPHUCTOBYEMO peonorque

CITIBBITHOIIICHHS I moneneii, mo MicTATh 3-5
€JICMCHTIB:
0%s 0S oP 0P
d—+c—+S=S,+k(P-P)+a—+b , (3
atz at 0 ( 0) 8’[ atz ( )

Ie p 1 p - TycTHHA 1 B’S3KiCTh piaunwy, a,b,c,d —
peosoriybi mapamerpu, P, - THUCK, IIPU SKOMY

CTiHKa TpyOKHM IOBHICTIO pO3MpaBieHa 1 Mae
MEPETUH S .

V xnacuuHiM 3amadi JIadTXimma po3rismaeTses
JiHeapu30BaHa BiJIHOCHO PIBHOBaXHOTO CTaHY
cucreva 1 - 3 mpm u,0, abcd 0, aii
pilIEHHs. PO3MIYKyeThCst y BUMIAmi P =P, +P,
S=S,+S, U=U, ne P,S,U - mani 30ypeHHs
3MIHHHX  BIJJHOCHO
{P=P,5=5,U=0
npornenypy, 3 1 - 3 oTpumaemo JliHeapru30BaHy
CHCTEMY PiBHSHB [ 30ypeHb

PIBHOBaKHOTO
TToBTOpIOtOUM

CTaHy
ey
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oS ou
BN g, 4
ot ox “)
M 1P Ky _g (5)
ot pox s,
2& S D) 2D
d2+c§+§:kl5+aa—|3+bas. (6)
ot ot ot
Buxmouatoun 3 4 - 6 3mimEi  P,S,

oTpuMaeMo piBHAHHA 111 U TO3Ha4YeHHs Haj
3MiHHUMH JJI51 IPOCTOTH OITyILEH1

4 3] 2]
_bpa U _{b,up_apJ@ U +[a,up_pkj8 u.,

4 3 2
ot So 2 ot 3 So 4 ot %
+k‘UpQ+SOaL2J+CSOGU2+ 0 62U2=O.
S, ot OX otox ot ox

3HaxoAg4YM Po3B’SI30K 7 1 MACTAaBISIOUM HOTO
B 4 i 5, orpumaemo piBHsHHA mis P,S. Jlna
JTOCITIKEHHST O0COOJIMBOCTEH ITOITUPEHHSI XBHJIH B
TpyOKax 3 YCKJIAIHEHOIO pEOoJIoTiel0  Oynemo
mykatd  po3B’sizok  (4)- 6 y  BUIAAIL
f(t,x)=f -exp(i(wt-nx)), ne f ={P,S,U}, f~
- aMIDTITy/1a i YacTOTa XBWII, N - XBUJIOBE YUCIIO.

lo

2. IucnepciiiHe piBHAHHA
[licna Bumesraganoi MiIACTAHOBKH 32 YMOBHU

ICHYBaHHS PO3B’SI3Ky  aireOpaidHoi  cHCTeMH
pPIBHSHb JUISI  aMIDITy[ 3BHYAHHUM  IIITXOM
OTPUMY€EMO  JAWCIEpCiiiHE  CHiBBiIHOLICHHS Y
BUIUISIAI
o' +iAw’ +(B-Cn’)o’ +i(Dn’ ~E)ao+n* =0, (8)
ds cS
ne A=_2 :a_,u_K, C=—0 p==2
S, Db bS, b bp bp
E= ku  F= So _
bS, bp

PiBusuas (8) mae 4 KOMIUIEKCHHX KOPEHS

A .
w1'2,3y4(n)=|zi\/24_r1/224_r Z,, ¢ 7,,, - KOpEHI

KyOI4HOTO piBHSHHS, 0 NOB’s13aHe 3 (8) mpudomy
B 3aJIe)KHOCTI BiJl TapaMeTpiB MOMAENI MOKIIUBI
BUIAJIKU! {z,=12,=72}¢R, {z,=2,#7,}eR,
{z,#2, #2.}e R, {7, e R{z, =2,*}C}, ne 3ipouka
MO03HaYa€ KOMIUIEKCHE CTIOTYYEeHHS. TaKuM YHHOM,
po3B’s30k 8 mpu Oyab-skomy HaOopi mapameTpis
Mae BUMISIA =o' (N)+iw"(n). Axmo «"(n)>0,
Oymb-sKi Majli TIOYaTKOBI 30ypeHHs 3aracaroTh 3a
yacoM 1 cucremMa 4 - 6 € cTiiikorw. BignosigHo,
($azoBy Ta TpYNNOBY IIBHUAKOCTI XBHJII MOXKHA
— ! 1.-" _ ' H "
obuucuTH K @ = @'(n) +ip"(n), V, =V'(n)+iV"(n),
ne V'(n)=dw'(n)/dn, V"(n)=de"(n)/dn,

p'(n)=a'(n)/n, p"(n)=w"(n)/n.
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Sk BiOMO, B JIMCHIIATHBHHUX CEpEIOBHINAX
IpyNoBa MBHUAKICT 3MEHIIYETHCS 31 3pOCTAaHHAM
4acTOTH B pa3i HOpMambHOI amcmepcii 1
30UTBITYETECS B CEPEAOBHINAX 3 aHOMAJIBHOIO
mucnepciero. B kmacwuniii  3amaui  Jladtxinma
({a,b,c,d,1}=0 pos3s’sizok 8 Mae BHUTIAA

o(n) =,/S,/pkn, ToMy Ga3oBa MBUIKICTH XBHII
30iraeTeCs 3 TPYIOBOIO, IO XapakTEPHO IS
IUIOCKUX XBWJIb B CEpeNlOBHIAX Oe3 mucrepcii. Y

monmeni [lamipo po3B’s30k 8 Mae BUTISA

M -

@, =—1——% , Tak 1o 3a Oynb
' 28,

AKX Habopax TapaMeTpiB Mojeni ¢a3osa
MIBUIKICTh XBHWJI HE 30ira€ThCs 3 TPYIIOBOIO.
[Tomanpie moCiiHKEHHS BIACTHBOCTEH PO3B’ 3Ky
8 Moxe OyTM TPOBEACHO  YHCETBHUMHU
METOAAaMHU.

3. UncesabHe pilleHHs i aHaJi3 pe3yabTaTiB
OOMeXHMOCS BHIAAKOM, SKHAH BiAIOBIZaE
TIOIMPEHHIO TYJECOBUX XBWJIb IO apTepialibHIN
CHCTEMi JIOAMHH, 1 Bi3bMeMO p =1050 kr/m3,
1 =35-10"Tla c, k =2/7EhS;¥? /3, E =10° Ila —
h=0.2R,

R, =+/S, /7 =0.01cMm — paniyc aptepii. Benuuunu

Moxayis lOmnra, - TOBIIMHA CTIHKH,

c=7, 1 a/k=7_MaroTe CEHC 4YaciB penakcauii
nedopManiii Ta HampyXeHb B MaTepialli CTIHKU
aptepii i MoxxHa noknacti 7, =7, =0.01c [2,9].
KCIICpUMEHTAJIbHI BUMIPIOBAaHHSA TapaMmeTpiB
d maroTh Ayke pi3Hi Aiana3oHU 3HaUYCHb, TOMY Ma€e
CEHC NOCTIINTH BIUIUB CaMme IHUX TapaMeTpiB Ha
pPO3B’s30K 1 0COONMBOCTI mucrepcii XBwib. [lpu
pO3paxyHKax  BHUKOPUCTOBYBAIWCS  3HAYCHHS
d/z,=7.1blke, =7 ,ne 7, =7 ~0.1-1c - yacu
penakcarii gedopMariii 1 HampyKeHb JPYTroro
MOPSAKY.

MCETIbHI PO3paxyHKH MMOKa3alv, [0 MPH BCiX
Habopax mapaMeTpiB MOAENI 3a HasBHOCTI 4-X
pI3HMX KOpeHIiB 8 1Ba 3 HHX BIIIOBIAAIOTH
MO3/JIOBKHIM MOBUTBHUM XBWIsSIM Moxau lOwra , a
JIBa 1HIINX - IIBUJKHM XBUJIAM Moju Jlame , sk 1
y BHIAAKY BicecuMmeTpuuHoi 20 Tewii B'I3KOi
piavHM WO TOBCTOCTiHHIM Tpyomi 2. B
knacuyHux mozensax Jlairximna i Ilamipo icHye

TIIBKM ~ OJUH  THUN  XBWIb. Y  BHUIAJKY
B'I3KONpYKHOI ~ TpyOKW,  siKa  BigmoBigae
peoJoTivHIi Moei KenpBina- oiixra,

OTPUMYEMO DIBHSHHSA 8 , SKE Ma€ TUIbKH TPH
HEHYJBOBHUX PO3B’SI3KH, TOMY TpeacTaBieHa EVI
MOJIEIIb Ma€ OiIbIIe YKUCIO0 MOJ 1, TAKUM YHHOM,
OlmpII pPI3HOMAHITHUIA HaO0ip BIACTHBOCTEH, Yy
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ToMy 4Hcii pe3oHaHcHHX 3,7 . KpiMm mporo, 3a
pPaxyHOK JOJATKOBUX UJICHIB B PEOJOTTYHOMY
criBBiTHOMIEHH]I 3 Ti MOJH, sIKi OyJIM HECTIHKI TPU
7. =7 =0, MOXYTb CTaTU CTAOLILHUMH 32 IIEBHHX

o
3Ha4YeHb 7, #7, #0, SAKI MOXKHA 3HAWTH 3 YMOBH
critikocTi "(n) >0 cucremu 1 - (3).
PesynmpraTu pO3paxyHKiB
3aNIeKHOCTEH  @'(N) TpeacTaBieHi

TIACTIePCIHHIX

Ha Puc.la.
Po3rnsHyTO BUMIATKH SK KOPOTKHX 1, Tak i
JIOBTUX 1 xBwib. B3m0BX BepTHKAIBHOI OCi
BiKiIazeHa Oe3po3MipHa 4YacToTa. 3a OCHOBHY
4acTOTy MPUHHATO 3HAYCHHS YACTOTH CEpUEOUTTS
72 yn./xB. Po3paxyHku OOMEXeHI mepmuMud mM=8
rapMOHIKaMu, SIKUX BUCTA4Ya€ I anmpoOKCHUMAIlii
96-98 mynbcoBoi xBUM 9 .

roe

« b=0.1,d=0.1

—a- =001, d=0.1

——b=0.1, d=0.01 B
61 5 b=0.01, d=0.01 e

—&— b=0, d=0 "F_,.--" ",_-—-'

= —
— =

4t ’ -

2 e e
T o :;_:’_*__,4
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0 2 ] 6 8 0n
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" _
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-=-b=0.01, d=0.01
—— b=0, d=0

8 m

Puc.1. 3anexuocti f°(n) a, " (n) 6 u ¢'(m) B
JUIsl pi3HUX HAOOPiB MapaMeTpiB CTIHKU.
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Ha Pwuc.16 mpenmcraBieHi 3aiexHOCTI @"(n)
JUIS  BUMAAKYy, KOJM BHUXiTHA MoAa Oyrna
HECTIWKOI0, a 3a paxyHOK BHOOpPY HEHYIIbOBHX
napamerpiB 7, # 7, =01l BHajsocs craOiii3yBaTH.
Ha Puc.1B mokasaHi 3aleXHOCTI ¢@'(w) TpH THUX

caMrux HaOopax mapamMeTpiB 3amadi. OOuncieHi
3aJIEKHOCTI  ToOpe BIAMOBIIAIOTh  JAHUM
BUMIpIOBaHb ¢@'(®w) Ha aprepiax 3 pI3HUMHU
paniycamu. IlpsimMa iHIS BiOMOBIZA€E MIBHAKOCTI,
sSKa pO3paxoBaHa INPH THUX CaMHX IapaMeTpax
CTIHKH 1 piauHM A7 Oe3micrepciiHoro po3Bs’s3Ky
KnacuuHol 3amaul JlaiiTximma. 1 3HAYeHHS, TaK
caMoO SK 1 MOJENh YHCTO TMPYKHOI CTIiHKH,

3a3BUYall  3aBUINYIOTh BEIUYMHY  IIBHIKOCTI
MynbCcoBOi  XBWII 9, Tomi sk Mojem 3
ypaxyBaHHSAM penakcaminHux napaMeTpiB

MEPIIOTo 1 JPYroro MOpsAKY JeKaTh OJIKYe JI0
eKCIIepUMEHTaIbHUX KpuBux 2,9,10 .
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5. BucHoBKH

3anponoHoBaHa y3arajJibHeHa MOJEIb
Jlaiitximna-1lanipo, sika omucye pO3MOBCIOAKEHHS
XBUJIb B 3alIOBHEHHX B’S3KOI0 DIIUHOI0 TpyOKax,
peoyoriyHe  CHIBBIAHOIICHHS  SIKUX Mae 5
PeoIOoriuyHNX KOe(ilieHTiB — OKPY>KHY CTHUCIIHBICTD
1 7o JBa 4YacW penakcaimii HampyXeHb Ta
nedopmariii. Po3p’s30k  3amadi  Moke OyTH
3HAalCHO Yy BUTIJISIAI XBHIb THCKY, IIBUAKOCTI, IO
O1KaTh, Ta OCIMJIALIN CTIHKH TpyOkH. J{ucnepciiine
PIBHSIHHS ONUCY€E MBHUJKI ¥ MoBiIbHI Moau Jlame 1
IOnra. IlokazaHo, mO 3a paxyHOK IOJAaTKOBUX
napaMeTpiB MOKHa CTabiTi3yBaTh HECTIHKI MOJH, a
JIUCTICPCIHHI  3aJIOKHOCTI CTAIOTh OJIMKYUMHU  JI0
EKCHEPUMEHTAIbHUX HIK PO3B’S3KH  KJIACHYHHUX

3amay Jlaiirximma, lamipo, 1 pmns  BUmagky
peosoriunoi mojeni KenbBiHa- olixTa.
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XBHJIbOBI XapaKTePUCTUKH Wave characteristics
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Hocniosxceno eniue uacmomu cepyesux CKOpOUeHb HA CMYNIHb XA0OMu3ayii OUHAMIKU MOOei
83a€MO0II cepyeso-cyOuHHoi ma pecnipamopHoi niocucmem. Pozenamyma moodenv micmums 5K
npAMUL, MAaK i 360pOMHIU MEXAHIYHUL 38 30K MIJC cepyem ma XeUIAMU, WO NOPOONHCEHI PYXOM
2pyonoi  KknimuHu. Buxopucmano npukiaoui wucenvHi memoou meopii OUHAMIYHUX CUCTEM.
Ilokazano, sk 30iNbUIEHHS NYILCY MOJNCE NIUSAMU HA XEUTbOBI XAPAKMEPUCMUKU pOOOmMU cepysl.

Knouosi crosa: cepyeso-cyounHa cucmema, pecnipamopha cucmema, 360pOmHiil 36 s130K, Xaoc.

The heart rate influence on chaotic dynamics of the model of interaction between cardiovascu-
lar and respiratory subsystems has been studied. The considered model contains both direct and
inverse mechanical connection between the heart and the waves generated by the movement of the
chest. Applied numerical methods of the theory of dynamical systems are used. It is shown how an
increase in heart rate can affect the wave characteristics of the heart.

Key Words: cardiovascular system, respiratory system, limited excitation, chaos.

CrarTio ipeactaBuB 1.¢.-M.H., mpod. XKyk 5.0.

1. Betyn BpaxOBYyBaTH HAsABHICTh 30BHIIIHBOIO BIUIMBY Ta
PI3HOMAHITHUX IIIyMiB. 3a3BU4Yail 1€ JOCSITA€EThCS
MpOCTO  HAaKIAJECHHSIM  JEIKOI  CTOXaCTUYHOI
KOMIIOHGHTH Ha caMy Mojellb abo OTpUMaHHi
po3B’s130K. B Hammx nomnepenHix podoTax mokazaHo,
SK came B3aEMOJIisl CepIlsl Ta XBUJIb, IO MOPOHKEHI
pyXaMH TpPYIHOI KIITKH TPU3BOAUTH 1O CYTTEBOI
Xa0TH3aIlii OCHOBHHX XapaKTePUCTHK
Kap/IioiHTepBaly, TaKUX SK BEPXHIA (CHCTONIYHHN)

Onniero 3 HAWUOLIBII 1HHOPMATUBHUX Ta JIETKO
BHUMIPIOBAHUX XapaKTEPHCTHK CEPIIEBO-CYIUHHOT
CHCTEMH JIIOJIMHH € YacToTa CEepIICBUX CKOPOUYCHb
(UCC) ab6o nynbe. [To migBUIIEHHIO a00 TOHUKEHHIO
Ta B3araji 3MiHI MYJIbCY YacTO MOXIIMBO BHUSBUTH
MOYaTOK TATONIOTIYHUX TPOIECiB B  OpraHizMmi
moauuu. [lpy 1BOMY BaKIHMBE 3HAYCHHS Ma€
30BHIIIHIN BIUIMB Ta eMOLIHNH cTad marmienTa. Tak, Ta HEDKHiH (JHACTOMNIUHHMIA) THCK i TYITBC.

y monuHu B ctaHi cnokoro YCC mae Oyth maibke BinoMo, 10 MpH Pi3HAX XBOPOBAX, HANPHKIAS

HOCTlﬁH9IO‘ Hp,H HI’OMY’V 3a 8 mi6 no pantooi I'PBI Ta rpum cHoocrepira€TbCcs IiIBUIICHHS
CCPHCBO1 CMCPT1 CCPUCBII PUTM XApaKTCPUSYETBCA  ronrepatypy Tina i 4acTOTH CEPIEBHX CKOPOHUCHD.
BHPAAKCHOIO  TCPIOTITHICTIO [1]. Y snopoBol  gyyvac MUTAaHHS, SK Taka peakilis OpraHizmy
TIOZMHI ~ CCPLCBUM  PUTM € XaOTHHHNM [l hosnauaerses ma PETYIAPHOCTI YW XAOTHYHOCTI
3BanIf,HO’ [¢ HC TaKa CTXHIHI’ XAO0THHOCTI, SK TIpH KapaiocucteMu. B 11iii po0OOTi TOCTIIKYETCS BILUIUB
aputMmii abo imemiuHii XBOpoOi cepid, A€ ippmenns OyThCy HA  CTYNIHB  XAOTH3ai
370pOBOMY  CEpLIO NPUTAMAHHA CAME HAMBHICTD  poone iy cieTemu cepiie-neresi.

Xa0THYHOI CKJIaZioBoi. ToMy MpH MOJENIOBaHHI

JUHAMIKH CEpIICBO-CYMHHOI CHCTEMH HEOOXITHO

© €.]1. ITeuyk, T.C. KpacHomnonbcbka,
M.O. Pyanuibka, 2020
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Puc. 1. Ilpoexkuis (a30BOro mpocTopy Ha IIOMIUHY
Kap/Ii0iHTepBaTy Ta CHCTOIIYHOTO TUCKY JUIS
BUMazKy mynscy 60 ta 3Hagess 77 = 0.03,
1n=0.07,7=0.1, n =0.17 (3niBa Hanpaso Ta

3BepXy BHU3).

2. MaTreMaTu4Ha MO€J/b Ta pe3yjabTaTu
YUCCJIBHOI'0O MOA€CJII0BAHHSA

Mogens  B3aeMonii  CEpIEBO-CYAMHHOI 1
pecIipaTopHOl CHCTeM, JOCTiPKyBaHa B poboTax [2-
6] , € CHCTEMOIO IUCKPETHUX BiZIOOpaskeHb, IO
OIUCYIOTh XapaKTEPUCTUKH CTaHy KapAiOiHTEpBaTy
MPU KO)KHOMY CKOPOYEHHI Ceplis.

BBeneMo HacTymHI TO3HAYECHHS:
cucroniyauif Tuck S, S, =120 MM pr. cT.,

piacroniyHuii THCK D, Dy =80 MM pr. cT.,
kapaiointepsan [, 1, =800 mc,
yac apTepianbHoro 3aracania 7, T, =1500 mc.

D! =¢S! exp(-1_,/T,)

T A+r
Sj’:Dj’+7/_O[1"—I+( +K)Sin§0i+c_2
SO S() 0
Sy & So &
[=G,228  +G,20F(S, )+, (1)
R Ty

T'=1+G,S,/T,~G,S,/ T,F(S',t,)

1

A

S =1+18/ 8, arctan(S, (S, —1)/18)

ne i1, D'=D/S,, S'=S5/S,, S§'=8/5,,
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Puc. 2. Tlpoexkiis (ha30BOro npocTopy Ha IIOMIUHY
Kap/Ii0iHTepBaTy Ta CHCTOIIYHOTO TUCKY JUIS
Bunazky mynscy 90 ta suagers 77 = 0.03,
1n=0.07,7=0.1, n =0.17 (3niBa nHanpaso Ta

3BepXy BHU3).

I'=1/T,,

T'=T/T,,

G

D,
So

—exp

1y

T

b

¢, =8, =Dy — 11y, oy =1, = §,(G, +Gy),

G, =18mc/MMm pr.ct., G4z =G, =9 Mc/MM pT.CT.,

y =0.016 MM pr.cT./MC, A =3 MM PT.CT. - aMILTITy1a

3MIiHU THUCKY CHUCTOJIM, OOYMOBJIEHA PYXOM TPYIHOI

KITKU mix vac aumxanus, f =0.2211m — gacrtora
i

t,=) I, - MOMEHT 4YaCy CEpICYHOr0
k=0

JIUXaHHS,

CKOPOYEHHS,

A

1 - . . .
F= E(Si—T—Z +28, 438 +28 1+ S 00)

Ty, =Tp =4, 7,=0, sAkmo myabc MeHule 3a 75

ymap/xB 1 7, =1, sKmo mymnsc Oimpme HDK 75

yaap/Xs.

Pyxu rpynHoi KIIITHHH, MOJIENTIOIOThCA
ABTOKOJIMBAJILHOIO CHCTEMOIO, 1110 3HAXOIMTHCS T
MEXaHIYHUM IMITyJTbCHUM 30YpEHHSIM CepleBUX
ckopoueHb. [Ipu 1poMy, A1 MOJICIIOBAHHS BILUIUBY
CEpPIEBUX CKOPOUEHb Ha JUXajdbHI OCLMJIALIT
BUKOPUCTOBYIOTBCSL ~ PIBHSHHS  JMCHUITATUBHOTO
BiZJOOpaskeHHsT 3aCJIaBChKOrO, IO Yy3arajibHEHI Ha
BUIAJIOK HEMEpioANYHUX yIapiB cepls pizHOL
IHTEHCHUBHOCTI [5-6].
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Puc. 3. Yacogi peanizaiii BeTHYUHA
KapioiHTepBay Uil BUNIAAKY myabcy 90 Ta

smauens 1) =0.03, 7 =0.07,7=0.1,7=0.17

(311iBa HAMpaBo Ta 3BEPXY BHU3).

time, sec

Byt = (1, = 1(S, = S )sing, Jexp{~«1,},(2)

. 1-exp{-«l,}

Ppy1 =@, + 2”Aﬂn +V(rn _r](Sn _SO)Sln(Dn)#’
TYT 1 >0 - 0e3po3MipHMi mapamerp, IO
XapakTepu3ye  IHTCHCHUBHICTH  Jdil  CEpIEeBHX
CKOpOYEHb Ha pecripaTopHy AKTHBHICTb,
BIIXWJICHHSI aMIUTITYAX BiJl TPaHHYHOTO IUKIY,
k>0 - xoebimient 3aracaHHs  30ypeHHS

aMIUTITyId, 10 BHU3HAYA€ IIBUAKICTH ITOBEPHEHHS
30ypeHoi cucTeMu 10 TPaHUYHOTO UKIY, ¢ - dasa

KOJIUBaHb, V -NOCTIHHUHI MMapaMmerp, 0 BiIMOBigae
3a CTYHiHb 3MIiHH JJ00aBKH 110 (a3 B 3aJIeKHOCTI
Bl BEJIMYMHHU BIOXUJIEHHS 7 .
Panime BusiBieHo [4-6], mo B paMKax TaKOro
niaxoxy mapamerp 7] € Oidypkauiiinum, To6T0 Mpu
30UTbIIEHH] BIUIMBY CEpIIEBUX CKOPOYECHb Ha
pecmipaTOpHy aKTUBHICTh B MOJENI MOPOIKYETHCS
PEKUM  XAaOTUYHHX  ABTOKOJHMBAHb. Temnep
posrisiHeMo — moBemiHKy — cuctemu (1)  mpwm
30inbHIeHHi mynabsey 3 60 10 90 ynapiB Ha XBHIUHY.
JIJIss 4MCeNbHOr0 MOJCTIOBAHHS BI3bMEMO HACTYITHI
MOYaTKOBI 3HAYCHHSI:

1'10]1=0.45, npu myabci 90 yaapiB Ha XBUIHHY,

1'10]=0.67, npu mysbci 60 yaapiB Ha XBUIHHY ,
ST-j1=1.08, j=0,...,6.
Ha puc. 1 mnoka3zaHo mpoeKIiio (a30BOro
MpocTOpy Ha IUIOMIMHY Kap/AioiHTepBaly Ta
CHCTOJNIYHOTO THCKY A BHIAAKy mynscy 60 Ta

smauens 1) =0.03, n=0.07, n=0.1, n=0.17
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rpadikiB, He3HaYHa XaOTH3allisl CIOCTEPIraeThecs
mmme npu 77 =0.17. Amnanoriuni kpuBi U1

BUMAJIKY Tynbcy 90 yaapiB Ha XBHIMHY 300paKeHO
Ha puc. 2. B 1upoMy BUMagKy MoOAEIb
XapaKTepU3YEThCsl XaOTUYHUM peskuMoM. Ha puc. 3
MMOKa3aHO BiJIOBIIHI XBUJILOBI peasti3allii BeTHIHMHH
KapaioiHTepBaly LUX peKUMiB 3a 60 CeKyHI.
BinxuieHns 3Ha4eHb KapAiOiHTEPBAy MPOXOANUTH B
obmacti Big 650 mMc no 850 Mc IS pEryispHOTO
pexumy i Bin 770 mc mgo 810 Mc Uit pO3BHHEHOTO
xaocy. [lpm 1pOoMy crocrepiraeTbcs  TaKOXK
[TIBUILIEHHSA 4acToTi MyJIbCallii. CrexTp
IOTYXHOCTI [utsi 3HadeHs mapamerpy 77 =0.03 rta
11 =0.17 mobynosano Ha puc. 4. O6uisa crekrpu
MAaIOTh HEMEPEPBHY CTPYKTYPY 3 A0Ope BUPAKEHUMHU
crieckamu B obnacti xBuiib Meiiepa (0.1 '), mpu
MeHioMy 3Hadenni mapamerpy 17 =0.03. Ilpu
n=0.17
xapakTepHuMu TikamMu Ha dacroti 0.17 I'm Ta B
obmacri 0.335 T'm, 1m0 BiAIIOBiA€E AEMIO IiBHINEHII
YacToTi XBWJIb JMXAaHHA.  3arajibHONPHHHSATOIO
HOPMOIO JTUXaHHS BBaxkaeThcs gactota 0.25 I'm [3],
IO BiANOBimae mepiogy XBui 4 cekyHaud. ToOTo
MOJICNIb JEMOHCTPYE 301IbIIEHHS YaCTOTH JUXAHHS
MpH MiJIBUILEHHI MYJIbCY, MO0 TaKOX CIIBIaNae 3
EKCIIEPUMEHTAITbHIMH JTAHWMH.

CIIEKTp 3BAKEHU, 3 JIBOMa

3. BucHoBok

[lynec mopocnoi mroguHu  0€3  3HAYHUX
MaTaJorid B KapAl0CUCTEM] CTAaHOBUTH OJIM3bKO
60 ynmapiB Ha xBuiauHy. Ilpu migBuIEeHH]
TeMIlepaTypu  Tila  BHACIIOK  BIPYCHHX
1HeKIH, 1oro BEJINYMHA 3HA4YHO
30upIIyeThCs. B pamkax moneni Jebypa ta in.,
Ky Y3araJlbHEHO BpaxyBaHHSM 3BOPOTHOIO
BIUIUBY  JISJIBHOCTI Ccepus Ha  XBHJIBOBI
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XapaKTEPUCTUKA  PYyXIB  TPyAHOI  KIITHHU JO  MIABUINEHHS  3arajlbHOi  YyTJIMBOCTI
JOCTIPKEHO BIUIMB MIABUUICHHS Mynbcy A0 90 opraHiaMy, BHAcHiJOK 4YYTJIMBOI 3aJIeKHOCTI

yaapiB Ha XBWJIMHY. BusiBieno, mo mpoiiecc
Xa0THU3allli IMHAMIYHOTO PEKUMY HACTYIIa€e MpU

MEHIITUX 3HAYEHHSIX 01 ypkariitHoro
napametrpy. Iloka3aHo XaoTHYHUN PEKHM Ta
nesiki  Woro  xapakrepuctuku. lle  Moxe

03HAy4aTH, 10 30UIbIIEHHS MYJIbCY MPU3BOJIUTH
Cnucox BUKOPHUCTAHUX T7KEPeEa

Goldberger  Ary L. Clinical  Electro-
cardiography: A Simplified Approach, 7th ed. /
Ary L. Goldberger. — Philadelphia: Mosby
Elsevier, 2006. — 420 p.

DeBoer R.W. Hemodynamic fluctuations and
baroreflex sensitivity in humans: A beat-to-beat
model / R.W. DeBoer, J. M. Karemaker, J.
Strakee // Amer. J. Physiol. — 1987. — 253, — P.
H680-H689.

I'punyenko B.T. Mopenb B3aUMOJEHCTBUS
CEepIACYHO-COCYIUCTOI U PECIUPATOPHOI CHCTEM
/ B.T. TIpunuyenko, A.I'. Pynmuunkmii //
AxycTtuueckuii BecTHUK. — 2006. — 9, N 3. — C.
16-26.

Kpacuomonsceka ~ 7.C.  Cardiorespiratory
System with Strong Interaction / T. C.
Kpacuomonscbka, €. II. Tleuyk // Chaotic
Modeling and Simulation (CMSIM). — 2017.
—Ne 1, —P.141 — 146.

THeuyx €] CeprieBo-pecipaTopHa cHCTEMa K
cucreMa 3 oOMexeHuM 30ymkeHHsMm / €. 1.
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[eBuenka. Cepist piznKo-MaTeMaTHyHi HAYKU. —
2019. — Ne 2, — P.59 — 62.
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Modeling and Simulation International
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Xa0TUYHMX MPOIIECCIB BiJ MOYATKOBUX YMOB 1
MaJuX 3MiH [apaMmerpiB. TakoXk BHUSBJICHO
eheKT  MIABUIIEHHS  YacTOTH  JUXATbHHUX
OCLWJIALIM Ha YaCTOTHOMY CHEKTPl XaOTHYHOIO
1 peXXUMY BEJTMUYUHU KapAl01HTEpBaIly.

References

GOLDBERGER, ARY L. (2006) Clinical
Electro-cardiography: A Simplified Approach,
7th ed. Philadelphia: Mosby Elsevier.

DEBOER, R.W., KAREMAKER, J. M. and
STRAKEE, J. (1987). Hemodynamic
fluctuations and Dbaroreflex sensitivity in
humans: A beat-to-beat model.  Amer. J.
Physiol., 253, p.H680-H689.

GRINCHENKO, V.T. and RUDNITSKY, A.G.
(2006) Model’ vzaimodeistvia serdechno-
sosudistoi i respiratornoi sistem. Akusticheskii
vestnik, 9(3), p.16-26.

KRASNOPOLSKAYA T.S. and PECHUK E.D.,
(2017) Cardiorespiratory System with Strong
Interaction, Chaotic ~ Modeling  and
Simulation (CMSIM), N1, p.141 — 146.
PECHUK E.D. KRASNOPOLSKAYA T.S. and
RUDNYTSKA M.O. (2019) Cardiorespiratory
system as system with limited excitation,
Bulletin of Taras Shevchenko  National
University of Kyiv Series  Physics &
Mathematics, N2, p.59 — 62.

PECHUK E.D. et al. (2020) Influence of the
Heart Rate on Dynamics of
Cardiorespiratory System, /n [2th Chaotic
Modeling and Simulation International
Conference. Ed.. Christos H. Skiadas &
Yiannis  Dimotikalis. Springer Nature
Switzerland AG 2020, p.211 —216.

1.

Hapiitina mo penxoserii 30.02.20



BicHuk Kuiscbko2o HayioHaneHo20 yHisepcumemy 2020, 1-2 Bulletin of Taras Shevchenko

imeHi Tapaca LLles4eHka National University of Kyiv
Cepisi pi3uko-mamemamuyHi HayKu Series Physics & Mathematics
YJIK 517.983.27 https://doi.org/10.17721/1812-5409.2020/1-2.13

Terepyk I.C.", acnipant Teteruk I.S.", PhD student

J{BoBMMIpHI y3arajibHeHi MOMEHTHI Two-dimensional generalized instantaneous
300pakeHHs TA AMPOKCUMAHTH THITY images and approximations of the Pade type
IMape ¢pynkuii ABOX 3MiHHMX function of two variables

'TacruryT MaTematikn HAH Vipainu, Kuis 'Institute of Mathematics of NASU, Kyiv

email: innna.teteruk@gmail.com email: innna.teteruk@gmail.com

Jlocnioocyemoess numanns nodoyoosu anpoxcumanm Ilade 0ns @ynxyii 06ox s3minnux. Ilobyoosana
0806UMIDHA (DYHKYIOIHANBLHA NOCTIO08HICMb, KA MAE Y3A2ANbHEHE MOMEHMHE 300PANCEHHs | GU3HAYEHI
PAYIOHATbHI ANPOKCUMAHMU, WO OYOYMb V3a2aibHeHHAMU 00HO8UMIpHUX anpoxcumanm Ilade. @yuxyis
080X 3MIHHUX, 5IKA PO32ISA0AEMbCS, NOGHICMIO NOG SA3AHA 3 OA3UCHUMU 2INepeeoMempuyHUMU PAOAMU.

Kniouosi cnosa: anpoxcumanm Ilade, momenmue 300paxcenis, cinepeeomempudnull pso, payionaibHa
anpoxkcumayisi.

Generalized instantaneous image were introduced by V.K. Dzyaduk [1] in 1981 and proved to be a
convenient tool for constructing and studying the Padé approximants and their generalizations (see [2]).
The method of generalized instantaneous images proposed by Dzyadyk made it possible to construct and
study rational Padé approximants and their generalizations for many classes of special functions from a
single position. As an example, the Padé approximants is constructed for a class of basic hypergeometric
series, which includes a gq-analogue of the exponential function. In this paper the construction of the Pade
approximants for the function of two variables is investigated. A two-dimensional functional sequence is
constructed, which has a generalized instantaneous image, and rational approximants are determined, which
will be generalizations of one-dimensional Padé approximants. The function of the two variables is entirely
related to the basic hypergeometric series.

Keywords: Pade approximation, instantaneous image, hypergeometric series, rational approximation.

Crattio nipenctasus 11.¢.-M. H., ipod., akanemik HAH Ykpainu [Tepectrok M.O.

Beryn Ta TeopeTuyHi BitomocTi. S =Xy kjel, (1)

VY3aranpbHeHI MOMEHTHI 300pakeHHs Oynu BBeEIeHI
B.K. Izsoukom [1] y 1981 p. i BUSBHIIUCS 3pyIHUM
IHCTpyMEHTOM  JijIi  IOOyJOBM Ta  BUBYCHHS
anpokcumMariii [lage ta ix y3aranpHeHb (TuB. [2]).

O3nauenna.  bynemo  roBoputH, 1o A

[To awnanorii 3 (1) MO)KHa BHM3HAYUTH Yy3arajbHEHI
MOMEHTHI 300paKeHHS JBOBUMIPDHHUX YHCIOBHX
MOCITiTOBHOCTEH.

O3nauennsa.  bynemo  roBoputH, 1o A

IIOCITIIOBHOCTI KOMIUIGKCHHX w4ucen {s,},_, Mae _ . . . ©
= JBOBHMIPHOI 4MCIOBOI HOCHITOBHOCTI {S, , }/ . o

MiCHe y3araJJbHEHEC MOMCHTHC 306pa)KeHH$I Ha .
Ma€ MICHEC y3araJbHCHE MOMCHTHC 306pa)KeHH$I Ha

K imiiEnx mpocropie X Ta Y . .
A0ByTKy 1 pocTop a 38 no0yTky JiHiiiHMX mpoctopiB X Ta Y 3a

O3HAYCHOI0 Ha I[bOMY JA00YTKY OUTIHIHHOI (hOPMOIO e
HPOMY AOOYTKY '(I) P ) O3HAYCHOI0 Ha I[bOMY JA00YTKY OUTIHIHHOIO (hOPMOIO
(.,.), axmo y npoctopi X BKa3aHO IOCIIZOBHICTh . .
(.,.), akmo y mpoctopi X BKa3aHO ABOBUMIPHY

. " .
eIEMEHTIB  {x, };_ a mpoctopi Y - . . . .
P dico Y Tpoctop TIOCITi/IOBHICTb €eMeHTiB {X, , }, o, @ ¥ IPOCTOpi

. . . o .
MOCHIJIOBHICTh €JIEMEHTIB {) .} ., TakKi, 1110 . . . .
A (b J }FO -1 Y -- [BOBUMIpHY IMOCTIIOBHICTH €IEMEHTIB

© I.C.TeTepyk, 2020 )} jmo TAKI, 1O

75



BicHuk KuiscbKo2o HayioHaneHo20 yHisepcumemy 2020, 1-2 Bulletin of Taras Shevchenko
imeHi Tapaca LLles4eHka National University of Kyiv
Cepisa pi3uko-mamemamu4Hi HayKu Series Physics & Mathematics
Sksjmin = Kear Vi) Ko fomonell o (2) mpu (k,m) €([0,N,]x[0,N,]), {(N,N,)} i
. .. . X
ITo ananorii 3 TUM, SIK Yy BIANOBIIHICTH YUCIOBIN c;\, I. N2) 0, To pamioHanbHa QyHKIsS
IOCTIMOBHOCTI  {$,},,,  MOXKHAa  IIOCTaBUTH
= TO paiioHa bHa PYHKILiS
. o _ k
¢dopmanbHuii  cremeneBuit pian f(z) = z Sz, NN
1 2
T e 2D LD WA SO
. ‘o ‘o . . 0 1= JNy—h k —Jj.m=n
JIBOBUMIPHIA YHUCJIOBIM I1OCII1JJOBHOCT1 {Skm}k 1m0 QN],NZ(Z ©) k=0 m=0 /=0 n=0

MOXHA TIOCTABUTH Yy BIAMOBIMHICT (QOpMaNbHUN

CTeleHeBU I psn JIBOX 3MIHHUX
f(z,0) = Zskmza) (3)

k,m=0
Hnst  psapie Bursiny  (3) MOXHA — BU3HAYUTH
palioHanbHi arpOKCUMaHTH, 1o OynyTh
y3arajJbHEHHSIMH  OJHOBHUMIPDHHUX  alpOKCUMAaHT

[Manme, 3a pizamMu cxemamu (muB. [3, c.323]). Ilpu
IIbOMY MOTPIOHO 3adikCyBaTH TE€BHI OOMEKEHI

obnacti N i D 3 J° Ta nobyaysatu anrebpaidni

MHOI'OYJICHH

B (z,0) = Z Pz 0"

(k,m)eN

Oy (z,0)= Y g, 7"

(k,m)eD
TaKMM YHMHOM, II00 sKoMora Ouiblie KoedillieHTiB
€, Y PO3Kiai

B (z,0) a))
0y (z,0)

k
ek,mz (0]

m

f(z,0)- >

(k,m)e!'f_

JOPIBHIOBAJIU HYIIIO.
Hactynuuit pesynbrar € anamorom Teopemu B.K.
Mzsimuka [1] ansg Bunanky QyHKINH TBOX 3MIHHHX

(muB.[4]):

Teopema 1. Hexait GopmanbHUil cTerneHeBUHA Pl

JBOX 3MIHHMX Ma€ BULIAA (3) 1 Ui JBOBHMIPHOL
o0

MOCTIIIOBHOCTI {Sk m} Ma€ Miclie y3arajibHEeHe

k,m=0

MOMEHTHE 300paxkeHHs Buriany (2). Tomi Ko s
nesxkux N, N, €l icHye  HeTpuBiaIbHHUIA
y3aranI)HeHm71 MOJITHOM

(M)

1-4V2
Vo =22y, 4)

Jj=0 n=0

TaKWH, M0 BUKOHYIOTHCS YMOBH 010pPTOTOHATBHOCTI

<xk’m,Y > =0 (5)

N1>N2

76

Ny N1
N, (NI,Nz)
2039 IELT 3) ST
k=0 m=0 j=0 n=0
-1 N,
N, NN }
D) IETED 3 WLLE I
k=0 m=0 j=0 n=0
NN,
— (Ny,Ny)
AC QNI’NZ (Z’a))_zzci\’l —JsNy= -n? CO

Jj=0 n=0

MaTHME PO3KNIAJ]] Y CTENEHEBHH psill, KOC(IliEHTH
SKOTO 30iraTUMyThes 3 KoedimienTamu psany (3) s

seix (j,n) € ([0,2N,]x[0,2N,]), {(2N,,2N,)}.
HacmpaBni B Teopemi 1 MoxkHa  BUOpatn
y3arajbHEHUH  TOJIHOM Yy, 3 yMOB
0iOpTOrOHANBHOCTI /IO ENEMEHTIB X, HE JuId
(k,m) € ([0, N ]x[0,N,]), {(N,N,)}, a nms

(k,m)eH, ne H -- nesma muOxuHa 3 [
oOMexeHa TESIKOI0 KPHBOIO
p=p(@),pe[0,7/2], 1110 MiCTHTB

(N, +1)(N, +1)=1 Touxy. Ilpu npomy 3a N mu

MOXEMO  BUOpaTH  OyIb-SKY 3

(LN 0]x[N;,0]), 1m0
[0, N, —1]x[0, N, —1]
surisany {(k,m):k €[0,N,—-1],m €[N,
{(k,m):me[0,N, —1],k €[N, y(m)]},
x(k),y(m) -- nesxi dynkuii 3 [J, B [J
x(k)=2N,,y(m)= N, nns Bcix k
E Oyne
N,,N,), ne H+(N,

»N,) -- MHOXUHA,

MHOXXHHY

€ o0'eqHaHHIM

KBaaparta 3 MHOXHHaMH

,x(k)]} Ta

ne
. Taki, 1o
1 m. Tomi
MHOKHHA

N UH +(

OoTpuMaHa IapaJICIbHUM HepeMiHIeHHHM MHOXWHHU

MaTHu BUTJIAL

H , npu sxomy Touka (0;0) mepexomuts y TOUKy

(N,,N,) (teopema 1" [4]).

3ayBakuMo, IO SK 1 Y BUNAQAKY OJIHOBHUMIPHHX
y3arajJbHEHMX MOMEHTHHX 300pakeHb, 3ajaya Ipo
JBOBUMIpHI y3arallbHeHi MOMEHTHI 300pa)KeHHS
MO)ke Oyrtu chopMyliboBaHa B  OIEPATOPHOMY
BUTJISIIL. A came, MPHITYCTHMO, 10 IPOCTOpU X Ta

Y € HopmoBaHMMH 1 B mpocTopi X ICHYIOTh
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KOMYTYIO4l MDK c00O0 OOMEXeHi omepatopu [ ( 2)=, §(=—q;—2) =

4,4, : X - X Taki, mo Y n(n 12

AXy = X =Z 2" =(-59),.| z[<1.

’
AZ'xk,m = xk,m+1 b

npu Beix k,m €[] . Hexait y npoctopi Y icHyIOTh

OOMEKEHI OIepaTopu A:,A; :Y > Y, cnpsxeni
no omeparopiB A, A, BimHOCHO OimiHilHOI dopmu
()
xeX,yeY

(Ax,3)=(x, 4 y),

(A4x,0)=(x, 4y) -
Toni  300paxceHHs

B TOMY PO3YMiHHI, IO s OyAb-SKHX

(2) ™MoxnHa 3anucaTH |y
=<AlkA;"x0’0,y070>, k,mell, pan

(3) Oyme 30DKHMM B OKOJII IOYAaTKy KOOPAMHAT JO
aHAIITHYHOT ¢ yHKI, 10 Mae

300paxenns f(z,w) =(R(4)R(A4,)X) 45V 0)>
ne pesonbBenTHa Qynkuin ‘R(A) BU3HAYAETHCA
pisrictio R(A) = (I —zA)™

BUIIIAILS, 1

Osnauenns. Jlst lgl<1 6a3ucHuM
TiMepreoMeTpUYHUM  PAJOM  HA3UBAETHCS  PAJ
BI/IF.H;[Z[y
" a,,a,,...,a,
b QZ =
bl,bz, ,b 4
(@39),(a39), +-(a,59) o
z 1:q 29q raq n |:(_1)nq 2 :| Zn’
(pr) (b29Q) (wa)n

(muB. [3, ¢.23]) ne g — cumBon IToxrammepa (a;q),

BH3HAYAETHCS (HOPMYJIO0

(1-a)1-aq)-....(A—aq"™"), n>

(a;q), = L n=0,

H(l—aqm) =lim(a;q),, n=co.

m=0 n—>0
[IpencraBaukamMu  0a3MCHUX — TiEPreoMEeTPHYHUX
psiziB € TaKk 3BaHi g-aHaJoTH
eKCIIOHCHTH
e,(2)=

=0 =Y = 2kl
— Y0 Y > B
@), (@),

Ta
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B [5,6] 3ampomoHOBaHO MigXomu 10 MOOYAOBH Ta
JOCHIKEHHsT anpokcuMaHT [lane dyHkiii e, (z) Ta

il y3arajgpHEHb 3 BUKOPUCTAHHSIM Y3arajJbHEHUX
MOMEHTHHX 300paxkeHb. 30Kkpema, B [6] s miel

METH  BHUKOPUCTAHO  y3arajbHEHI  MOMEHTHI
300paKeHHS BUTIISTY

k a
s, = (A%, 3), k=000,

3 onepatopom A Ta Onixilinor dopmoro (.,.), 1O
BHP@XalOThC uepe3 ¢ —inTerpan Jlkekcona (quB
3, ¢.39])

(Ap)0) = [ p()d, 7 =1(1- )Y pl1a" o'

Le#t sxe migxin OyB BUKOPUCTaHHH 1 10 OOYI0BH Ta

(6)

BUBYCHHs anpokenmant [lage dyukuii £ (z) Ta ii

y3araibHeHb (auB. [7]). A came, mpu O0<a <1
BH3HAYABCS JIIHIHUH MPOCTIp

X, ={f:[0,1]>0 13M >0,

| f(x)x“ |< MVx€[0,1]}
I/ k= sup [ f()x"|. Tomi X,
x€[0,1]
0<a<l Oyne
Hepaskko mepekoHaTHCs, 110 JiHiHU#H onepatop A

X

a

3 HOPMOIO

MpH KOXKHOMY

0aHaXOBUM MIPOCTOPOM.

Burisiay (6) € oOMeXeHHMM B TPOCTOpi a

OuniniiiHa Gpopma
1
(p.v) = [o(@w(1)d,z
0
€ PO3AUILHO HEMEepepBHOIO Ha JOOYTKY MPOCTOPIB
X, xX,.

CrpsbkeHuM 70 omeparopa A BiTHOCHO OimiHiHHOT
dhopmu (7) 6yzxe onepaTop

(A0 = oo, = Iqo(r)df jw(r)dr(zm

qt

(7

B. [6]).

Taxox B mpocropi X, B [7] posrisigaBcs oneparop

(Bo)D) = (Ap)qt) = [ p(r)d,7 =

=qt(1-9)Y_ otq")q".
n=0

Jlerxo GauuTH, 110
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(Bo)O) =1(1-9)). 91" )q" =

= (do)(®) = (1= g)te(2).
A Tomy

By)(1)=(Ay)(qt)-(1-q)y (1) =

=Jv@d-0-gu )= [y @,

qt t

OcHoBHUI pe3y/bTaT.
B po6ori [7] moOymnoBaHi mOCIiIOBHOCTI

1—g) KD L
5 O=B5) 0= g > k=T,
(q,9),
ne x,(t)=11i
aA-q)(t,q), . —
yO=—— " i=beym=l @
>
a TaKOX
k(k+1)
1_ k+]' 2
5, =(B'xg,yy =U=D 4 " 4 5 (o)
(9:9) i1

IToxnagemo

X ()= x,O) +x,0), y;,@):=y,(O)+y,©,
ne {x, (D}, i {y;(}, BusHaueni dopmynamu
(8). Toxi

Sk jmen — <xk,m;yj,n> =(x; +X,.¥;t V)=

= (XY ) (X, x50 x5, =

:Sk+j +Sk+n +Sm+j +Sm+n’

Orxe, MaeMo s, , =2-(s, +5,), 1€ S, BU3HAUECHO

3a opmyitoro (9).
TaxkuM uymHOM, JUIsI 4mciIoBOI mociigoBHOcTI (10)
Ma€ Micle y3arajJbHeHe MOMEHTHE 300pakeHHS Ha

nobytky mpocropie X, xX_ 3a OiminiliHOI0O
dhopmoro (7).
JIBOBMMIpHIi  YHCIIOBIM  MOCIHIJOBHOCTI

{84 k.mo> KA BU3HAYEHA popmysioro (10), moxHa

MMOCTaBUTH y BIAIIOBIIHICTH
CTCTICHEBUH PSI ABOX 3MIHHHX

0
f(z,0)= Z sk,mzka)m =

k,m=0

=2 Z (s, +5,)" 0" =2 Z s,z 0" +

k,m=0 k,m=0

(dhopMabHM

(11)
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k(k+1)
-q) " -q *
(9,9

k+1
) k
Z

:2260’” i(l

m=0 k=0

] m(m+1)
(I-¢)"" -q 2
(@:9) .

k(k—1)
q) g 2
(q.9),

m(m—1)
n 2 v0-9)"q *
(4,9),,
2 Eq(—Z(l—Q))—lJr 2 E (-o(l-q)-1
-
ITpunyctumo, 110
KOMYTYIO4i MK
A,4,: X, >X,:

Alxk,m = xk+1,m7(k9m) € D +

2
l-o

k-1 +

o (1
z(

k=1

m—1

1_Zm:]

z 1-z 0}

XD(

c00010 0oOMexeHi

B MpocTopi ICHYIOTb

OnepaTopu

AZ'xk,m = xk,m+1 ’(k9m) € D +

Tak sx  x,=x+x,=x,+x, =X TO
4=4,:X,>X,.

[Mosnaunmo 4, = 4, = A.

Toxi

Skom = <A1kA2mxo,o;yo,o> = <Ak+mxo,0;y0,0> =

= 4(A""x03 3y

3 iHmmoro 60Ky,

Sem =205, +5,) =2((B x,:30) +(B"x,:3,) ) =

=2((B" +B")xy3 ¥y)-

m,k >

Toxai MmaeMo, 110
Ay, :%(B" +B™)-x, (12)

Ax Oyno 3a3HaueHo B [8], ¢yHKIis 300pakeHa
psaaom (11) maTume BUTIIAT

_of(@)-(2)

w—z

f(z,0) (13)

Jauti po3riisiHeMO MOCII0BHICTh
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§, =A%y 05 000 = HA'X3v,) =

=2(B*+B") x,;¥,), Oek+m=ijiell,

JList HOCImimOBHOCTI {5, },.; BHKOHYETBCS yMOBA !
VN el

1 TaKuH, 110

(%7 =(A'x, ;%) =0 k=0,N-1

abo

(14)

(%:7y) =2((B* + B")xy; Y, ) =0
YmMmoBa (14) BUKOHYETbCS 32 PaxyHOK TOTO
dakry, mo s g--nominomis Jlexauapa L, (¢;q),

110 3aJ1I0BOJIbHAKOTE YMOBH OpTOI‘OHaHBHOCTil

1

[Ly(t:9) Ly (:q)d 1 =0

0

npu N # M, Bigomo hopmyu:

N -N. .
LN(taQ):z(q aQ)k (q aq)k/ f)
k=0 (g5 ‘])k)

(muB., Hamp. [1]).

B po6orti [8] oTprMaHO HACTYIHHUM PE3yNbTAT, SKHIi
€ y3araJibHeHHsIM Teopemu 1 [4].

N+1

Teopema 2. JIng ananituaHoi GYHKIIIT ABOX 3MIHHUX
f, mo mae 300paxenns (13) 3a BAKOHAHHSIM YMOBH

(14), patioHabHi byHKIil
P (z,0
[N /D]/,(z,a)):N—’)
' O (z,0)
TaKi, 1110
N N
(N,N) J o
O, (z,0) = ZZCN—j,N—nZ o
Jj=0 n=0
NoINt kK m
— m (N,N)
N CRE I I 3 W
k=0 m=0 j=0 n=0
N-1N-1-m ‘ N m
N m (N.N)
DI IEACEDI I,
m=0 k=0 j=0 n=0
oINS kN
N m (N.N)
+w zZ'o ZCN—j,nSk—j,mHl’
k=0 m=0 j=0 n=0

N.N
a koediuientn c;, ,k,m=0,N 3a10BONBHSIIOTH

5

piBHOCTI
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2N

Z 2N)

Jj=0

N N
2.2 Vi

k=0 m=0

MaTHMYTh PO3KIIaJIM B CTENICHEB1 PSH, KOCPII[IEHTH

SIKMX 30iraTUMyThcs 3 KoedilienTaMu paay (3) mis

Gynkuii f aus Beix
(j,n)eE={(j,n)el’,j+n<4N -1}

Takum unHOM, QyHKIIS (13) 3a10BONBHSIE yMOBaAM

TEOpeMH 2 1 MU MOKEMO OOy IyBaTH alpOKCUMAHT

MMane Gpynxmii (11).

Bucnorku.

[ToGynoBana JIBOBUMIpHA ¢$yHKIIOTHATIEHA
MOCHIIOBHICTh, SIKA& Ma€ Yy3arajbHEHEe MOMEHTHE
300paKeHHS i BH3HAYCHI palioHanbHi
anpoKCUMaHTH, MmO OynyTh  y3aralbHEHHSMH
OJTHOBUMIpHHUX anpOKCUMaHT Mane.
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V dawiti pobomi po3eandaromuves CmMauionapHi 26ycco6i 6UNadKo8i NPoUEcl, GUBHAETNBCA NUMAHHA
mourocms ma Haditinocmi nobydosanuxr modeaeti. Lle oznavae, wo cnovamky mu 6yoyemo modeiv, a
NOMIM MEPEGIPAEMO i1, BUKOPUCTNOGYIONY deaki mecmu Ha GeK6aMHICG 3 6100MO010 MOYHICTNIO Ma
naditinicmio. A maxootc 3natideni ouinKy Memodom MOMEHMIE s napamempis modeai. Bei ompumani
MEOPEMUYHE PESYALMANU NOKAGIEHO 8 0CHOBY PO3POOKU MPO2PaMHo20 3abe3neuenms oas nobydosu
610n08i0HuULT Modenet.

Kmowoei crosa: modesiogaris, mounicms, HaJIUHICMb, OUIHIOGAHHA

Today, the theory of random processes and time series prediction is widely used in various fields
of science, not only in natural fields. That is why one of the urgent problems is to build a mathemati-
cal model of a random process and study its properties. Numerical modeling tasks become especially
important due to the powerful capabilities of computer technology, which allows you to create software
modeling tools and predict the behavior of a random process. There are different methods of modeling
random processes and fields. In some works related to the modeling of random processes, the issues of
accuracy and reliability have not been studied. In [1, 2, 8] for various stochastic processes and fields
this problem was investigated. In this paper the question of accuracy and reliability of the constructed
model is considered. This means that we first build the model and then test it using some adequacy
tests with known accuracy and reliability. We also find the estimators of the model parameters using
methods of moments. All theoretical results are applied to develop software for model construction of
stochastic processes.

Key Words: simulation, accuracy, reliability, estimation.

Communicated by Prof. Kozachenko Yu.V.

1 Bcryn mostiB. B meaxumx poborax, IO CTOCYIOTHCS MOJIE-
JIIOBAHHS BUIIAKOBUX IIPOIECIB, IMUTAHHSA TOYHO-
Cporo/iui Teopisl BUIIQIKOBHX HPOIECB Ta IPOTHO-  cTi Ta HaJliitHOCTI He BUBUeHo. B [1, 2, 3] axa pi-
3yBaHHsI JaCOBUX DsJIIB IMMHUPOKO BUKOPUCTOBYE-  3HHEX CTOXACTHIHHX IIPOIIECIB 1 TOJIIB 15T TpobIEMa
ThCsI B PISHUX Tajly3X HAYKH, a HE TUIbKK B IPU-  GyJra JI0CIIiIzKena.
pomanunx objacTsx. Ock YoMy OIHIE 3 aKTy-
aJIbHUX TpobJIEM € IOOYJI0Ba MaTEeMATHYHOI MO- Pobora nmpucssdera reopeTuaHOMY OOIPYHTY-
JesIi BUIIAQKOBOI'O IIPOIECY Ta BUBYEHHS 11 BJIa- BAHHIO Ta CTBOPEHHIO IIPOIPAMHOTO 3a0e3revdeH-
cTHBOCTEM. 3ada4l 9MCeIbHOIO MOJETIOBAHHSI CTa- Hsl JJIsT MOJeJeil TayCCOBUX BUIIAIKOBHUX IIPOIECIB
I0Tb OCOOJIMBO BAaXKJIMBUMH 3aBIAKH MOTYXKHUM 3 JUCKpeTHUM criekTpoM. [li mporecu posrisma-
MOXKJIMBOCTSAM KOMII' IOTEPHIUX TE€XHOJIOTIN, IO J0- IOThCA sIK BXIiJHI IPOIECH I CTAIllOHAPHOI JIi-
3BOJISIIOTH CTBOPIOBATU 1HCTPYMEHTH MOJIEIOBAH- HIHHOI CHCTEMH 3 JIMICHO3HAYHOIO 1HTEIPOBAHOIO
He IIPOrPAMHOTO 3a0e3MeYeHHsT Ta IMPOrHO3YBATH 3 KBaJAPATOM IMITYJIbCHOI HEepexiaHoio (byHKINE.
MOBEIIHKY BHUIIAJIKOBOrO mporiecy. Icuyiors pisui  Binbm peranbuy indopmario mnpo JiHiitHy cu-
METON MOJIETIOBAHHSA BUITAJIKOBUX IIPOIECIB Ta CTEMY, IO OMUCYETHCS 33 JIOMNOMOIOIO IMITYJIHLCHOT

© I.B. Posopa, O.C. Tlepescnos, 2020
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dyHKIIl, Ta TIPO OMIHKKH IMITYJILCHOI (PYHKILT MO-
»)kHa 3HaiiTh B [4]. Peaxiiito cucremn Ha BXimHWit
CHUTHAJI OyJIeMO TaKOXK HA3WBATH UXIIHUM IIPOIE-
coM. Y pobOTi BUKOPUCTOBYIOTHCST METOIU 1 Bjia-
CTHBOCTI KBaJIpATUIHO-I'ayCCOBUX IIPOIIECIB, METO/I
MOMEHTIB JIjIsl 3HAXOJKEHHsI OI[IHKU IlapaMeTpiB
IIPOIIECY.

Meroto poboru € nobymosa mojeni Xy (t), saka
6yse HabmzkaTu BxigHuil nponec X () i3 3a1an0t0
TOYHICTIO Ta HAIRHICTIO B 6AHAXOBOMY IIPOCTOPI
Ls([0,7T]) 3 BpaxyBaHHsM peakliii cucremMu, 3Ha-
XOJI?KEHH OIIIHOK MOJIEJI 38 BXIIHUMU JIAHUMH Ta,
CTBOPEHHSI IIPOrpaMHOl peaJizariii /st mo0y 0Bu
Mozeseil Takux moreciB. Jjist Iboro posrisaaeMo
TeopeMy, IO Ja€ HeoOXiHI yMOBH Jjisl IIOOYI0BU
MOJIEII.

2 Teoperu4Hi BUKJIaIKU

Hexaii (2, F, P) € nesikuM iMOBIpHICHUM HPOCTO-
POM.

Osnavenns 2.1, CramioHapHUil  CTOXACTUYHUAN
IIPOITEC HA3WBAETHCS IIPOIECOM 3 JUCKPETHUM CIIe-
KTPOM, KIIO HOro KopeJsiiiiiHa (DyHKINsT MOXKe

OyTH 3a/1aHa sIK

B(h) = bj cos Agh,
k=0

ae b2 >0, Yp b2 < oo, Ta A, - 3pocTalo-
Ya MOCIIOBHICTD Taka, mo 0 < Ay < Agyr1 — 00,
Koyt k — 00.

3 BU3HAUEHHsI BUIIE BUILIMBAE, MO (JUB., Ha-
upukiai, |1, 2]) croxacTudaHumii npomuec 3 JUCKpe-
THUM CIHEKTPOM MOXKe OyTH 3allMCaHMil TAKHM -
HOM

X(t) = Zbk(fk cos A\gt + mpsin A\gt), (1)
k=0

Je &k, M € He3aJIe2KHIMU BUIIA/IKOBUMU BeJIU-
YMHAMH 3 HYJTHOBAM MATEMATUIHUM CIIOJIIBAHHSIM,
E¢ = Eny = E§em = 0 ta E&E = Engn =
8t k>0,1>0.

BayBaxkumo, 1mo psi B (1) 36iraerbes B cepe-
JHBOMY KBajparuanomy |1, 2|. fkuo Bumaskosi
Besinaunu &, N € TayCCOBUMU, TOJII BUIAIKOBUN
uporec X (t) 3 (1) 6ye Takoxk rayccoBum. Y pobo-
Ti PO3TISIAETHCS TayCCOBUM BUTIAIKOBUI ITPOIIEC 3
JTUCKPETHUM CIEKTPOM.

2020, 1-2

84

Bulletin of Taras Shevchenko
National University of Kyiv
Series: Physics & Mathematics

Posrnsinemo cramionapny Jjimiliny cucremy 3
JICHO3BHAYHOIO IHTEIrPOBAHOIO 3 KBAJIPATOM IM-
yJIbCHOT niepexinoto dbyukiieo H(7), ska BusHa-
qaerbest B obstacti T € [0, 7). Ile o3nauae, mo pea-
KIlisi cucreMu Ha BXigauil curtasn X (t), skuii cro-
crepiraernbest Ha [—T, T, Mae Takuil BUTJIST

T
Y(t) = /0 H(D)X(t—7)dr, te[0,T] (2)

ta H(t) € Ly([0,T]).

IIpumnycrumo, 1o dyHKIlis iIMITYJILCHOI Bifmo-
Bisli € BizlomMa. Mu TakoxK MPUITYCKAEMO, IO BXi-
JqHAil curHas B cucremi (2) € cranioHapHUM BU-
HaIKOBUM IPOIECOM 3 JUCKPETHHM CIHEKTPOM. 3
(1) Ta (2) BumuBae, mo BiguoBias cucremn Y (t)
MozKe OyTH IpejicTaBIeHa AK

Y ()= (& - crlt) +mi - sk(t), (3)

k=0

ne byskuii ¢g(t), sk(t) 10piBHIOIOTH

T
ci(t) bk/o H(1)cos(Ag(t — 7))dr,

T

slt) = by / H(r)sin(A(t — 7)dr, ¢ € [0,73)

0

Y maHiit pobOTi HOCHIIKYEThCsT TTOOYI0BA MO-
neni mporiecy X () Ta ymoBu it HaOJIMZKEHHS
BxizHOro curnaiay X (t) mo0ymoBaHOI MOJEILIIO 3
yPaxyBaHHAM PeakIiil cucreMu (BUXiIHOTO IpoIie-
cy) Y(t) 3 samanoo TouHicTIO Ta HAJiHICTIO B
6anaxosomy npocropi Lo ([0, T]). Jyst mocsraenus
i€l METY BUKOPUCTOBYETHCS TEOPist KBaAPATHIHO-
TayCCOBHUX BUIIAJIKOBUX BEJIMYIUH 1 CTOXaCTUYHUX
ITPOTIECIB.

Mogestio croxactuanoro mponecy X (t) Gyme-
MO Ha3uBaTH 3pizaHuii psag 3 (1).

Osnavenns 2.2. Bunaakosuii nporec Xy (t) na-
3MBAETHCS MOJICJLTIO TIporieca X (1), AKIo

N

Z by, (fk cos A\it + g sin )\kt).
k=0

Xn(t)

Ao mogens Xy (t) po3rismaeThes K BXi-
JHUM cUTr'HAJI JIHINHOI CUCTeMU, TO BUXIJIHUI TIPO-
mec Ma€ TaKWil BUTJIS

N

D (& - en(t) +m - sk(D)),

k=0

Yn(t)
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ne dyskuii g (t), sg(t) 3 (4).
Yepes En(t) mosnaunmo cymy KBaJparTiB pi-
sannpb X (t) — Xn(t) ta Y (t) — Y (t)

En(t) = (X (1) = Xn(1)* + (Y (1) = Yn(1)* (5)
Osnavenns 2.3. Byaemo roBopuTh, IO MOJIED
Xn(t) anpokcumye croxacruanuit nporec X (t) 3
ypaxyBaHHSM BIJIIMOBi/II cuCTEMU 3 3aJIaHOI0 Ha-

mifinicrio 1 — v, v € (0,1), 1 Tounicts § > 0y
upocropi Ly([0, 7)), sxro

P{ [ vt - BextPantt) > 5| <

Posriisiremo Taki ymoBu:
e YmoBa A: Icuye crajma ¢ > 0, sika oOMe-

Kye dyHKIIio iMmynbeHol Bianosini H (1) na
obmacri [0, T

|H(7)| < c.
e ¥YwmoBa B: Hacrymnuit inTerpan e 36ixkauM

T
Iy :/ H%(7)dr < oo.
0

e YmoBa C:

Z LI < 00, a € (0,1].
k=N+1

[Ipunyctumo, mo ymosu A, B, C Bukonyto-
Thes. Toml

EBén(t) < (1+T-Ig) D b
k=N+1

> i)

k=N+1

3 A)

k=N+41"F

Deén(t) < (8+21%-1%) (

+(64c2 +2 - IF) <

> bi) ( > i’f) = (30(V))*

+AT - T3 (
k=N+1 k=N41"F
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Teopema 2.1. [6] IIpunycmumo, wo ymosu A,
B, C sukxonyromuvea. Modeav Xy (t) anpoxcumye
2ayccosuli cmoxacmuyhul Npouec 3 QUCKPEMHUM
cnexmpom X (t), bepyuu do ysazu peakyito cucme-
mu, 13 3adanoro naditinicmio 1 — v, v € (0,1), ma
mounicmio 6 > 0 6 npocmopi La([0,T]), axwo dan
N cnpasdeausi nepiehocmi

5> (= + 4)Co(N),

7 (6)

§1/2\/2 51/2
241+ ———Fexpy ——— v, (7
o)} p{ ﬂcz(N>2}< "
de
Ca(N) = T(DN(t))dt

. 2
> bi) (8)
k=N+1

2. 35

k=N+1"F

1

o 00 b2 5

> ) (3 B
k=N+1 k=N41"F

3 3HaxomKeHHs OIiHOK mapaMeTpiB Mo/ie-
i

[(8 + 272 1%) (
+ (64c* +2-1F) (

+ 4T-I§I<

s mobyioBu Mojiesti mporiecy 3a BHOIPKOBUME
B3HAYEHHSIMU TOTPIOHO 3aIIPOIIOHYBATHA METO/I OITi-
HIOBAHHS XapaKTEPUCTHUK MPONECy by 1 Ag.

Hanami npunyckaemo, 1o 11i 3HaYME€HHST MAIOTh
TTOKA3HUKOBUM BUTJIS;

b =b*, N\ = \F,

ne b e (0,1), A > 1, — "eBizomi nmapamerpu, 1o
MMOTPIOHO OIIHUTH.

Jnst 3HaXOXKEHHsI OIHKU b BUKOPHUCTAEMO
MeTon MoMeHTiB. O64ucjnMO IpyTruii TeopeTn-
YHUI MOMEHT:

oo [e.e]
Ex*(t) = E Z Z bibY (& sin At + n; sin \'t)

i=0 j=0

X (&sin Mt +njsin Vt) = Z Z by
i=0 j=0
x F [Eifj sin X't sin Mt + E¢;n; sin Nt cos Mt
+ ;i cos Nt sin Mt + En;nj cos Mt cos /\jt]
Ockinbku

E&& = Eninj = 05, E&n; =0, Vi, j >0,
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ne 0;;— cumBos Kponekepa, To e X| = ﬁ Y peo T TA Xy = 1 Zk 1 i

Fx2 ) = OckinbKu cos .Ta 511 MalOTh Hepl-O,D; 2-7r, TO .CTaS

o MOXKJIUBUM I€pebip MOXKJ/IMBUX BapiaHTIB OIIHKU

— Z p2i [Ef? sin? Nt + Em? cos> )\it] A. Bepyun mo yBarm Te, mo A\ > 1, iHTepBas 115

i—o nepebopy mae Buriisig (1,27, dist npuckopeHHst

o 1 IIOIIYKY BIJIIIOBIIHOTO 3HaYeHHs Iepebip moynHa-

= Zb2Z =7 =R eTbcst 3 KpokoM h = 0.1 i jaJii mocTymoBo 3MeH-

i=0 B IIy€eThCs. TaKMM YMHOM MU KIJIBKICHO OIIHUJIM I1a-

Ao 3aana BibipKa po3MIipHICTIO 1 171 BXi-
JHOTO TIporiecy (1, -
3HANTH, SKIO TPUPIBHIATH BUOIPKOBUU Ta Teope-
TUYHAN MOMEHT:

,Tp), TO OIUHKY b MOXKHA

1— b2

1 n
= n;(% —

Tomy

b= 1= s

[MIo6 orminuTu mapamerp A, IPUPIBHIEMO Te-

opeTUYHHUIl Ta BUOIPKOBHUII BUIJISI KOPEJSIIHHOL

dyuknii B Touni ¢t = 1:

N
B(1) = Zb% cos(AF)
k=0
B(1) = Cov(X(t+1),X(t)) =
n—1
LS (K~ X (X - o),

k=

[y

pameTp Mojesi A.

4 IIporpamHua peaJizailis

JLy1st cTBOpeHHST MOJIeIi TpoTiecy Ta moityky N jiis
Pi3HOT TOYHOCTI Ta HIHHOCTI 3 YMOB TeopeMu 2.1
BUKOPHCTAEMO BijibHE mporpamMue cepenoputie Mi-
crosoft Visual Studio Ta moBy C#. Ina poboru
nporpamu Tpeba BBeCTH BXiJHI JaHi, a came: TO-
9HITH, HAIIWHICTD Ta BUOIPKY JaHUX.

st TecTyBaHHS IPOTPaMU BUKOPHUCTOBYBa-
Jtack BHOipKa Kypcy rpuBHi 10 mosapy. Jlami Oy-
Jii B34Ti 3 BinkpuTol mwiardopmu panux Quandl.
B upeacrasienoMmy mpukiiaai po3rIISIAaEMO KypC
rpuBHi 3a octanHi 20 micsniB. Ha ocHoBi BXijgHUX
JaHux Oyiau 3uaiineni ominku A = 1.57, b = 0.819
Ta BepxXHA MexKa cymyBanHsa N. Pe3ynbrar Mojei
MOYKHA [MODAYUTH HA PUCYHKY 1.

o MogentosaHHa BUNaAKOBEMD NPOLECY 13 33A3HOM TOHICTHO Ta HagilHicTIo

——— Wogens oty

Mogenb npouecy is 3a4aHOH TOHICTH) Ta HAAIRHICTIO

A m MMM\

=

(i

3HAHEHHS MOAGNI MpoUEEY

Y hﬂﬂﬂﬂmMMmdn
i

v

i

20 60 20

Uac

'
100

' '
120 140

BiokpuTh Bubopky

Bubipka 1a Tpen

3HaWTH OLIHKK

Pospaxyeatn N

[ 2 @ & Ed

100 120 18
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5 BucHoBku

B poboti BuB4a/mCh raycccoBi BUIIAIKOBI IIpOIeCH
3 JUCKPETHUM CIIEKTPOM. JJIsi HIX 3alIpOIIOHOBAHA
MOJIEJIb, IO HADJIMXKAE IIPOIIEC 13 HALlEPE]T 38/ IaHN-
MU TOYHICTIO Ta HaaifiHicTio B ipocTopi Ly ([0, 17).
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Meromom MOMEHTIB 3HAiIeH] OIIHKHU ITapaMeTpiB
Mozesi. A TakoxK po3pobJieHO Iporpamue 3abes-
IeYeHHs JJI 3HAXO/PKEHHsI MOJIEJIi, OIIHOK ITapa-
MeTpiB Mozesi. OIHUM i3 pe3yIbTaTiB IPOrPAME €
mobyI0BaHa TPAEKTOPisT MOJIeJI BUITAIKOBOT'O TIPO-
Iecy.
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Orasx oCHOBHHMX HiAXOoAiB N0 BHU3HadYeHHA = A survey of driver activity recognition from
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Y cmammi poszensmymo nioxoou 00 po3e’s3aHHA 3a0aui GUHAYEHHS AKMUSBHOCMI 600is 3 Kamep
BCMAHOBAEHUX y asmMoMo0bini. B cmammi npedcmaegnenuii 02150 0OCHOBHUX NPOOIeM, SKI BUHUKAIOMDb Y 800is
npu  BOOIHHI, OOCHIONCYIOMbCA  MemoOu BupiuileHHs eusasienux npoodrem. OCHO8HA YACMUHA CMAMMI
30cepedacena Ha GUPIUieHHT NpoOIeMU GU3HAYEHHA CMAHY 600is 8 IHMENeKMYAIbHUX CUCTHEM 00NOMO2U
600ism.  Jlocnioocyiomsest OCHOGHI  napaduemu  eupiutenHs yici sadaui - xiacugixayis 3006pasicer,
Knacugixayis 6i0eonomoxy, 6U3HAYeHHsL OCHOBHUX MOYOK Mid 800is.

Kouosi cnosa: cman 600is, cucmema donomoau 800it0, Kamepa, HeUPOHHA Mepedicad.

The article discusses approaches to solving the problem of determining the activity of the driver from the
cameras installed in the car, given the active development of intelligent driver assistance systems in recent
years. The article provides an overview of the main problems that arise for the driver while driving. Main
advances in autonomous driving are presented and the classification of types of autonomous vehicles is
provided . Next, the methods of solving the identified problems are described. The main part of the article
focuses on solving the problem of determining the state of the driver during driving. Reasons for usage of
computer vision and machine learning approaches for solving this task are described. The basic paradigms
of the solution of this problem - classification of images, classification of a video stream, detection of the
basic points of a body of the driver on the image from the camera installed inside a car are investigated.
Main ideas of every method are described. The approaches are evaluated with identification of main
advantages and drawbacks of the presented methods.

Key words: driver activity, driver assistance system, camera, neural network.

CrarTio npeicTaBuiIa Kau.¢.-M.H., 1oueHT Pozopa 1.B.

Beryn tomo. Ha m’sromy piBHI aBTOMaTH3aulii HE Mae
notpedu B TajbMax, KEpMi, TaK SK aBTOHOMHA
CHUCTEMa OCOOWCTO KOHTPOJIOE BCi HAWBa KJIWBIIII
3aBJIaHHS, BEJAC MOHITOPUHT  HABKOJHUIIHHOTO

B panmit yac aBTOBHPOOHWKH BHUIIISIOTH
1 SITh piBHIB aBTOMaTh3allii ABTOHOMHHX
aBTomMo0OiniB[1]. Ha HynaboBoMy piBHI BOAiif

. o . Cepe/oBHIla  TOLIO. Hapaszi,  wmaibke  Bci

0cOOMCTO BUKOHYE YcCi OlepalliiiHi 3aBJaHHs, Taki 5K .
. ABTOBUPOOHUKH BUKOPHUCTOBYIOTb B CBOIX
YIPaBITiHHS KEPMOM, TabMyBaHHS, MPUCKOPEHHS . . . .
aBTOMOOLITSAX HepIINH-TpeTiit piBHI
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aBTOMATOHOMHOCTI, TOOTO BOZIA BIANOBIZAaE 3a
OLMBIIICTh BaXJIMBUX Juia Oe3neku QyHKmin. Tox
OJIHIE€IO 3 TOJIOBHUX 3aj1a4 3a0e31eueHHs 0e3eYHOro
cepeloBUIa JUISI aBTOHOMHHX aBTOMOOWIIB, Ta
BOJIIiB, SIKi IX BUKOPUCTOBYIOTh € BU3HAYCHHS CTaHy
BOZIS Ta HWOro 3ocepe/pkeHocTi. J[ins BU3HAYCHHS
CTaHy BOJiS MOXYTh BHUKOPHUCTOBYBATHCS KaMepH,
BCTAHOBJIEHHI B  aBTOMOOUII  caMoro BOJifd,
aBTOMOOUIAIX ~ WHINIX BOAIiB, SKi  pyXaroTbcs
HA3yCTPi4 JAaHOMY aBTO, a00 K KaMepH 30BHIIITHBOTO
CITOCTEPEKEHHS 3a JOPOXKHIM TpadiKoM.

Kowmm'torepHnii 3ip € OJHIEI0 3 KIFOUOBUX
obOmacteid  cy4yacHoi  Haykd, sKa  OypXJIMBO
PO3BHBAETHCS, OCOOJIMBO 3a KOPJAOHOM. SIK HayKoBa
JUCIAIIIIHA, KOMIT'IOTEpHUH 31p HaJIEXKUTH 10 Teopil
Ta TEXHOJIOTii CTBOPEHHS INTYYHUX CHUCTEM, SKi
OTPUMYIOTH IH(GOpPMAIlI0 Y BHUIVIAAI 300paKeHb.
P03BUTOK MalIMHHOTO HaBYaHHS Ta KOMI'FOTEPHOIO
30py NMPU3BIB 10 IX BUKOPUCTAHHS B TaKil ramy3i siK
aBTOMOO1ICOyAyBaHHs. | 3apa3 cBIT Bke 0auuTh
TIepIITi aBTOMOOLII SIKi MOYKYTh TIPAIFOBATH YaCTKOBO
ABTOHOMHO, 3 MiHIMQJILHUM 3aJTy4eHHSIM BOJIis.

OpHi€I0 3 OCHOBHHUX 3ajay JUIsl Cy4acHUX
ABTOHOMHHX aBTOMOOUTIB piBHA 1-3 mim gac pyxy €
Oe3nmexa BOMisI, TOMY aBTOMaTHYHAa CHCTEMa
yHOpaBliHHS aBTOMOOiNIS (iHTEJEeKTyalbHa CHCTeMa
JIOTIOMOTH BOJIisIM) MOBHHHA “OyTH BIIEBHEHA” , IO
BOMI  maHOro  aBTOMOOLIsA, Ta  BOAIl  sIKI
MPODK/KAIOTh TIOB3 aBTOMOOLIb, 30CEpe/KeHI Ha
noposi. Takok 3a BOHNISIMH CIIJAKY€E 30BHIIIHS
cucTeMa CIIOCTEPEXKCHHsI, sKa MOXe JaBaTH
CUTHAJIM BOJiSM, SKi 3aCHYJH, PO3MOBISIOTH IIO
MOOUTLHOMY TOIIIO.

Po3pobka THTEJIeKTyaTbHIX cHucTeM
moriomoru  BomisiMm  (IDAS), saki  mocTiitHO
KOHTPOIIIOIOTh HE JIMIIC HABKOJIUIITHE CEPEIOBUIIE
Ta CTaH TPAHCIOPTHOrO 3acoly, a ¥ TOBEIIHKY
BOJII1B, TIPUBEPTAE BCE OLIBIIE yBaru y BCbOMY CBITI.
BBaxkaetncs, mo IDAS € 0coOIMBO akTyalbHUM JIIs
BOJIiiB, KOTpl TOAOPOKYIOTh Ha BEJIMKI BIJICTaHI,
OCKUIBKM  BOHHM  4YacTo I349Th B  CaMoOTI.
BuxopucTtaHHs IHTENEKTYaIbHUX CHCTEM JIOTIOMOTH
BOJIISIM, SIKI HaJalOTh BAXJIMBY iH(pOpMALilo 3 1Mo3a
TPAHCIIOPTHUM 3aCcO0OM, HAINPUKIIAL, 1HIUKATOPH
CMYTH pyXy Ta JOpPOXKHI 3HAaKW, IIiJIBHIYIOTH
TOTOBHICTH BOJIisl 10 HeOe3neuHux curyariii. OmpHak
ABTOMATUYHE BUSBJICHHS Ta MOMCPEKCHHS PIBHS
BTOMHM Ta BiJIBOJIIKAHHS BO/JIisl BBAXKAETHCS OJHAKOBO
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BaXIMBUM 1moa0 3amobiranus JITII. OxpiM npuanx
MiABUINEHHS O€3MeKH JIOPOKHBOTO PyXy, ICHYIOTH
TaKOX KOMEpLIHHI MPUYUHH BCTAHOBJICHHS CHCTEM
MOHITOPUHTY CTaHy BOIIiB. [3]

Jlisi BU3HA4YEHHSl CTAaHy BOJISl Ta CTYIEHIO
HOro 30CepePKEHOCTI BUKOPHCTOBYETHCS JIEKiIbKa
MiX0JiB HA OCHOBI HEHPOHHUX Mepek. JlokamHie
JaHi miaxoau Oy IyTh MpeaCTaBIIeH] Taji.

Merton kiaacupikanii 300pakeHb

CroronHi OLTBIIICTD HaWCyJacHIIHX
pillleHb Ui pO3IMi3HaBaHHS AaKTHUBHOCTI BOJIIB
BUKOPUCTOBYIOTh ~ MiJXiJT TJHUOOKOrO HAaBYAaHHS
HelipoHHNX Mepek[3]. OCHOBHMM BIOCKOHAJICHHSM
MOPIBHAHO 3  KIACHYHUMH  CIocCO0aMH €
BUKOPHUCTaHHS aBTOMATUYHHUX XapaKTEPUCTUUHHUX
O3HAK OTPUMAHHUX 3 HEHPOHHUX MEPEXK, a HE PyuHE
iX CTBOpEHHS, SK B TpPATUIIHHAX MPAKTHKaX
KOMIT'IOTEPHOTO 30DY.

OnuH 3 IKUPOKO MOMYJISIPHUX METOJIB - 11I¢
BUKOPUCTAHHS KOHBOJIOMINHUX HEHPOHHUX MEPEK
JUTA Kiacudikarii AKTUBHOCTI BOIIB[2].
KouBostomiiini  Hediponni  mepexi  (CNN  abo
ConvNet) - me ocobnmuBuii Bua OararomapoBUX
HEUPOHHUX MEPEXK, po3pobneHnit JUTSt
pO3Mi3HaBaHHS Bi3yaJIbHUX 11abJIoHIB
Oes3mocepelHbO 3 IMIKCENbHUX  300paKeHb 3
MiHIMaJIEHOIO TTOTIEPETHBEOI0 00POOKOTO.

Jis  mporo  WiAXOMYy — MOJAETh  OYIKYE
300paKCHHS 3 BOJISIMU SIK BXIJHI JaHi, a sK
BUXITHUH, OyJe ONWH 13 3a3[ajerias BHU3HAUYCHHUX
knmaciB  aktuBHOCTI Bomist (HopmameHe BOJiHHS,
TEKCTOBI TIOBIJIOMJICHHS, pO3MOBa TOIIO). 3arajibHa
apxitektypa CNN mis 1IbOTO METOAy 300pakeHa
HUKYE HA PUCYHKY 1.

el
Driveg
Taicng

Teating

Puc.1 Apxitektypa
kiacugikamii crany BoJIist

HEHpOHHOI Mepexi s
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OcHoBHA TiepeBara I[b0T0 MiAXOy TOJIATAE B
TOMY, IO BXE€ € pO3po0JeHi apXiTeKTypH
HEHUPOHHHMX Mepex JUIs 3aBlaaHb kiacugikaiii
300paxenb, AKi MOXYTh OYTH BUKOPWCTaHI s
[BOTO MIJXO/AY 1 Aaf0Th BUCOKY TOUYHICTh. HaltOinmb
migxopsamumu apxitektypamu € VGG-16, Xception,
ResNet[5].

YV naBuanHi CNN 9acTo BUKOPHCTOBYETHCS

BIJOMHI  aJdropuT™M  3BOPOTHOTO  IOLIMPEHHS
NOXMOKM B apXiTeKTypi  Mepexi.  TpeHiHr
CKIIaacThcsl 3 JABOX  eramiB: (i) Tepemaua

HaBUAIBHUX JaHUX Yepe3 MEpexy IO OCTaTOYHOTO
BUXIJTHOTO PIBHS Ta, HAPEUITi, OOUUCICHHS TOMUIIKH
yn  3HadeHHs  (QyHKOii  BTpatH  (il) Hazax
PO3IIOBCIOJUKYETBCSL  IIAPU  TTOMMJIOK Ta
OHOBIIIOIOTBCS Bar y BiINOBIJHMX HIapax Ha OCHOBI
3BOPOTHHX MOIIMPIOBAHUX TOMUIIOK.

BigmoBimHa oIiHKa BTpaT IS BUXOIY 3
KIHLIEBOIO IIApy - L€ KPOC-€HTpOIliiiHa BTpara. Y
BUXIJHOMY IIapi (yHKIisE KpOC-€HTPOIIHHOT BTpaTh
3aa€ThCSL:

K . . . .
L=- _Zl[t] log(p") + (1=t )log(1-p/ )] (1
f=

e /i P - j-i Bxim i Buxim BigmosigHo, K -
KUTBKICTh BHXITHUX HEHPOHIB (Kjac) i / - winbosa
MiTKa, KOJOBaHa JJii OJHOTIO KJAacCy j-rOo KJacy.
BukoHyr4Ys  3BOPOTHE MOLIUPEHHS  MTOMMUJIKH,
MEePITIM KPOKOM € OOYHMCJICHHS T'pajli€eHTa BTpaT 3a
YACTHHHOKO TTOX1THOFO HACTYITHUM YHHOM:

¥ =L L= P ap)
= S P - )
-t 2)

ge & - TpamieHT BTpar y BHXiHOMY IIapi, SKHii
Oyle TMOIMPIOBATHCS Ha BEpXHIl MOBHUI map
3'eqHaHHS SIK TOMMIKa. Y [/-My miapi HOBHOTO
3'eqHaHHs oMmwKa & [+ 1 MTOBEPTAETHCS HAa3a 3
BepxHBOTO (/+ 1) -ro miapy.

MeTton kaacudikanii Bineo

Binbmr mpocynyTHi minxin - kinacudikaris
aKTUBHOCTI BOJis Ha OCHOBI Bizmeo[4]. Cmodatky 3
KOXHOTO Bimeo BuOmMpaerbcs N kanpis. Jlami mo
KO»KHOTO 00paHoro kajapy 3actocoByerbcst CNN, sika
3a37aJIeTiIb> HaTpeHepOBaHa Ha BEIMKOMY JaTaceTi
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300pakeHb. [lOTiM BUTATHYTI XapakTEPUCTHUHI
03HaK 00'€THYIOTHCS 1 3aCTOCOBYIOTHCS SK BXif IS
KJIacu(ikalii, 1o A0CATAEThCS JOJATKOBUM PiBHEM
HEHPOHHOT Mepexi TS IIPOTHO3YBaHHs
HMOBIpHOCTEH Kiacy craHy BOJis. Beck anroputm
MIPOLTIOCTPOBAHUH Ha PUCYHKY 2[5].

feature level
fusion

softmax

Puc.2  Apxitektypa HEHpOHHOI
kiacugikamii crany BOZis 1O BiZico

Mepexi IS

KpiMm TOrO, 3aMicTh KUTBKOX 3BHYAHUX
CNN MOXKHA BUKOPHUCTOBYBATU OHY
3D-KkoHBOIOLIHHY HEHPOHHY MEpEeKYy.
3D-koHBOMIOMIHA HEHPOHHA Mepeka oUikye, mo N
KaJpiB € BXIJHUMHU JaHUMHU B HEHPOHHY Mepexy|[5].
Y mpuBeneniii poOOTI BUpIHIyeThCS TpodiemMa
MaHEBPOBOTO [IPOTHO3YBaHHS TPaHCIIOPTHUX
3ac00iB 3a JIOIIOMOI'OI0 BIJI€OJAaHHUX, sIKa MA€ Ha METI
BUSIBUTH aKTUBHICTh BOJlis HAa MalOyTHE Ha OCHOBI
JaHoro  3paska  Bigeo. 3 I[i€l0  METOI0
BUKOpHcTOBYeThCS 101-mapoBa rmmboka HelpoHHA
apxiTekTypa, sKa BHKOpUCTOBYe 3D-3roptku B
MO€THAHHI 3 3aJTMIIKOBUMHU 3B'SI3KaAMH.
KoHuenTyanbHO MOAEIb NPOTHO3YBaHHSA aKTUBHOCTI
BOJISL CKIIAZIAE€TBCS 3 TPhOX KOMIIOHEHTIB: 1)
ONTHYHA Mepeka BHWIIYYEHHS ONTHUYHOIO TMOTOKY, 2)
HEHpOHHA KOHBOJIOIIfHA MepeXka Ha OCHOBI
TPUBUMIPHUX 3TOPTKIB i3 3QITUIIKOBUMU
3'€eTHAHHSIMH JIJIS KIacuikaIlii akTHBHOCTI BOJIsI Ta
3) Hosra xopotkocTpokoBa mnam'siTe(LSTM) mns
00poOKa BiZIcOaHUX Pi3HOI TOBKIHHI
3 4acoBOi TOYKH 30Dy, KOKEH piBeHb 3D HellpoHHOT

MepeXi BUTATYE TEMIOpalbHy iHpOpMaLio 3
BXITHUX KaapiB ab0 XapaKTepUCTUIHHX O3HaK.
[Mpuknax  TpUBUMIPHOI  HEHpOHHOI  Mepexi

MOoKa3aHuil Ha pUcyHky 3[5].
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1D Comulutions.

LSTM MoxyTh 3amam’siTOBYBaTH JOBI1 YacoBi
IHTEepBaIM, HE BTpAvyarOYM 3JATHOCTI 0 BUBUYCHHS
KOPOTKHX YacOBHX 3alIeXHOCTEH. MaremaTtuuHa
(hopMyITtOBaHHS MepexKi LSTM BUTJISIAAE
HACTYITHAM YHUHOM:

i, =o(W;x,+b; +W, h_+by,)
Ji= oWy x, by + Wy hyy + by )

g, =tanh(W, x,+ b,y + W, h_y+b,)
0,= G(Wio Xy + bio + Who 'ht—l + bho)

¢ =fic ig,

h, = o,tanh(c,)

ne i,, f, 1 o, - BOpOTa BBOIY, 3a0yTTs i BUBEJCHHS
JUIL 4yacy KpoKy t BigmoBimHo. IlpuxoBaHuii cran
h,, BHKOPHCTOBYETBbCS pPa30OM i3 IIMM BXIIHUM
3pa3KoM X, JUId OTpUMaHHs eTamy g,. BopoTa BBOIY
perymoTh JoAaBaHHS iH(popMamii TpPo BXIJAHOTO
KaHauaaTa JI0 TONEPEIHbOro CTaHy ¢, |, TOHAl AK
Bopota  3a0yTTs  f,  KOHTPOIIOIOTH  BTpaTy
iHdopmanii mpo craH HelipoHy. /i, € BHXOJOM
Mepexi Ha erami t. W, ¢ BIJHOCATBCS JO BaroBUX
MaTpHulb, 3MIIICHHS Ta CUTMOigHOT  (YHKIIi
BIJIITOBITHO.

MeToa OIiHKH IOJIOKEHHS TiJIa TA TOJIOBH

[ToBHUE anroOpuTM JJIsl MOHITOPHHTY CTaHy
BoAisl Ha ocHOBI nume RGB-300pakeHs Moke OyTH
pO3pO0JIeHUIT Ha OCHOBI OIIHKH TOJIOKEHHS Tija Ta
rojoBu. PillICHHS  CKJIQNa€eThCcsi 3 CEPEIHBO
3B@XEHOTO aHCaMOJI0 3TOPTKOBHUX  HEHPOHHHUX
mepex. [logarkoBa CNN BiamoBizae 3a BUSBICHHS
KJIIOYOBHX TOYOK Tijma Boxis. [y BU3HAYeHHS
BEPXHBOTO CKeJeTa Tima 3 13 OCHOBHUX TOYOK
BUKOPHCTOBYIOTbCS ~ HEWPOHHI  Mepexi s
JIETCKTYBaHHSI TaKWX KIIOUOBUX TouokK. OpHa i3
apxiTektypa, rMoka3zaHa Ha puc. 4[7], iTepaTHBHO
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nepeadavae IONST  CIIOPIMHEHOCTI, MO0 KOIYIOTh
acoriarito "4acTuHa-4yacTHHA", Ta JOCTOBIPHI KapTH
BUsiBlicHHs. HacTymHa — irepaTWBHa apxiTeKTypa
[IPOrHO3YBaHHS YTOUYHIOE MIPOTHO3U JUTSt
rmocIifioBHUX etamiB, t € {1,. .., T}, c mpomi>kHUM
HarJIsJ0M Ha KOXXHOMY erari[7].

Staget, (t < Tp)

Epn AEERAEE
¢t

Stage t, (Tp <t <Tp + 1)

Convolution

Puc.4  Apxitektypa

Mepexi
BH3HAYCHHSI BEPXHBOTO CKeyleTa Tia 3 13 0OCHOBHUX
TOYOK

HEUPOHHO1 IS

Y npexacraBieHit  apXiTeKTypi  Moueni
pelenTUBHE II0JIe TiJg dYac OOYHCICHHS OyJo
3MEHIIIEHO TIOPiBHSHO 3 [7], 3aMiHUBIIM KOXKHE
3ropTKoBe s7ipo 7x7 Ha 3 mocininoBHi 3x3 spa. Tomi
SK KIJTBKICTH OTIepalliid 3a mepimomy ciioi - 2 X 72 - 1
= 97, nasg ocTaHHLOrO - Juie 51. JlogaTkoBo, BUXI]I
KOJKHOTO 3 3 3TOpPTKOBUX sJep 3'€IHYIOThCS 3a
OPUHIMIIOM, TOoJiOHUM o migxomy DenseNet.
KinbkicTp HenmiHIRHUX ImapiB 30UTBITYETHCS BTPHUI, 1
Mepexka Moxe 30epiratm sK HWK4Ii(TIpsMi  JiHi,
KyTH, KOJIbOPH), TaK 1 BHII(IIOJOKEHHSI PYyK, HIr,
TOJIOBH BITHOCHO OJWH OIHOTO) XapaKTEPUCTHUHI
O3HAKH.

3o00paxenns aHanizyerbcss CNN (iHiLiaaizoBaHi
nepmri 10 mapiB VGG-19 [10] Ta mpentpeneposai),
CTBOPIOIOYH HAOIp XapaKTepHUCTUYHHUX KapT F, ski
BBOJATBCS Ha mepuiomy ertami. Ha wiil cranii,
Mepeka BHpOOJIsie HaOIp IMOJIIB CIIOPITHEHOCTI JIJIst
KO>KHOI YaCTHUHH TiJIa.

Kmac axkTuBHOCTI BOJIiEI B OCHOBHOMY
PO3MI3HAETHCS HA OCHOBI OLIIHKK HATIPSIMKY TOJIOBH,
TOMY HACTYITHUM KPOKOM y I[bOMY METOJI € OITliHKa
MOJIOKEHHS Ta opieHTamii romoBu. OIiHKA MO3MUITIT
TOJIOBU (hopmyroeThCst OaratopiBHEBa
perpeciiiHa 3amavya 10 TPHOX KyTiB OOEpTaHHS
Eftnepa[9]. [lnst miporo 3aBmHaHHS TaKOX MOXe OyTH
Bukopucrana CNN. Buxoau Helipomepexi - 1e Tpu
KyTH: yaw, pitch, roll , siki BU3HAYarOTh Opi€HTAIIIO
TOJIOBH. ADpXITEKTypa TIPEICTaBIEHOI aBTOpaMHU
MOJIeJII CKJIQHAEThCS 3 JIBOX OCHOBHHX YACTHH:

SAK
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MaricTpaqpHOI  MEpeki Ta TPhOX TIOBHICTIO perpecii, a caMe CepeIHbOKBAAPATHIHY BTpaTy

3’e¢IHAaHUX MapiB (IO OAHOMY JUIS KOXKHOT'O KyTa
Eiinepa) 3 BukopuctanHsMm axTtuBauii softmax. Tpu
MOBHICTIO 3 €QHAHI MMapu TMOAULIIOTE Ty camy
MaricTpaJisHy Mepexy. BajxuinBo 3a3HauuTH, IO
BUXiJ KOKHOTO KyTa Efnepa 3 mapy, 10 MOBHICTIO
3'€JIHYE€ThCSI, HE € OJUHUYHUM  3HAYCHHSIM.
HaromicTe me BeKTOp, SKHH € TinmeprmapaMeTpoM
Mepexi, SKUi MOBUHHUE OyTH migiopanuii. Y poOoTi
[9] aBTOpH JNIEeMOHCTPYIOTH €QEKTHBHICTH ABOX
pi3HEX  MaricTpampbHHX Mepex: ResNet50 Ta
AlexNet. Bonm mokazamu, 10 BHUKOPHUCTaHHS
ResNet50 sk maricTpaibHOI Mepexi Jae Kpamuid
pesynbTaT mopiBHAHO 3 AlexNet. Jlami aBtopu
NPONOHYIOTh ~ BUKOPHUCTOBYBATH TPH  OKPEMHX
¢yHKUil BTpar, Mo oAHIM Ha KoxkeH KyT. Kokna
BTpaTa me KoMOIHAIIS JBOX KOMIIOHEHTIB:
krmacuikarii mo3u Ta perpecii mo3uiii. byap-ska
MaricTpajibHa Mepe)ka MOXe BUKOPHCTOBYBATHCS Ta
JIOTIOBHIOBATHCS TPhOMa TIOBHICTIO CIOJTYYCHUMH
mapamMu, sKi mependavyaroTs KyTr. L{i Tpu moBHICTIO
MOB'SI3aHI IapU TOJUISAIOTH TOIMEPeHI 3TOPTKOBI
mrapu Mepexi. [hes mporo miaxoay mosnsirae B ToMy,
10, BUKOHYIOUHM Kiach(ikariro, BUKOPUCTOBYETHCS
Iy’Ke CTIKu# 1map softmax i Kpoc-eHTpOITist, TAKUM
YHHOM MEpeXa BUUTHCS YITKO MPOTHO3YBATH IMO3Y
roJOBU. Marouu TpU KpPOC-€HTPOIiiiHI BTpaTH, IO
ONHIA Ha KoXeH KyT Eitnepa, OTpUMYIOTH TpHU
CUTHAJIH, SIKI IEPEAIOThCSl B MEPEKY, IO MOKPAILYE
HaBuaHHs. [loTiM B Mepexy MOAaloThCsl BTPATH

CnHcok BUKOPHCTAHHUX JKepeJ

1. Yan C. Vision based driver behaviour
analysis [Enextponnuit pecypc] / Chao Yan //
University of Liverpool. — 2016. — Pexum nocrymy
bi (0] pecypey:
https://cgi.csc.liv.ac.uk/~frans/CurrentResearch/Thes
si/yan_March2016.pdf.

2. Tamas V. Real-Time Distracted Drivers
Detection Using Deep Learning [Enekrponnuii
pecypc] / V. Tamas, V. Maties // IET Intelligent
Transport Systems (IET INTELL TRANSP SY). —
2019. Pexum  poctymy  m0  pecypcey:
https://www.researchgate.net/publication/326740203
_Real-time_Detection_of Distracted Driving_based
_on_Deep_ Learning.
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MOMMJIOK, I00 TOKpAmUTH KiHIIEBI TpOTHO3U. B
KIiHIII OTPUMYIOTh TP KiHIIEBI BUTPATH, IO OAHIN Ha
KOXXEH KyT, 1 KOKHA € JIHIHHOI KOMOIHAITIEIO SIK
BiINOBiIHOT KiTacuikallii, Tak i perpeciifHuX BTparT.

BucHoBku
byno MIPEICTABIICHO M AX0IH b1 (6]
BIITBOpEHHS  XapaKTEpUCTHUK CTaHy BOMII B

aBTOMOOUII 3 ypoBHsAMHM  aBToMaTu3amii 1-3 3a
JIOTIOMOI'OX0 HEHPOHHUX Mepex. Ha naHnii MOMEHT €
JeKUTbKa TIXO0IB 10 BUPIMICHHS ITi€l 3agadi. OmaumH
3 MIXOJIB Il¢ BUKOPUCTAHHS BiJCOMOTOKY 3 Kamep
BCTAHOBJIEHUX B AaBTOMOOLTI, abo0 30BHI A
TpeHyBaHHS HEWPOHHOI Mepexi IS TOKaIpOBOL
knacudikarii 300pakeHb. Takox KpiM OKpeMHX
KagpiB MOXYTb OyTH Kilacu(ikoBaHi KOPOTKi
BijeoparmMeHTy. Jost EOTO miaAXoIy
BUKOPHUCTOBYIOTHCS HEHPOHHI Mepexki Ha ocHOBI 3D
3roprok. OcTaHHI MeTox monirae B BU3HAYCHHI
KIIOYOBHX TOYOK Ha TiIi BOJIA, BU3HAYEHHS
KJIFOYOBHX TOYOK TOJIOBH BOJIisl, T KYTH TIOBOPOTY
ronoBu. HacTymHuUM eTamoM Iii KIFOYOBH TOYKH
BHUKOPHUCTOBYIOTHCS [T Kiacu@ikalil cTaHy BOAis 3a
JIOTIOMOT'0}0 HEHPOHHOI MEPEexKi.
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diffusion coefficients for binary solutions with
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Y cmammi 6 pamkax xommiexcho-acoyiamuenoi Mooeni piOUHHUX Cucmem po32IsA0AEMbCsl HeNiHIlHA
oughysiss onst psady OIHAPHUX PO3YUHIS. AUEMOH-XI0POPOPM, Mempaxiopeman-xaiopogopm, Jdiemuneqip-
xnopoghopm ma 6enzon-xnopogopm. Peanvui Oinapui pozuunu 3amineno i0eaibHUMU MPUKOMIOHEHMHUMU,
WO CKAAOAIOMbCA 3 YCEPEOHEHUX 080X ACOYIAMIB PeYosUHY | PO3UUHHUKA Ma epeKmusHo20 ycepeoHeH020
KOMNAEKCY, WO € pe3yibmamom KeasiXiMiuHux pearxyitl MoaekyiapHux poszuunie. Koegiyicum ezacmuoi
ou@ysii, Wo HeMOHOMOHHO 3MIHIOEMbCA 3 KOHYESHMPAYIEIO POZUUHHUKA, NPeOCMAGIACMbCs K MAMpPUyst
napyianbHux Koegiyicumis 63aemMoouysii, wo € CmaiuMy SeIUdUHAMU | SAGII0Mb CO00I0 MAMepiaibHi
napamempu po3eisiHymux posdunie. Pospobreno memoouxy amanimuyHozo 0OpAaxXyHKY HUCIO8UX 3HAUEHD
MAKux Geiuyun Npu po3eisadi HAunpocmiulo2o muny 00HO020 ycepeOHeno2o komniexcy. Illoxazano, wo
napyianbHi Koeiyiecnmu € cmanumMu BelUYUHAMU A HPO8eOeHO AHANI3 IX 3HAUeHb 0 PO32HAHYMUX
PO3YUHIB 8 3aANedHCHOCMI 6I0 0Y008U MONEKY1 peuyosunu, ewmaivhii ma memnepamypu. Ha ocnosi
3aNPONOHOBAH020 NIOX00Y BGIOXUNEHHS PO3PAXYHKOB020 <PIKIBCbK020» Koediyicnmy 3aemooudhysii uepes
MAMpUuyro napyianbHux Koe@iyicumie npu NOPIGHSAHHI 3 eKCNEPUMEHMALIbHUMU OAHUMU CKIA0AE MeHue
2,5%.

Krniouosi cnosa: xomniexcho-acoyiamuena mooeivb, HeniHiliHa ougysis, OiHapHull po3yuH, Napyiarvui
Koeghiyienmu 83aemooudpysii.

In the article within the complex-associative model of liquid systems the nonlinear diffusion for a number
of binary solutions, such as acetone-chloroform, tetrachlorethane-chloroform, diethyl ether-chloroform and
benzene-chloroform, is considered: Real binary solutions are replaced by ideal three-component ones, which
consist of averaged two associates of substance and solvent and an effective averaged complex, which is the
result of quasi-chemical reactions of molecular solutions. The coefficient of mutual diffusion, which
nonmonotonically depends on the concentration of the solvent, is represented as a matrix of partial
coefficients of mutual diffusion, which are constant values and represent the material parameters of the
considered solutions. The method of analytical calculation of numerical values of such quantities when
considering the simplest type of one averaged complex is developed. It is shown that the partial coefficients
are constant values and the analysis of their values for the considered solutions depending on the structure
of the molecules of the substance, enthalpy and temperature is carried out. Based on the proposed approach,
the deviation of the calculated «Fick’s» coefficient of mutual diffusion through the matrix of partial
coefficients in comparison with experimental data is less than 2.5%.

Key Words: complex-associative model, nonlinear diffusion, binary solution, partial coefficients mutual
diffusion coefficient.

CrarTio ipenctaBuB 1. §.-M. H., notr. Denincekuii I'.C.
Ha cporomHi akTyanbHUMH € 3a/a4i 3pOCTaHHS

BHMOT JIO KOHTPOJIO SKOCTI IPOJYKTIB Xap4oBOi
MIPOMUCIIOBOCTI, BHUPOOHUIITBA JIiKiB, MaJILHOIO Ta

pI3HOMaHITHMX  TEXHIYHWX  piguH.  binbmicte
Ol0JIOTiYHMX Ta TPOMHUCIOBUX IPOLECIB 3a3BHUYAM
IPOXOZSATH B PiAKOMY CTaHi, TOMY Bce OiibIlie yBaru
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MNPUIIISETECS JOCTIIKEHHIO AU(DY31IHHUX TpPOLIECiB
Ta 3MiH CKJIaJly PO3UMHIB.

B pmamiii  poOoTi mpoBeneHo
JNOCHiKeHHS  siBUIA  AuQy3ii, CIpPUYHHEHOTO
rpajJiieHTOM KOHIICHTpAIILiH, TS OiHapHUX
MOJIEKYJISAPHUX PO3YMHIB, MIO MICTATH XJIOpOdopM,
BUKOPUCTOBYIOUM  0a30Bi  pIBHSHHA  MoOJeii
HemiHidHoT mudy3ii [1] 3a yMoBM mpoTikaHHS
KBa3iXIMIYHMX PEaKIlii y TAKKX CEPEIOBUIIAX.

Ha BinmMmiHy Bif MOPIBHSIHO CTIMKMX HPOIYKTIiB
3BHYAHHUX XIMIYHHUX PEAKI[if, B SIKUX 3MIHIOETHCS
XIMIYHUH CKJIaz PEYOBUHH, pe3ylIbTaToM
KBa3iXiMIYHMX peakliii € HecTaOUIbHI CIONYKH,
MpoTe came TaKi MPOLECH KOMIUIEKCOYTBOPEHHS
CYTTEBO BIUIMBalOTh Ha Judy3ito, Teopis Kol
KOPCTKO TOB’sA3aHA 3  MOJEIUII0  PIITUHHOTO
cepenoBwuia [2-4].

YTBOpeHHs a00 po3Maji KOMIUIEKCIB, JI0 CKIaIy
SIKAX BXOJSATH MOJIEKYJH PI3HUX COPTIB PEYOBWH, Ta
acoIliaTiB, JI0 CKIIATy SKUX BXOMSATH MOJICKYIIU JIIIE
OJTHOI'O COPTY PEYOBHMHHM, BJIACHE 1 € HENHIHHUM
MPOIIECOM. 3 HUMH IOB’sI3aHI OCHOBHI OCOOJIMBOCTI
KOHIICHTPAIIHOI 3aJI©KHOCT] IMIBUAKOCTI Auy3iii-
HOT'O TIEPEHOCY KOMIOHEHT JOCIIKYBAHOT CHCTEMH.

Oco0OnuBOCTI  CTPYKTYPHOTO  CKJIamy  Ta
KUTBKICHI XapaKTEPUCTUKHM KBa3IXIMIUHHUX PEaKITid
MOXKHa PO3paxOBYBAaTH aHAJI3YIOYM OCOOJIUBOCTI
mudy3ii Ta TEPMOAMHAMIYHMX XapaKTEPUCTUK: B
paMKaxX KOMITJIEKCHO-aCOIlIaTUBHOI MOJEIl PiTuHU
pO3po0IIeHO TaKy MeTOmuKy [5-7] Ta oTpuMaHO
SIKICHI XapaKTePUCTHKH KBa3iXIMIYHHUX peakIlid —
KOHCTAHT PiBHOBArH.

B mpeacraBmeHOMy OOCHIIKEHHI peaTbHUMA
OinapHuii po3unH ( pedoBrHA X Ta PO3YMHHHK Y) 3
YaCTUHKAMHM, IO ITOCTIHHO 3MIHIOIOTH MapTHEPIB,
3aMIHIOETHCS i1eaTbHOIO TPHUKOMITOHEHTHOIO
CHUCTEMOI0, IO MICTUTh AacoIliaTH PO3YWHEHOT
pedoBunn [X"] i pozununauka [Y™] Ta ycepenHeHuit
MixMonekynsapauit kommiekc [XKY'], saxi Bxke me
BCTYTIAIOTh B KBa3iXiMiuHI peaxilii.

Koedimient B3aemomudysii CyTTEBO 3aE€KHUTH
BiJl KOHIIEHTpAIIil i 3MIHIOETHCS 31 CITIBBITHOIICHHSIM
KOHIIeHTpalliii #oro iHrpemieHTiB Der (C1, Co,..). Ase
3HAXO/DKEHHS TaKWX IMapaMeTpiB, mo Oymu 0
KOHCTAaHTaMH  JUIsI ~ KOXKHOTO  MOJICKYJISIPHOTO
pO3uUMHY € BaxJIUBUM. JlaHWW MiAXiT MOXKHA
peamizyetbcsi  BBemeHHAM  Cjj napijiajbHUX
Koe(iIlieHTiB HeNHIHHOT B3aeMoaudy3ii, sKi MOXKHA
BBXKATH MaTepiaibHUMU MapaMeTpaMu CUCTEMH, 1
BOHM aOCONFOTHO HE 3aJIeXaTh BiJl KOHIIEHTpaIliid. A
HEMOHOTOHHHMM  Koe(ilieHT B3aeMHOI  audysii,
NPENCTABISAETBCS SIK MAaTPUIS TaKUX MapIiabHUX
KOe(iIlieHTIB B3aeMOAUPY3ii.

TCOPCTUYHEC
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Omxke, 0a30BHMH pIBHSAHHAMH MOl €
piBHsAHHS HenepepBHocTi (1), TOTIK HemiHii{HOT
mdysii (2), 3aKoH 30epekeHHs BiAHOCHOTO 00’eMy
(3)Ta:

% +divj, =S, @)
Tizzdij[MiVMj_MjVMi]! 2)

j
ZMi =1 3)

Inaexcu i, ] HyMepyOTh CKJIQJI0BI KOMIIOHEHTH
M

— MOTiK 00’eMy BiIIOBIIHOL

MOJIEKYJIIPHOTO PO3UHHY, — 00’eMHa 4YacTka
U
S, — dynxuii 1o
3aJIeKaTh BiJl TMPOIECIB HAPOMKEHHS/ 3HUKHEHHS

i
KOMITOHCHTHU

pEYOBHHH, JOKEPE/CTOKIB,

Mostekyn copty 1, 0. — mapriampHi KoedimieHTH

ij
HeJiHIHHOT B3aemMoandysii.

EdexruBauit koedirieHT B3aeMonny3ii
MPEIACTaBIAEThCS Yy BHUIUIsIAI 3akoHy Dika (4) Ta
BUPAXA€ETHCs Yepe3 napuianbHi koedinienty d;; !

Deff (M 1total )VM ltotal. ( 4)

Binnocuuii 06’em posunnanka M, Brmouae

Ttotal _
1 =

B ce0c SIK PEUYOBHHY B YHCTOMY BHTJISMII, Tak i 3
ypaxyBaHHSM ii MapIfiaabHOi YJACTKH B KOMITIEKCI.

Bumie3azHaueHni piBHSHHS HE CymepedaTh
3akoHy Dika 1 3BOAATHCS JO HHOTO 3a BiICyTHOCTI
MPOIIECIB KOMIUIEKCOYTBOPEHHSI.

B po6ori [8] mokazaHo, 1110 s 3aCTOCYBaHHS
TPEThOi ~ KOMIIOHEHTH  PO3YMHY Y  BHIJISIII
Halimpocrtimoro  Tumy  Komiuiekey  1-1, o
CKJIAJIAETHCS JIUIIE 3 JABOX MOIEKYN PI3HOTO COPTY,
MOXIIUBE 32 BHKOHAHHS J[BOX YMOB: CHTAJBIIIS
3MINTyBaHHS  Ma€  MaKCUMYM/MIHIMyM  CBOTO
3HAYCHHS MPU 3HAYCHHI MOJBHHX JIOJIh PO3YMHHUKA
0,5 1 Bemmumam KoedimieHta maudy3ii Ha Kpasx
KOHIIEHTpAIlil MalOTh Pi3HI 3HAYEHHS JUIA HYIIBOBOI 1
MaKCHMAaJbHOI KOHI[EHTpAIlii pO3YHMHHHKA.

Jlns Takoro TUIY KOMIUIGKCY PIBHSHHS JIJIsI
koedimieHTy B3aeMomudy3ii, BUPaXKEHOTO Uepe3
KOHIIGHTpAIlii ~ PO3YMHEHOI  PEUYOBHHU  3HAYHO
CIPOIIYETHCA 1 € Ja€ MOXJIMBICTh aHAJITHYHO

po3paxyBaTH napiianbpHi KoedirieHTn
B3aeMo/M(Dy3ii 3 eKCIepUMEHTAJIbHUX JaHUX 3
KOHIIEHTpAIliifHOT 3aJICKHOCTI KoedilieHTa
B3aemonuy3ii 0e3  BUKOPUCTAHHS  YHCIOBUX
METO/IiB, 3acToCOBYI0UH piBHAHHS (5)-(9):
d,+(y-n)d
D, (M totl :0): 12 (7/ 77) 23 (5)
1+(r-1)
Deff (M ;Ota| :1): d12 + (7/ i (1_ n))dl3 , (6)
1+(y-(-n))
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dD.y (M 1tota| :0):+2 (7/77)(1+7/) (d12 _dzs) , @) | | XJ10popopm | | | | |
dm ot A+(y-n))° B paMKax  TEOPETHYHOTO  MOJIETIOBAHHS
dD,, t ( d,, —d,,) ONTUMAIILHI 3HAYEHHS BUIIE3A3HAUCHUX MAPAMETPIB
— (M Jotal - 1): 2(yQ-n)1+ 7/)12—133 3HAXOIUIINCS BUXOJISTUN 3 MiHIMaJIbHOCTI
dM, (1 + (7 : (1 - 77))) CepeHbOKBAAPATUYHOTO BIJIXUJICHHSI BiJ
(8) excmepumenTanbHMX TOYOK. Ile Takoxk 3HIMae
Tyr BBemeHi Taki TO3HAYEHHS: )y — KOHCTAHTA MHTAHHS HEOAHO3HAYHOCTI BUOOPY IMapaMeTpiB.
TepMOJIUHaMIYHOI piBHOBaru (ii MOXXKHa BU3HAYUTH 3 aHaNizy 3Ha4YeHb MapLialbHUX Koe]illieHTIB
¢bi3uIHIMH abo XIMIYHHMHA MeToJaMU  B3aemoau(ysii BHIHO, IO MapaMeTpH CHUCTEMHU HE
OesmocepelHbO 3 ekcrepuMeHTy [5-6]) 77 — MaroTh MEBHOI 3aKOHOMIPHOCTI, 60 CHCTEMa Majo

BIJTHOCHUH MOJEKYJIApHUIA 00’€M pO3UYMHHHKA Y
KOMIUJIEKCi, Yy HaHMNpOCTIIOMY THII KOMILJIEKCY
BHU3HAYAETHCA SIK MOJIEKYJISIPHUN 00’ €M PO3YMHHHUKA,
MOJIIIEHHH Ha MOJIEKYJISIPHHNA 00’ €M KOMILIIEKCY.

YTouHeHHSs  mapamMeTpiB  Ta  aHaNITUYHE
3HAXO/DKCHHS  BEJIMYMHU  O0CATY  KOMILJIEKCIB
piaMHHOT CHUCTEMU MOXXHA 3pOOHUTH
MpoaHaIi3yBaBIIx EKCTpeMaJbHi 3HAYEHHS

koedinienra audysii. SAxmo B obmacti 0< M <1
eKCTPEMYM TUTbKH OJHH, i3 (4) — (8) MokHA 3HAWTH
MoJIOKEeHHST  ekcTpeMymy (9), MakcumanbHy a0o

MiHIMaJIbHY KOHIEHTpamito Komrutekcis [X1Y1] (10)
Ta 3B 30K MK KOHIICHTPAITIEIO B TOUIlI €KCTPEMYMY

1 koedimienTamu B3aemoaudysii (11):

sﬁ, ©)
2
M, (Mo )= @ (10)

Ui (d12 -d 23) _
di, =iy +7,(dy; —dy,)
(11)
BuKOpUCTOBYIOUH €KCIIepUMEHTAIbHI fdaHi [9—
11], Ta 3acrocoByunu piBusiHHS (5) — (8) oOpaxoBaHO

(M 1total )ex" _m (dlz - dza)
011

mapamerpu d,,, d;;, d,, 7 Ha OCcHOBI crpoLIeHB

T Mojieni Komruiekey tumy 1-1 most psamy GiHapHUX
MOJIEKYJISIPHUX PO3YMHIB, OJHIEI0 KOMITOHEHTOIO
SIKUX € xyopoopm: areToH-XJI0pohopM,
TeTpaxiiopeTaH-xiaopodgopM, OeH3om-xiaopodhopM Ta
nierunedip-xmopodopm. PesymbraTH HaBeneHi B
Tabx. 1.

No | Pim. po3uns | diz  [di3 d2s Y

1 | Aneron- 3,71 | 3,43 | 0,47 |1,36
XJIOpOohopM

2 | Terpaxmop | 1,14 | 2,24 | 3,65 | 1,17
MeTaH-
XJIOpOopM

3 | Hierunegip | 4,41 | 4,70 | 0,01 | 1,89
XJIOpOhopM

4 | benzon- 2,39 381 |209 [1,24
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YyTJIUBA J0 HE3HAYHOI 3MiHU MIapaMeTpiB, IpoTe JUIs
JIOCITIKYBaHUX PO3YMHIB BUHO, IO 31 3POCTAHHSIM
TEMJIOTH 3MIIyBaHHS PIAMH 3pOCTa€ MapliadbHUN
xoedinieHT d,;.

Takox BIADOBIZHWK aHami3 IMOKa3aB, IO 31
30UIBIICHHSIM ~ TEMIIEpaTypu  MOAYJIb  TEIIOTH
3MEHINYEThCS, IO B pPaMKax MPEACTABICHUX
VSIBIICHb MOXKHA TMOSICHUTH MEHIIMM YacoM IKHUTTS
KOMILIEKCIB 32 OLIBIIOT TEMITepaTypH.

3 eKnmepuMEHTATBHUX JaHUX KOHIIEHTpAIiitHOl
3aNeXHOCTI  KoedillieHTiB  B3aeMoaudy3ii  Juis
PO3YHHY alleTOH-XJIOPOohOpM 3a PI3HUX TEMIIepaTyp

(25°C, 40°C, 55°C) [9] orpumano 3HAYeHHS
MaTtepiaJbHuX napamerpiB Taom. 2:
T 25°C 40°C 55°C
di2 3,71 4,42 5,12
dis 3,43 4,30 5,00
d23 0,47 0,70 1,20
y 1,36 1,23 1,12
Sk Bummo 3 Tabm 2, 31 30UIBIIEHHSIM
TeMIIepaTypH napItiaabHi Koe(imieHTH
B3aemoan(y3ii 3poCTarOTh, MO CBITYUTH PO

3pOCTaHHsl MIBHAKOCTI AWQY3ii 3 TeMmepaTyporo.
KoncranTa peakiii Y 3MeHIITyeThCS, IO TTOB’sI3aHE 3
MEHIIMM YacoM JKHUTTS KOMIUIEKCIB 3a OUIbIIOL
TEMIEpPaTypy B MEXKax 3alpONOHOBAHOI MOJETI.

AKTyanbHOIO 33/1a4€I0 BHKJIAJCHOTO IMIIXOIY
JUTS TTOJAJIBIIAX JIOCII/DKEHb JINIIA€THCS BCTAHOBUTH
OCHOBHI 3aKOHOMIPHOCTI Ta y3arajbHHATH IiIXiJ Ha
BUTIAJIOK BpaxyBaHHS [BOX 1 OuTbIIe e(eKTHBHUX
KOMILUIEKCIB Yy psAOy MOJEKYJISIPHAX pO3YMHIB 32
YMOBH TPOTIKaHHS KBa3iXiMIYHUX peaKiiil.

OTtxe, B maHii poOOTi B paMKax KOMIIJIEKCHO-
acoIliaTUBHOI MOZEJi TPEJICTABIEHO PO3POOIEHY
METOJIMKY UISl aHAIITHYHOTO BU3HAYECHHS YHCIOBUX
3HaYeHb MapIialbHUX Koe(ilieHTiB B3aeMoaudy3ii
— MaTepiaJIbHUX MapaMeTpiB CHCTEMH 3 BBEICHHSM
HAWIPOCTIIOr0 THUIYy KOMIUIEKCY 3a BIJIOMHUMH
eKCIIEpUMEHTAJIBHUMH JaHUMH 3 KOHIIEHTPALiifHO]
3anexHocTi Koedinienty B3aemoaudysii. [lokazaHo,
II0 Takui MigXig Aa€ JOCUTh BHCOKY TOUHICTBH
(MakcuMmalnbHe BinxwileHHS He mepeBuniye 2,5%).
[lokazano, 1mo mapuianbHi  KoedimieHTH €
KOHCTaHTaMH, L0 JOBOAUTH 11X MOXIIUBICTD
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